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Variational principles are presented for the scattering amplitude in the general acoustic scattering prob- 
lem, and, for spherically symmetric scatterers, for the phase shifts. Integral equations for the acoustic field 
are also given and the properties of the scattering matrix are developed. The entire formulation remains 
valid in the presence of discontinuities of density and/or velocity in the medium. 





I, INTRODUCTION 


N recent years variational expressions have been 
developed for the total cross section and for the 
phase shifts of the partial waves, in a variety of scatter- 
ing problems.' In many instances these variational ex- 
pressions have led to accurate estimates of the scattering 
cross section.' To our knowledge, however, the scatter- 
ing problems for which explicit variational formulations 
have been developed are confined to those in which the 
wave function and its normal derivative are both con- 
tinuous across a surface of discontinuity. Consequently, 
these formulations are not applicable in acoustic 
scattering problems, where, using the customary defini- 
tions, the acoustic potential is discontinuous across a 
surface bounding two media of differing constant 
density. 

It seemed worth while, therefore, to derive 
Schwinger-type! variational principles for acoustic scat- 
tering problems. We present a variational principle for 
the total scattering amplitude and, fer spherically 
symmetric scatterers, variational principles for the 
phase shifts; the derivations of these variational prin- 
ciples are not trivial, as will be seen. We present also 
a general integral equation formulation of the acoustic 
scattering problem and determine explicitly the ele- 
ments of the scattering matrix. These results do not 


* The preparation of this paper was sponsored (in part) by the 
U. S. Office of Naval Research. 

t Present address, University of California, Los Angeles, 
California. 

1B. A. Lippman and Julian Schwinger, Phys. Rev. 79, 469 and 
481 (1950), and references therein. 


seem to have been previously given and are required 
for proofs of the variational principles and of the cross- 
section theorem, Eq. (34), in the following. 
Applications of these variational principles are not 
reported here, but are being considered. It seems likely 
that techniques similar to those we have used will lead 
to variational principles applicable to nonabsorptive 
electromagnetic scattering problems involving arbi- 
trary variations of dielectric constant and magnetic 
permeability. 
II. THE ACOUSTIC FIELD 
We start from the equations 
pdv/di= —gradp, 
p divv= — (1/c*)dp/at. 


Equation (1) describes the sound pressure p and the 
sound velocity v at all points of space which are free 
of acoustic sources. The equilibrium density at any 
point r is p(r) and c(r) is the local velocity of sound. 
Equation (1) is valid for an ideal fluid, with p and v 
small time-dependent increments about po and zero, 
respectively, where po is time independent.? The bound- 
ary conditions, that p and v,, the normal component 
of v, remain continuous as p and/or ¢ approach func- 
tions discontinuous across a surface, are implied by 
Eq. (1). The rate of flow of acoustic energy across the 


(1) 


2 In the presence of body forces, Eq. (1) is correct only at suffi- 
ciently high frequencies. In particular, in the gravitational field 
of the earth, we must have w>g/c, which is satisfied above a tenth 
of a cycle in air or water. See P. G. Bergmann, J. Acoust. Soc. Am. 
17, 329 (1946). 
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surface element dS=dSn is pv-nd5S. It is presumed that 


p and v are real. 
When the fields are harmonic, we write in Eq. (1) 


p(r,t) = p(roe'+ p* (ne, 
v(r,t)=v(r)e~**'+-v* (re, 


(2) 


the asterisk denoting complex conjugate. Then 


rradp—iwpv=0, 
gradp— twp (3) 


(iw/c*)p—p divv=0. 
In Eq. (3) p= p(r) and v=v(r) of Eq. (2). The average 
rate of radiation across the surface element dSn is 
(p*v+ pv*)-ndS. If p and c are everywhere constant, 
p=po and c=co, Eq. (3) yields upon elimination of v 


v= (1/iwpo) gradp, 


(4) 


where 
k=w/Co. 


Equation (4) is entirely equivalent to the customary 
formulation in terms of the acoustic potential : 
v= grady, (5) 
p= — wpo¢, 
together with 
Agt+k’o=0. (6) 


Equatien (5) continues to be useful if c varies, but no 
longer solves the first of Eq. (3) when p is not constant. 
Nor does replacing the first of Eq. (5) by py= — po gradg 
yield any particular simplification. Moreover, Eq. (5) 
simply makes ¢ proportional to p. It is apparent there- 
fore that for our purposes, developing generally ap- 
plicable variational principles, there is no advantage 
to introducing an acoustic potential. Consequently, our 
results are given in terms of the directly observable 
quantities p and v. 

The typical acoustic scattering problem is to find a 
solution of Eq. (3) of the form 


p= Po + ps = exp (ikno-r)+ p,, 


No 
V=Vot+V,= exp(ikno:r) +V,, 
Polo 


where p, and v, are outgoing at infinity and represent 
the scattered wave, while po and vo represent a plane 
wave incident along mo and are solutions of Eq. (4). 
The quantities po and co are the values of p and ¢ at 
infinity. Of course, and the normal component of v 
are continuous across any surface of discontinuity of p 
and/or ¢. 

We now seek to replace Eq. (3) by a pair of integral 
equations incorporating the conditions (7). For this 
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purpose, we first derive from Eq. (3), 
Apt+ p= k?(1—p?) p+ iwv: gradp, 
Av+k’v= k?(1—p’)v (8) 
+iwp grad “ — cut(grad-xer), 
pe p 


where 
ub=Co/C. 


Then as shown in Appendix A, using the outgoing free- 


space Green’s function 
1 etkie-r’l 


(9) 


G(r,r’) = — —, 

! ! 
4n |r—r’ 
which satisfies 


(A+k*)G(r,r') =5(r—r’), (10) 


we obtain, whether or not there are surfaces of discon- 
tinuity of p and/or c, 


pir) pot f arco) (1 —a'u”) p(r’) 


+ tw div f deG(ne) 0" po) V(r’), 


1 
viel= werkt farG¢e)(1- dee) 
a 


kw 
_-— grad f dr G(er)(1—a'u)p(e) 
pote” 


1 
—curl curt f arces)(1- - vie), 
a 


where 
a= po/ p. 


In Eq. (11) we have introduced the convention, which 
we shall use consistently, that functional dependence 
on r’ is indicated by a prime. Thus y’=co/c(r’) and 
a’ =po/p(r’). As written, Eq. (11) is to be regarded as 
a pair of simultaneous integral equations for the un- 
known functions p and v, which functions, as verified in 
Appendix A, properly satisfy Eq. (3). An apparent 
simplification is readily obtained if v is eliminated from 
the first of Eq. (11) using the first of Eq. (3) since in 
this case one need consider only a single integral equa- 
tion for the scalar function p. However, this equation 
explicitly involves gradp and it turns out that in de- 
riving the variational principles we seek, it would still 
be necessary to construct an expression for gradp 
equivalent to the second of Eq. (11). Thus no real 
simplification is attained. 

We prove’ in Appendix B that the solutions to Eq. 

3In Eq. (11) and in subsequent equations we assume that p, c, 
p, and v remain finite, and that p and ¢ are different from zero, to 
keep a and yu finite. If these assumptions are not made, the question 


of the existence of the integrals in Eq. (11), and therefore of the 
existence of a solution to Eq. (11), has to be examined. In any 
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(11) satisfy the requirements of continuity of p and V,. 
To establish the behavior of p and v at infinity, we 
note that to terms of higher order 


1 eikr 


lim G(rn,r’) = —— — exp(—ikn-r’), (12) 
r—st 4dr r 


whence Eq. (11) yields 


ke eikr 
lim p(rn)= po—— — ] dr’ exp(—ikn-r’) 
r+ dr r 
1 
a 
(13) 
1 k eikr 
lim v(rn) = vp—— —— <n far exp(—ikn-r’) 
oe 4m poco 7 


1 
x| (1 e'u")p+owo(1-— a’ | 
a 


By comparison with Eq. (8), Eq. (13) demonstrates 
that the solutions p(r), v(r) of Eq. (11) are such that 
p, and v, are everywhere outgoing at infinity. This, 
together with Appendices A and B, proves that Eq. (11) 
is equivalent to Eq. (3) plus the boundary conditions 
p and v, continuous and , and v, outgoing at infinity. 
Incidentally Eq. (13) shows that the scattered field 
is longitudinal, v, parallel to m at infinity, and that 
the acoustic impedance for the scattered field is poco, 
|v.| =p./poco at infinity. 


actual problem p and ¢ are bounded and different from zero. Thus, 
since in the scattering problems which we treat there are no 
sources at a finite distance from the origin, it is most reasonable 
on physical grounds to expect that p(r) and v(r) are finite every- 
where, although a general proof may be difficult to construct. For 
the proof of Appendix B it is necessary to assume that various 
derivatives of p, c, p, v, a, and w remain finite as a surface of 
discontinuity; is approached from either side of the surface. In 
other words, except right at the discontinuity, the field variables 
p and v, and the medium itself, are well behaved. Again these 
assumptions are reasonable for any actual problem and are made 
to simplify the argument in Appendix B, which is already compli- 
cated enough. If finiteness of the derivatives is not assumed Eq. 
(11) may remain valid in various circumstances, but another proof 
that the boundary conditions are satisfied will have to be devised. 
We stress that we are not assuming the derivatives exist at the 
discontinuity; this would be an unreasonable assumption. To 
illustrate, as the everywhere continuous p(r) becomes in the limit 
discontinuous with a finite jump across a surface, gradp becomes 
infinite at the surface, although it remains finite on either side. 
Because the integrands in Eq. (11) do not involve derivatives 
the integrals may be and are extended over all space. If deriva- 
tives or other expressions which cannot be assumed finite at the 
discontinuity are included in the integrand, the volume of inte- 
gration must omit thin strips on either side of the surfaces of 
discontinuity, generally with the consequent complication of 
adding compensating surface integrals to the integral equation, 
as in Eqs. (1B) and (7B). It should be added that in the event 
that p and/or c are idealized to be zero in an extended region, as 
for example in the scattering of sound from a bubble in water, 
then p and v are zero within this region, and a reformulation in 
terms of surface integrals is necessary. 


Ill. THE SCATTERING AMPLITUDE. RECIPROCITY 


We define A(n,mo) as the pressure amplitude at 
infinity of the outgoing spherical wave proceeding along 
n, which results from an incident plane wave of unit 
amplitude along mo. From Eq. (13), 


ws 


A (n,n) = —— fee exp(—itm-r)| — a’) p(r’,mo) 


4dr 
1 
+ova( 1-—)n-v(e.n) | (14) 
ll 


where p(r,mo) and v(r,mo) represent the fields resulting 
from an incident unit plane wave along mo. The average 
rate of flow of acoustic energy across the surface element 
dSn=r'dQn at infinity is, from Eqs. (13) and (14) and 
the definition following Eq. (3), 
2| A (mmo) |? F 
T(n)dQ= -——— —dQ. (15) 
Polo 


The incident intensity is 2/poco, so the differential cross 
section is a(n) = | A (m,mo) |?. 

Replacing n and mp in Eq. (14) by —m and —n, 
respectively, we obtain an expression for A(—mo,—n) 
in terms of p(r,—m) and v(r,—n), where p(r,—n), 
the pressure resulting from an incident wave along —n, 
satisfies, according to Eq. (11), 


p(r,—n) = exp(—ikn-r) 


+ Kf acctee) (1—a’p”) p(r’,—n) 


1 
— kwpo tiv farGcrr’)(1-— vie, —m). (16) 
a 


Multiplying Eq. (16) by (1—ap?)p(r,mo), and the corre- 
sponding equation for v(r,—m) by poco(1—a)v(r,mp), 
adding and integrating, we get, by virtue of Eq. (14), 
another expression for A (n,mo), namely, 


A (n,no) = : f éeC3p(m)p(—a) ~eperv(m)-v(—)] 


us 
i 
-- J arap (ae) div f de'G'v'(—m) 
dn 
t 
™ J erve(ae)- grad fdr'Ga’p’ (—m 
T 


1 
i J deve(a) cur cutl f deGy'v/(—m) 
Tv 


1 
+— fecie| peaaaca’y —m 
4r 


— k*yGy'v (no) -v’ (— »)| (17) 
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where we have used G=G(r,r’) and 


B(r) = k?(1—ay?*) 


ee 


From Eq. (17) and the corresponding expression for 
A(—mo,—n) follows the principle of reciprocity, 


A (n,mo) = A(—mo,—n). 


(18) 


(19) 
The proof is given in Appendix C. 


IV. THE SCATTERING MATRIX 


In Eq. (11) po and vo need not be a plane wave but 
may be any solution of the homogeneous equations, 
namely Eq. (3) with p=po and c=co. Presumably the 
solution to Eq. (11) remains unique for any such choice 
of po and vo. It follows therefore from Eq. (11) that the 
amplitudes at infinity of the outgoing spherical waves 
are wholly determined by the incoming waves. In fact, 
since Vo= (gradpo)/iwpo, p, and v, at infinity are solely 
determined by the incoming spherical waves in po. 
Consequently, since the solutions are linear, we infer‘ 
the existence of a scattering matrix S(n,n’) defined as 
follows. At infinity po is composed of incoming and 
outgoing spherical waves. Hence, by Eq. (13), neglect- 


ing terms of order 1/r’ 
eikr e~ikr 


= F,(n)—+-F;(n)—,, (20) 
r r 


lim p(rn) 


rT 9D 


where 


ee f d0’S(n,n')F,(—n’). (21) 


n’ is the unit vector along the element of solid angle 
dQ’. As will be seen this definition, Eq. (21), of the 
scattering matrix has the virtue that S(n,n’) reduces to 
the unit matrix when there is no scattering. 

We now derive some general properties of the scatter- 
ing matrix. Since energy conservation is a ready conse- 
quence of Eq. (3), as it must be, we have, for any 
solution of that equation 


fasn: (p*v+ pv*) =0, (22) 


where the integration extends over the sphere at in- 
finity. Recalling that v= (gradp)/iwpo at infinity, sub- 
stitution of Eq. (20) in Eq. (22) yields 


2 
dQ | Fy Fy ?1=0, 23) 
ef C|F,(n)|?— | Fa(m)|*]= 


4 Although the assertion that the outgoing waves are determined 
by the incoming waves is intuitively obvious, a satisfactory 
roof is not easily obtained. This question is discussed by 
Friedrichs, Marcuvitz, and John in Sec. III of “Recent de- 
velopments in the theory of wave propagation,” lecture notes, 
New York University Institute for Mathematics and Mechanics, 
1949-1950 (unpublished). 
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Since F;(n) may be chosen arbitrarily, Eq. (21) implies 


425 (an))s*(a,n")~5(a'—n") (24) 


Next we observe that Eq. (3) is invariant when its 
complex conjugate is taken and vy is simultaneously 
replaced by —v. That is, if p and v are any solutions 
of Eq. (3), then so are p* and —v*. Thus from Eq. (20) 
we infer the behavior of p* at infinity, namely, 

eikr e7ikr 
lim p*(rn) = F,*(n)—-+ F)* (n)— 
r 49 r r 


(25) 


whence, from the definition (21) of the scattering 
matrix, 


F*(n)= — f aa’s(nn')F*(—n). (26) 
Substitution of the conjugate of Eq. (26) into Eq. 
(21) then yields, after rearrangement of the dummy 
variables, 
f 425(—n',—n)S*(a,n")=5(0'—n”), (27) 
Comparison of Eqs. (24) and (27) implies, as can be 
shown by multiplying Eq. (27) by S*(—n’,—n’”), and 
integrating over n’, that 
S(— n’,— n) _ S(n,n’), 
a result which can be regarded as an extension of the 
reciprocity relation (19). Equations (27) and (28) yield 


(28) 


f 42s (n’,n)S*(a!"n)=5(n'—n'), (29) 


which, together with Eq. (24), expresses the fact that 
S is unitary.® 

Finally, we relate the scattering amplitude A (n,no), 
which is defined only for plane wave excitation, to the 
general scattering matrix. For plane wave excitation, 


the field at infinity has the form 
etkr 
+ A (n,np)— 


lim p(rn) = exp (ikmo-rn) 
r—+0 1 


ether 


7 yn* (n)— ~ 
r 


2ri 
=— >) (—1)'¥i"(mo) } 
k l,m 


(30) 


ri etkr 
+[4 (n,m) — re. E Y,"(mo) ¥."* mE 


where the Y,” are normalized spherical harmonics. 
Since these form a complete orthonormal set, we thus 


5 As in reference 1, for a spherically symmetric scatter S is 
expressible in terms of the usual phase shifts and is diagonal in 
a representation in which the spherical harmonics are the basis 
vectors. 
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have 
Dri eo ikr 
lim p=—8(mo+n) 
r+ k r 
2xi ettr 
+ [4 (n,m) — — (mo— »|— (31) 
: r 


If we regard Eq. (31) as that special case of Eq. (20) 
for which 
F,(n) = A (m,mo) — (279i /k)5(mo—), 


F,(n) = (2ri/k)5(mo+n), 
Equation (21) yields at once 
A (mo) = (24i/k)d(mo—n) — (2i/k)S(m,mo), (33) 
which is the desired relation.* Equation (33) and the 


unitary character of S lead directly to the cross-section 
theorem! 


4dr 
= f ania (m,Mo) ities ImA (o,Mo). (34) 


(32) 


V. VARIATIONAL PRINCIPLE FOR A(n,no) 


Suppose A, A», and A; are three functions of pressure 
and velocity which are exactly equal for correctly chosen 
pressure and velocity, but are not necessarily equal 
when the pressure and velocity are varied about their 
correct values, Then for correct p, v 


A,=A2=A3=B=4A\A2/A;, (35) 
and 
6B ed (A /A 3)6A of (A of A 3)6A — (A 1A o/A 3)6A 3 
=8A,+6A,—5A3. (36) 


From Eq. (14) introduce 


—k? 
Aletiieetieesae fa 
4r 


exp (ikno: o| (1—ay*)p(r,—n) 


1 
put - )aw-v(r—m) (37) 
a 


Denote A (n,no) from Eq. (14) by 4;, A(—mo,—n) from 
Eq. (37) by A», and A (n,no) from Eq. (17) by A3. Then, 
as shown in Appendix D, B defined by Eq. (35) is 
stationary for arbitrary variations 6p(r,mo), dv(r,mo), 
dp(r,—n), dv(r,—m). We mention specifically that 
these variations need not satisfy the boundary condi- 
tions, although of course they must be so chosen that 
the integrals converge. ; 
Since the right side of Eq. (35) is stationary, Eq. (36) 
shows B’= A,+A,2—A; is also stationary. If we define 


*With Eq. (19), Eq. (33) provides an alternative proof of 
Eq. (28). 


A4=A(—m,—n) of Eq. (17) then by symmetry the 
expressions 
B=A,\A2/Ag, 


(38) 
B’= A rtA 7 A 4 


are stationary for arbitrary variations 5p(r,mo), 5v(r,mo), 
5p(r,—n), dv(r,—n). 

Since B and B’ are stationary for arbitrary variations 
they are stationary for the special choice 


5v(r,mo) = (1/iwp) gradép(r,mo), 
bv(r,—n) = (1/iwp) gradép(r,—n). 


Hence, comparing with Eq. (3), the above expressions 
for B and B’ are stationary for arbitrary 5p(r,mo) and 
5p(r,—m) when, in B and B’, v is everywhere replaced 
by (gradp)/iwp. Similarly the expressions are stationary 
for arbitrary dv(r,mo) and dv(r,—m) when ? is every- 
where replaced by (pc* divv)/iw. 


(39) 


VI. ABSTRACT FORMULATION OF THE 
VARIATIONAL~ PRINCIPLE 


The difficulties involved in obtaining a variational 
principle for A (m,mo) are more readily recognized when 
the problem is given a more general abstract formula- 
tion,‘ with a condensed notation, Suppose 


Kx=z, ' (40) 
where K is a given operator, z is known, and x is un- 
known. Suppose further that we are interested in 
determining 

Azz'TLx, (41) 


where L is a given operator and z’ is known. If K and 
L are matrices, then x and 2’ are single column matrices, 
and 2’7, the transpose of 2’, is a single row matrix. If 
now we can determine operators K’ and L’ such that 


K'L=L’K, (42) 
and for which there exists a solution y, not necessarily 
known, to the equation 

y?K'=2/7, (43) 
then it is easily verified, by virtue of Eqs. (40)-(43), 
that 

A=y"K'Lx=y"L'Kx=y' L's, (44) 

and moreover that either of the expressions 
B= y" L's+2'T Lx—y"K'Lx, an 
B’=y"L't+2'T Lx—y'L'Kx, ” 


is stationary for arbitrary 6x and dy’. We note that 
Eqs. (40), (43), and (44) alone, without Eq. (42), are 
not sufficient to prove B’ of Eq. (45) stationary. It is 
sufficient to replace Eq. (42) by the requirements 


K'Lx= L'Kx, 


yL'K=y'K'L. (46) 
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When p’=po in Eq. (11) derivatives of the Green’s 
function do not appear in the integral equation for p(r), 
and the problem reduces to the type which has been 
treated previously.' In this event in Eq. (40) we 
identify x with p(r,mo), 2 with po(mo). Also, in con- 
formity with matrix notation, 
K=1—GM, (47) 
where r and r’ index, respectively, the rows and columns 
of the continuous matrix G(r,r’), 1=6(r—r’) is the unit 
matrix, and from Eq. (11), M is the diagonal matrix 


M (2,7) =k? (1—p?)6(r—r’), (48) 
if we remember that we are presently assuming a= 1. 
We then identify A(n,mo) with A of Eq. (41). Because 
of Eq. (12) and the way in which A(n,mp) is defined, 
we see that 2’ of Eq. (41) must be identified with 
po(—n), and L= —M/4rn. The only equation involving 
po(—m) which is immediately at hand is, again by 
Eq. (11), 


(1—GM) p(—n) = po(—n). (49) 


Hence, in Eq. (43), 


K'= (1—GM)"=1—M'G"T=1-—MG, (50) 
since M and G are both symmetric. Consequently 
/ = = —M/4m satisfies Eq. (42). The resultant varia- 
tional principle, corresponding to Eq. (45), is the 
usual one.' 

We observe that when derivatives of the Green’s 
function do not appear in the integral equation, i.e., 
when p and (gradp), are continuous, the variational 
principle is a necessary and natural consequence of the 
simple relationship between the form of K, Eq. (47), and 
the expression for A(n,ny), which makes L= —M/4r. 
This simple relationship no longer obtains in the more 
general case when p is not constant. In the first place 
there are now four independent quantities in Eq. (11), 
p(r) and the three components of v(r), corresponding 
io the elements x,, = 1 to 4, in Eq. (40). Consequently, 
K in Eq. (40) is a supermatrix of continuous sub- 
matrices K;;(r,r’), i, j= 1 to 4. Further, since derivative 
terms enter, off diagonal elements of the continuous 
submatrices enter in a complicated way. Moreover, 
because of these derivative terms, alternative expres- 
sions are possible, by virtue of partial integrations, for 
K and for A (n,mo). However, the integral equations (11) 
and Eq. (14) appear to give the only reasonably simply 
obtained formulation of the problem in terms of volume 
integrals which extend over all space and assuredly 
remain well defined even when discontinuities of p 
and/or ¢ exist, thereby obviating any necessity for the 
inclusion of surface integrals. Thus it is interesting to 
note that this formulation is also the only one from 
which we have been able to derive a variational prin- 
ciple for A(n,no), even when surfaces of discontinuity 
are in fact absent. For example, when all functions and 
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their derivatives are well behaved, derivatives of G(r,r’) 
may be avoided by using Eqs. (1A) and (4A), yielding 
the integral equation 


p(r,mo) — ference 1—p’*) p’ (mo) 


+ iwv’(mo)- grad’ (p’—po) |=exp(ikmy-r), (51) 
for p(mo), with corresponding equations for v(m), 
p(—n), and v(—n) and, for A(n,mo), the equation 


1 
A (n,n) a 
4a 


fae exp(—ikn-r’)[ k?(1—y’) p’ (mo) 


+iwv’(mo)-grad’(p’—po) }, (52) 
with a corresponding equation for A(—mo,—n). How- 
ever, Eqs. (51) and (52), which correspond to Eqs. (40) 
and (41), do not lead to a variational principle for 
A(n,mo), as is readily verified. This does not mean that 
a variational principle based on Eqs. (51) and (52) 
does not exist, but demonstrates that the obvious equa- 
tions involving exp(—ikn-r), which corresponds to 2’ 
of Eq. (41), do not satisfy Eq. (42) or Eq. (46). Similar 
remarks pertain to the other combinations of integral 
equations and expressions for A(m,mo) which we have 
tried,’ excepting of course the combination of Eqs. (11) 
and (14). Evidently it would be most helpful to have a 
deeper comprehension of the kinds of formulations of 
the scattering problem which can yield variational 
principles for A (m,mo). 

We add that the two distinct variational principles 
obtained from Eqs. (35) and (38) correspond to the pair 
of stationary expressions of Eq. (45), and that the 
content of Appendix D is essentially the demonstration 


of Eq. (42). 


VII. SPHERICALLY SYMMETRIC SCATTERER 


When p and ¢ are spherically symmetric, the pressure 
p of Eq. (8) can be written in the form 
p(r)=d. Ri(r) Pi(cos), (53) 
where P, are the Legendre polynomials and @ is the 
angle between r and mo. By Eqs. (3) and (8) R; satisfies 
1d dR, I(l+1) 
-3§-—_—— Rit+k’R: 
r> dr dr e 

1 dp dR, 
= k?(1—yp?)Ri+- —- ——. 

pdr dr 


(54) 


In Eq. (54) we have used p=p(r), c=c(r). 


7 Nor have we succeeded in finding any different variational 
principles when the condition that the variations be unrestricted 
is relaxed. More precisely, the restrictions on the variations turn 
out to be compiicated and difficult to interpret or achieve, at 
least in the cases we have examined. 
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In Appendix E we derive an integral equation for 
R,(r), namely 


Ri(r) =i!(21+1) jr(kr) 


il 7” 1(l+-1) 
+ f irfGl| (0~a!) = 
rvo r? 


>7 


Rk, 
—k(1—a’ 4) JR’ a ~ 
r 


i dG, 
+- f dr'r' (1—a’ Ri —, (55) 
rv¥o “a 


In Eq. (55) the dot signifies the derivative, the prime 
continuing to denote functional dependence on r’. Thus 
R,=4dR,/dr, Ri = Ri(r’). Gi(r,7’) is defined by 


Gilr,r’) =ikrr’ji(kr) hi (kr’), r<r’, 
Gi(r,r’) = ikrr’ ji(kr’ hi (kr), or’ <r, 


where j,; and h, are spherical Bessel functions." 
Equation (55) is valid whether or not there are discon- 
tinuities in p and/or c. As in Eq. (11), derivatives of 
p(r) and c(r) have been eliminated in Eq. (55). As ex- 
plained in Sec. II, p and v are presumed finite, so that 
Eq. (53) and the first of Eq. (3) imply A; is finite. The 
integrals in Eq. (55) extend over all values of r’ from 
0 to «©, with the understanding that a’, y’, Ri’, and 
hk’ may be assigned arbitrary finite values at discon- 
tinuities of p’ and/or c’. The boundary conditions on R; 
are inferred from the boundary conditions on p and 
Vn, using Eqs. (3) and (8), and remembering that in 
the present case the surfaces of discontinuity are spheres 
centered at the origin. We conclude that R; and R,/p 
are continuous at the discontinuities r=ra, and that 
except for its incoming part, obtained from the expan- 
sion of p» in Eq. (8), R: is outgoing at infinity.® 

From Eqs. (55) and (65) and the asymptotic forms* 
of j:(kr) and h," (kr) we find that for large r , 


(21+ Ie"! 
Ri(r)~— a “sin( br - +51), (57) 


(56) 


where 


i!(21+-1)e"*! sind, 


=Xi= fare” 
k 0 


Sar 
x| oR ub’) + fet jill!) (58) 
r 


SJ. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), pp. 404-406. 

Since in Appendix E Eq. (55) is shown to follow directly from 
Eq. (54), we expect, and can prove without much difficulty, that 
the solutions to Eq. (55) do in fact satisfy Eq. (54). A proof 
directly from Eq. 55) that its solutions satisfy the boundary 
conditions can be furnished along the lines of Appendix F. How- 
ever neither of these proofs is necessary here in view of the 
proportionality between R;(r) and the Senctieni Si(r) which we 
define immediately below, and for which we do give proofs. 
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and we use the abbreviations 


1(l+1)(1—a) 
C0 ren La 
r (59) 


r=1l—a. 


As usual,'® by virtue of Eqs. (8), (53), (57), and the 
definition of A (n,mo), 


ko Di (2/+ 1)e"* sind ,P,(cosé) 
=>, (—i)'XiPi(cosd). (60) 


A(n,no) = 


In order to eliminate the inconsequential imaginary 
part of R,, we introduce 


R,(r) 
—— (61) 
~ QM 1)eit cosd; 
Then Eq. (57) shows that for large r, 
sin (kr— In) cos (kr — tle) 
S(r)~—————-+ tan6,— ; (62) 


kr r 


and, from Eqs. (58) and (61), 
1 ” d 
; tandi= f irr 0Sijlbr)+ Sr ju) (63) 
0 ar 


Si(r) satisfies Eq. (54) and the same boundary condi- 
tions at a discontinuity r=rq as does R,(r), since it is 
merely proportional to R;(r). 

Define Gi(r,r ) by 


Gi(rr') = —ker'ji(kr)nilkr’), r<r’; (64) 
Gilr,7’) = — ker’ jkr’ )nilkr), 9’ <r. 
G.(r,r’) satisfies the same differential Eq. (2E) as does 
Gi(r,r’), but behaves like [cos(kr—4lr) |/kr as r ap- 
proaches infinity, i.e., like the second or scattering term 


in Eq. (62). Consequently, just as in Appendix E, 
S.(r) can be shown to obey the integral equation, 


1 7” Si 
Si(r) = jilkr)+ f irl o'S- 7’ 
rvo e 


r 


G, 
+ “ff irr 8 (65) 


Equation (65) also can be demonstrated directly from 
Eq. (55). 


L,. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 1085. 
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Differentiating Eq. (65), we obtain 


d . 
Si(r)=- ~ji(kr) 
dr 


1 co] 
- f dr’ G{r'o'S/—7'8y] 
2 


r 0 


1d ” 
+ f dr’ tA r'o'S/— r’Si'] 


rdr 


1 dG, 
ae - f dr'r’ r'S/- E 
r? 0 dr’ 


id fr” dG, 
+ a f dr'r'1'S'—. 
rdrvJo dr’ 


Equations (65) and (66) may now be regarded as a pair 
of coupled integral equations in the independent vari- 
ables S;(r), Si(r). As is proved in Appendix F, the solu- 
tions to Eqs. (65) and (66), with S;(r) and S.(r) regarded 
as independent, satisfy the requisite boundary condi- 
tions and 


(66) 


d 


Si(r)=—Si(r), 
ar 


(67) 


dS; 2, Ui+1) 1 
pommel fl pans ; Si + RS, = (1—p)Si+--pS). 


dr r p 


(68) 


Equation (68) implies S; satisfies the original differen- 
tial Eq. (54). Therefore Eqs. (65) and (66), with S, 
and S; regarded as independent quantities, solve the 
scattering problem for the /th partial wave. We may 
therefore infer also that S:(r) of Eq. (65), with 8, 
defined as the derivative of S;, satisfies Eq. (54) and 
the boundary conditions, and similarly for R,(r) of 
Eq. (55). Evidently Eqs. (65) and (66) are the ana- 
logs, for the /th partial wave, of Eq. (11) which held 
for the total fields p(r) and v(r). 

We are now finally in a position to formulate the 
variational principle which we have been seeking. 
Denote the right side of Eq. (63) by Ai. Define 


” d 
A 20> f arr] 051 jill) + 7S jllr) | (69) 
0 r 


where S;" and S," are independent functions whose 
variations are independent of the variations of S; and 
S,, but such that the unvaried (correct) values of S;7 
and S;7 satisfy the same Eqs. (65) and (67) as do S; 
and S;. In other words, for 5S5,;=85;"=5S,=68,7 =0, 
S,=S,'7, S.= S,’, A w=Ag. From Eqs. (63), (65), and 
(66), and the corresponding equations for S;7, S,7, we 
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obtain directly" 


1 oo 
Ps tané;= A3,= f drr?(aS,7S\+ TS, TS,) 


0 


-{ arrasit f dr'G{r'o'S'—7'Si'] 
0 0 
x x dG, 
~ { drraS,7 f dr'r’ 8 '— 
0 0 dr’ 
+f drr8t f dr'G {r'a'S/'— r'Si'] 
0 0 
«o d c-) 
~f drrr8,7— f dr’ 1 r'o’S'— 7S’) 
0 dr J 
+f drrs l f dr'r’ 3 
- d “3 dG, 
-f drrrS 7 — f dr'r'1'S'—. 
dr 0 dr’ 
Moreover the quantities 


B,=AyAo/As1, 
B/=AytAu—-Au 


are stationary for arbitrary variations 6S), 65,7, 5S), 
68,7. These variations need not satisfy the boundary 
conditions. By symmetry, S;, S; and S,7, 8:7 can be 
interchanged in Eq. (70), yielding in Eq. (71) the 
second, though equivalent, variational principle we 
have learned to expect from Eq. (45) and the discus- 
sion in Sec. VI. 

The proof that B,’ in Eq. (71) is stationary is given 
in Appendix G. Since it is stationary for arbitrary 
variations it is stationary for 6S;=6S,7 and 6S,=6S,", 
as well as for 6S,=d(6S;)/dr. That Eqs. (65) and (66) 
extend over the entire interval 0<r’ < ©, without end- 
point sums over r’=r4, whether or not there are dis- 
continuities, has already been remarked. As in the pre- 
ceding section, we have not been able to construct 
variational principles from various alternative equa- 
tions [to Eqs. (63), (65), and (66) for tand,, S; and/or 
S:] which can be shown to hold even when discon- 
tinuities are absent. 

APPENDIX A 


The simplest way to derive Eq. (11) is to assume first 
that there are no discontinuities in p and/or c. Let 
p=potp, on the left side of Eq. (8) and, for conveni- 
ence in the manipulations which follow, replace gradp 


(70) 


(71) 


4 We introduce this seemingly awkward distinction between S; 
and S;” merely to emphasize that in applications of the variational 
principle it is legitimate to use different trial functions for S; 
and S;", a procedure which might be useful in obtaining tractable 
integrals. 
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by grad(p—po) on the right side of Eq. (8). Then 


plt)= f avGtes) 
« [k2(1—u"") p’+-iwv’-grad’(p’—po)], (1A) 


as may be verified by direct application of (A+k*) to 
p., by using Eq. (10). In Eq. (1A) 


G(r,1’)v’ - grad’ (p’— po) = div’G(r,r’) (p’—po)v’ 
rR) 
— (p'—po)v'-grad’G(r,"’)——G(r,"')(1—a’)p’, (2A) 
(2 


by use of Eq. (3). The integral of div’G(p’—po)v’ 
vanishes since p’—po is zero at infinity. The other 
terms yield 


p(t)=# f dv'G(uy’)(1—a'u")p(?) 
—iw fd! p'—po)v’-grad'Ge). (3A) 


By noting grad’G= —gradG, Eq. (3A) and Eq. (7) are 
seen to be identical with Eq. (11) for p(r). 
Similarly, from Eq. (8) 


v,(r) = fdecien)| #a-ww 


1 1 
+iwp’ grad’ ( :) 
0 


p'c” poe 


oe 
cut |graa’(—— ~) Xp’v’ !] (4A) 
p’ po 


The derivative terms in Eq. (4A) can be in effect 
integrated by parts by manipulations similar to those 
of Eq. (2A), remembering always that, because the 
surface integrals at infinizy vanish, any integral of a 
pure divergence, a pure curl, or a pure gradient, is zero. 
Thus, using Eq. (3) to eliminate grad’p’, Eq. (4A) 
becomes 


1 
vin=# fdecee)(1- “yy 





tw 
a grad f ar'Gi(e) (1—a’p”) p’ 
poco” 
| er 
—curl f arG(ey) grad! (—- ~) xv" (SA) 
p’ po 


Because of Eq. (3), curloyv=0, so that, in Eq. (SA), 


Dida Ban 
grad! (=-—)xo'v’=curt(—- ~ Jo. (6A) 
p Pp 


Po: Po 


With the aid of Eq. (6A), and of course another integra- 
tion by parts, Eq. (SA) becomes identical with Eq. (11) 
for v(r). 

The integrals in Eq. (11) do not involve derivatives 
of p’ and/or c’. Hence Eq. (11) remains valid as the 
continuous functions p(r) and/or c(r) are permitted to 
have sharper and sharper gradients, becoming, in the 
limit, discontinuous with a finite jump across one or 
more surfaces. Consequently Eq. (11) holds whether or 
not such surfaces of discontinuity exist. Of course Eq. 
(11) can be established directly, but also more awk- 
wardly, without making the initial assumption that p 
and/or ¢ are everywhere continuous. Green’s theorem 
and Eqs. (8) and (10) imply that 


fasa-[ete) gradp,(r)— p, gradG(r,r’) | 


- f drG(r,)[E(1— 12) (0) 
+iuv-grad(p—ps)]. (7A) 


The volume integral in Eq. (7A) runs over the space 
exterior to a small sphere about the point r=r’, not 
including an infinitesimal strip on either side of any 
surface of discontinuity of p and/or c. The surface 
integral in Eq. (7A) is over the sphere at infinity, the 
sphere around r=r’, and both sides of every strip; the 
normal n points out of the volume of integration of the 
right-hand side. The surface integral at infinity vanishes 
because G and p, are both outgoing so that, shrinking 
the radius p of the small sphere to zero, 


pae)+ f asa: {G(r,r’)[gradp,,— gradp,. | 
—gradG(r,r’)[ Psi— Pre} 
- f drG(t,x/)[A*(1—u!) p+ iwv-grad(p—po)]. (8A) 


The surface integral in Eq. (8A) runs only over the 
surfaces of discontinuity. These are assumed to be finite 
closed surfaces, with m in Eq. (8A) directed out of the 
surface, toward the exterior, and i and e referring 
respectively to the interior and exterior sides. The 
volume integral in Eq. (8A) is over all space excluding 
infinitesimal strips on either side of the surfaces of 
discontinuity. Since po and vo, Eq. (8), are everywhere 
continuous, the subscript s may be dropped in Eq. (8A). 
Also, according to the boundary conditions, p and v, 
are continuous across S. Hence, using Eq. (3), Eq. (8A) 
becomes 


p.(r’)= face cea —p*)p+iwv-grad(p—po) 


~ie f aSn-Gi(e,¢)v(t)(0.~P) (9A) 
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By interchanging r and r’, and employing Eq. (2A), the 
volume integral in Eq. (9A) is integrated by parts just 
as previously, except that the integral of div’G(p’ — po)v’ 
gives a surface integra! on either side of S which just 
cancels the surface integral already in Eq. (9A). We 
are left with Eq. (3A), integrated over all of space 
exterior to the strips. In Eq. (3A) the integrands re- 
main finite on S, since derivatives of p and c, and p 
and v for that matter, do not appear. Consequently, in 
Eq. (3A) the integral over an infinitesimal strip sur- 
rounding 5 is infinitesimal, and Eq. (9A) is seen to yield 
Eq. (11) for p(r). With much more labor Eq. (11) for 
v(r) can be similarly deduced directly, without assuming 
p and ¢ everywhere continuous. However it is apparent 
from a comparison of the above two derivations of p(r) 
that our original simpler derivation of Eq. (11) was 
quite legitimate. 

From Eq. (11), using Eq. (7), Eq. (10), and curl curl 
= grad div—A, 


grad p— iwpov = — iw(po—p)v, 


(10A 
(iw/co*) p— po divy = (iw/co*) (1—ap”) p. 


Equation (10A) is identical with Eq. (3), proving that 
the solutions p and v to Eq. (11) satisfy the original 
differential relations Eq. (3). 


APPENDIX B 


To prove p(r) of Eq. (11) is continuous across a sur- 
face of discontinuity S we first eliminate the deriva- 
tives of the Green’s function in Eq. (11). Differentiating 
under the integral sign, Eq. (11) for p(r) yields Eq. 
(3A). The integrals in Eq. (3A) exist for all r. Conse- 
quently for any point r not actually in S, exclusion from 
the region of integration in Eq. (3A) of an arbitrarily 
thin strip on either side of S modifies p(r) by an arbi- 
trarily small amount. Excluding such a region then, the 
last integral in Eq. (3A) can be integrated by parts, 
and we obtain 


p(r) 7 po(r)+ k? dr’'G(r,r’) (1 —a'p’*)p’ 


tia f deGire) div’ (p’— po)v’ 
— ia f as'n’-Gi (p;’—po)vi’ — (pe'—po)ve |. (1B) 


In Eq. (1B) n’, the normal to dS’, and the subscripts i 
and e are defined as in Eq. (8A). The volume integrals 
in Eq. (1B) are over all space except for a thin strip 
on either side of S. However these volume integrals 
may be extended over all space by assigning an arbi- 
trary finite value to div’ (p’—po)v’ on S’. 

Let ro lie in S. We wish to show that given any e it 
is possible to choose é sufficiently small that | p(ro+2:n) 
— p(to— san) | <« whenever 0<2,<é and 0<22<8. po(r), 
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Eq. (8), is a continuous function of r. There is no diffi- 
culty in demonstrating this inequality for the volume 
integrals in Eq. (1B), since the factors multiplying 
G(r,r’) in the integrands are assumed bounded. There 
remains to be proved continuous only the surface 
integral of Eq. (1B). Draw a sphere of radius ae about 
fo, a to be determined, which sphere, for small ae, 
intersects S in some nearly circular closed curve. (We 
assume of course that S possesses all the usual attributes 
of a well-behaved surface, e.g., a tangent plane.) The 
surface integral of Eq. (1B), integrated over points r’ 
outside the sphere for r=ro+2,n, can be made as nearly 
equal as desired to the surface integral integrated over 
the same r’ for r=fy—zen. This is accomplished by 
choosing 6 sufficiently small, since the integrand is 
finite and continuous as 6—0 for points r’ outside the 
sphere. We now prove that for sufficiently small ae and 
6 the contribution to the surface integral from points 
on S’ within the sphere vanishes. The factors multiply- 
ing G(r,r’) in the integrand are bounded, so that, within 
the sphere, 


fom ct i’ — po) vi’ — (p-’—po)v.' ] 


| 


1 
<a fas’ , (2B) 
lr—r’| 


where 8 is some upper bound to |n’-[ (p,’—po)v,’ 
— (p.'—po)v.’ || within the sphere. Write 
r’ —frg= x't’'+ y'n, (3B) 


with t’ a unit vector in the tangent plane. Then with 
2= 2, OF 22 


(4B) 


yy"? =A 


x2 22 


lr’—r|= c+ stf + 


Since t’ lies in the tangent plane, y’~x” for sufficiently 
small ae. For sufficiently small ae therefore 


y+ 225’ | 
| x2 22 | 


2z 
= ares ——-, (58) 
1+22/x” 1+427/x” 


which can be made arbitrarily small by choosing ae 
and 6 sufficiently small, for any «’ within the circle of 
radius ae in the tangent plane, and for all 0<z<6. In 
Eq. (2B), therefore, we may write 


1 said a 
F f dS'——_= 28 f i 
r~ r’| 0 (x’2--2?)4 


= 2nB{ (2?+a7%e)'—2z]. (6B) 
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The right side of Eq. (6B) can be made <e by choosing 
6 arbitrarily small and a< 1/28. We conclude that p(r) 
is continuous across S. 

Equation (11) for v(r) yields, corresponding to Eq. 
(1B), 


1 
vid=min +h f deGier)(1- a 
a 


lw 
——-- farccr) grad’ (1—a’y”) p’ 


-.2 
Povo 


1 
-- faccer) curl’ curt (1-—)v 
a 


lw 
+ fasinates) 


poco 


XC (1—a’u”)p;’— (1—a’y”) p." 


+ fasweasr) 


1 1 
x curr (1- -) v/—cur’(1- ) | 
a’ a’ e 


a 


_ f dS’ grad’G(r,r’) 


1 1 
wx (-t)w-(-2) u]}. om 
a’ i a’ e 


In Eq. (7B) it is possible that [1—(1/a’) Jv’ is discon- 
tinuous or nondifferentiable on a curve C on one or 
both sides of S, in which case curl’[1—(1/a’) }w’ would 
not exist on C on one or both sides of S. For example, 
v. might be discontinuous on the rim of a plane piston 
source. However the value of the surface integral is 
not changed by assigning arbitrary finite values to 
curl’[1— (1/a’) Jv’ on C, so that such discontinuities do 
not affect the validity of Eq. (7B). Moreover, in de- 
riving the boundary conditions it is assumed that p(t) 
and v,,(f) on either side of S differ infinitesimally from 
the values of p(r) and v,(r) at points r on the same side 
of S in the neighborhood of ro. This assumption need not 
be correct at points ro where [1—(1/a’) ]v’ is discon- 
tinuous or nondifferentiable on either side of the sur- 
face. Consequently we are required to demonstrate 
the boundary conditions only at points ft» where 
[1—(1/a’) ]wv; and [1—(1/a’) ].v, are well behaved. It 
can now be seen that in Eq. (7B) all integrals except 
the surface integral involving grad’1/|r—r’| (arising 
from grad’G) are of the same types as those in Eq. 
(1B) and can be proved continuous in a like manner. As 


x 





before, drawing a sphere of radius ae about f», we ob- 
serve that the contribution to the grad’1/|r—r’| surface 
integral from points r’ outside the sphere is continuous 
on r. It follows that the continuity of v, will be as- 
sured if 


etki r’| 
n- fas’ —(r—r’) 
lr—r’|* 


1 1 
x|w’x| (1-=) vi-(1-=) vi || < (8B) 
Qa i a e 


for r=ro-2n and sufficiently small a and 4, the integral 
running over points on S’ lying within the sphere, and 
the integrand well behaved, i.e., differentiable, at ro. 

Replace r’ by ro in the integrand of Eq. (8B), except 
in (r—r’)/|r—r'|*, which is equivalent to making a 
Taylor expansion with remainder term of order of 
magnitude 


U 


r—r 
foe -— X{(f 14) -grad’} expt |r| 
lr—r’|3 


1 1 
oe (-2)-(- 5) om 
a a e 


By using Eqs. (3B)—(SB) and remembering y’~x”, each 
of the components of the expression (9B) can be seen 
to have an upper bound involving sums of integrals 


such as 
n 3 


te 2x - 2x 
f dx’, f dx’ — ———., 
0 (x24 2*)! 0 ("+ 2)! 


ae x’ 
dx’— : 
, 9\1 
0 (x’?+- 27)! 


each of which can be made as smal) as desired by choos- 
ing ae and 6 sufficiently small. Consequently the re- 
mainder term Eq. (9B) is negligible, and, again using 
Eqs. (3B)-(SB) and examining integrals like those of 
(10B), Eq. (8B) is seen to be equivalent to the condi- 
tion that 


ae 2r erikz 
af ax f d0’x’ — 
| 0 0 (x/2+4 2) } 


<[x’t’+ (y’+2)m]X (mXq(to)} <e, (11B) 


1 1 
a()=(1-=) w-(1- ) ad (12B) 
all al, 


evaluated at r'=ro. In Eq. (11B) y’ and t’ are the only 
quantities depending on 6’. The region of integration is 


(10B) 


where 
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a circle in the tangent plane, centered at fro, with 0 
the azimuth of t’. Thus the terms involving t’ in Eq. 
(11B) vanish when integrated over 6’. The remaining 
terms in the integrand, in (y’+z)n, are perpendicular 
to nm. We conclude therefore that the normal com- 
ponent of any v(r) solving Eq. (11) is continuous at 
r=roon S. 

We remark that our procedure in referring the demon- 
stration of the continuity of v,(r) to the preceding 
proof of the continuity of p(r) means that the rather 
lengthy argument used in proving p(r) continuous 
really did not involve any extra work. Actually p(r) can 
be readily proved continuous directly from Eq. (3A), 
but this proof cannot be extended to proving v,(r) 
continuous. We see no obvious way to avoid the 
detailed examination of the surface integrals in Eq. (7B). 


APPENDIX C 


Corresponding to Eq. (17) we have 


A(—Mo,—n) 


1 
factor _ n) p (mo) — wpvyv(—n) -¥(Mo) | 


4ar 


i 
is farao« —n) div f de'Gy'v (a) 
4n 


i 
+ farrv —n) grad f de'Go'p! (a) 


4n 


1 
4. [dem ‘curl curl f de'Gr'v'(m) 
4dr 


1 
+ f drdr'{ p(—n) 8G’ p’ (mo) 
4dr 


— k*yGy'v(—n)-v'(no) ], (1) 


where G is symmetric, G(r,r’)=G(r',r), and grad’G 
= —gradG. Moreover 


facap (a) div f arcy'v' —n) 


= fccarsp (no)y'v’(—n)-gradG 


= ff dnae's'p (aa) yo(—)- grad’, (2C) 


interchanging the dummy variables r and r’. It follows 
that the second integral on the right of Eq. (17) equals 
the third integral on the right of Eq. (1C). Similarly, 
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the second integral on the right of Eq. (1C) equals the 
third integral on the right of Eq. (17). Consequently, 
comparing Eqs. (17) and (1C), to prove Eq. (19) it is 
only necessary to show 


f devv(as) cur curl f deGy/v (—m) 


= fdey(—n)-cur curl f drGr'v'(m) (3C) 


By elementary manipulations using Stokes’ theorem, it 
can be seen that the left side of Eq. (3C) equals 


fase-rvimx fas xGrv (—n) 
~ f asy-rv(m)x far curl’y’v’ (—n) 
 f defcurtyv(n)}- f as'v'xGy'e (—m) 


+ f arfcurty (my) f dr'GLeurty’v’(—n)} (4C) 


In (4C) v is the normal to dS, and the surface integrals 
run over the interior and exterior of each surface of dis- 
continuity, with v,;=v as previously defined in Eq. (8A) 
on the interior surface and v,=—v on the exterior 
surface. A similar expression for the integral on the 
right of Eq. (3C) is obtained by interchanging mp and 
—n in (4C). But interchanging the dot and first cross 
in each of the first two integrals on the right side of 
(4C), and then interchanging the dummy variables r 
and r’, it is seen that the right side of (4C) is symmetric 
in mp and —n. {t foliows that Eq. (3C) is true, and 
therefore that Eq. (19) is proved. 


APPENDIX D 
From Eqs. (14), (17), and (37): 


—}? 
6A,=—— | dr exp(— itm] (1—ax?)6p (a) 


4dr 


1 
+-ova( 1 )n-av(ay) | (1D) 


a 


—k? 
6A.»=—— 
4 


dr exp (tkno: o| (1—ay?)dp(—n) 


1 
pwa{ 1- -)aw-5v(—m)| (2D) 
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—1 
sy f dr{_8.p (mo)6p(—n)-+8p(—m)8p (mo) 
— wpvyV (Mo) -dv(—n) —wpoyv(—n) -dv(mo) | 


wean f dr85p(mo) div f dr'Gy'v' (—n) 
4dr 
% z J drdr’[8p(mo)y’ gradG]- dv’ (—n) 
us 
+— f dryév (mo) -grad f dr’Gp’p’ (—n) 
us 
+ f drdr’y@’[v (mo) - gradG ]6p’ (—n) 
us 
1 
a”. J eevdv (my) -curt cutl f de'Gy'v'(—m) 
us 
1 
+ J drvv(as)-curl cur favcysv' (—m) 
T 


1 
+ J drdr'[5p (ms) 3G8"p" (—n) 
Tv 


+ p (Mo) BGB’5p’ (—n) 
— k*yGy'v' (—m) -dv (Mo) 
— k*yGy'v(mo)-dv'(—n)]. (3D) 


By substituting Eqs. (1D)-(3D) in Eq. (36) and 
collecting terms, it is found that the terms in 6p(mo) 
vanish by virtue of Eq. (16). The terms in 5v(mo) vanish 
by virtue of the equation for v(—n). The terms in 
6p’(—n) vanish because of the first of Eq. (11), after 
interchanging the dummy variables r and r’ ir the 
double integrals of Eq. (3D). We similarly interchange 
rand r’ in the terms in 6v’(—n), with the exception of 
the curl curl term where this interchange is of no utility. 
However, by following the procedure used to demon- 
strate Eq. (3C), it is seen that 


farvv(as)-cur curl f dr'Gy/6v'(—m) 
=e farav(—n)-cur curl f dG (a). (4D) 


Moreover the proof of Eq. (4D) does not necessitate 
using the boundary conditions. With the aid of Eq. 
(4D) the terms in é6v’(—n) are thereby all converted 
to integrals over 6v(—n), and at once are observed to 
vanish because of the second of Eq. (11). This completes 
the desired proof. 


APPENDIX E 

The simplest way to derive Eq. (55) is to assume first 
that p and ¢ are continuous. Introduce #,=rR; into 
Eq. (54), which yields 
du, I(l+1) 
— — —— 14+ Ru = R(1 —p*)urt+— “i( ui “). (1E) 
dr* r? 
The function G;(r,r’) of Eq. (56) is the outgoing Green’s 
function satisfying 

PG, I(i+1) 

— ——— G+ kP°G) = —é(r—r’), (2E) 


dr’ r 





where 5(r—r’) is a one-dimensional 6 function over the 
interval 0<r< oo. It may then be directly verified that 


many f dr'Gi(r,r’) 
(3E) 
x| #a- u”)u+— “(w “Ye 
Uyo= 1! (21+-1)rji(kr), 
satisfies Eq. (1E) and consequently that 
R,=i'(21+-1)ji(kr) 
1 - R; 
-- if arf Gury] ROW) RI+— 3 (4E) 
rv p’ 
satisfies Eq. (54). Now use the identity, 
R/ df R/ 
rGi—=—|rGile'-m)—| 
p dr p 
— (p’ —eo— ee 
='Gile!p0) “(= =), (SE) 


and substitute in Eq. (4E). The total derivative term 
contributes nothing since r’G,; vanishes at the origin 
while p’— po vanishes at infinity. Thus there results 


1 o 
Ri= i241) alle) f drr'Gi(r,1') 
ee d Ri 
x| HAW Ri (p’— po)— =| 
dr’ p’ 
+- -f dr’ (1— “oki< (769, (6E) 


Equation (54) implies 
R, 2R, Ul+1) Rk, R; 
— 
dr 





. - —— pR—, (7E) 
rp ‘a p 
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Substitution of Eq. (7E) into Eq. (6E) then yields 
Eq. (55). Just as in Appendix A, we now argue that 
since Eq. (55) does not involve derivatives of p’ and/or 
c’, it remains valid in the limit in which p’ and/or c’ 
becomes discontinuous across one or more surfaces. 
Eq. (55) can also be deduced without assuming p’ 
and/or c’ continuous, either directly from Eq. (54) or 
via the integral equation (9A), in either case with rather 
more labor. 
APPENDIX F 


We regard S; and S, as independent quantities in 
Eqs. (65) and (66). Since Eq. (66) was obtained by 
differentiating Eq. (65), Eq. (67) is evidently true. To 
demonstrate Eq. (68), differentiate Eq. (66) to get 
dS,/dr and, combining this with Eqs. (65) and (66), 
evaluate the left side of Eq. (68). By using the differ- 
ential equation‘ for j;(kr), the results obtained are 


dS; 2. IWi+1) ip d? 
es Si +S sae 


oI ” 


dr +r r? 


x| f dr'Gi(r'a'S'— 1'S/') 
0 


Ul+1) 
+8 


“ dG, 
+f irri (1F) 
0 dr’ 


We integrate by parts the second integral in Eq. (1F). 
Thereby we convert the right side of Eq. (1F) to inte- 
grals to which Eq. (2E) can be applied under the inte- 
gral sign, plus a sum over r’=rq which vanishes after 
application of Eq. (2E), since the delta function 
vanishes for the only points in which we are now 
interested, namely points r not equal to any ra. Thus 
we find 


dS; 2. 
5A hang SE 


dr + r? 


L(/+-1) 
Sit+ RS; 


TS, 


S$i+- nts “(8 (2F) 


which, after some manipulation, reduces to Eq. (68). 
In Eq. (65) the first integrand is bounded. The 
second integral when integrated by parts yields an 
integral excluding infinitesimal intervals surrounding 
the points r’=r,4’, and therefore one for which the 
integrand is again bounded. The integration by parts 
also yields a well-behaved sum over r’ = rq’, and we infer 
that S;(r) is continuous. We similarly integrate by parts 
the integrals involving dG,/dr in Eq. (66), perform the 
d/dr operation indicated in the last integral of Eq. (66), 
and observe that discontinuities in S; can arise only 
from the terms in dG@,/dr in the sum over r’. In this 
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way we find that 


ifd 
Sie(r4)—Si(ra) = “| ~Giiret €, Ta) 


ralar 
d 
a alin ra lorei8it—r teen (3F) 
r 


Since from Eq. (2E) 
dGi(rat & ra) dGi(ra- é ra) _ 


dr dr 


we get aS;.=aiS;;, which is the desired boundary 
condition. 
APPENDIX G 

The ie that B/, Eq. (71), is stationary is straight- 
forward. Appendix D is a guide. The coefficients of 
6S,7 and sa are readily seen to vanish by virtue of 
Eqs. (65) and (66). Similarly the coefficient of 5S, 
vanishes. There is a complication in the coefficient of 
4S;. It is seen that this coefficient will not vanish by 
Eq. (66) unless it is true that 


” d f* dG, (r,r’) 
: drrr8; rT f dr'r'r'———_88/ 
0 dr 0 dr’ 


dG,(r, 
=f areasr< f drrr8,7 or é (1G) 


r 


Equation (1G) can be proved however. The left side of 
Eq. (1G) is 


sd d , d 
—k f arr { dr'r’r'5S)'rni(kr)—?’ jilkr’) 
0 driv dr’ 
” d 
+ f dr'r’ /08i'r ull) p’m( hr) 
r Tr 


” d 
=—k f drre8rr48] rnb) jill) 
0 dr 
(2G) 


d 
rut) 
dr 
—1f drrrS,? if dr'r’ 768," ambr) yj) 


d d 
+f dr'r'r'6Si rs rji(kr)—r'ni(kr’) >. 
ar 


r dr’ 


We evaluate the right side of Eq. (1G) as we did the 
left side and observe the expression so obtained is 
identical with the result of interchanging the order of 
integration in the double integrals on the right side of 
Eq. (2G). Hence Eq. (1G) is true. 
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Film Flow in Liquid Helium II at Low Level Differences* 


GeRALp S. Picust:t 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
(Received March 15, 1954) 


Observations of the flow of the liquid helium II film have been made at very low level differences. To 
produce the flow a plunger is displaced vertically at an accurately controlled rate inside of a beaker of 
internal diameter of about one centimeter. By this means the initial behavior when flow is started, the 
eventual steady-state behavior, and the oscillations around the final equilibrium position after the plunger 
is stopped, are observed. The results obtained fit the form of equations derived by Atkins if, in addition, 
the existence of an upper limit to the velocity of flow is postulated. However, the period of the final oscilla- 
tions is always found to be shorter than that deduced from the initial effects. The final periods also vary 
more slowly with temperature and more rapidly with the total length of the helium film than do the initial 
periods. Assuming the film thickness d varies with height 4 according to a relation d= D/h", we find from 
the initial periods that n=} and from the final oscillations n=1. D, the thickness at a height of one centi- 
meter, is approximately 2.5X10~* cm, somewhat smailer values being obtained from the initial periods 
than from the final periods. 

These results are taken as evidence for the existence of a difference between the moving and the stationary 
film. Various mechanisms for producing the necessary redistribution of the material of the film, if this 
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difference is simply a change in shape, are discussed. 


I, INTRODUCTION 


MONG the most striking of the anomalous proper- 
ties of liquid helium below the lambda tempera- 
ture are those associated with its unusual transport 
properties. The best example of the iatter is the flow 
which takes place between a beaker and the surrounding 
bath if the liquid levels are at different heights. In 
isothermal conditions, the direction of flow is always 
toward the region of lower gravitational potential. The 
first quantitative investigations of the properties of 
this mass transport were carried out by Daunt and 
Mendelssohn,' who established the existence of a limit- 
ing transfer rate, independent of the level difference and 
varying only with temperature. Their results have been 
confirmed by many later experimenters,?-> some of 
whom? have also noted that the critical transfer rate 
decreases slightly for level differences between 2 and 
3 mm. 

To date the only experiments at level differences less 
than 2 mm are the oscillation studies of Atkins. When 
the beaker level approaches its equilibrium position, 
the momentum in the film results in an overshoot which 
produces an oscillation of the beaker level about its 
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equilibrium position. The period of these oscillations 
depends on the inertia of the film, and this in turn 
varies with the height of the beaker rim above the bath 
level. From a study of these oscillations, Atkins deduced 
a relation for the film thickness as a function of height. 
The oscillation amplitude, which depends somewhat on 
the geometry of the apparatus, is only several tenths 
of a millimeter. 

It appeared, therefore, that information on the be- 
havior, and possibly the structure, of the film might be 
obtained from a study of its flow properties at low level 
differences, both in the steady state and in the oscilla- 
tions. To achieve the former condition, the customary 
capillary beaker was replaced by one with an internal 
diameter of about one centimeter, inside of which was 
suspended a plunger, leaving an annular space one 
millimeter wide. Flow was initiated by moving the 
plunger up or down. 


Il. THE APPARATUS 


The experiments were performed in a separate cham- 
ber suspended in the helium bath. This inner chamber, 
shown in detail in Fig. 1, is made from a 2-inch copper- 
glass seal F, soldered at K with Rose’s metal to a brass 
cap D, and sealed at the bottom. Hanging from the 
rods N is a thin-walled brass cup M which supports 
the beaker L. This beaker is a 4j-in. length of precision 
bore tubing of i.d. 0.960-+0.003 cm, the bottom of which 
has been very carefully sealed so that its dimensions 
were distorted for no more than a half-inch of its length. 
The top of the beaker was ground to a smooth finish on 
a carborundum wheel. Before assembly into the appa- 
ratus, the beaker was cleaned in hot chromic acid, 
rinsed with distilled water, and carefully dried. 

Suspended in the beaker is the Lucite plunger / 
which was lapped to a diameter of 0.7625+0.0003 cm 
along its entire length. It is kept centered in the beaker 
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Fic. 1. The inner 
chamber, showing de- 
tails of the beaker and 
plunger. 



































by the small projections on the brass extension J. 
This brass piece also serves to give the plunger suffi- 
cient weight to keep taut the linen string B from which 
it hangs. The plunger does not hand directly from the 
string, but from a loop G of No. 40 Be-Cu wire to which 
the string is tied. The string passes to the upper part 
of the cryostat through the }-inch Monel tube A from 
which the entire inner chamber hangs. 

The inset EZ and baffle C shield the plunger and 
beaker from room temperature radiation coming down 
the Monel tube. The beaker is further protected from 
vertical radiation by a polished copper disk H mounted 
on top of the plunger. 

At the top of the cryostat the string from which the 
plunger hangs is attached to a stainless steel shaft 
which passes vertically through a vacuum seal and then 
connects with a micrometer screw. The latter is driven 
vertically by a dc motor through a speed reducer and 
worm gear. A magnetic amplifier circuit powers the 
motor and enables control of its speed to within +0.5 
percent, in the range from 350 rpm to 1550 rpm. 

Special care was taken to isolate the cryostat from 
any sources of vibration to protect the helium levels 
from mechanical disturbances during an experiment. 

The liquid levels were illuminated by a mercury vapor 
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lamp filtered so that only the green 5641A line was 
passed with its intensity reduced to the lowest level 
compatible with comfortable observation. A pair of 
condenser lenses, with their optic axis directed slightly 
upward so as to make an angle of about three degrees 
with the horizontal, concentrated the light at the center 
of the cryostat in such a way that the helium level in 
the beaker appeared as a bright, sharp line. 

The liquid levels were viewed with a telescope 
mounted on a Gaertner vertical traveling microscope 
stage. A timer was mounted directly above the micro- 
scope drum so that both instruments could be photo- 
graphed simultaneously by a 35-mm movie camera 
operated as an automatically advancing single exposure 
device. The camera was tripped by a solenoid actuated 
through a relay-operated control circuit by a hand-held 
microswitch. By means of this circuit, the timer and 
the motor operating the plunger were not started until 
the microswitch was tripped to take the first picture. 
Thereafter the timer ran until the circuit was turned 
off, but the plunger motor could be stopped or its speed 
changed at any subsequent operation of the micro- 
switch that the operator chose. Since the camera photo- 
graphed the timer and microscope drum each time the 
switch was closed, the times of coincidence of the cross- 
hairs and the helium level’ were accurately recorded 
along with the times of any changes in conditions. 


III. PROCEDURE AND ERRORS 
A. Procedure During a Run 


For at least three days before each helium run, the 
inner chamber was pumped to a pressure of 3 or 4X 10-* 
mm mercury, thus insuring that the beaker and other 
parts, in the inner chamber were reasonably free of 
adsorbed gases. The vacuum was maintained until just 
before liquid helium was transferred into the cryostat, 
at which time helium gas, specially purified over char- 
coal at 2000 lb/in.? and at liquid N2 temperature, was 
admitted through a charcoal trap at liquid N2 tem- 
perature. 

After the transfer was completed, helium was con- 
densed into the inner chamber to the desired level, and 
the system was closed off completely by means of a 
stopcock on the vacuum line. The temperature of the 
helium bath was then adjusted to the desired value and 
when equilibrium with the inner chamber, as indicated 
on a differential manometer, had been attained, the 
actual taking of data was begun. 

To measure film transfer rates over large level differ- 
ences of the order of several millimeters or more, the 
motor was disengaged from the driving screw and the 
desired difference in levels was produced by manually 
raising or lowering the plunger. The subsequent level 
motion was followed in the telescope and recorded 
on film. 

The data on the behavior of the film transfer at very 
low level differences were taken with the motor engaged 
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to drive the plunger. With the telescope lined up on 
the level in the beaker and the motor control circuits 
set for the desired speed, the first picture was taken. 
This recorded the equilibrium position of the level and 
simultaneously started the timer and the plunger motor. 
The level was then tracked with the telescope and its 
position as a function of height was recorded by the 
camera. When desired, the motor control circuits were 
switched to the motor off position; thus at the instant 
of the next photograph, the plunger was stopped, and 
the process of the level settling back to its equilibrium 
position was recorded. 


B. Flow Rate Measurements 


The rate ¢, in units of cubic centimeters per second 
per centimeter perimeter of the beaker, is given by 


1 r—r 1 
te i ee (1) 


2rrp "pr 2rp 


where 7, is the inner radius of the beaker, A, is the area 
of the helium surface in the beaker, A, is the cross- 
section area of the plunger, y is the velocity of the 
helium level, and # is the velocity of the plunger 
(see Fig. 2). From the values for r and r, (radius of the 
plunger) corrected for thermal contraction to liquid 
helium temperatures, we find (r’—1,?)/2r=0.0922 
+0.0019 cm and r,?/2r,=0.1474+0.0006 cm. The speed 
of the driving motor, which determines the plunger 
velocity #, could be measured to within 0.5 percent with 
a General Radio Strobotac that had been calibrated 
against the ac line frequency. The largest total uncer- 
tainty that can result in the term (r,?/2r)% from the 
combined effects of instability in the motor speed and 
strobotac calibration and the variations in the radii is 
+1.3 percent. 

Sighting on the helium levels is a more important 
source of error. In sighting on the tenth-millimeter 
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Fic. 2. Schematic representation of the inner chamber. 
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divisions of a precision scale, it was found that settings 
could be reproduced to within 0.002 mm, no matter 
from which direction they were approached. Since, 
during a run, extreme care in sighting had to be sacri- 
ficed so that readings could be taken more rapidly, it is 
estimated that helium level positions are accurate to 
about +0.005 mm. Consequently, an accuracy of 1 per- 
cent can be expected in level velocities measured over 
level differences of the order of 1 mm. But in the low 
level difference runs, where flow is observed over in- 
tervals less than 0.10 mm, errors as large as +20 
percent can occur. 

An experimental check on the validity of these esti- 
mates of precision was made by means of runs at a 
temperature of 2.17°K where the film transfer rate is 
very small. From Eq. (1) it is evident that the ratio 
y/z should equal r,?/(n?—r,”) = 1.60+0.04 when o=0. 
The observed values of this ratio for five different 
plunger speeds were 1.58, 1.61, 1.59, 1.60, and 1.61. In 
addition, these runs indicated that the plunger started 
moving as soon as the motor was started, and this fact 
was confirmed by direct observations on the plunger. 


C. Film Path Length and Temperature 


There are two other parameters which are measured: 
temperature 7 and film path length H. By the latter is 
meant the total length of the helium film measured 
from the level inside the beaker to the level outside. 
In the low level difference runs, H is equal to twice the 
height of the rim of the beaker above the liquid levels. 

Vapor pressures read on the oil manometer connected 
to the helium bath were converted to temperatures on 
the 1948 scale.’ The estimated errors in the measured 
temperatures were +0.03°K at 1.30°K, +0.01° at 
1.50°K, and +0.004° at 1.70°K and above. Tempera- 
ture was controlled with an even greater precision, the 
maximum observed variation during a flow rate meas- 
urement having been 0.004°K. In most cases it was 
only several ten-thousandths of a degree. 


D. Effect of the Illuminating Radiation 


Increasing or decreasing the level of illumination by 
a factor of two produced no observable effect on any of 
the flow rate measurements. Although the range of 
intensities covered is not large, the results are in agree- 
ment with the findings of other investigators,** that 
even the complete absence of radiation does not affect 
film flow. 

IV. EXPERIMENTAL RESULTS 


A. Gross Flow Rates 


Results of determinations of the temperature de- 
pendence of the film flow rate for level differences up 
to six millimeters are shown in Fig. 3. At each tempera- 


A H. van Dijk and D. Shoenberg, Nature 164, 151 (1949), 
®R. Bowers and K. Mendelssohn, Proc. Phys. Soc. (London) 
A63, 1318 (1950). 
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ture it was found that the beaker emptied at a rate 
rougly ten percent faster than it filled; and that the 
rate of emptying was slightly lower when the level 
difference was less than 2.5 mm. The filling rate was 
constant over the range of level differences used. The 
general form of the temperature dependence of the film 
transfer rate agrees with that found by previous investi- 
gators ;'?-* and the decrease in flow when the levels are 
very close has also been reported.?* Atkins‘ also found 
a ten percent greater emptying rate, but Mendelssohn 
and White’ reported that their emptying rate was 5 per- 
cent lower than their filling rate. No satisfactory expla- 
nation has been given for these differences in rates 
under different conditions of flow. 


B. Film Flow at Low Level Differences 


Figure 4 is an example of a run conducted at low 
level differences. A better understanding of the sig- 
nificant features of such a run can be had from a con- 
sideration of the behavior of the level in two limiting 
cases. 

First, consider a liquid in which there is no film 
transfer. With the plunger moving, the level inside the 
beaker would rise at a rate given by y= —(A,/As)z 
[see Eq. (1) and Fig. 2] which is the maximum possible 
level velocity, and is represented in Fig. 4 by the 
dashed line a. In the second case, the film transfer rate 
is such that the levels insidé and outside the beaker are 
always equal. This represents ideal superfluidity where 
flow can be maintained at any rate with no difference in 
level. In this case y= —(A,/(A,+A,))2, and is repre- 
sented by line 4 in Fig. 4. (A, is the area of the liquid 
surface in the inner chamber.) 

The following features of the curve actually obtained 
are the most significant. When the plunger is first 
started, the level rises very sharply almost aiong the 
line a, until a peak is reached at a time /,. Sometimes 
the peak is broad, as shown in Fig. 4, and at other times 
it is quite well defined, as can be seen in some of the 
runs in Fig. 5. After the peak, the level falls, and along 
this downswing the highest rate of film flow out of the 
beaker is reached. The transfer rate along this portion 
of the curve never exceeds that found in the measure- 
ments made at large level differences. 

After the downswing there are two possible ways in 
which the curve may progress. One is illustrated in 
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\ | Fic, 3. Film transfer rates for 
large level differences. 
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Fig. 4 where the level is seen to rise slowly, following 
the line 6, but remaining a small distance above it. 
The other is shown in the upper runs of Fig. 5, most 
clearly in No. 7, where the liquid level oscillates about 
line 6 as an axis. The oscillations are damped, and the 
later portion of the plot (not shown in Fig. 5) looks very 
much like that in Fig. 4. 

When the plunger is stopped (indicated by the level- 
ing off of line b in Fig. 4), a damped oscillation of the 
level is observed. The period of these oscillations and 
the rate at which they are damped have also been 
measured. 

It is sometimes possible to discern a step-like struc- 
ture in the rapid downswing that follows the initial 
peak at t,. This effect appears only in runs performed 
at relatively high plunger speeds where the slope of the 
downswing is small. Since the scale of the steps is also 
small, no good quantitative data can be obtained. 
A somewhat broader, but similar effect can be observed 
in the gentle rise of the level following the downswing. 


C. Theory 


Before trying to interpret the results of the low level 
difference runs, some discussion of the hydrodynamics 
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Fic. 4. Results of a typical low level difference run. 


of helium II and its application to film flow is neces- 
sary. Many authors have given derivations of the hydro- 
dynamic equations of motion of liquid helium, based on 
the two-fluid concept set forth by Landau and Tisza.*-"! 
As a first approximation, liquid helium is treated as a 
mixture of two noninteracting components. One of 
these, the superfluid, is assumed to have zero entropy 
and zero viscosity, and the normal component is 
treated as a gas of excitations moving through the back- 
ground of superfluid. The hydrodynamic equations for 
these two fluids are usually written 


dv, Ds 
p.— = ——Vp+p,SVT, 
dl p 


dv, Pn 
Pn i = ——Vp—p,SVT+nr(V?v.t+4VV- Va). (3) 
p 


9L, Landau, J. Phys. (U.S.S.R.) 5, 71 (1941). 

“L, Tisza, Phys. Rev. 72, 838 (1947). 

"For general review and other references see R. B. Dingle, 
Advances in Physics, Phil. Mag. Suppl. 1, 111 (1952). 


(2) 
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p, and p, are the densities of the superfluid and normal 
fluids, respectively, while p=p,+p, is the density of the 
liquid as a whole. », and 2, are the velocities of the two 
fluids, S is the entropy per unit mass, and p is the 
pressure. 7, is the viscosity of the normal component. 

In the film the viscosity of the normal fluid prevents 
it from moving so that Eq. (3) may be neglected. 
Assuming isothermal conditions and irrotational flow, 
Eq. (2) reduces to 


Ov, 1 
—+ (v,-V)v,= —-Vp. (4) 
at p 


Atkins® used this equation as the starting point to 
derive expressions describing the oscillations of a liquid 
helium level about its equilibrium position. His pro- 
cedure will be applied to find the equations of motion 
of the beaker level in the present experiments. 

Besides those already mentioned, Atkins adds the 
assumption that the shape of the film is independent of 
its velocity. The irrotational character of the motion is 
approximated by assuming that at a given height and 
time, the velocity of the film is constant throughout its 
thickness. Dropping the subscript s, iet » represent the 
upward velocity of the superfluid component at some 
point on the inner wall of the beaker, and let d be the 
thickness of the film at that point. Then, since o is 
negative when the beaker is emptying, 


a= —(p,/p)rd, (5) 
and so from Eq. (1) and Fig. 2 we have 


(Any+A pt). (6) 


é 


=—-— 


d p, 2rn, 


Substituting into Eq. (4) and following Atkins’ pro- 
cedure, we find for the equation of motion of the helium 
level 

jt+u*y= wt, (7) 


where y is the displacement of the level from its equi- 
librium position, 


(MODI ILA 


and b= — ZA ,/{Ap+A-_), the slope of line b in Fig. 4. 

The solution of this equation is an undamped har- 
monic wave about an axis rising with slope 6. The 
simplest way to account for the damping actually 
observed is to add to the right side of Eq. (4) a retarding 
term proportional to the velocity. If this term is 
written as —2kv, the equation of motion of the beaker 
level becomes 


G+ 2ky+w*y = w*bt+ 2ka, (9) 
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Fic. 5. Example of the variation of low level difference 
runs with relative plunger speed s. 


where a= —(A,/A,)4, the slope of line a in Fig. 4. The 
existence of a critical flow rate is taken into account by 
postulating that o can never exceed o,. Since the magni- 
tude of the plunger speed is significant only in terms of 
the motion it produces, it is represented through the 
quantity s=o»/o,. 0, is the flow rate necessary to main- 
tain a fixed level difference between the beaker and the 
bath (the slope of line 6 in Fig. 4). 

If at time ‘/=0, when the plunger is started downward 
at some speed i, the level is stationary in its equi- 
librium position, its subsequent motion is as follows: 

(i) For rates ¢ such that the relative plunger speed s 
is between 0 and , the position of the level as a function 
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of time is given by 


a—b 2k({a—b) 
y= e*! —— sin (wol— vhaleee KE 1 


Wo 


(10) 


where wo= (w?— k®)! and tand= 2kwo/ (wo?— k’*). 

(ii) When the plunger motion is fast enough so that 
4<s<1, the level rises to its first peak according to 
Eq. (10) but shortly after the peak the critical flow 
rate is reached and the level then moves downward at 
a constant rate until it intersects the line y= bf+ (2k/w*) 
X(a—b). It then proceeds according to the relation 


1\a—b 2k(a—b) 
y=e “(1- ) — sin (wot) + bt-4+———. 
5 w? 


Wo 


(11) 


The amplitude of the oscillations following the linear 


downswing becomes smaller as s increases. 
In either (i) or (ii) the asymptotic behavior of the 


level is given by 
y= bi+-2k(a—b)/w*. 


When this state has been reached, stopping the plunger 
results in a damped oscillation of the level about its 
equilibrium posiiion given by 

a—b 


y= — ott —_— 
wo 


(12) 


sin (wol—64). (13) 
D. Details of Low Level Difference Runs 
(1) Variation of Level Behavior with s 


The behavior of the helium level in the beaker as a 
function of time for various rates of plunger motion is, 





Fic. 7. Dependence of 
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ture. 
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in general form, the same as that predicted by the theory 
of the preceding section. An example of the variation of 
the results with relative plunger speed at a particular 
temperature and film path length is shown in Fig. 5. 
Within the estimated error, the values of the flow rate 
calculated from the slope of the downswing following 
the initial peak increase with relative plunger speed s 
until the latter reaches a value of ~ 0.6. For larger s the 
flow is constant at the rate found in runs at large level 
differences. The difference from the expected value, 
s=0.5, is thought to be due to the fact that the linear 
portion of the downswing is very short for s only slightly 
greater than one-half, so that the slope cannot be accu- 
rately measured. 

Only the initial features of the various plots of level 
position against time are illustrated in Fig. 5. In most 
of the runs the plunger was not stopped until at least 
600 seconds had passed, and in some cases the slow 
upward trend of the level was observed for as long as 


TABLE I. Comparison of measured and computed values of the 
differences between initial peak times and final periods. tp—t,;/4 is 
the measured value and k/w?+0.034/w» is the value calculated 
from the data for the final oscillations only. 


Ar 


(mm) \, 








1.50°K 1.70°K 





tp —ty/4 coe 63 see 8.3 eve 77 


k/wo? +0.034/wo 0.80 0.84 1.01 1.32 
tp —ts/4 re) aerecr ee © 
54.2 
0.71 


k/wo? +0.034/wo 0.66 


tp—ty/4 rue © we eas © 
k/wo? +-0.034/w0 1.09 


bp —ts/4 eee 4.9 e+ 6.2 


42.9 


0.68 0.74 


29.5 


k/wo? +0.034/w¢ 0.52 0.77 0.67 0.44 








1400 seconds. In the total of more than seventy runs of 
this type which were made, there are only three in 
which the observed level difference falls below the 
line 5. In the rest y,, the average level difference be- 
tween the observed points and 0 is positive and usually 
of the order of 0.002 mm to 0.020 mm. It has already 
been noted that in this region the level progresses 
upward in broad irregular steps and so the instantaneous 
value of y, varies over even wider limits. Because of 
these effects, it is impossible to make an accurate com- 
parison of this level difference with the value to be 
expected from the last term in Eq. (10). The order of 
magnitude of this term can be quickly estimated from 
data obtained from the final oscillations. For example, 
for T=1.50°K and H=43 mm, k=0.009 sec and 
w=0.107 sec’. For s=0.80 at this temperature and 
path length, the plunger speed is such that a—d is about 
95X10~* cm/sec. The calculated value of y, is then 
0.015 mm, which is of the same order of magnitude as 
the observed values. 
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(2) The Initial Peak and Final Oscillations 


Measurements on the group of experiments from 
which the results of the preceding section are taken, 
indicated that the periods of the final oscillations and 
the initial peak times were not related as the theory 
predicted. ¢, may be calculated from the equation 
y=0, which from Eq. (10) is seen to be 


cos (wolp—) = — (wo/w)[b/(a—b) ] exp(kty), (14) 
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where tany = k/wo and the period of the final oscillations 
is involved through wo=2/t;. From the geometry of 
the apparatus we have b/(a—6) = A,/A,=0.017, so that 
the right side of Eq. (14) is small. For A, infinite, this 
term would be zero, and the initial peak time would be 
t,= (4ar+-)/wo. If we assume that the actual peak 
differs from this value by only a small interval, r, 
Eq. (14) becomes 


sinwot = (woA»/wA,.) exp(Rty). (15) 


The largest value of k/wo observed was 0.27; in most 
runs values of the order of 0.10 and less were found. 
Therefore wow, and exp(k/,) lies somewhere between 
1 and 2. Under these conditions, the right side of Eq. 
(15) will never be larger than 2A,/A.=0.034. Approxi- 
mating the sine with its argument, we get wor <0.034. 
In terms of the quantities actually measured from the 
final oscillations—namely the period t;=2x/wo, and the 
damping coefficient, k—the results of this paragraph 
may be summarized in the inequality 


ty—ty/4<k/weP?+0.034/wo. (16) 


Because the results of the first group of experiments 
indicated that this relation was not obeyed, a second 
set was undertaken to check this point specifically. At 
each temperature and film path length, at least five 
independent determinations of the initial peak time 
were made and the final oscillations were observed at 
the end of two of these runs. The results are presented 
in Table I. The striking feature of the data presented in 
this table is that, far from obeying Eq. (16), tp—?,/4 is 
actually larger than (&/wo?)+0.034/wo—in a majority 
of cases by an order of magnitude. 


(3) Temperature Dependence of t, and t, 


The dependence of the initial peak times and the 
final period on temperature are shown in Figs. 6 and 7. 
The results obtained at various film path lengths are 
comprised in one graph by using normalized times 
defined as tp(T)/tp(1.30°K) and t,(7)/t,(1.30°K). 

It is evident from Fig. 6 that /, rises with tempera- 
ture much more rapidly than does ¢,;, and, in fact, 
follows the scaled reference line corresponding to 
[1—(7/T,)**}-! reasonably well. In Eq. (8) there are 
two factors to which we may look for the source of the 
temperature variation of ¢, and fy: namely, p/p, and 
So#'*dz/d. Tf it is assumed that the film thickness d is 
independent of temperature—there is experimental evi- 
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FILM PATH LENGTH ( NORMALIZED H/29.5) 


dence for this in Bowers’ experiments®—then the 
periods determined by Eq. (8) should go as (p/p,)!, 
which is [1—(7/7))°*}4." This suggests that at the 
start of a run it is the inertia of the superfluid which 
must be overcome to initiate film flow. The final periods _ 
should presumably show the same variation with tem- 
perature, unless we admit the possibility that the 
geometry of the film becomes slightly temperature- 
dependent when it is moving. Atkins,* whose measure- 
ments of oscillation frequencies lie within the range of 
the points in Fig. 6, combined his results with the data 
for p/p, and found a slight increase in film thickness 
with temperature. This was in agreement with the 
experiments of Henshaw and Jackson,'* who used an 
optical method to measure d. 


(4) Dependence of t, and t; on Film Path Length 


The period of the helium oscillations depends on the 
shape of the film through the integral in the denomi- 
nator of Eq. (8). Frenkel'® and Schiff'* considered that 
the shape of the film results from a balance between 
gravitational forces and the van der Waals forces 
between the walls and the helium atoms. Film thickness 
then varies with height according to the relation d« h-4, 
Bijl, de Boer, and Michels,’ regarding the quantum- 
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 R, Bowers, Phil. Mag. 44, 1309 (1953). 

9 E. L. Andronikashvili, J. Phys. (U.S S.R.) 10, 201 (1946). 

4D. G. Henshaw and L. S. Jackson, Proceedings of the National 
Bureau of Standards Symposium on Low Temperature Physics, 
1951, National Bureau of Standards Circular 519 (U. S. Govern- 
ment Printing Office, Washington, D. C., 1952), p. 183. 

6 J. Frenkel, J. Phys. (U.S.S.R ) 2, 365 (1940). 

16 L. I. Schiff, Phys. Rev. 59, 838 (1941). 

17 Bijl, de Boer, and Michels, Physica 8, 655 (1941). 
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mechanical zero-point energy as the most important 
factor in film formation, found d«h~!. In the former 
case, evaluation of the integral in Eq. (8) leads to a 
period varying as H/!, while in the latter case the varia- 
tion is as H?, 

In Figs. 8 and 9 the normalized initial peak times and 
final oscillation periods are plotted against a normalized 
film path length calculated by dividing H by 29.5, the 
shortest path length. Despite the wide spread in values 
corresponding to different temperatures, there is some 
agreement of /, with the curve of (H/29.5)!, whereas /, 
lies above the straight line H/29.5. Such linear de- 
pendence of period on film path length would result 
from Eq. (8) if film thickness were inversely propor- 
tional to height. Probably neither /, nor ¢; obey the 
simple laws given here because the points at H=42.8 
mm are in both cases slightly below the indicated 
curves, while the points for larger film path lengths are 
somewhat higher. 


(5) The Retardation Coefficient 


The retardation coefficient k& was evaluated by 
plotting the logarithm of the amplitudes of the maxima 
and minima of the final oscillations against the number 
of elapsed periods. k is the slope of the line obtained 
multiplied by the period. The data for the 62.3-mm 
film path length are shown in Fig. 10. The various plots 
have been displaced vertically to prevent overlap. 

The fact that the decay is exponential does not 
necessarily mean that the source of the damping lies 
in the velocity-dependent retardation term introduced 
into Eq. (9). Robinson,'* in a detailed analysis of helium 
superfluid oscillations in narrow channels, has shown 
that if there is imperfect heat exchange between the 
bath and beaker, so that conditions are not completely 
isothermal, an exponential decay will occur. In this 
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situation, the behavior of the level will still be described 
by an expression similar to Eq. (13), but the finite 
level difference necessary to maintain a steady sub- 
critical flow—expressed by the last term in that equa- 
tion—will depend on the lack of complete heat exchange 
and on the fountain effect. An upper limit to the magni- 
tude of this level difference can be estimated by con- 
sidering the case where the only means for heat transfer 
between the inside and outside of the beaker is through 
the vapor phase. It ranges from 0.009 mm at 1.30°K 
to 0.126 mm at 1.90°K, corresponding to temperature 
differences of 10~* °K. For subcritical transfer rates 
such as are obtained when the relative plunger speed 
is less than one, these level differences will be propor- 
tionately smaller. Since even at the highest tempera- 
tures, level differences of this magnitude were not ob- 
served, it is concluded that there was good thermal 
contact through the walls of the glass beaker and its 
brass supporting cup. However, the fact that a tem- 
perature difference of 10-7 °K between the contents of 
the beaker and the bath could produce the observed 
exponential decay of the oscillations, makes it im- 
possible to draw any definite conclusions concerning the 
existence of velocity-dependent retardation terms. 

Robinson’s analysis indicates that not only does im- 
perfect therma! contact between the bath and beaker 
introduce damping, but that it also affects the frequency 
of the oscillations. For the largest value of k/wo ob- 
served, the period would be increased by only 2 per- 
cent, and for most of the experiments the effect is less 
than 1 percent and has been neglected. 


V. DISCUSSION 


The experiments in Sec. IV enabled us to study the 
motion of the helium film under two different sets of 
conditions. At the beginning of a run, the film is at 
rest and in s/atic equilibrium with its surroundings. 
After the oscillations set up by the initiation of the 
flow have been damped, the level settles into an essen- 
tially steady state of motion, indicating that the flowing 
film has attained dynamic equilibrium with its surround- 
ings. The essential result of our experiment is that the 
behavior of the film is different in the two sets of con- 
ditions. While it is true that the equations derived on 
the basis of the simple theory here presented describe 
both situations adequately, the most important param- 
eter—the oscillation frequency—and its dependence on 
temperature and film path length differ for the two 
cases. The simplest hypothesis which will account for 
these differences between the first peak and the final 
oscillations, is that the static film differs from the 
moving film. At the beginning of a run the necessary 
changes in the film must take place in addition to the 
acceleration of the superfluid. From Eq. (8) there are 
two possible changes that can occur to produce the 
observed result. 

(1) The superfluid content of the moving film might 
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increase. If we assume that at a given temperature p/p, 
in the static film is the same as for the bulk liquid, then 
below 1.80°K (where p/p,=0.70) the observed change 
could not be produced even if the moving film became 
completely superfluid. At higher temperatures, such an 
increase would imply the existence of an unreasonably 
large temperature difference between the film and bulk 
liquid, because of the unique relation between p/p, and 
the temperature. 

(2) The film might alter its shape. The exact nature 
of this change in terms of the assumption that the film 
shape is represented by d= D/h" has been discussed in 
a preceding paragraph. The time necessary for such a 
change must be of the order of magnitude of the oscil- 
lation periods observed, or longer, and would be the 
interval necessary to redistribute the normal component 
of the film into the shape corresponding to dynamic 
equilibrium. This can be accomplished in several ways: 
flow of the normal fluid; exchange of material with the 
gas phase through evaporation and condensation; or 
flow of the superfluid with consequent transitions into 
or from the normal state to establish the right ratio 
of p/p. 

The drift velocity of the normal fluid in the film is 
limited by its viscosity to only 10~* that of the super- 
fluid as deduced from the flow rate o. From this it can 
be estimated that at least 10° seconds would be re- 
quired to change the film thickness by 1 percent by 
flow of normal fluid over a distance of 1 cm. Because of 
the low heat capacities of the film and the substrate, 
evaporation will be effective only if there is available 
some other source of the comparatively large latent 
heat. A possibility is de-excitation of normal fluid into 
the superfluid state, but in the range of temperatures 
used, the heat so liberated per particle is less than one- 
tenth the latent heat of vaporization. Of course; similar 
considerations apply to condensation and consequent 
excitation of the normal fluid. To redistribute the film 
in this manner would therefore require the transfer of 
at least ten times as much material as would be neces- 
sary to accomplish the same effect by superflow and 
consequent transitions. In addition, the rate of either 
process would be ultimately limited by the rate of such 
transitions—i.e., by the interaction between normal and 
superfluid. Since the experimental results fit the form 
predicted by the simple two-fluid hydrodynamics 
which neglects this interaction, it is assumed to be 
small. 

Such a slow change in the film characteristics might 
be expected to produce a gradual decrease in the 
periods ¢; of the oscillations following the initial down- 
swing. In the series of runs conducted to compare /, 
and ¢,/4, there were only three in which these oscilla- 
tions were sufficiently wel! defined so that their periods 
could be measured accurately. The reason for this is 
that the factor (1—1/s) in Eq. (11) limits the ampli- 
tude, particularly when large s values are used. In the 
three cases observed, the values found for 4/,, ¢;, and ty 
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TaBLe II. Comparison of periods ¢, of the observed initial 
oscillations with the corresponding initial peak times ¢, and final 
oscillations ty. 














T (°K) H (mm) Mp ti iy 
1.30 54.2 106.8 91.7 843 
1.50 54.2 100.8 95.3 84.1 


1.50 62.3 128.8 108.5 95.5 





are given in Table II. In each case the value of ¢; is 
intermediate between 4/, and ¢;, just what our con- 
siderations would lead us to expect. 

There are several theories of the structure of the 
static film, but none of the mechanism of film flow. 
It is interesting to speculate on whether modifications 
introduced into existing theories of the film might lead 
us to expect an alteration in its shape when it is flowing. 
Bijl, de Boer, and Michels" attributed the existence of 
the film to a balance between gravitational forces and 
those resulting from the zero-point energy of the atoms 
condensed in their lowest state. The atoms are treated 
essentially as particles in a box, but it is possible that if 
a wave function adequate to describe their motion 
when flow is taking place were available, the corre- 
sponding zero-point energy would be altered in such a 
way as to change the stability conditions. Temperley” 
calculates the energy of the bound states of an atom in 
the van der Waals field of the wall and of the remaining 
helium atoms, and balances this against the gravita- 
tional energy to determine the shape of the film. He 
attributes film flow to the fact that not all the bound 
states that exist in the outer layers of the film are 
occupied. Atoms may move by transitions between 
these states. In this theory the possibility of an altera- 
tion in film shape arises from the perturbing effects on 
the bound states of the interaction which produces the 
transitions. The present state of the theory does not 
permit a calculation of such an effect. Even the more 
complete quantum-mechanical treatment of the He II 
problem by Feynman” has not yielded any insight into 
the nature of the film. Generally, from a thermodynamic 
point of view, the problem is one of minimizing the 
total free energy of the system. As the kinetic energy 
of the moving film would contribute to the free energy, 
a change in shape seems possible. 
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The field equations for the gravitational field of a perfect compressible fluid and the equations of motion 
of the fluid in its own gravitational field are derived from a single variational principle in which the varia- 
tions of the various field quantities are restricted so that mass is conserved. 





1. INTRODUCTION 


N general relativity, the gravitational field due to 
matter is determined by the field equations. 


Ryo $8 poR= —KT yr, (1.1) 


where the tensor 7',, describes the stress energy tensor 
of the matter. If the matter is a perfect fluid (i.e., one 
with no viscosity or heat conductivity), the stress 
energy tensor is 


T+ = phu*u’— pg’, (1.2) 


where u* are the components of the four-dimensional 


velocity vector, 
(1.3) 


(1.4) 


A=C+ e+ p/p’, 
Burt*u"= 1, 


p® is the rest density of the fluid (i.e., the number of 
particles per unit volume as measured by an observer 
moving with the mean velocity of these particles) p the 
pressure, and ¢ is the specific internal energy of the fluid 
as measured by an observer at rest with respect to the 
fluid. The equations of motion of the fluid are 


T*".,=0, (1.5) 


where the semicolon denotes covariant differentiation. 

Equations (1.5) are a consequence of (1.1). However, 
if the g,, are known, Eqs. (1.5) together with the equa- 
tion of conservation of mass, namely, 


(p°u");»=0, (1.6) 


serve to determine the kinematical variables u* and 
two thermodynamic variables p® and p (or any function 
of these two) which describe the motion of the fluid in 
the gravitational field given by the g,,. 

It is the purpose of this paper to give a variational 
principle which uses a Lagrangean which is a function 
of the hydrodynamic variables u’, p®, and 7°, the rest 
temperature of the fluid, and the gravitational field 
variables g,,. We shall consider variations of all of these 
field quantities such that (1.4) and (1.6) are satisfied, 
and shall show that Eqs. (1.1) and (1.2) are the Euler 
equations due to the variation of g,,, and that Eqs. 
(1.5) with 7** given by (1.2) are the Euler equations 
due to the variation of the hydrodynamical field vari- 
ables, namely p®, 7°, and the world lines of elements of 
the fluid. Thus, from a single variational principle, we 
shall obtain both the field equations for the gravita- 


tional field created by the fluid and the equations of 
motion of the fluid in this gravitational field. 


2. THE LAGRANGEAN 


Consider the integral 


8 fee 2xp?(c?+ H+ bug .."u”) \\/(—g)d*x, (2.1) 


where R is the scalar curvature formed from the metric 
tensor g,,, x is the Einstein gravitational constant, pu is 
a Lagrange multiplier which must be chosen so that 
Eq. (1.4) is satisfied, and H° is the Helmholtz free 
energy defined as 


H = e—T°S®, (2.2) 


where .S° is the entropy as measured by an observer at 
rest with respect to the fluid. The integration in Eq. 
(2.1) is over a volume in space-time swept out by the 
world lines of an arbitrary member of “particles” of 


the fluid. 
When we consider p’ and 7° as the independent 
thermodynamic variables, we have 


df = aS de as” 
6H = ( Say, Wn 9 aa ( obi inns FU. - )ar 
dp” Op” oT oT 


However, from the equation defining entropy, namely 


T°dS°= de’+ pd(1/p"), (2.3) 
it follows that 
5H = (p/p™)dp°— S°%T”. (2.4) 


The world lines which are to be varied may be 
written as 


(2.5) 


x" = x" (4,0,w,S), 


where u, v, w are variables labelling a particular world 
line and s is the proper time along this world line. It 
follows from (2.5) that 


u* = Ox"/ds, 


and hence the variation in the velocity vector éu* pro- 


duced by a variation 5x* in the world lines is 
bu" = dbx*/ds. (2.6) 


When we consider Eqs. (2.5) as a transformation in 
space time from the coordinates x* to the coordinates 
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u,v, w,S, we may evaluate all the quantities in the 
integrand of (2.1) as functions of the latter variables 
and write 


I= f CR 2e0(2-+ + Age wetw*)) 
X+/(—g*)dudvdwds, (2.7) 


where the starred quantities in the brackets are ob- 
tained from the unstarred ones by use of the scalar 
transformation law: 


f*(u)=f @(u)), 


and the tensor transformation laws. Further, we know 
that R* is the same function of the g,,* as R is of the g,,. 
In addition, it is a consequence of the transformation 
laws that 
Ox" Ox” Ox" Ox" 
[—g*(u) }=[—g(x) }ewree————, (2.8) 
Ou dv dw as 








where €y»sr is the numerical tensor density which van- 
ishes unless all its indices are different. If this is so it 
has the value plus one if the indices are an even permu- 
tation of 1, 2, 3, 4 and minus one, if the indices are an 
odd permutation of these numbers. 


3. THE CONSERVATION OF MASS 


Equation (1.6), the equation which states that mass 
is conserved may be written as 


1 Cf) 
‘i ~(+/ (—g*)p*ur*) =0, 
Vv (—g*) dxe* 
where x*=u, 2°*=0, *=w, x*=s. Multiplying this 
equation by »/(—g*)dudvdwds and integrating over a 
region of space-time swept out by world lines of the 
particles, we obtain 








0 
f —— (4/ (— g*) p*u"* )dudvdwds = 0, 
ox™* 


This equation is equivalent to the statement that the 
three-dimensional integral, 


Ox* Ax" Ax” 
foal) )Persrer— ee —dudrdw, 
Ou dv dw 


is independent of s. That is, the requirement of con- 
servation of mass for arbitrary amounts of fluid may 
be written as the condition 

Ox* Ax" Ax” Ox" 


p™*(—g*(u) }}=p'L— g(x) eruee— gprs nite A 
Ou dv dw Os 


=M(u,v,w), (3.1) 


where M is not a function of s. 


The variation in proper density 5p° may be deter- 
mined in terms of the variation in the metric field and 
the variation in the particle paths by the requirement 
that mass be conserved. Thus, from the requirement 
that 5M =0, it follows from (3.1) that 


5p° 1s 1 0 
—t+ ig” Zuet 
p° V (—8) dx? 








(/(—g)dx7)=0. (3.2) 


The derivation of (3.2) follows from (3.1), and the fact 
that the quantity, 
Ox* Ax" Ox" Ax" 


du dv dw ds” 


€\prr 


is the Jacobian of the transformation (2.5). Equation 
(3.2) may also be written in the u, 2, w, s coordinate 
system as 


5p*/p™*+-4g""*5g,,*+ (5x*);.=0, (3.3) 





where 
bx°* = 5x" (Ox**/dx"), (3.4) 
and 
P Ox’ Ox" 35 
Ogu =5ger —. & 
bor hore ae (3.5) 


It should be observed that ég,,* is the variation in 
the metric tensor in the starred coordinate system. 
There is a variation in g,,* due to a variation of the 
particle paths which may be computed from the defini- 
tion of g,,*, namely 





é Ox? Ox" 
x Bera aa ax”* 
to be 
528u»* = (6x,*). ++ (6x,"), y, (3.6) 


where the covariant derivatives are computed in the 
starred coordinate system and 6x,* are the covariant 


components of 5x#*. 
For the purposes of the next section we shall need 


to evaluate 


52 (Bur*u"*u"*) = 5, (gupth"te”) 
= (Ogyr/dx)bx°u"u’ + 2¢,,1"(06x"/ds) 
= (Og y»/Ax")bx?u"u’+ 2g,,,6"u? (dbx"/Ax*) 
= 2g yt" (5x”); p14? 


es 2g us*uh* (6x"*), pur*. 


4. THE EULER EQUATIONS 


In order to compute the variation of J subject to the 
restrictions (1.4) and (1.6), we use the form of J given 
by Eq. (2.7). From this equation and the fact that 
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6M =0), it follows that 


6] = f (— R**"+ hg” *R)( bg y.*+ (6x,*); + (6x,*); » ] 


p 
oni 2s ( at hated sar) + huu*u’*dg,,* 
pp 


+ UZ p»*u"*ur* (bx"*). | Iwi g* )dudvdwds. 


On using Eq. (3.3) to eliminate dp from this expres- 
sion, we have 


—$/= fi (Re* — hgur*R* +4 6") [5g,,*+ 2(5x,*)., ] 
— 2xp* S57 }4/ (—g*)dudvdwds, (4.1) 
where 
Our® — p*uu"*u'* — pgr’*. (4.2) 
If we now introduce a new variable by the equation 
57° = (ba*), ,4°* = dba/d5, 


where the comma denotes the ordinary derivative, Eq. 
(4.1) may be written after integration by parts as 


~§] = f [ (Re*—bee*R+ x0""*)dp,,*— x0". bx," 


+ 2x (p™*S*u*). da* }\/(—g*)\dudvdwds (4.3) 


for variations which vanish on the three-dimensional 
hypersurface bounding the region of integration. 

The Euler equations for 6J=0 for variations which 
vanish on the bounding hypersurface are then 


Re —}ge"R+-x0""=0, 
6", =0), 


(4.4) 
(4.5) 


(p°S°u’?).,=0, (4.6) 


where we have written the unstarred quantities since 
the equations are tensor equations. The last of these 
equations may be written as 
p’S®. ,u" =0, (4.6') 
in view of Eq. (1.6). 
Equation (4.5) may be written as 


pu’ (uu").,= pg’, (4.7) 


as a consequence of (4.2) and (1.6). The quantity u 
entering into this equation must be determined so that 
(1.4) is satisfied. Multiplying Eq. (4.7) by «, and sum- 
ming, we obtain 


2p*ud (g,.u*u") =dp— pg, te“u'dp, (4.8) 


TAUB 


where df= f ,u’. 
It follows from Eq. (2.3) that 


dp/p’=de+d(p/p®)—T°dS®. 
Hence, 


2p "ua (gyu,e“u”) = p'de’+d( p/p") ]— pg, u*u’dy, 


where we have used (4.6’). Hence, (1.4) will be satisfied 
if 

du=de+d(p/p"). 
That is, 

p=C+e+p/p*, 


where the constant of integration has been chosen to 
be c? in order that the stress-energy tensor be correctly 
given when p=0. If this is done, then Eqs. (4.4), (4.2), 
and (4.5) become (1.1), (1.2), and (1.5), respectively. 
Equation (4.6’) is then a consequence of Eqs. (1.2) to 
(1.6), which may be seen as follows: Eq. (4.7) with u 
given by (1.3) follows from Eqs. (1.2), (1.5), and (1.6). 
Multiplying (4.7) by u,, summing, and using (1.4), 
we obtain 

p'du=dp, (4.9) 
that is, 

dé’+d(1/p") =0; 


but in view of Eq. (2.3) this may be written as (4.6). 
If Eq. (4.9) is substituted into (4.7), the latter 
equation may be written as 


puu'u" ,= p,(gh*— uu’). (4.10) 
Equations (1.6), (4.10), and (4.6) are a set of five 
linearly independent equations equivalent to the five 
equations (1.5) and (1.6). 

Thus we have shown that the variational principle 
6/=0, where the field variables p°, 7°, g,, and the par- 
ticle paths are varied so that (1.6) is always satisfied and 
the Lagrange multiplier is chosen so that (1.4) is satisfied, 
has as Euler equations the field equations for the gravi- 
tational field created by the fluid and the equations of 
motion of the fluid. This variational principle is an 
extension of a nonrelativistic one previously given! for 
compressible fluids alone. In the previous work it was 
shown that the Rankine-Hugoniot equations could be 
derived from considerations involving the existence of 
singular surfaces in the fluid and the variations of these 
surfaces. A derivation of the relativistic Rankine- 
Hugoniot equations should follow from the variational 
principle given above. 

1A. H. Taub, in Proceedings of First Symposium of Applied 
Matheme '‘cs (American Mathematical] Society, New York, 1949), 
pp. 148-.,. 
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An Instance in Thermal Convection of Eddington’s ‘“‘Overstability’”’* 


D. Fuitz, Y. NAKAGAWA, AND P. FRENZEN 
Hydrodynamics Laboratory, Department of Meteorology, University of Chicago, Chicago, Illinois 
(Received December 28, 1954) 


The existence of modes of cellular convection driven by thermal instability which are oscillatory in type, 
rather than steady, has been predicted theoretically for systems that are rotating as a whole. Such modes 
are of a type called “overstable” by Eddington in a different connection. The result of an initial successful 


experiment with mercury is given. 


HE theoretical study of the convective fluid 

motions due to thermal instability stems from 
Rayleigh’s 1916 attempt' to explain the experimental 
observations of Benard on cellular convection. The 
standpoint in Rayleigh’s and the subsequent studies 
has uniformly been to investigate the conditions just 
sufficient for the initiation of motions of a cellular 
type by means of perturbation techniques relative to a 
state of rest. All dependent variables in the perturba- 
tions are assumed proportional to a factor e’'. When o 
is real, the conditions are investigated for a first to 
become positive. The critical dividing point is taken at 
marginal stability o=0, thus corresponding to a 
neutral or steady perturbation. The steady ceils 
observed experimentally when the work is done care- 
fully are then expected first at the physical conditions 
corresponding to the marginal stability point. 

While the possibility that o may be complex had 
at least been noted by Rayleigh himself! and by 
Jeffreys,’ none of the published work in this area until 
recently dealt with problems in which @ could actually 
be complex in such a way as to give amplified motions. 
Pellew and Southwell’ for example, show that in 
ordinary Benard convection problems, motions corre- 
sponding to such complex o’s are always damped. 
It is apparent that in more general problems of cellular 
motion the possibility may occur of first attaining a 
positive real part for o with a nonzero imaginary 
part. The corresponding perturbation will be an 
exponentially amplifying oscillation or, at the point 
where the real part=0, a neutral oscillation. The 
former type of behavior has been named “‘overstability”’ 
by Eddington‘ who made some controversial applica- 
tions of the idea to astrophysics. His reasons for the 
name are best described in his own words: “In the 
usual kind of instability a slight displacement provokes 
forces tending away from equilibrium; in overstabilily 
it provokes restoring forces so strong as to overshoot the 
corresponding position on the other side of equilibrium 





*The research reported herewith has been made possible 
through support and sponsorship extended by Air Force Cambridge 
Research Center under a contract. 

! Lord Rayleigh, Phil. Mag. (6) 32, 529 (1916). 

?H. Jeffreys, Phil. Mag. (7) 2, 833 (1926), see p. 834. 

3A. Pellew and R. V. Southwell, Proc. Roy. Soc. (London) 
A176, 312 (1940), see p. 322, fi. 

44. S. Eddington, Internal Constitution of the Stars (Cambridge 
University Press, London, 1926), p. 201. 


and set up an increasing oscillation.” In the last 
two years Chandrasekhar’ and, independently, Frenzen 
and Nakagawa® have shown theoretically that over- 
stability can occur for cellular convection in a rotating 
system and Chandrasekhar has shown that the same 
is true of certain cases in hydromagnetics. The pertur- 
bation system governing rotating cellular convection 
can be arranged so as to depend on three nondimen- 
sional parameters: the Rayleigh number R= gafd*/xy, 
the Taylor number T=40d‘/v?, and the Prandtl 
number P=v/x, where g is the acceleration of gravity, 
a the volume coefficient of expansion of the fluid, 
8 the vertical adverse temperature gradient, d the 
depth of the fluid, v the kinematic viscosity of the fluid, 
x the thermometric conductivity, and 2 the basic 
rotation rate of the system. The above authors show 
in one particular case that, provided P<0.6766, for 
all sufficiently large T the criterion for overstability 
(oscillating cells) is reached before the marginal 
stability criterion for ordinary cells. 

Mercury is a liquid whose Prandt! number is about 
0.025 at ordinary temperatures and consequently it is 
suitable for a search for overstable motions. In addition, 
convection cells in a rotating system have at the top 
surface individual rotations about their axes which 
depend in sign on whether the motion at the center 
of the cell is up or down. This gives a very simple 
means of detecting whether oscillating cells are occurr- 
ing simply by noting whether particles floating on the 
top free surface show periodic reversals of the axial 
rotation. 

A trial carried out with preliminary equipment on 
November 20, 1953 showed rather conclusively that 
overstable (oscillating) cellular motions are obtained 
at approximately the expected conditions. A glass 
cylinder of 14}-cm diameter containing 5.0 cm of 
mercury was rotated at about 10 rpm. Heating was 
applied uniformly from below by means of a Corning 
electrically-conducting glass plate. The estimated data 
for the point where the cells first became visible in the 
particle motions at the free surface and in the tempera- 
ture gradient measurements were: 


P=0.024, T=2.2X10; R=7.6X10', 

5S. Chandrasekhar, Proc. Roy. Soc. (London) A217, 306 
(1952). 

*P. Frenzen and Y. Nakagawa, Tellus (to be published). 
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corresponding to a temperature difference over 5 cm 
of 1.7°C. While the field of motion at the top was 
somewhat irregular and not strictly cellular, some cells 
of about 2-cm diameter were always visible in the 
overstable range and at least two were observed to go 
through two full cycles of reversal of the axial rotation 
without moving away or deforming appreciably. The 
period of oscillation of the cells ranged from 15.1 to 
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16.2 sec in a set of several determinations. The theoreti- 
cal data available at present are not strictly applicable 
because the boundary conditions are slightly different 
but the above values may roughly be compared with 
theoretical values for the given P and T of R=2.1X 10° 
and oscillation period=13.9 sec. Systematic experi- 
ments along these lines are planned at this laboratory 
and should be the subject of later reports. 
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Theory of Elementary Particles in General Relativity 


M. M. HATALKAR* 
The Institute of Science, Bombay, India 
(Received April 9, 1952; revised manuscript received March 10, 1954) 


The matrices of elementary particles are generalized to general coordinates, and a new covariant displace- 
ment operator is defined, in order to generalize the theory of elementary particles to general relativity, 
and obtain general commutation rules. The elementary particle is considered as a singularity, with spin- 
structure of a gravitational field which gives Riemannian structure to the space-time. It is shown that the 
transformation properties of the space-time are determined not only by the affine structure due to the 
gravitational field but also by the spin-structure of the particle singularity. 


INTRODUCTION 


IRAC’S equation has been generalized by Bhabha! 

to describe elementary particles of any integral or 

half-integral spin. However, in his theory of elementary 

particles? Bhabha assumes that his theory is valid in 
the framework of special relativity only. 

Since a particle and its gravitational field are in- 
separable, it is desirable to extend the theory of ele- 
mentary particles to general relativity by making it 
covariant for general continuous groups of transforma- 
tion of Riemannian space-time. Even though, for par- 
ticles of integral spin, tensor formalism is easier to 
handle, the spinor form will be retained here in order 
to keep the underlying unity of the theory for particles 
of integral and half-integrah spins always evident. 
Pauli’ has generalized Dirac’s equation (for spin 4) to 
general coordinates; we shall show that Bhabha’s 
equation can be generalized in a similar manner, To do 
this we have to modify Einstein’s idea of considering 
a particle as a singularity in its gravitational field which 
gives a Riemannian structure to space-time. The spin 
structure will be described by the operation of a set of 
spin matrices §* on the spin variables which are com- 
ponents of 2, wave function y, It will be shown that the 
§ satisfy a certain commutation relation (dependent 
upon the spin of the particle) which we shall for the 


* Fellow, The Institute of Science, Bombay, India. Deceased 
August 29, 1953. This research was completed while the author 
was doing graduate work at Harvard University. 

1H. J. Bhabha, Revs. Modern Phys. 17, 200 (1945). 

*H. J. Bhabha, Revs. Modern Phys. 21, 451 (1949). 

*W. Pauli, Ann. Physik 18, 337 (1933). 


moment write in the symbolic functional form :‘ 
G(6*,0’,0",--- 5 g”,8°",---) =0, (1) 


where g*’g,,=5,, gu» being the metric tensor of Rieman- 
nian space-time. 


SPIN AFFINE TRANSFORMATIONS 


In Eq. (1) we assume that the matrices 6 are con- 
travariant components of a vector point function whose 
operation on y is determined by g,, at each point of 
space-time. The effect of the gravitational field is to 
make this operatior: nonintegrable, i.e., dependent 
upon the path chosen. Hence, under a parallel displace- 
ment along a path, the increment in ( is 


5¢= —T'.,"B2dz", 


where I’,,” is the affine connection constructed from the 
gravitational potentials g,,. 

Under an infinitesimal affine transformation, the § 
transform as 


B= B+ 1B +P ar" ]= +B", (2) 


where (= 0(/dx’, ¢’ is an infinitesimal parameter, 
and (., defines the covariant derivative of 6. 
Under a local infinitesimal spin-space rotation 


S=1+e7,, 
6 transforms as 


Ge= S19+S = +e ,2, ], 


4G is a rational integral function of * and g*’. 





(etl ee. 
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ELEMENTARY PARTICLES 


where the usual commutator notation is used, as in 
(G2, ]= GR, — 2,0. 
On varying g,», we assume (§ to vary as 
b= 36,0g""; 58,= 36g. (4) 


This variation is also nonintegrable in general. 


Definition A 


Commutation rules G(§*,8’,8’,- - - ,g*”,.g°",: ::) =0 will 
be called consistent under the operation of variation (4), 
if 

5G (6+,3",6",- lt es? -)=0, 


that is if 

{= } +f h aG 

-| —, Ba ap -|—, 6. Y4eeee MMe ee, 
al aa Ba jog al ag Be j5g" er, 4 


(Here square brackets mean that 5§* must replace the 
differentiated 6 without change of order.) 

It can be shown easily that the following theorem 
always holds: 

Theorem I: The commutation relation, 


G(%,8,- i -g")=0, 


remains invariant (i) under any local infinitesimal spin 
space rotation, (ii) under any infinitesimal affine trans- 
formation, provided it is consistent in the sense of 
definition A. 

This theorem at once tells us that there always exists 
a spin-space rotation S which annuls the change in 6” 
due to the affine transformation (2). Hence, equating 
the coefficients of ¢’ in (2) and (3), we get 


B15 = BY -+1“ar87+([2,,84 ]=0. (5) 


Thus we have defined a new derivative which we may 
call the coefficient of covariant displacement (abbre- 
viated as c.c.d.). Hence the c.c.d. of the fundamental 
matrix §”,;,=0 determines the spin-space structure Q,, 
just as the covariant derivative of the metric tensor 

*.-=(0 determines the affine structure of Riemannian 
space. Therefore, g,, and §” both have fundamental 
significance in our combined spinor-tensor formalism. 

The c.c.d. of the covariant §, is 


a 


Buir= Bu r— Ba t+[2,,6,]. (6) 








M,T 


Theorem I also tells us that there exists an infini- 
tesimal spin-space transformation, S=1+**3g,4, such 
that it makes the variation 68, integrable, i.e., 


dy = 5y— ce", Jd ga; 


where d( is a total differential. Hence the integrability 


condition, 
0°G+ 0B 
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gives 
ag ag” 
ae ee [so",5" j= Af gg + gh gar 
985 Pas 
+ gugr+ gg |, 


where the matrices 9” represent a transformation 
T=1+6,39", (7) 


(€»= —€, are infinitesimal parameters) and form an 
infinitesimal algebra, defined over underlying Rieman- 
nian space-time, as follows: 


[ g"",9°7 = — gh? gr? — grt gue gut gre +. pre ger, 
[o,9" ]=—b"—2"6", (8) 


gum — 9, 


Taking variations of (5) and (6) and using (8), one 
obtains 
50, =}gard 0% yr, (9) 


Hence the variation of spin-space structure is linearly 
connected with that of affine structure. 

That the matrices 9” are fundamental, i.e., 9””),=0 
can be seen by taking the c.c.d. of (8), which gives 


"= I" AT ap" IP +T ax’ 9"*+[2,, 5" ]=0. 


GENERALIZED WAVE FUNCTION 


Since the components of ¥ are spinors, ¥ transforms 
under a spin-space rotation as ¥/=S-'y. We assume 
that there exists a Hermitian matrix D defined by 
y=vV'D, where ¥t=Hermitian conjugate of y and 
Y= Pauli conjugate of y. It can be verified that 

t= DeD", gt=D/ YD, 


Di=S-"DS, V=5 (10) 


imply the invariance of (py) and (YQ) under spin- 
space rotation. But under an affine transformation 
¥6y transforms as a contravariant vector, hence its 
c.c.d. gives 


Vir=V¥,-+Qy, 
Vir=V.e-W, (11) 
vt =ot +yint,. 
The c.c.d. of & gives 
2,’= S“2,S+S'S, +. 


Hence for the invariance of 2, we have S,,= —[Q,,5S]]. 
The y;, transforms as ¥|,=S—y,,, and 


Virio=Wire Tre Wat Qype. (12) 


Hence, ¥;, is a covariant spinor-tensor of rank one. 
Equations (5) and (10) show that 


D,,=D,,—D2,-2'D=0, (13) 





1474 M. M. 
i.e., the matrix D is fundamental. If we define a matrix 
A, so that yA, transforms like a vector, then 

Aais = A, ” eae Mee*Aatf,A,. (14) 
From (12) and (15) one obtains 


Vie V ire = (Qh »—-2,,,—- [2.2 |, 


O= 6” wn B tv 
= the : I as.é + a 1 "? I’ lao) 
+[ (2, .-—2,.—[2,,2,,]),8”]. 


The quantity in curly brackets is just the curvature 
tensor R' ya. Hence, 


v uy —Vin= a bRyvorl, 


(15) 


(16) 


(17) 
i.e., 
Ay= (0,0 _ 020, )~= _ ERyverd WV. 


Hence the total increment Ay of a wave function y in 
an elementary circuital displacement depends linearly 
on the curvature and the matrices 9” of the infini- 
tesimal algebra generated locally in that region. 

We shall therefore interpret ih times the c.c.d. as a 
displacement operator, covariant under any spin-affine 
transformations of Riemannian space-time in the 
presence of the gravitational field, and shall define 3, by 


3,y= ihy),. (18) 


3 will be seen to satisfy the following covariant com- 
mutation rules in generai relativistic quantum me- 
chanics: 

(x30 |= ihbyr, 


[ x,,%, }=0, 
[ 8, 8, ] peda: LHR yor 9", 
(5,3, ]=ihs,,, 


which may be compared with the noncommutation of 
the electromagnetic field displacement operator II,,° 


th fog, Ay, 
Iu = ( % spans rt ) . 
ri Ox’ Ox" 


This can be interpreted as follows: In general the 
matter and its field produce a topological deformation 
of the space-time by modifying its local properties so 
as to introduce nonintegrability. General relativity 
tells us that in the case of a gravitational field this 
topology can be metrized so that nonintegrability 
becomes related with the curvature. 


(11,11, ]= 


5 In case of spin 0 and 1, A, is just the generalization of Harish- 
Chandra’s ‘J, matrix which is useful in going from the particle to 
the wave aspect of mesons and photons [Harish-Chandra, Proc. 
Roy. Soc. (London) 186, 503 (1946)]. 

*W. Pauli and M. Fierz, Proc. Roy. Soc. (London) 173, 230 
(1939), 
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LAGRANGIAN FORMULATION 
Postulate 


Laws of physics are covariant under any general spin- 
affine transformations of the space-time. 

Taking this as our fundamental postulate, and as- 
suming that a wave function y contains the maximum 
knowledge of the system, we observe that the wave 
equation must be linear in the derivatives of y and that 
an irreducible wave equation represents an elementary 
particle. We set up an invariant Lagrangian density as 
follows: 


1 
L=— G4 (— g) ge [To]? yo — Val ve | 


167 
+ ic(—g) (G43, +x), 


where 3, is the symmetrized covariant displacement 
operator, i.e., 


(20) 


3, =43(38,+ a ), 
v3," cet —ihp\,= ee Buy, 


and G is the universal gravitational constant. 
Variation of £ with respect to y, ¥, and g,, gives the 
Euler-Lagrange equation 


H3+x=0, 


also where 


390— x =0, (21) 
and’ 
(—g)!(Ru— 4gwR) 

4 


rG 
=—(=g) V3. + B.3- WW, (22) 


Cc 


from which by putting 


Ow =3(—g) eh (Bu B+ 8.3, , 


one obtains 


and 


2,%=0, ie, S,=0, 


and 
2,0" =0), (23) 

These are the conservation equations of the charge 
current vector 5 and the conservation equations of the 
symmetric stress energy tensor ©,, of an elementary 
particle in its gravitational field. 

Introducing the operators 8=(*3, and 3?=3,3+, 
one sees that they satisfy the characteristic equation 
of even degree: 


(8?—a;’3*) (8?—a:73’)- -- =0, 
or, of odd degree: 


8(8?—a;°3") (3?—a,?3?) +++ 0); 
© BaBrBe: + (HI — ang”) (°B"—a'g")---=0, 


? This equation can also be written as 
(—g)(Ry»— dewR) = (82G/c*)O,, FAL yy» 


where A=Einstein’s cosmological constant. The conservation 
equation of @,, remains unaffected. 


i.€., oO ,.=0. 


(24) 


(25) 
i.e 
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which gives for even and odd degrees, respectively : 
=(GG"—an*g”’) (B°G"—a2*g”"): -- =0, (26) 
=6*(8"B"—ay"2”") - --=(), 

These are the general relativistic commutation rela- 
tions previously written symbolically as G in (1) and 
in their irreducible form their degree represents the 
spin of the elementary particle as given by (8).° It may 
be noted that they are consistent according to definition 
A and hence satisfy theorem I. From (21) and (25) one 
gets, 

(x?— a3?) (x? —a2?3?)- - - =0. 
Hence x*/a’, the eigenvalues of 3?, are squares of masses 
of elementary particles. 

The matrices g”” defined by (8) reduce to the nucleus 
of the representation of Lorentz transformation in a 
locally Cartesian frame; hence we can define an in- 
finitesimal transformation YJ whose representation 
transforms as ¥/= Ty=[1+4e,,9” WW, where T is a 

’ For degrees two and three, these commutation rules reduce 
to the generalizations of Dirac’s and Kemmer’s commutation 
relations: 

60+ 8° G= 20" 
BBR + 8B = eB +4" 


for spins 0 and 1. 





for spin 4, and 
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representation matrix of JT which may be called a local 
Lorentz transformation, and 49, the nucleus of repre- 
sentation of 7. T forms a local group embedded in the 
general transformation group S and (9) shows us that S 
can be built up by successive variation of T'a* if we 
know the infinitesimal algebra of 9” and 6* defined by 
(8) and (26). In the particular case of spin }, 
9g” =4[G*,9"], and for spin 0 and 1, 9” =[9*,6"]. 

In the case of spin 2, y in (20), (21), (22) represents 
the wave function of gravitons (gravitational quanta). 
Now the metrical structure of physical space has been 
considered to be due to gravitation. One may ask how 
to reconcile this representation of gravitation with the 
one in terms of gravitational quanta. The apparent 
contradiction is resolved by considering matter with 
its field as causing a (topological) deformation of 
physical space-time and having the duality of metricity 
and discreteness, as observed by experiments which also 
deform space-time. We can observe metrical properties 
only on the macroscopic level, where approximate rigid 
bodies and local frames of reference exist, but in the 
case of the microscopic world where there exist no 
rigid rods to define distance (since the uncertainty 
principle applies) the other aspect of duality (discrete- 
ness) becomes apparent. 
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Calculations of the electron distribution function are presented for some simple examples of a stationary 
discharge in a de space charge field. The treatment is valid when the predominant mechanism of energy 
exchange arises from motion in the dc space charge field. The computations indicate that the effect of dc 
space charge is, for a given external field strength, to increase the proportion of high energy electrons over 
that computed neglecting space charge. This results in a larger specific ionization rate, but the effect is not 
so great as to account for the low maintenance potentials observed in positive columns and in microwave 


discharges in inert gases. 


I. INTRODUCTION 


AST theoretical analyses' of the energy distribution 

of electrons in gases have generally ignored the 
presence of space charge fields. In the microwave dis- 
charge, for example, the electric field is usually assumed 
to be of external origin; in positive columns of de dis- 
charges, the relevant field is taken to be the longitudinal 
gradient. Now, in both these examples, the removal of 
charged particles takes place via the mechanism of 
ambipolar diffusion. This process requires the presence 
of a space charge field sufficiently strong to retard the 


* Present address: Forrestal Research Center, Princeton, New 
Jersey. 

' Morse, Allis, and Lamar, Phys. Rev. 48, 412 (1935); J. A. 
Smit, Physica 3, 543 (1936); T. Holstein, Phys. Rev. 70, 367 
(1946), to be referred to hereafter as I. 


motion of electrons, and to accelerate that of the 
positive ions to the boundary. Such fields are often 
comparable to or even larger than the external fields. 

In order to obtain some idea of the effect of a space 
charge field (of the type prevalent in ambipolar dif- 
fusion) on electron energy distributions and associated 
quantities, such an average ionization rates, it has been 
deemed of interest to investigate the situation in which 
the space charge field is much larger than the applied 
field. This case represents the opposite extreme to that 
already treated, namely, space charge field very much 
less than external field. By this procedure one may hope 
to achieve an understanding of the generally en- 
countered intermediate case by interpolation between 
the two extremes. 
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A special feature of interest arises in connection with 
the question of low maintenance voltages in positive 
columns and microwave discharges.” In these discharges 
the essential problem is to account for the extraordinary 
ionization efficiency. A possible contributing mechanism 
might involve just the phenomenon under discussion. 
This possibility has in fact been investigated by 
Davydov’ who comes to the conclusion that an ambi- 
polar field large compared to the longitudinal gradient 
“Maxwellianizes” the energy distribution, thereby 
providing a relatively large number of “tail” (i.e., high- 
energy) electrons capable of direct ionization. In this 
paper the analysis of Davydov will be shown to be 
incorrect; furthermore, it will turn out that the effect 
of space charge fields upon average ionization rates, 
while not negligible, is completely unable to account 
for the observed low maintenance voltages. 


II, BASIC ENERGY DISTRIBUTION EQUATION 


The rigorous starting point of any energy distribution 
treatment is, of course, the Boltzmann transport 
equation, 

of 
—=—v-grad,f—a-grady j= (1) 
ot coll 
Here, f=/(r,v,/) gives the distribution of electrons in 
position and velocity space, a=—e&/m, where the 
electric field, &, is in general a function of position r 
and time ¢. The first two terms on the right-hand side 
represent the change in f arising from the velocities of 
the electrons and from the action of the electric field. 
The last term represents the change in f due to col- 
lisions. 

At this point it is to be remarked that, apart from the 
consideration of the space-charge field, the present 
analysis will be based on essentially the same assump- 
tions as the previous treatments. This implies, first of 
all, that collisions other than those between electrons 
and normal atoms will be ignored. In this event df/dt 
has the form‘ 


8 f/Ab) co ane vo f du'[ f(6’, ¢’,2, r,t) ses Sf, ,0,,t) lger(,2) 
Q 
+(Nv/v*)(m/M)(d/d») 


x fd f(/,0',08)(1—coP)au(ds0)¥ 
Q 


+2 fue, ¢’, [v*+04"}}, r, t) 
A “9 


X (1+ 0n2/0*)qa(y, [v*+- 047 ]!) 
a — {(0,,0,8,E)9n(V,2)}+9f/9t)ion. (2) 
* See, for example, Krasik, Alpert, and McCoubrey, Phys. Rev. 
76, 722 (1949), ially p. 730 and Fig. 12. 
B. Davydov, Physik 2 Sowjetunion 12, 269 (1937). 
‘See for example, I, Eqs. (10), (11), and (13). 
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In Eq. (2), N is the density of normal gas atoms; 
v, 6, and ¢ are polar coordinates in velocity space (the 
integrals being carried out over the total solid angle 2 
in this space, i.e., over-all values of 6’ and ¢’) ; gei(,2) is 
the differential cross section for elastic scattering 
through an angle y of an electron of velocity v; and 
qn(,v) the corresponding inelastic differential cross sec- 
tion involving excitation of the h’th atomic level. The 
first term gives the change in f due to elastic scattering 
with neglect of recoil loss. The second term takes this 
loss into account. The third term describes the effect of 
excitation collisions. In it the summation is extended 
over all discretely excited levels. Finally, f/0t) ion 
denotes the change in f due to ionizing collisions. This 
term will be written down explicitly later. 

A second assumption which characterizes the existing 
theoretical treatments of electron energy distributions 
is that the distribution is essentially isotropic in velocity 
space, with only small anisotropies arising from the 
actions of external fields and diffusion gradients. One 
thus has 

f(t,v,0) = fo(1,0,t)+V 7 f; (r,v,t), (3) 


where fo(r,v,t) and f,(r,v,f) are scalar and vector func- 
tions of r, t and the magnitude of v, and where it is to 
be presumed that 


fo(r,2,t)>| f1:(1,0,2) |. (4) 


Upon substituting (3) into (2), multiplying the result 
by 1/49 or by 3v/4m, integrating over the velocity 
angles (as is done in I, pp. 371-372), and transforming 
the velocity variable from v itself to «=v*, one obtains 
the following equations® for dfo/dt and of,/dt. 


ud fo/dt= — (u/3) div.f;— (2a/3)- (0/du) (uf;) 
+ (2m/M) (9/du) (uw? fo/r.) 
+2 (u+un) fo(ut un, ¥)/An(u+ un) 
—Ufo(u,r)/An(u)}+ 04d fo/At)ion, (5) 
udf,/dt= —u grad, fo— 2aud fo/du—ufi/r., (6) 


where 


1/ro(u)= InN f dy siny (1—cosp)qa(¥,u), (7) 


and 


1/A,(u) = 24N f : dy sinyg, (y,u). (8) 


A.(u) and A,(u) are, respectively, the mean free paths 
for elastic scattering and for excitation of the h’th 
atomic level. 

Equations (5) and (6) will be applied to the positive 
column of a de discharge. For the sake of simplicity the 
usual cylindrical geometry will be replaced by plane 


5 These equations are vector generalizations of (21) and (22) 
of I, the only further change being the use of u=0* rather than 9 
itself as the velocity variable. 
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parallel geometry, i.e., the boundary will be assumed to 
consist of two paralle! walls separated by a distance 2d. 
The vector acceleration a consists of a longitudinal 
component a; parallel to the walls, and a transverse 
component a; perpendicular to the walls, arising from 
the ambipolar space charge field. Whereas a; is constant, 
a, must be considered a function of x (the x axis being 
directed perpendicular to the walls). In addition, the 
positive column is assumed homogeneous in directions 
parallel to the walls, i.e., the dependence of fo and f; 
on r is limited to the x coordinate. Under these condi- 
tions (6) reduces to 


0= uf ./dt= — 2audfo/ du— uf 1/Ae— UOfo/Ax, (9) 
o= was ,/dt= —2audfo/du— Uf i1/re, (10) 
where f;, and f,, are the transverse and longitudinal 
components of f;. These equations may be used im- 
mediately to eliminate f; from (5), whence one obtains 
o= ubdfo/dt=}4(d/Ax+2a,0/ du) (udA,) 
X (0/dx+24,0/du)fo(x,uQ+Lf{ folxu,)}, (11) 
where 
L{ fo(%,u,t)} = (4/3)a?(0/du) (ur, 0fo/ du) 
+ (2m/M)(8/Au) (ufo/d.) 
+ Dak (uur) fo (xu ttn,t)/Aa (ut un) 
— ufo(x,u,t)/An(u)} +4 Ofo/ Al) ion. (12) 
For the sake of reference the explicit form of 


wdfo/ At) ion given in I, Eq. (32), will be recorded here. 
It is 


duu’ fo(u’)/d;(u’ u) 


utus 


— whl) f 


ud fo/ dt) ion > 
(u—uj) /2 


du'/d i (u,u’), (13) 


where u; is the ionization potential, and where 1/d ;(u,u’) 
is the “differential” probability per cm for ionization 
in which one of the two resultant electrons has an 
energy between wu’ and u’+dw’ (the energy of the other 
being necessarily contained between u—u;—w’ and 
u—u,;—u’—du’). As is the case in the standard treat- 
ments,! “!0fo/01) ion plays a negligible role in determining 
the energy distribution, and will henceforth be neg- 
lected. It is to be noted that u!fodudx is proportional 
to the fraction of electrons at x with kinetic energy u. 

The development of (11) from (5) and (6), which 
has been given in the preceding paragraphs for the case 
of the positive column, can also be applied under certain 
conditions to the microwave discharge. The geometry of 
the discharge, as before, will be assumed plane-parallel. 
However, both the ambipolar space charge field &,, and 
the applied microwave field & cosw/, are in the x direc- 
tion, perpendicular to the walls. Just as in I, it will be 
assumed that the microwave frequency w is high enough 
so that fo does not change appreciably in a cycle of field 


oscillation: For the steady state, (6) then yields 


f= —Ne{ Ofo/dx+ 24,0fo/ du} 
— 2adr-{ (coswl+wa,te~! sinwt)/ 
(1+-w°*A Zu") } Afo Ou. (14) 


Substituting (14) into Eq. (5) and time-averaging over 
a cycle of field oscillation (in which fo is still to be con- 
sidered time-independent), one obtains, with the further 
assumption that w*\?u-'<1 (many elastic collisions per 
oscillation), an equation of precisely the same form as 
(11). The sole difference is that a? is to be replaced by 
$a,’, i.e., the longitudinal field of the de positive column 
is equivalent to the root-mean-square field of the micro- 
wave discharge.® 

Equation (11) constitutes the basic equation for the 
electron energy distribution in the presence of an ex- 
ternal and an ambipolar space charge field ; its approxi- 
mate solution for the case of external field very much 
less than ambipolar field will be developed in the next 
section. Henceforth the subscript o will be suppressed. 


Ill. METHOD OF SOLUTION OF BASIC EQUATION 


An integral feature of the method for solving (11), 
to be given here, is the transformation from “ to a new 


variable 
w=u+¢(x), (15) 
where 


¢(x)= -2f dxa,(x). (16) 


Physically (apart from the factor 3m), g(x) is the 
potential energy associated with the space charge field. 
Thus w represents the sum of kinetic energy and space 
charge potential energy. In what follows, w will be 
referred to as “total energy.” 

From (15) and (16) ene readily derives the relation- 


ships 
0/0uU),= 0/dw)s, (17) 


0/0), = 0/0xX)y— 2a,0/dw)z, (18) 
the combination of which yields 
0/ 0x) y= 0/Ox),+24a,0/ du)». (19) 


With the use of these relations, Eq. (12) assumes the 
form 


o= }(0/dx)[ (w— ¢)d,0f/dx]+L{f(w,x)}, (20) 


where / is now to be considered a function of x and w, 
and where 


L{ f(w,x)} = (4/3)a? (0/dw)[ (w— ¢)r.0f/dw J 
+ (2m/M) (d/dw)[(w— ¢)*f/r. J 
+ Df (w— et un)f (w+, x)/dn(w— etm) 
— (w— ¢)f(w,x)/M(w—)} (21) 
with \, a function of (w— ¢). 


~ © This result is also given in I. 
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Equations (20) and (21) describe a type of diffusion- 
drift motion in w,x space. In fact, by defining two dif- 
fusion coefficients 


D,= §(w— y)A.(w— ¢); (22) 
and 


Dw= (4/3)a?(w— ¢)rA.(w— ¢), (23) 


one may write (20) and (21) in the form 


o= (0/dx)[D,(df/ dx) \+ (/dw)[D,(df/dw) } 
+ (2m/M)(d/dw)[ (w— 9)*f/r.] 
+>dorl (w— et un) f(w+un, x)/(w— ou) 


—(w— g)f(w,x)/A(w—¢)}, (24) 


in which it is seen that the first term describes a dif- 
fusion in x, the second a diffusion in w, and the remain- 
ing terms a degradation in total energy w, which is con- 
tinuous for the recoil term and takes place in jumps of 
uu, in the case of the inelastic collision term. 

The diffusion coefficients, D, and D, are of course 
functions of the coordinates. In particular, as illustrated 
in Fig. 1, they vanish on the curve of zero kinetic energy 
w=¢g(x) which, since electrons must have positive 
kinetic energies, constitutes one of the boundaries of 
the available region of w,x space. 

In an analogous fashion, curves of ¢(x), uniformly 
displaced upwards by amounts m, define the lower 
boundaries of regions of inelastic collisions of various 
types. Finally, the curve 


w= ¢(X)+ tion 


[where tjon=(2/m) ionization potential] gives the 
lower boundary of the ionization region. 

To complete the description in w,x space, it is to be 
considered that g(x), as pictured in Fig, 1, is symmet- 
rically disposed with respect to the enclosure geometry 

an assumption which will be employed in all that 


follows—and attains a finite value ¢ on the enclosure 


Ionization 
Region 


Wo P(X) * Vion ~ 











Excitation 
Region 


W-d(X)*U,— 


Recoil Region 


W-$(x) = 0 — 





4 
-d re) d 





Fic. 1. Diagram of total energy w versus position x showing regions 
of the various classes of collisions. 
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walls. For w> ¢wai: the boundary is no longer w= ¢(x), 
but the walls themselves. If the latter are assumed ab- 
sorbing, as is usually the case, the boundary condition 


f(w, +d)=0, (26) 


(d=} wall spacing) appropriate to diffusion theory, is 
to be employed.’ 

It turns out that the inclusion of wall effects leads to 
special difficulties in the analysis of Eq. (24). The 
treatment will therefore be limited to situations in 
which the significant range of w lies below gwan; this 
restriction is equivalent to assuming an infinite “space 
charge well.” 

With the transformation from the u,x to the w,x 
system of variables, the stage has been reached where 
one may profitably make use of the basic assumption, 
discussed in the introduction of this paper, that the 
ambipolar field &, is much larger than the “applied” 
longitudinal field &). As a preliminary step, it will be 
helpful to consider the extreme case in which it is 
imagined that there is a longitudinal field and no col- 
lision-induced energy losses, i.e., the electrons move in 
a space charge field of the type illustrated in Fig. 1, 
undergoing elastic collisions with infinitely massive 
atoms. In this case (20) reduces to 


0=4(0/dx)[ (w— ¢)dA,0f/dx ]. (27) 


A first integration yields 
df/dx=C(w)/(w— g)rA.(w— ¢). 


Let it be supposed that A,(0) is finite. Then the re- 
quirement of regularity of f (and df/dx) at w= ¢(x) 
leads to the conclusion that C(w) is zero. Thus df/dx=0 
and 

' f(w,x) =F (w), (29) 
where F(w) is an arbitrary function of w. 

The arbitrariness of F(w) arises from the circum- 
stance that, with neglect of the longitudinal field and 
collision losses, the sole mechanism for changing kinetic 
energy is the motion in the ambipolar field. Obviously, 
a constant of this motion is the total energy, w. Thus, 
in the approximation represented by Eq. (27), transi- 
tions between different w levels do not take place with 
the consequence that an arbitrary distribution in w of 
electrons is stationary. 

It has been remarked above that the consideration 
of (27) as an approximation to (20) is in line with the 
basic point of view of this paper, which regards the 
effect of the space charge field in determining the elec- 
tron energy distribution as “dominant.” The results 
just obtained demonstrate that this dominance is neces- 
sarily incomplete in the sense that the space charge 
field cannot determine the distribution in w. It is 
therefore necessary to proceed to a higher stage of 


7In contrast to the situation at the physical boundary x= +d, 
only regularity of /(x,w) is required at w= g(x). 
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approximation. This is done by considering the terms 
designated in (21) by the notation L{ f(w,x)} as a small 
but nevertheless nonvanishing perturbation. The intro- 
duction of these terms will correspond physically to 
permitting transitions to take place between the dif- 
ferent w levels; these transitions will then determine® 
the form of F(w). 

Considering, then, L{ f(w,x)} in (20) as a perturba- 
tion, one attempts a solution of the form 


f(w,x) = F (w)+G(w,x), (30) 


where G(w,«) is to be presumed small. Inserting (30) 
into (20), one has, approximately, 


0=4(8/dx)[ (w— ¢)A.0G/dx]+L{F(w)}, (31) 


where the higher-order term L{G(w,x)} has been 
dropped. Upon integration of (31) from —o to +o, 
xo being defined by the relation® 


¢ (xo) = ¢(— Xo) =W, (32) 


the first term of (31) drops out, and one is left with 
x0 
0= f dxL{F(w)} (33) 
as 


as the basic equation" for the determination of F(w). 
Equation (33) may be written more explicitly as 


o= (4/3)a;?(d/dw)[p(w)dF/dw ] 
+ (2m/M) (d/dw){.q(w)F ] 
+ Poalrn(wt+m)F(w+m\—r,.(w)F(w)}, (34) 


8 In the language of perturbation theory the situation may be 
described as follows. The solutions of the equation (1/3)(0/dx) 
X[(w— ¢)A.0f/dx]= — Bf which belong to the “eigenvalue” B=0 
are degenerate. A complete set of the eigenstates, for example, is 
given in terms of the Dirac delta function, namely fw;(w,x) 
=6(w—w,). The general solution, equivalent to (29) is then, 
S(w,x)= f'dw;F (w;) fw: (w,x). According to the general methods of 
perturbation theory, the degeneracy is to be removed by a secular 
perturbation procedure which considers L{ f(w,x)} as the per- 
turbation. In such a procedure, one will expect to have to evaluate 
integrals of the type {dxdwfw,(w,x)L{ f/(w,x)}. This in fact is 
just what is done in the text below. (See also reference 10.) 

9 Tt has already been assumed that ¢(x) is an even function of x, 
with the plane x«=0 chosen to lie midway between the two walls. 

1 With reference to the remarks of footnote 8, the above pro- 
cedure is fully equivalent to that followed in secular perturbation 
theory. Namely, one constructs the solution as a linear super- 
position of degenerate unperturbed functions, i.e., /(w,x) 
= fdwiF (w)fwi(w,x)= F(w) [since fu:(w,x)=6(w—w,)] in ac- 
cordance with footnote 8, and substitutes into the basic Eq. (20), 
thereby obtaining o= L{F(w)}. Then, upon multiplying with one 
of the “eigenfunctions” and integrating with respect to x and w, 
one obtains 


o= fi dw =, dxb(w/ — w)L{F(w)} Fs erattettin 


as is given by (33) of the text. 


where 


p(w)= f dz(w— ¢)d.(w— ¢), (35) 
q(w)= f dx(w— g)*r,(w — ¢), (36) 


rile) f ieee) (37) 


It is to be noticed that the form of (34) is quite similar 
to that of the corresponding equation for the case of no 
space charge field [see I, (54’)]. Hence, the general 
technique developed in I for solving that equation will 
also be applicable here. In the following section (34) 
will be solved for a number of specific examples and 
the results compared with those obtained in I for the 
case of no space charge field. 


IV. ILLUSTRATIVE EXAMPLES 
1. Elastic Collision Case 


The first example to be considered is that in which 
the electron energies are low enough so that inelastic 
collisions may be neglected. Equation (34) then reduces 
to 


(4/3)a? (d/dw)[ p(w)dF /dw 
+ (2m/M)(d/dw)[q(w)F]=0. (38) 


A first integration yields 
d InF/dw=— (3m/2Ma?)[q(w)/p(w)], (39) 


the constant of integration being eliminated by the 
requirement of regularity of F and dF/dw at the origin. 
A second integration gives 


F=C exp| - (3m/2aé) f dug ()/ p(w) | (40) 


In order to proceed further, it is necessary to make 
some assumptions concerning both the energy depend- 
ence of the mean free path, A,, and the spatial depend- 
ence of the space charge potential ¢. In what follows, 
it shall be assumed that (a) \,=constant, and (b) ¢ 
varies parabolically with distance," i.e., 


pe kot g= ax’. (41) 


“Tt is felt that the actual functional form of the space charge 
potential is contained between two extremes, one of which is 
represented by (41); the other extreme is a step-like potential 
given by y=0 for |x| <d, followed by a discontinuous jump at 
ax=+d to the value y= gwen. In particular, it is readily shown 
that a field of the type occurring in the conventional yma of 
ambipolar diffusion is contained between these two extremes 
(apart from a small region in the neighborhood of the wall in 
which ambipolar theory is not applicable anyway). Now, the 
“step” field, when applied to Eq. 34), is essentially equivalent 
to no space charge field. Hence (41) should give an extreme indi- 
cation of the effect of space charge fields on the electron energy 
distribution and related statistical quantities. 
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With these assumptions, (35) and (36) are readily 
evaluated and yield 
(42) 


(43) 


p(w) = (4/3)rA,.wi/a!, 
q(w) = (16/15)w*?/r-a!?, 
which, when substituted into (40), give 


F=C exp[ — (3m/5M) (w*/aPr2) ]. (44) 
(44) is to be compared to the so-called “Druyvesteyn”’ 
distribution obtained for the elastic collision case in the 
absence of the space charge field. This distribution is! 


Fp=Cp exp[ — (3m/4M) (w/a?Pr,?) }. (45) 


The comparison of (44) with (45) demonstrates a char- 
acteristic effect of the space charge field on electron 
energy distributions, namely, a relative enhancement of 
the tail. This feature will, in particular, be again en- 
countered in the next example to be treated, in which 
inelastic collisions are taken into account. 


2. Inelastic Collisions 


The extension of the electron energy distribution into 
the inelastic collision region will now be considered. The 
specific example to be treated is that for which: (a) 
\,= constant (as in the previous example); (b) there 
exists only one excitation level, u,;=«,2 with the cor- 


responding free path, A;=A,z independent of electron 
energy ;'* (c) the energy loss due to recoil collisions is 
negligible; (d) the space charge well is of the form" 


g(x)=ax*"; v=l,2,--:. (46) 


It should be pointed out that (a), (b), and (c) char- 
acterize the first example treated in I, Sec. 7. The 
results of the present treatment will therefore be 
directly comparable to those of I. 

Utilizing these assumptions in the evaluation of the 
integrals in (35) and (37), one obtains 


p(w) = 2a V2 Qr/(2r-+1) hott /2r, 


Teg(W) = 7 (w) = Za !?"[ 2r/ (2r+-1) ](w-+- 42/27) 
X (w- Uex) 1S (w— Mex), 


(47) 


(48) 


where S(x) is the conventional step function. Substi- 
tuting (47) and (48) into (34) and dropping the recoil 


1 Equation (45) is readily obtained by taking g=0 in (35) and 
(36) [the procedure being equivalent to assuming the “step field” 
of reference 10]. 

8 This assumption corresponds to a “step function” cross sec- 
tion, the step occurring at «= w,,. An energy dependence of this 
type is actually not unreasonable. In particular, the excitation 
cross sections of metastable levels (which is a number of gases 
are the lowest excited levels) often exhibit a rather sharp initial 
rise, followed by a plateau, or even by a diminishing characteristic. 

“It will be noticed that the previously employed parabolic 
space charge potential g=ax* is a special case of (46) with r=1. 
Higher values of r represent cases intermediate between the 
parabolic potential and the square well potential of footnote 10. 
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term, one has 


O= (4/3) A-207(d/dw) (w'*'!**dF/dw) 
+ { (wt ee/ 27+ Ue) w"!"F (w+ uz) 
— (w+ Uer/ 27) (w—tez)'!*"F (w)S (w—Uez)}.- 


As in the treatment of I, (49) is first solved for the 
excitation region w>u,z. Here, for fields which are not 
too strong, the distribution function falls off sufficiently 
rapidly with increasing energy so that the “production” 
term, proportional to F(w+ 1,2), may be neglected. In 
this case, and with the introduction of the dimensionless 
quantities 


(49) 


(50) 
(51) 


t=w/te, 
Y= F(Uez/ dic)? (Ae/Acz), 
Eq. (49) may be written as 


o= (d/dt)[¢'*' "dF (¢)/dé | 
+y7o'"(6+141/2n)FE+1), 6 <A, 

o= (d/dg)[¢'H' "dF (¢)/de | 
—(F—1)'?*(6+1/2r)F(S), § 21. (53) 


The region ¢ 21 will be considered first. Introducing 
the substitution 


(52) 


G)=o PrP (S), (54) 


one may write (53) as 


G" (6) =[¥(1— 1/6)!" (141/290) 


— (2r+1)/16rg? G(r). (55) 


Here primes indicate differentiation with respect to ¢. 

A considerable simplification of (55) may be achieved 
if the last term in the square bracket is neglected, a step 
which is permissible for sufficiently large y (low field). 
Actually in the present paper, the range of field for 
which specific calculations is such that!'® 


y 2 10. (56) 


For the range defined by (56) the second term in the 
bracket of (55) is quite small and will be dropped forth- 


with. Equation (55) then becomes 
G"' (6) — RF (OG(S) =0, (57) 
where 
k(¢)=y(1— 1/5)" (1+ 1/205)! (58) 


Equation (57) will be solved by an approximate 
method based on the circumstance that, because of 
(56), G(¢) attains its asymptotic form, as given by the 
W.K.B. method'® for ¢—1<1, which solution is then 
readily joined to one which is specially valid for the 


6 Tn a typical case such as argon, \-/Aee~50, AeP~ (1/60) cm 
mm (where p is the gas pressure in mm Hg), and the excitation 
potential, V.z~15 volts. With these numbers, and with &=longi- 
tudinal field in volts/cm, the limitation expressed by (56) is 
equivalent to &/p <23. This limit is considerably higher than 
the values of &/p commonly encountered in maintenance dis- 
charges (see Fig. 12 of reference (2)). 

6H. F. Jeffries and B. S. Jeffries, Methods of Mathematical 
Physics (Cambridge University Press, Cambridge, 1950), second 
edition, p. 522. 











nee geet ee acne orate een arms ty 


eet nls Ba shea 
a ° 


cones 
apetien 





SAT REAL i 


ENERGY 


immediate neighborhood of {= 1. Thus, the asymptotic 
solution of (57), as given by the W.K.B. method," is 


f 
G(o)= Akg)? exo| - f avec) (59) 


On the other hand, in the immediate neighborhood of 
¢=1, (57) may be approximated by 


G"(6)— (1+1/2n)(S—1)'"G()=0, — (60) 
the appropriate solution of which is 


G(o)= ¢— 1)4K 2p) ar4(1+1/2r)! 
x (1+ 1/4r)'y (¢— 1)H1/4r]), (61) 


where K,(z) denotes the modified Bessel function of the 


second kind.!” 
Comparison of (60) with the asymptotic form of (61) 


in the neighborhood of ¢=1 then gives 
A= (n/2)*(1+1/4r)!. (62) 


Equations (54), (59), (61), and (62) give F(¢) in 
the region ¢ >1. For ¢ <1, the combination of (52) and 
(53) yields 


CHL /2r RY (e) = 
from which 
1 
F@=F- f dgg- +1 /2r) F’ (1) 
ig 
ain («+ 1)!+1/2- FR! (¢ 4 1), (64) 


F°(A)—(F+1)' PF’ (E+1), (63) 


where F(1) and F’(1) are obtained"* from the solution 
in (61). Thus, F(¢) is given for the whole energy region. 
Specific calculations are carried out by numerical 
evaluation of (64). 

The fraction of electrons with energy between w and 
w+dw is given by 


N(w) -{ dx(w— g)'f(w,x) 


= f dx (w—ax?’)'F (w) 


= 2( 1 (14+ 1/2r)/T (§+-1/2r) fot! %q7/2" 
Kawtt!/2rF (w). (65) 


Curves of V(w), normalized to unity, are given in Fig. 2 
for the case of r=1 (parabolic space charge field), and 
for various values for y (corresponding to various values 
of the applied longitudinal field). 


17G. N. Watson, A Treatise on the Theory of Bessel Functions 
(Cambridge University Press, Cambridge, 1948), second edition, 
p. 78. The solution involving the modified Bessel function of the 
first kind, /,(z), is excluded because it would represent an energy 
distribution which increases exponentially with increasing ¢. 

18 This is done conveniently with the aid of the series represen- 
tation of K,(z). 
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Fic. 2. Normalized distribution in total energy N(w) versus w 
for various values of &/p. The space charge well has been assumed 
to be parabolic. 


Now that the distribution function has been deter- 
mined, it is of interest to calculate the specific ionization 
rate 8. For this computation, it is assumed that the 
ionization cross section is a linear function of the elec- 
tron kinetic energy, an assumption that is quite good 
near threshold. Thus 


1/ |X ion = (K ion /n oL(u-— u ion)/t ion }S (u— u ion). (66) 
8 is then given by 


=e aw f x dx (w— ¢) f(w,x) t)/ Xion 


jon + ton (67) 


f tw fa dx(w— ¢)*f(w,x) 


where Xion is defined by the relation 

w— ¢(Xion) = tion. (68) 
Taking {(x,w)=F (w) and using (46), one obtains, after 
some manipulation, the expression 


B I 


‘dial eaten eats (69 
K ionttion* J 
where 
=f AEF (£){ 89? (€ — thion/ Wer)? *!!?” 
+ 2r(4r+ 1) (tion/ Mex) (u— Uion/Uex)' . saad | (69a) 
and 


J =(2(2r+1) (4r+1)P (1+1/2r)/T ($+1/2r) ] 


x f ageK(Q), (69b) 


0 


which may be evaluated numerically. 
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Fic. 3. Specific ionization rate 8 versus external field parameter 
y= p/é. The space charge well has been assumed to be of the 
form g(x)=ax*", The curve for r= © corresponds to the case of 
vanishing space charge field, that for r=0 a square potential well. 


The results of the computation are presented in Fig. 3. 
The principal feature to be noted is that, for a given 
external field, i.e., a given value of y, the specific ioniza- 
tion increases as the parameter r is varied from »—the 
case of a square-well potential, equivalent to no space 
charge field—to unity, the parabolic case, representing 
the extreme manifestation of a space charge field. How- 
ever, and this qualification is of particular significance 
with regard to the low-voltage problem mentioned in 
the introduction of this paper, the “space charge” 
reduction of the longitudinal field required to achieve a 
given rate of ionization, is rather limited. Specifically, 
inspection of Fig. 3 indicates that this reduction is at 
most of the order of thirty percent. With reference to 
Fig. 12 of the paper of Krasik, Alpert, and McCoubrey,’ 
it is immediately obvious that the effect is much too 
smail to explain the discrepancy between theory and 
experiment. It is therefore necessary to invoke some 
other mechanism, such as cumulative or secondary 
ionization. 


V. VALIDITY OF GENERAL METHOD 


At this point some remarks on the validity of the 
general method are in order. It will be recalled that the 
basis of this method is contained in the assumption 
that, for a given total energy w, the distribution func- 
tion is, toa sufficiently good approximation, independent 
of the spatial coordinate, x, i.e., 


f(w,x) =F (w). 


It was implied in the text that (70) is a suitable 
approximation provided that the space charge field is 
large compared to the applied field. When this situation 


(70) 
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prevails, one may infer that the rate of energy change 
due to motion in the space charge field is large compared 
to that arising from the applied field. Now, as is exem- 
plified in Sec. IV, it is necessary (for equilibrium) that 
the energy gain associated with motion in the applied 
field be compensated by loss due to collisions. Hence, 
one would expect (70) to be valid provided that the 
rate of energy change due to motion in the space charge 
field is large compared to the rate of energy loss due to 
collisions. 

In the case of inelastic collisions, in which most of 
the energy is lost in one encounter, this condition is 
equivalent to the requirement that the time for an 
electron to diffuse throughout the accessible region of 
the space charge well (w > ¢) be small compared to the 
mean time between inelastic collisions, \,2/v. 

In the case of recoil loss, an electron loses, on the 
average, a fraction 2m/M of its energy per collision. 
Hence, the requirement would be that the electron 
diffuses throughout the well in a time small compared to 
(M/2m)(X,/2v). 

These intuitive expectations have been confirmed by 
a detailed analysis presented in a Westinghouse Re- 
search Report.'® 

VI. SUMMARY 


In this paper the theoretical treatment of electron 
energy distributions has been extended to include the 
case in which—in addition to a spatially homogeneous 
applied field—there exists a dc space charge field of the 
type associated with ambipolar diffusion. The method 
is valid in the limiting case that the dominant mecha- 
nism for changing the energy of an electron is its motion 
in the space charge field. The equation determining the 
energy distribution [Eq. (34) ] is then found to be of a 
form similar to that prevalent in the absence of the 
space charge field [Ea. (54’), I]. Illustrative calcula- 
tions (Sec. V) demonstrate that the principal effect of 
the space charge field is an enhancement of the tail of 
the distribution function, with a consequent increase in 
specific ionization. The magnitude of the latter effect, 
however, is found to be much too small to account for 
the large ionization rates required in steady state dis- 
charges, such as the positive column of a noble gas dc 
discharge. 

The treatment presented above applies both to the 
positive column and to low-frequency microwave dis- 
charges. The sole difference is that in the latter case one 
uses the rms microwave field in place of the dc longi- 
tudinal field of the positive column. 


”T. Holstein, Westinghouse Research Report, R-94411-9-0, 
Higher-Order Approximations to Electron Energy Distributions 
in D. C. Space Charge Fields; reprints available upon written 
request. 
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A physical observable called the reaction is defined to simplify the formulation of boundary value prob- 
lems in electromagnetic theory. To illustrate its value it is used to obtain formulas for scattering coefficients, 
transmission coefficients, and aperture impedances. An approximate solution to problems of this type is 
obtained by replacing the correct source (of the scattered field for example) with an approximate source 
which is adjusted so that its reaction with certain “test” sources is correct. This insures that the approximate 
source “looks” the same as the correct source according to the physical tests which are inherent in the 
problem. The formulas so obtained have a stationary character (for the cases considered) and thus the 
results could also be obtained from a variational approach. However the physical approach has two im- 
portant advantages. It is general whereas the variational technique has to be worked out for each problem. 
It is conceptually simple and leads directly to results which might not be uncovered by the variational 
approach because of the complexity of the mathematical formulation. The problem of scattering by a 


dielectric body is used to illustrate this latter point. 


INTRODUCTION 


HE classical analysis of electromagnetic waves is 

based on the theory of fields which satisfy 
Maxwell’s equations. It is interesting to examine this 
concept from the point of view of an experimenter 
whose objective is to use the theory to correlate his 
measurements. Suppose that we attempt to measure 
the field radiated by some source of electromagnetic 
energy by observing the signal received at the terminals 
of an antenna placed at the point of observation. By 
moving the antenna around we can cbtain a consider- 
able amount of information about the given field, but 
it is very difficult to relate this information to the 
classical field parameters, e.g., the electric field. Indeed 
from a literal point of view the postulate of electric 
field might be questioned on the grounds that any 
experiment designed to measure the electric field at a 
point must necessarily consist of measuring the effect 
of the field over a small but finite region, and therefore 
the postulate is incompatible with the process of per- 
forming an observation. This suggests that it is desirable 
to introduce into the theory a fundamental observable 
which represents measurements which can actually be 
performed. 


DEFINITIONS AND PROPERTIES OF REACTION 


We introduce a quantity, called the “reaction,” 
which is defined as follows. Let the source of a mono- 
chromatic electromagnetic field consist of the volume 
distributions of electric and magnetic current dJ and 
dK (i.e., the electric dipole moment contained in a 
volume V is equal to the vector /) S’ /'ydJ). (The word 
source is used in the sense that everywhere in the given 
region there is no field when the source is absent. Thus 
currents which may be induced in various parts of the 
region are not counted as sources because they vanish 
when the true source is turned off.) Let E(a) and H(a) 
represent the electric and magnetic fields generated by 
the source distributions dJ(a) and dK(a), which we 


call the source a for simplicity. Similarly for some other 
source b, which generates a field at the same frequency 
and in the same environment. Define a complex number 
[the usual exp(-tiw/) time convention is employed ], 
denoted by (a,b) as follows: 


(as)= ff [CE@)-a1(@)-H@)-4K(@)} (1) 


where the volume V contains the source a. 
The reciprocity theorem! states that 


(a,b) = (b,a), (2) 


provided that all media are isotropic and that a and b 
can be contained in a finite volume. 

The scalar (a,b) is a measure of the reaction (or 
coupling) between the sources a and b. We think of 
“reaction” as a physical observable like mass, length, 
charge, etc.: Eq. (1) is to be understood as a formula 
for the measure of reaction. For example, in electro- 
static theory, let the source a consist of the volume 
distribution of charge dq(a): similarly for the source b. 
Then we could define the static reaction (a,b) by the 


relation 
(on)= ff fE@a), (3) 


which is analogous to Eq. (1). In this case the physical 
observable which (a,b) represents is the resultant force 
exerted by a on 6. In the oscillating case let the source 
a consist of a unit current generator connected to the 
terminals of some antenna. Then it follows from Eq. 
(1) that (a,b) is equal to the open circuit voltage 
generated at the antenna terminals by the source 6. 
Again for static fields the electric field is equal to (u,a) 
the reaction between the given source a and an infini- 
tesimal unit charge u placed at the point of observation. 


'S. A. Schelkunoff, Electromagnetic Waves (D. Van Nostrand 
Publishing Company, New York, 1943), p. 477. The proof given 
applies here with a minor extension. 
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For oscillating fields the component of electric field in 
a particular direction is equal to (u,a), the reaction 
between the given source a and an infinitesimal electric 
dipole u, of unit moment, placed parallel to this 
direction at the point of observation. 

The complex number (a,b) consists of the sum of 
products of the form V(a)/(6) where V(a) represents 
the voltage generated by a across the terminals of a 
current generator of strength /(b). If 


I(b)= |1(b)| exp(ip), 


then the corresponding explicit time functions which 
these complex numbers represent are 


V (a) 1(b,t)= | I(b)| cos(wt+ 8), 


V(a)= | V(a)| exp(ia), 


V (a,t) = cos (wl+a), 


and the complex number, 
V (a)1(b) = | V(a)I(b) |exp[i(a+s) ], 
represents the explicit time function, 


| V(a)I(b)| cos(2wt+a+ 6) 
= | V(a)/(b) | [2 cos(wl+a) cos(wl+B)—cos(a—B) }. 


The first term in the square brackets is the instan- 
taneous rate at which 6 works against a, and the second 
term is the average rate per cycle at which b works 
against a. Thus, (a,b) represents the instantaneous 
minus the average rate at which b expends energy on a. 
Note that if (a,b)=0, then no energy is transferred 
from a to 6 at any time. 
Observe that 


(a,(b+-c)) = (a,b)+-(a,c), (4) 


where a, 6, and c represent any three sources radiating 
at the same frequency in the same region. Note also 
that if A represents any scalar and Aa represents the 
source a increased in strength by the factor A, then 


(Aa,b) = A(a,b). (5) 


Before proceeding any further with the formal 
development let us now discuss how the concept of 
reaction can be used, in order to see what further 
developments are needed. 


APPLICATIONS OF THE REACTION CONCEPT 


Consider the problem of scattering by a perfectly 
conducting body, of surface S, which is irradiated by 
the source g (see Fig. 1). Let J(c) represent the surface 
distribution of electric current which is induced on the 
scatterer by g. The scattered field, E(c), is defined as 
the field that would be generated by J(c) (acting as a 
source) if the scatterer were absent (the total field is 


F 


Ss 


Fic. 1, A hypothetical surface S in the presence of a source g. 
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then the superposition of the incident and scattered 
fields). We postulate that if J(c) were known the 
scattered field E(c) could be calculated. It is known 
that the tangential component of E(c) on S is equal to 
minus the tangential component of the incident electric 
field, because the scatterer is a perfect conductor. 
Thus, although J(c) is unknown it is possible to calcu- 
late the reaction between the source J(c) and some 
known current distribution, J(a), on the surface S, for 


(uj) f f J(a)- (od 6) 
8 


and the tangential component of E(c) on S is known. 

Suppose that we wish to calculate the “echo,” i.e., 
the signal at g due to the scattered field. If we think of 
g as a unit current generator connected to the terminals 
of some antenna, the open circuit voltage at these 
terminals generated by the scattered field is equal to 
(g,c). Thus the problem is to calculate (g,c). Let J(a) 
represent an assumed distribution of electric current 
on S which we propose to adjust so that it approximates 
J(c). We would like to adjust J(a) so that 


(g,a)=(g,c), (7) 


for then the echo obtained by substituting J(a) for 
J(c) would be correct. Obviously this is too much to 
expect : indeed we find that Eq. (7) cannot be enforced 
because we cannot calculate (g,c). We can interpret 
Eq. (7) as the condition that the approximate source a 
(i.e., J(a)) should “‘look”’ the same as the correct source ¢ 
(i.e., J(c)) to the source g, in the sense that a and c 
produce the same signal at g. Thus we can think of g as 
a “test” source which is used to test for any difference 
between a and c. This suggests that we regard Eq. (7) 
as a special case of the more general restriction 


(x,a)=(x,c), (8) 


which expresses the condition that @ and c¢ should 
“look” the same to an arbitrary test source x. The 
problem is now a matter of trying to enforce Eq. (8) 
for every “available” test source, i.e., every x for which 
(x,a) and (x,c) can be calculated. The only sources in 
the problem are g, c and a. We have seen that g is not 
“available” because (g,c) cannot be calculated and we 
find that ¢ is not available because (c,c) cannot be 
calculated. Thus a is the only “available” test source. 
We therefore adjust the approximation a to satisfy the 
condition 

(a,a)= (a,c) (9) 


and use the value of a so obtained in place of the 
correct source ¢. 

To carry out the calculation of the echo we assume 
some current distribution J(a) whose level can be 
adjusted, i.e., let 


J(a)=UI(u), (10) 


or a=Uu, 
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where J(u) is fixed and U is an adjustable constant. 
Substituting for a in Eq. (9) gives 

U =(u,c)/(u,u). (11) 


Now the echo ~—(c,g), where 


a= f J10-B.0as 
8 


= (c,c)=(a,a)= U%u,u) = (u,c)*/(u,u) 


-| f fa: E(oas| / 
Ss 
J f2co- Banas. (12) 
8 


In Eq. (12) J(u) represents the assumed current 
distribution, E(u) represents the electric field generated 
by J(u) (in the absence of the scatterer), and E(c) 
represents the tangential component at S of the incident 
electric field. 

The approximation can be improved by starting from 
an assumed distribution J(@) which contains a number 
of adjustable constants. Thus, let 


a=I1+Mm-+::-, (13) 


where L, M, --- represent adjustable constants and, 
l, m, «++ represent fixed source distributions which are 


‘assumed. The problem is to find the linear combination 


of 1, m, ---, denoted by a, which best approximates the 
correct source J(c), denoted by c. Here we can enforce 
the conditions: 
(a,l) = (cl), 
(a,m) = (c,m), 
° , (14) 


which ensure that a and c “‘look”’ the same to /, m, --- 
If the assumed set of source distributions /, m, 
constitute a complete orthogonal set, the equations 
(14) represent the condition that a and ¢ are identical 
in every respect. Substituting for a from (13) in (14) 
gives the following equations for the constants: 


LiL, ])+M(m,))+ --- =<), 


L{l,m)+ M(m,m)+ sie vi (cym), 
" ' ; (15) 


In terms of a matrix notation, the constants L, M, --- 
are given explicitly by 


L (Ll) (Lm) faa “leea) 
J 


(m | 


M (m,l) <m,m) 
; , ¢ é | f (16) 
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By substituting for L, M, --- in (13), the approximate 
value of the echo is given by (see Eq. (12)): 


(a,a)= (a,c)= ((1,¢m,c) rer ) 
(J) (l,m) "Tl (de) 
(m,l) (mm) +> (m,c) 
xi: : ~ |. (17) 


J 


These results can also be obtained by means of the 
variational technique. For example, let da represent a 
slight change of the source distribution represented by 
a. If both a and a+éa satisfy Eq. (9), then 2(a,6a) 
= (a,5a)+(6a,a) = (a,c) to the first order. If 5a represents 
a slight change about the correct distribution c, we can 
substitute c for a in this equation and thus obtain 
(6a,c)=0. Hence, the expressions (a,a) and (a,c) are 
stationary for variations of a about ¢, if a satisfies Eq. 
(9), ie, if a=u(u,c)/(uu) [see Eqs. (10) and (11) ]. 
Thus the expression x= (a,c) =(a,a) = (u,c)*/(u,u) is sta- 
tionary for variations of the assumed distribution J(u) 
about the correct distribution J(c), and Eqs. (14) and 
(15) can be obtained by setting dx/8L=0, dx/€AM=0, 
etc. However, the fact that an expression is stationary 
for variations of an assumed distribution about the 
correct distribution does not justify the assumption 
that it will yield the “best” approximation when the 
assumed distribution is completely arbitrary. The reac- 
tion approach does show that the approximation is the 
best in a physical sense, i.e., in the sense that the 
approximate source “looks” the same as the correct 
source to any source in the problem which can be used 
for such an observation. More precisely, the reaction 
between the approximate source and every available 
test source is correct, it being understood that a test 
source is “available” if its reaction with the correct 
source can be calculated. Note that this comparison of 
the variational method with the reaction method is, so 
far, based on the specific problem of scattering by a 
perfect conductor. There are other problems (some of 
which we consider later) where a number of different 
approximations can be obtained from the variational 
method, and there is no way of deciding which approxi- 
mation is best. In the reaction approach such problems 
yield an excessive number of test sources, i.e., the 
number of independent test sources exceeds the number 
of adjustments which can be made in the approximation, 
so that it is not possible to make the reaction with 
every test source correct. In this case it is necessary to 
decide what selection of the available test sources is 
most likely to yield the best approximation. From the 
physical point of view the answer is clearly that selection 
which most nearly represents the actual physical obser- 
vation which we are trying to approximate. The 
physical approach has the added advantages of being 
general (whereas the stationary formulation has to be 
established for each specific problem), and of providing 
a simple understanding of the type of approximation 
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which is being used. In short, the fundamental advan- 
tage of the reaction method is its conceptual simplicity 
which leads directly to results which might not be 
uncovered by the variational approach because of the 
complexity of the mathematical formulation. These 
points are illustrated by the examples which follow. 


TRANSMISSION CALCULATIONS 


The problem of scattering by a perfect conductor 
can be used to illustrate the formulation of trans- 
mission problems. We are now interested in the signal 
received at an arbitrary point whereas in the echo 
problem the point of reception was at the given source 
g. As before the total field is represented as the sum of 
contributions from g and c (the induced electric current 
distribution on S) radiating as if the scatterer were 
absent. The contribution from g can be calculated easily 
since g is given. We therefore put up a source / at the 
point of observation (see Fig. 2) and the problem is to 
calculate the reaction (c,h) evaluated in the absence of 
the scatterer. Let the notation be as follows: c generates 
the same field as g inside of S (as before), d generates 
the same field as / inside of S, a is the approximation for 
c (as before), 6 is the approximation for d. The sources 
a, b, c, and d are all distributions of electric current 
on S, and all sources radiate as if the scatterer were 
absent. We therefore adjust the approximations a and 
b to satisfy the conditions: 


(a,x) = (¢,x), (18) 


(b,y) - (d,y), 


where x and y represent any test sources inside of 5S. 
The available test sources are represented by x=a, 
x=b, y=a and y=). Since Eq. (18) cannot be satisfied 
for both values of x, we have to decide which value is 
likely to give the better approximation: similar remarks 
apply to Eq. (19). Now the quantity which we are 
trying to approximate is (c,4) where 


(c,h) = f f J(c)- E(A)dS 
8 


. f f J(c)-E(d)dS=(c,d). (20) 
8 


and 
(19) 


To approximate (c,d) we replace c by its approximation 
a, or d by b, or both. Thus there are three possible 
approximations which are represented by (a,d), (c,d) 
and (a,b). We see that these are all the same if we 


g< 


h< 


Fic. 2. Two sources g and_/ in the presence of a conductor. 
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Fic. 3. A source y radiating 
through a waveguide. 











choose x= 6 and y=a which is therefore the best choice. 
An explicit formula for (c,d) is obtained by setting 


a=Uu and b=V2, (21) 


where U and V are adjustable constants. Proceeding 
as before [see Eq. (10) ], we obtain 
(c,d)=(c,v)(d,u)/(u,2), (22) 


where u and v represent assumed electric current distri- 
butions. In terms of integrals over S, Eq. (22) becomes 


(oay| i ; B()-3o)ds]| f bj B(H)-J(was| / 
; s 


f J E(u)-J(o)dS, (23) 


where J(u) and J(v) are the current distributions which 
we assume to approximate the current distributions 
induced on the scatterer by g and 4, respectively. 


IMPEDANCE CALCULATIONS 


Suppose that the given source g radiates into space 
through a length of uniform wave guide as shown in 
Fig. 3. This represents a type of problem which has 
been treated successfully by means of the variational 
approach.” 

We postulate that it is impractical to calculate the 
field which is radiated through the aperture (the 
aperture is shown as the line of dots in Fig. 3), but 
that it is practical to calculate the field (in the wave- 
guide) that would be obtained if the aperture were 
covered with a conducting plate. 

Let J(c) represent the electric current distribution 
that would be induced by g on a conducting plate 
covering the aperture. Let E(g,1) represent the field 
generated by g with the plate in position, E(g,2) 
represent the field generated by g with the plate 
removed, and E(c,2) the field that would be generated 


2 Waveguide Handbook, edited by N. Marcuvitz (McGraw-Hill 
Book Company, Inc., New York, 1951). 














fe 
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REACTION 


by J(c) (acting as a source) with the plate removed. 
Then, 
E(g,1) = E(g,2)+E(c,2), (24) 


for points in the wave-guide region (inside of the dashed 
curve S shown in Fig. 3). If g consists of a unit current 
generator connected to a pair of terminals, then it 
follows from (24) that 


Z,=Vi=V2+(C,g)=Z2+(C,g), (25) 


where V, and V2 are the voltages at these terminals 
with and without the plate respectively, Z; and Z, are 
the corresponding impedances, and (c,g) is evaluated 
with the plate removed. The problem is to calculate 
an approximation for Z2, assuming that Z, is known. 
For example, suppose that the wave-guide structure 
consists of a biconical horn as illustrated in Fig. 4. 
The source g consists of a unit current generator 
connected to the input. Then 


Z,=—ipbe rr log (cota/2) tanwlyte |, 
J(c) =(2nl coswlu'e! sind }'0, 


where / and @ are given in Fig. 4, w represents the 
frequency, w and e¢ represent the permeability and 
inductive capacity of the medium inside of S, and 6 
represents a unit vector in the spherical coordinate 
system shown in Fig. 4. 

The specific example which we have chosen to illus- 
trate impedance calculations is representative of the 
general problem in which g is inside of as illustrated in 
Fig. 5. It is essentially the same as the scattering 
problem in which g is outside of S. Here, as in the 
scattering problem, —J(c) generates the same field as 
g on the source-free side of S. Here, (g,c) cannot be 
calculated because tangential E(g) at S is unknown, 
whereas (g,c) cannot be calculated in the scattering 
problem because J(c) is unknown. In this problem we 
therefore assume some approximation for E(c), the 
tangential component of electric field in the aperture 
(or over S in the more general terminology). We 
postulate that it is possible to calculate E(a), the field 
which fits this assumed distribution of tangential E(c) 
on both sides of S. By definition the tangential compo- 
nent of E(a) at S is continuous but the tangential 
component of H(a) obviously is not continuous. In 
short, the field E(a) is generated by a certain distri- 


Fic. 4. A biconical horn. 
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bution of electric currents J(a@) on S which can be 
calculated from the assumed distribution of tangential 
electric field. If this assumed distribution were correct, 
then J(a) would turn out to be identical to J(c). We 
can see now that the impedance problem is formally 
identical to the scattering problem, with the modifica- 
tion that the approximate source a is now required to 
look the same as the correct source c to a test source x 
which is outside of S. Thus Eq. (9) applies again: 


(a,a)= (a,c). (9) 
Instead of Eq. (10), we now put 
E(a)=UE(u), (10a) 


where E(u) represents the assumed distribution of 
tangential E(c) over S and U is an adjustable constant. 
Equation (10a) is equivalent to Eq. (10) because it 


implies that 
a=Uu, (10) 


as before. The approximation for (c,g) given by (12) 
also applies except that we express (u,c) in the form 
SS sE(u)-J(c\dS. Thus, the approximation for the 
impedance obtained from Eq. (25) (replacing ¢ by a) is 


Z2.=Z\—(u,c??/(u,u). (26) 


The problem of transmission through the aperture 
can be treated by placing a test source / at the point 
of observation outside of S and proceeding as in Eqs. 
(18)-(23). 

SCATTERING BY A DIELECTRIC 


The problem of scattering by a dielectric brings out 
some interesting features which have not been encoun- 
tered up to this point. Let the given source g radiate in 
the presence of a dielectric scatterer of surface S, as in 
Fig. 1. The scattered field is again defined as the 
difference between the fields generated by g with and 
without the scatterer. The problem is to find a source, 
a, which generates a field outside of S which is approxi- 
mately equal to the scattered field (and such that it is 
possible to calculate the field generated by a). 

Let E(g,1) represent the field generated by g in the 
presence of the scatterer, and 


J(c)=nXH(g,1), K(c)=E(g,1)Xn, (27) 


where n represents a unit vector normal to S pointing 
inwards. The surface distributions of electric and mag- 
netic current J(c) and K(c), are the equivalent currents 
of Schelkunoff.* Let the combination of J(c) and K(c) 


2S. A. Schelkunoff, Phys. Rev. 56, 308 (1939). 
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be represented by the symbol ¢. Then the combination 
of g and —c generates a field which is zero everywhere 
inside of S. Therefore we can remove the scatterer 
without affecting the field generated by (g—c). It 
follows that the scattered field is equal to the field 
which ¢ generates outside of S, in the absence of the 
scatterer. Thus the problem is to find an approximation 
for c. Observe that ¢ generates the same field as g 
inside of S, regardless of the medium inside of S. Thus 
we require that the approximation for c, represented 
by a, should look the same as g to a test source x 
inside of S, and for the purpose of simplifying calcu- 
lations we can perform this test in “free space’’ (see 
Fig. 6). 

At this point it is desirable to extend the notation 
[introduced in Eq. (24) ] in which a number represents 
the environment, as follows. Let (p,1,¢), (p,2,g), and 
(p,3,q) represent the reaction between sources p and q 
in the presence of the scatterer, in free-space, and in an 
infinite homogeneous dielectric medium, respectively. 
Thus the test illustrated by Fig. 6 is represented by 
the equation 


(g,2,”) = (a,2,x). (28) 


Observe that c generates zero field outside of S, in 
the presence of the scatterer. The region outside of S 
can therefore be filled with the same material as the 
inside of S without affecting the result. We therefore 
require a to satisfy the requirement, 


(a,3,y)=0, (29) 


where y represents any test source outside of S (see 
Fig. 7). 

The coarsest approximation is obtained by repre- 
senting a in the form 


a=Li+Mm, (30) 


where / and m represent the assumed distributions of 
electric and magnetic current on S respectively, and L 
and M are adjustable constants. Then the possible 
choices of x and y are represented by x=/, x=m, x=a, 
y=1, y=m, and y=a (only four of which are inde- 
pendent). Observe that if we set x=/ in the expression 
(a,2,x), we must interpret this as the limit obtained as 
| approaches a from the inside of S as illustrated in 
Fig. 8. Similarly, the substitute for y must be taken 
just outside of S. An expression of the form (a,2,a) is 
evaluated by imagining two sources a slightly displaced 
from each other in the manner of Fig. 8. Considering 
the symmetry of Eqs. (28) and (29), the obvious 


a 


< 
9 
a 


Fic. 6. A test source x set up to detect the difference 
between sources a and g. 
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choice appears to be x=a and y=a. A further point in 
support of this choice is the fact that the echo=(g,2,c) 
=(c,2,c) is approximated by (c,2,a) or (a,2,a) and the 
choice x=a makes these two results the same. The 
choice y=a is also supported by the fact that if a were 
correct (i.e., if y=c), its radiation would be confined to 
the region occupied by the source under test (which is 
also a), thus producing, in a sense, the maximum 
irradiation of the source under test. 

Substituting x=a in Eq. (28) and y=a in Eq. (29) 
gives the following equations for the constants Z and M: 


LXg,2,l)+-M(g,2,m) = LX1,2,1)4+- LM ((1),2,m) 


+LM(1,2,(m))+M*m,2,m), (31) 


0= L1,3,l) + LM((1),3,m) 
+LM(,3,(m))+M%Xm,3,m), 


where the notation (/) in ((1),2,m) indicates that / is 
just inside of m (see Fig. 8), e.g., 


((,2m)= ff f 3d): B(m,2,internaas, (33) 
S 


(32) 


where 


nX [E(m,2,internal) — E(m,2,external) ]}=K(m) 
[see Eq. (27) ]. 


The approximation for the echo is then given by 
substituting a for c in (g,2,c). 

It can be shown that the formula for the echo 
obtained in this way is stationary for variations of the 
assumed distribution of electric current J(/) and mag- 
netic current K(m) about the correct distribution. The 
interesting point is that a number of stationary formulas 
for the echo can be derived, all of which are based on 
assumed distributions J(/) and K(m) and involve the 
same “‘free space” calculations, but differ in the way 
that the calculations are combined. Here is a case where 
the physical approach through the reaction concept 
leads to a result which probably would not have been 
uncovered by the variational technique, although, once 
the result has been established, it is possible to see how 
it could have been obtained by means of a variational 
approach. 

Another approach is to set down the equations for 
continuity of tangential E and H which are: 


nX E(g,2)--nX E(c,2,external) 
=nX E(c,3,internal), 


nX H(g,2) —nX H(c,2,external) 
=n H(c,3,internal). 


(34) 


(35) 


We multiply these equations by tangential H and E, 
respectively, and integrate over S. This is represented 
by the equation 


(g,2,2)—((a),2,2) = (a,3,(z)), (36) 


where z represents a test source distributed over S and 
the correct source c has been replaced by the approxi- 
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mate source a. Here it is necessary to use every available 
test source, i.e., z=/ and z=m in order to evaluate L 
and M. We then obtain two equations which are 
essentially the same as those used by Crowley‘ for a 
certain class of impedance calculations. The formula 
for the echo obtained from Eq. (36) is stationary but 
it is different from that given by Eqs. (28) and (29). 
An important point of difference is that the approxi- 
mation given by Eq. (36) does not give the same value 
for the two possible approximations for the echo, 
(g,2,a) and (a,2,a). 

There is a simple connection between Eqs. (28), (29), 
and (36)° It is obtained from the relation 


((a),2,b)— (a,2, (b)) -_ ((a),3,b)— (a,3, (d)), (37) 


which we shall establish [see Eq. (47) ]. In Eq. (37), 
a and b represent any two sources, and 2 and 3 represent 
any two environments. Thus, Eq. (36) can be written 


in the form 
(g,2,2) = (a,2,(z))+((a),3,2). (38) 


Bearing in mind that in Eqs. (28) and (29) x is inside 
of S and y is outside of S, we see that Eq. (36) is 
satisfied if Eq. (28) is satisfied for x=z and Eq. (29) 


YL 


Fic. 7. A test source y set up to detect the external field from a. 


for y=z. In this sense, Eqs. (28) and (29) embody the 
information contained in Eq. (36). We obtaia different 
formulas for the echo because we choose to enforce 
Eq. (36) for two different values of z, z=/ and z=m, 
whereas we enforce Eqs. (28) and (29) for x=a and 
y=a. To put it another way, if «=y=z=a then the 
same value of a is obtained from any two of the three 
equations (28), (29), and (36). It is interesting to note 
that the value of (g,2,a) (the echo) obtained from (36) 
is stationary provided Eq. (36) is enforced for the single 
value of z, z=a. On the other hand, if (28) and (29) 
are enforced for x=a and y=a, then all three quantities 
(g,2,a), (a,2,a) and (a,3,a) are stationary. 

To give a specific comparison between these two 
approaches, the echo from an infinite plane dielectric 
slab for a plane wave at normal incidence, has been 
computed from Eqs. (28) and (29) with x=a and y=a, 
and from Eq. (36) with z=/ and z=m. We note at the 








| (g,2,a) | 


nol 1—2 exp (2it/14+K)+exp(4it/14+K) — K? exp (4it)+2K? exp[2it(2-+K)/14+K]—K? exp(4it/1+K)| 


‘T. H. Crowley, “Variational Impedance Calculations,” Antenna Laboratory Report 478-5, Ohio State University (unpublished). 


2K | 1—expit/1+ K |?|1—exp2it| 
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Fic. 8. The source / just a 
inside of the source a. 


outset that the results of this comparison must be 
regarded as suggestive rather than conclusive for not 
only is the example specific, as opposed to general, but 
the assumed distribution is also specific. Note also that 
the assumed distribution, which is usually a function of 
position, in this case consists of four discrete values 
corresponding to the front and the back faces of the 
slab. Thus, if our approximation contains four inde- 
pendent adjustable constants, any set of tests which 
determines them uniquely is bound to yield the correct 
solution. 

The two methods were compared on the basis of the 
type of approximation represented by Eq. (30), which 
contains two adjustable constants. A crude approxi- 
mation is obtained by assuming equal and opposite 
electric and magnetic currents on the front and back 
faces, e.g., the distributions / and m can be represented 
by the pair of values (+1, —1). For thin slabs and low 
dielectric constants both methods give an echo which 
is four times the correct value, and for low dielectric 
constants, the maximum echo, as a function of slab 
thickness, is about twice the correct value. The situation 
here is that the differences between the two methods 
are overshadowed by the crudeness of the assumed 
distribution, which emphasizes the overriding impor- 
tance of starting from an assumed distribution which 
is nearly correct. A better approximation is obtained 
by assuming that / and m are represented by the 
distribution (+1, —expit) where ¢ represents the elec- 
trical thickness, i.e., ‘=wyteld, where d= thickness of 
slab and yw and « are the constants of the dielectric. 
This is the type of assumption used in physical optics 
and neglects reflection from the back face. For an 
incident field of one volt per meter the following 
formulas are obtained. The correct solution is 


2K | 1—exp2it| 
no| 1— K? exp2it| ' 





| (g,2,c)| = (39) 


The approximation given by Eqs. (28) and (29) is 
2K | 1—exp(it/1+K) |? 
| (g,2,a)| =- ———. (40) 
no|1—2 exp(2it/1+ K)+exp2it| 





The approximation given by Eq. (36) is 
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Fic. 9. The echo from a dielectric slab versus thickness. 


In Eqs. (39), (40), and (41), K represents the reflection 
coefficient for {= © ; i.e., 


K= (€-— 1)/(¢,+1), 


where ¢,=relative dielectric constant of the dielectric. 

These results are plotted in Fig. 9. It can be seen 
that the error in Eq. (40) is insignificant for <1 but 
becomes progressively worse for larger values of ¢ until 
there is practically no correlation with the correct 
result. Equation (41) is in error for small values of ¢ 
by the factor (K+1), but, unlike Eq. (40), it is correct 
in the vicinity of ‘=, although otherwise it shows 
practically no correlation with the correct result for 
large values of ¢. The behavior at ‘=m is interesting 
because the assumed distribution is correct at this 
value of /, and therefore both (40) and (41) might be 
expected to reduce to the correct result at ‘=a. The 
failure of Eq. (40) at ‘=m is due to the fact that the 
external field generated by / or m in a homogeneous 
dielectric is zero. Thus, while Eq. (29) is certainly 
satisfied it does not yield any information about the 
constants L and M, i.e., for ‘=m the test represented 
by Eq. (29) turns out to be trivial for the particular 
assumed distribution under consideration. This sug- 
gests that instead we should put the test source y 
inside of S, but then we find that in order to arrive at 
an enforceable condition we are brought back to 
Eq. (36). 


FURTHER PROPERTIES OF THE REACTION 


The foregoing example of scattering by a dielectric 
shows the need for a more elaborate formulation to 
handle cases where Eq. (1) is inadequate. When a and 
b [see Eq. (1) ] consist of surface distributions over the 
same surface S the field at a due to } is discontinuous 
and consequently the integral in Eq. (1) is not defined. 
In this case there are two possible values for the 
reaction which are obtained by imagining that a and 


(42) 
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b are slightly separated. If a is imagined to be just 
outside of b, we have 


(a,(b))= f fou (a) - E(b,external) 
“ — K(a)-H(6,external) ]dS; 


and for 5 just outside of a, we have 


((a),b)= f f [J(a)- E(b,internal) 
' ~ K(a)-H(b,internal) dS. 
It can be shown! that 
(a,(b))=((0),a), 


under the same conditions as are required for the usual 
reciprocity theorem [see Eq. (2) ]. It follows that 


((a) b) gee (a, (b)) 
= f [@xKO-IO)XxKo)}-mas. (46) 


(43) 


(44) 


(45) 


Thus 
((a),1,b)—(a,1,(b))=((a),2,b)—(a,2,(b)), (47) 
where 1 and Z represent any two environments. 

The formula (1) is also inadequate if a or 6 cannot be 
contained in a finite volume. For example the reaction 
between infinite traveling wave line sources can be 
defined as follows. Let the source distribution be repre- 
sented by J(x,y) expyz and K(x«,y) expyz, where the 
constant y is such as to represent waves which are 
attenuated as they travel along the z axis, and the 
medium is independent of z but is otherwise hetero- 
geneous. Then 


(a,6)= f [ex 086.9) 


+ K(a,x,y)oH (6,x,y) Jdxdy, (48) 


where o represents the matrix 


(10 0) 
ge if §. 0.), 


loo -1J 


and the surface 2 contains all sources.* This formula 
differs from Eq. (1) but can be applied in the same way : 
it represents the same physical observable. Modifica- 
tions similar to Eqs. (43) and (44) apply if @ and 6 are 
at the same place. 

Returning to the case where a and 3 are at different 
places, let S represent any surface which separates a 
and b (e.g., all parts of a are inside of S and all parts 
of b are outside of S). Then 


(a,b)= f f [H(a)x E(6)—H(6)X E(a)]-ndS, (49) 
8 


5 T. H. Crowley, J. Appl. Phys. 25, 119 (1954). 
*V. H. Rumsey, J. Appl. Phys. 24, 1358 (1953). 
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where n points away from a towards b. This illustrates 
another aspect of the reaction concept, for Eq. (49) 
states that the flux of the vector in brackets is conserved 
(provided S separates a and 5), and (a,b) represents the 
conserved property. This principle of conservation is 
self-evident from a physical point of view, for Eq. (42) 
can be interpreted as stating that the reaction between 
a and b is the same as the reaction between a and the 
equivalent sources nX E(b)= K(b) and H(b)xn=J(d) 
which generate the same field as 5 at a. It is apparent 
that the reaction between a and 6 is the same as the 
reaction between a and any source which produces the 
same field as b at a. 

The reaction concept can be extended to anisotropic 
media by using a more general form of the reciprocity 
theorem (which was brought to the author’s attention 
by M. H. Cohen). Let [E(a),H(a)] represent the field 
generated by the source distribution [dJ(a),dK(a) ] as 
before. Let [&(a),3¢(a) ] be the field generated by the 


same source when all media are replaced by the corre- 
sponding media whose macroscopig@constants w (per- 
meability), « (dielectric constant), and o (conductivity), 
are the transposes of the original constants. [If é 
represents the transpose of e, and A and B represent 
any two vectors, then the scalar product A- (eB) 
=B.-(éA) ]. Then the formula for the reaction is 


(ab)= ff [(E0)-43(0)-H@)-dK@)} (50) 


subject to the same conditions as Eq. (1) except that 
the media need not be isotropic. 
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Analytical expressions are derived for the particle flux from a point source which emits particles with 
an angular distribution (1/8) exp[—6/8]. The emission is into an infinite medium characterized by a 
strongly forward differential scattering cross section which can be approximated by a Gaussian 
2 (60) = (Z/ra) exp[ —#/a], and in which all cross sections are energy independent. In particular, an asymp- 


totic expression is obtained for large Zr, viz. 


o(r,0)~ 


INTRODUCTION 


DIFFERENTIAL scattering cross section which 
has a strong forward scattering peak can in some 
cases be approximated by a Gaussian, o(0)=[o/ (ma) | 
Xexp[—/a]. This approximation is physically real- 
ized in several different cases, among which are the 


‘differential Compton scattering cross section for y rays 


and the differential scattering cross section of high Z 
materials for very high-energy neutrons (E> 100 Mev). 

It is the purpose of this paper to show that under the 
small-angle approximation, #<1, for the energy-inde- 
pendent case an expression can be derived for the 
particle flux at x, y, 2, from a point source emitting par- 
ticles with an angular distribution [1/8] exp[—@/8 ] 
into an infinite medium which is characterized by a 
total cross section, 2,, and a differential scattering 
cross section, 2(6)=[/ (ma) ] exp[—@/a]. It will fur- 
ther be shown that an analytic expression for the 
distribution function at a distance z from an infinite 
plane source can be derived. 


ee exp{ - sed 
mr (E+ fatr) 


B+4arr J 
SMALL-ANGLE APPROXIMATION 


The differential elastic scattering cross section of 
several materials has been measured for 83-Mev neu- 
trons' and for 300-Mev neutrons.? The experimental 
results can be easily fitted by a Gaussian [o/ra] 
xX exp[—#/a]. The Gaussian character of the scattering 
is also displayed by the “opaque” theory of scattering. 
The “opaque” model gives an angular dependence 
[J:(K R6)/6? which upon expansion in a power series 
gives, neglecting terms in @ and higher powers, 


[3KR PL1—}(K RO)? |~(4KRF exp —}(KR8)?]. 


The total cross section for neutrons of >200 Mev 
seems to be roughly geometric and therefore inde- 
pendent of energy. Thus, considering the total cross 
section to be constant and the differential scattering 


' Bratenahl, Fernbach, Hildebrand, Leith, and Moyer, Phys. 
Rev. 77, 597 (1950). 

?W. P. Ball, University of California Radiation Laboratory 
Report 1938 (unpublished). 
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cross section to be [o/2a | exp[ —@/a] seem to be valid 
assumptions for neutrons in this energy region. 

For the case of Compton scattering, if one defines 
«= E/mce*, the photon energy after collision, ¢, is related 


to the photon energy before collision, ¢’, by 
e='/[ 1+ (1—cos6) ], 


where @ is the angle of scattering. The differential cross 
section for Compton scattering is given by the Klein- 
Nishina formula; 


a (0) = (1¢?/2) (€/ 6)" (e/€) + (€/e’)—sin’6], 


where ro=e’/mc*. For small-angle scattering, ®<1, 
e=«', (0) may be written as 


o (0) = 4re{1/ (14+ 462) 144 (6) +[1/ (14-4) ]—6) 
=r 7(1 se (e+ 4)? |r? exp — (+4) ]. 


Consider the following problem: given a unit point 
source at x=y <=0 with angular distribution (x8) 
Xexp(—@/8), where @ is the angle with the z axis. 
Assume that the particles from the source enter an 
infinite medium characterized by a total cross section 
y, and a macroscopic differential scattering cross 
section 2 (0) = (2/ma) expl —#/a]. 

The problem is to compute the flux/cm? through a 
plane z=constant at a point (x, y, 2). 


POINT-SOURCE ENERGY-INDEPENDENT 
CROSS SECTIONS 


Since a one-velocity model is used, one can represent 
the vector velocity of a particle by a point on the 
surface of a unit sphere. The x and y components of 
the velocity, £, , can then be represented by the 
projections 
(1) 


t=sin@ cosp, n=sind sing. 














> 


Se 
Z «CONSTANT ™ 





| 
1‘ 


7h 


Fic. 1. Path of particle from source to element dxdy 
in plane z= constant. 
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One finds then that sin’?@= +7’. Using the approxi- 
mation that #1, one then obtains 


P=P+7’, dQ=sinbdédp=dtdn, (2) 
and the differential scattering cross section is given by 


2 (0) =[2/ (wa) ] expl -—#/a] 
[2/ (xa) ] expl—(#+n*)/a]. (3) 


Since the scattering function is strongly peaked 
around £=n=0, no further error will be introduced if 
and 9 vary from —* to +. 

If a particle with velocity coordinates £, no travels a 
distance 7; before having a collision the position, 
coordinates of the particle will be x=rio, y=rino. If 
the collision changes the velocity coordinates by £1, m, 
the new velocity coordinates will be £o+£:, mo+-m, and 
if the particle travels a distance r2 to its next collision 
its position coordinates will be x=r,o+72(to+&,), 
y=rinotre(no+m). After n collisions the position 
coordinates will be 


X= kotre(Eot+ bs) +15 (bot Ei t+ bo) + ees 
+rngi (bot bi thot + *Ea), 
x=rhot bi (r—11) + bo(r—11— re) + £3 (4 — 1711 — re — 13) 
+:: +E, (1-11 —f2— 13— seem Py), 
y=rinotre(no+m)+r3(no+m +02) +: - 
+rnsi(no+mtnt:+-+nn), 
y=rnotm(r—11)+02(r— 11 — re) +03 (4 — 11 — r2— 13) 
+++ be. (y—93—%9—fe— ++ =a), 
where owing to the small angles of scattering it is as- 


sumed that 
n+l 


DL n=r= (x°+y+22)!. (See Fig. 1.) 


(4) 


(5) 


Now letting x/r=p, vy/r=q, (r—ri—re—r73— + ++ —9,)/r 
= Mi, 


p= both Emi, (6) 


g= n+d Niki, 
1 


dp= (dx)/r=dép, 
dq= (dy)/r=dno, 


dr dredr3:--dr,=r"duydurdus:++dun. (7) 


To calculate the probability that a particle from a 
point source which is emitting particles with an angular 
distribution [1/(#8)] exp[—@/8] about the z axis will 
reach a position x, y at a distance r from the source, 
we proceed as follows: Since &-+-n’26, the probability 
of a particle entering the medium with velocity coordi- 
nates in dfodm about £5, no is [1/ (8) ] exp — (£o?-+-m0?) / 
8 \d&odno. The probability that the particle will then 











” 
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travel a distance r;, and have a collision in dr;, which 
results in a change of velocity coordinates into d&dm,, 
about fo+é1, no+m is exp —Zw ]2dr,[1/ (wa) dé dn; 
Xexp[— (£°+°)/a]. The probability of the particle 
reaching x, y, r, after having n collisions, is 


on(r,x,y)dxdy= f {1/28 ] exp[— (£0?-+0)/B ]dtodno} 


X {exp — 21 J2dri[1/mo.] exp[— (&:°-+m”)/a dtd} 
X{-+-}f{exp[—Zy,, 2dr, [1/ra ] 

Xexpl— (En?+1n”)/a ldEndnn} expl—Zrnsi], (8) 
where: 


K=Kkotre (Eth) +13(bot+ bit b2)+ SEA 
t+rngi(Eot bit = “+&,), 


y=rynotre(no+m) +73(no+m+n2) +: : 
+Fnsi(no+m+net * + +n) 


The limits on £; and n; are, as discussed above, — © 
to +, and the r,’s vary so that O<n<r+re<1; 
trotrs S00) Site: ta Sr. 

By using Eqs. (5) and (7), Eq. (8) becomes 


dn=[(2r)"/ (w"ta"B) J[1/r?] exp[—Zvr] 
x | exp{ —[(&0?-+0?)/8 J— (1 a)% £?+7?} 


xX dé: . -dt,dn.- ° -dnrduy: . ‘din, (9) 


where 0<pn<Mn-1<***<i<1. Substituting (6) into 
(9), one obtains: 


exp[ —Zy_](Zr)”" 


onrlr, ’ )=- ‘gies her eal 
be eB) ra) 


x f expt—1/AC (P— ba)?+ QE ma)" 


a (1 /a)>- §?+n?7)}dé- ° -dt,dn,- ee 
1 
X dnndpi: a ‘dpn. (10) 


Making orthogonal transformations of the type 


ty'= (2 wei] bs nt}, w= b> ia) [b> ue}, 
(11) 


n 


t,/=> agi, 


ne’ => Bini. 
1 


Setting 


p= (2 ui? }}, 


we obtain 


exp[ —Zy ](Zr)" 
(8) (wa)*r? 





Gn (r,p,q) = 


x f exp{ — (1/8) (p— &1'p)?-+ (q—m'p)*] 


a /a)% btn," 


XK dé,’ +d&n’dyy' + dna'duy: . “dun. (12) 


The terms for i= 2 to i=n can be integrated directly. 
A sample term is 


f exp[ — (1/a) (§?+ ne)dé dn; =a. 
¢2(r,p,q) now becomes 


exp[ — Zw ](Zr)" 
belt digh earn eerace 
(xB) (ma)r? 


x f expt— 1/0 (p—&'o)"+ (g—m'p)? 


— (1/er) (12+ 1”) Jd Ey/dyy'duy-+-dun. (13) 
Upon completing the square and integrating over £1’, n,’ 
this becomes: 
exp[ —Zy](Zr)" 
¢.(7,~,9) = ———_—_ -——_ 


mr? 


B+ap’ 
O<pn<un-i<-++*+ <<. (14) 


xp[ — / (B+ap’ 
¥ e “(P+ ¢*)/ (B+ “1 


Mis dn 


n 


Since yu; only appears as > u?=p’, the integration 
1 


is unchanged by permuting the y,’s. Dividing by the 
number of permutations, m!, and letting 0<y;<1, one 
obtains 


expl —2](Zr)" 


o2(1, p,q) = 
rn! 
‘ exp — (p?+¢")/(B+<ap") } 
xf $$ ——$_$—_———adiydige dn. (15) 
0 B+ap* 


Now, since p’°+q7’@, then 
o» (1,0) = rn(ren (7,9), 
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where 
exp[ —Zy ](Zr)" 
I, (r) = - ; 
rn! 


1 exp[ - 
¥n(7,0)= (1 of 
0 B+ ap’ 


#/ (B+ ap’) | 
——dysdur: - dy 


Now performing a double Fourier transformation with 
respect to the variables p and q, 


(2, (71,2) = [ 1/ (29)? if [ vatr.o.) 


Xexp[i(wip+wg) |dpdg, 


Vn(r,p,q) = f f 0, (701,02) 


X exp[ —i(wip+woq) |dwrdw» 
one obtains 


1 © ~® 
0, (7,w1,02) = . f f f 
(29)*r wi ro « 


Pas. — (p+ q*)/ (B+ ap") +1(wipt+wog) | 
B+ ap’ 


Xdpdgqdu;::-duy. (16) 


Now, 
exp — p*/ (B+ap*) + teorp'] 


rv (B+ 24 
ap” 


= exp—jw1’(8+ap’), 


so 


Qa (7,01 2) = p/n f exp[ — } (w:?+-2") (8-+-ap?) ] 


X dusdur- 


=[1 antent-onf' ff f 


exp (— fami? + - — fA apn”) dur: dun, 


where 
N= wi? ws?, 


2, (r,001,w2) = [ (1/22) ] exp(—d*B/4) 


x {[rt/ (Aa!) ] Erf(atd/2)}", 
where 


Erf(x)=[2 aif exp[ — 2? dx, 
0 


vatroa=Cv/eeneif f exp[ — }\°B—i(wip+w2g) 


x {[art/ (Aa#) ] Erf (fa!) } "derdwe. 
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Now introducing the coordinates 
p=8 cosd, wi=A cosy, 
g=Osing, w=) siny, 
pwi+quw2= 8 cos(o—y), 


one obtains 


vatr)=(1/2nI f {[4/dat] Erf(Fa%d)}" 


x exp[ — 4\28— 18 cos(@—y) JAdvdyp 


=[1/(2n)] f ([4/dat’] Exf ata))* 
0 
x exp[ — 478 |Jo(A9)AdA, 
letting a'\/2=x«; 


Wn (1,0) =[2/ma] f To(20x/cr') {{¥/ (2k) ] Ext (x)}" 
: exp — Bx? /a_|xdx 


2(2r)” ex — ry] r” 
—--— pL a Jo (20x/a*) 


(ra)r’n! 


(17) 


$n(7,9) = 


X { [98 / (2x) ] Erf(x)}" exp[—Bx?/a Jxdx, (18) 


which is the number of particles reaching, r, 6 after 
having had n collisions. To find the total number of 
particles reaching 7, 0 one obtains the sum @,(1,9) from 
n=0 ton=o 


2 exp ~ _ Zu] 


$(r,0)=3 da(r0)=— f: Jo (20x/ce*) 
0 


rar’ 
X exp{ —[Bx?/a ]+[a'dr/ (2x) ] Erf(x)}xdx, (19) 


which is the desired result. 


ASYMPTOTIC SOLUTIONS 


An asymptotic solution of (19) can be obtained by 


noting that 
1 


flo)=[xY/(26)]Ext(o)= ff expl—eA Mt (20) 


0 


is equal to unity at x=0 and decreases monotonically 
to 0 as x approaches infinity. 
Near x=0, one has 


S (x)~1— 4’. (21) 
If =r is large, then exp[_=rf(x) ] decreases very rapidly 
as x increases. Thus it can be expected that the integral, 
(19), depends in the main on the values of exp[2rf(x) ] 
for small values of x. 
One obtains 


exp[2rf (x) |~exp[2r—42rx*]; 














POINT 


. Paxact 

exp[—Z] 
{ 0 1.532 10? 
t wr 


; 0.158 (9.06°) 1.460X 107---— 
7) re 


xpl—Zvr] 


eX} 
0.316 (18.1°) 1.268 X 107 


” 


7 
exp[—Zw] 


1,008 X 107—— 
mr? 


0.474 (27.2°) 
; thus 
¢(r,0)~[2/(rar*) | expl — (2.—2)r if J (20x /a) 


Xexp{—[ (8, a)+ 42r) |e? }ade. (22) 


This last integral can be evaluated explicitly. ‘The 
calculation yields 


exp[ — (2.—2)r] a 
~~ exp(- , —). (23) 
mr? (B+4arr) 8+ 4arr 


APPROXIMATE SOLUTIONS 


(7,0) 


for large values of =r. 


It is interesting to note the effect of assuming that 
the particle travels the same distance between each 
collision, i.e., [r;=r/(n+-1) ]. In this case, 


w= (r—r1—re—13— + +) /1= (n+1—1)/ (n+), 
(n+1—i)? (m+1)(2n+1) 


2-5 pee 
» (ntl)? 6(n-+ 1)? 





p= 


-M: 


? One obtains from (15), 


expl —2Zw ](Zr)" 
n(r6)=—————— exp[-6/an] 
‘ arn lan 
where 
n(2n+-1) 


a ’ 
6(n+1) 


(24) 


a,= 
and 


$(7,0)=5 bar), 


approx 0 approx 


* —Z; wo (Sr)” 
ope ° aes : (1/an) expl—@/an]. (25) 


Yr 0 nN. 





To test the accuracy of the approximate and asym- 
: ptotic solutions, PexactPasym, Papprox have been calculated 





SOURCE 


TaBLE I, Comparison at several angles of the exact, asymptotic, and approximate values of the probability $(r,). 
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KERNEL 





Pasym Pappros 
exp[—Zy] exp[—Zr] 
1.510 10’--—— 1.404 107 
xr? wr? 
exp[ —Zy] exp[—Z2v] 
1.445 x 10?-—- 1.348 10? es 
mr | 
expl—Zy ] exp[—Zy] 
1.264 10? 1.198 10? 
rr? wrt 
exp —Zy ] exp[—Z] 
1.014 107 0.984 x 107 


rr? 


for r= 16, a=B=0.1, 0=0°, 10°, 20°, 30° as shown in 
Table I. 

That the approximation, r;=1/(n-+1), has qualitative 
physical basis can be seen in the following manner. 
The coefficient of (1/a,) exp[ —@/a, | in Eq. (25) con- 
tains the term (=r)"/n! which has a maximum in the 
neighborhood of 2r=n+1 or, r/(m+1)=A, where d is 
the mean free path for scattering. Thus in Eq. (25) the 
term in (1/a,) exp[—@/a,] which has the largest 
coefficient is the term in which assuming r;=1/(n+1) 
is simply equivalent to assuming that the particles 
travel one scattering mean free path between each 
collision. Therefore, it is not too surprising that the 
approximate solution is fairly close to the exact solution. 


PLANE SOURCE—DISTRIBUTION FUNCTION 


If we use the small angle approximation, the transport 
equation for an infinite plane source can be written as 


Oo /d2+ZHy= f ¥(z, &, n')Q(E—£, n—n')dé'dn’, 


where 


vy=v(z,é,n), 
Q(E—£'n—n') =(2/na] exp{—((E—£')? + 9-0’)? Va}. 


Performing a double Fourier transformation with 
respect to and », and making use of the convolution 
theorem leads to a differential equation which has the 
solution 


0 (2,w1,w2) = [1/24 ] exp{ — 48 (w:?+ ws") —[2.— 240 ]z}, 


where ¥(z,w1,w2), Q(w;,w2) are the double Fourier 
transforms of ¥(z,£,n), 2(é,n), respectively. 

Performing the inverse transformation leads to a 
distribution function of the form’ 


¥ (2,60) =¥(20,0)=5 val2,0), 


3 Using somewhat different assumptions, similar results were 
obtained by L. L. Foldy and R. K. Osborn, Phys. Rev. 81, 400 
(1951). 
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Ksoizen/et; 6@+0° 
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(2K)) rt (K)}; Lee 16 
vxo{-(putja) Leena) 
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Fic, 2. Factors occurring in integrands of Eqs (19), (22) for 
a=8=().1 and various values of 27, @, plotted as functions of K. 


where 
exp[ — 2,2 ](Zz)" 
¥, (2,0) = exp[ —@/(na+ 8) }. 
wn! (na+) 





pany er my r r 
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Fic, 3, Integrands of exact expression, Eq. (19), and asymptotic 
expression, Eq, (22), for a=8=0.1; Zr=8, 16; 6=0 plotted as 
functions of K. 
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¥.(2,0) describes the distribution of particles at z 
which have had exactly n collisions. This can be seen 
by noting that 


fv-omao- [ (2z)"/n!] exp[—Zz } 


isfjust the integral of (15) over an infinite plane source. 


CONCLUSION 


The error introduced into the asymptotic solution, 
dasym, by approximating exp{— (Bx*/a)+[!2r/ (2x) ] 
X Erf(x)} by exp{ — (8x?/a)+2r(1—4x?)} can be judged 
by considering Fig. 2, which is a plot of the different 
parts of the integrands of Eqs. (19) and (22) for 
different values of 6 and =r. The entire integrands for 
some of the different cases are plotted in Fig. 3. 





. ‘agin 








Fic. 4. Plot of @asym(r,0) times {xr?-42r-exp[(Z.—Z)r]} as a 
function of the parameter a, for various values of Er, 0. 


For the case of r= 14, it is easily seen that the error 
is quite small for @=0°, 6°, 30°. In fact the above 
approximation is good to even larger 8, however, as is 
shown below, the accuracy of the “‘exact’’ solution is 
not good for very large @. For the case of r=8, the 
accuracy seems to be lower than for r= 16, but is still 
quite good. 

It is interesting to note the sensitivity of @asym to the 
constant which appears in the scattering cross section, 
(0)=1/(ma) exp(—@/a). Figure 4 shows asym plotted 
as a function of a for different values of 6 and Zr. The 
curve for 6=0 is independent of =r, and, as can be seen 
from the graph, is the most sensitive function of a. 

The assumption that the position angle, @, is small is 
made in the transformations leading to Eq. (17). This 
approximation could have been avoided and, using 
somewhat different transformations, a result similar to 
Eq. (17) could have been obtained. However, the 
utility of such a calculation is limited because an 
earlier approximation [Eq. (15)], implicitly assumed 
that @ is not large. 
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Dielectric Properties of Colored KCl Crystals 


T. Surra* 
Department of Electrical Engineering, Osaka University, Osaka, Japan 


(Received January 20, 1954) 


The dielectric properties of colored KCI crystals were measured from 20° to 600°C by the resonance 
method at 3 Mc/sec, and the number of color centers by the conduction method. The dissociation energy of 
the color centers in KCI was roughly calculated to be 0.36 ev from the data thus obtained. 





HE optical properties of colored crystals have 

been extensively studied from the theoretical and 
experimental points of view, but little has been pub- 
lished on their dielectric properties. We have previously 
observed an expansion of alkali halide crystals irradi- 
ated by x-rays,' a change of resonance frequency of 
piezoelectric crystals caused by coloration,’? and have 
measured the dielectric breakdown voltage of colored 
NaCl crystals.’ Some dielectric properties of additively 
colored KCI crystals are reported here. 
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Fic. 1. Time dependence of density of color centers in KCI crystal. 


The density of color centers in the sample was 
measured by means of conduction current at about 
600°C, and were found to be 10'’ to 10'* centers/cc. 
The sample dimension was 20201 mm and the 
electrodes used were platinum plates of 10X10 2 mm. 

The change of density of color centers NV versus time / 
at constant temperature was determined (Fig. 1). It 
may be seen that logN decreases almost linearly with 

* Present address; Laboratory for Insulation Research, Massa- 
chusetts Institute of Technology, Cambridge, Massachusetts. 

'K. Sakaguchi and T. Suita, Technol. Repts. Osaka Univ. 2, 
177 (1952): similar measurements have been made by Estermann, 
Leivo, and Stern, Phys. Rev. 75, 627 (1949). 

*T. Suita and K. Sakaguchi, Kansai Meeting of Electrical 


Engineers of fapan, No. 71, 1947 (unpublished). 
3 T. Suita, J. Inst. Elec. Engrs. (Japan) 69, 190 (1949). 





the time /, as in a first-order reaction. We found it very 
difficult, however, to measure the color density by the 
conduction method owing to the time required to raise 
the crystal to the higher temperature at which the 
conduction measurement was carried out. Using Fig. 1, 
the dissociation energy of the color centers is calculated 
to be about 0.36 ev. 

The dielectric constant and loss tangent were meas- 
ured at 3 Mc/sec in the temperature range from 20° to 
600°C (Fig. 2). These show an interesting behavior; 
« and tané increase rather rapidly at about 250° with 
temperature and decrease at about 500°C. However, on 
cooling, the crystal showed no large increase in ¢ and 
tané, as it does on heating; it behaved like a non- 
colored crystal. The colored crystal after this thermal 
cycle was transparent at room temperature. The di- 
electric properties of the noncolored crystal, as is well 
known, increase monotonically with increasing tem- 
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Fic. 2, Temperature dependence of dielectric constant 
and tané for colored KCI crystal. 


perature except for a number of Breckenridge-type dis- 
persions.‘ We found small dielectric dispersions near 
500°C, which we are now investigating. It is important 
to note that the color density decreases while the di- 
electric measurements are being carried out, especially 
at high temperatures. 

Our results show clearly that the rapid increase of « 
and tané in the previously mentioned temperature 
region is due to the color centers in the crystal. Because 
of the large orbitals of trapped electrons in the crystal, 
we may expect the centers or aggregations of centers to 
influence one another at very low concentrations. 

The author wishes to express his appreciation to 
Mr. S. Kondo and Mr. H. Okura for assistance in 
carrying out the experiments. 


‘S. Kondo and T. Suita, J. Phys. Soc. Japan 5, 375 (1950); 
R. G. Breckenridge, J. Chem. Phys. 16, 959 (1948). 
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The LCAO, or Bloch, or tight binding, approximation for solids is discussed as an interpolation method, 
to be used in connection with more accurate calculations made by the cellular or orthogonalized plane-wave 
methods. It is proposed that the various integrals be obtained as disposable constants, so that the tight 
binding method will agree with accurate calculations at symmetry points in the Brillouin zone for which 
these calculations have been made, and that the LCAO method then be used for making calculations 
throughout the Brillouin zone. A general discussion of the method is given, including tables of matrix 
components of energy for simple cubic, face-centered and body-centered cubic, and diamond structures. 
Applications are given to the results of Fletcher and Wohlfarth on Ni, and Howarth on Cu, as illustrations 
of the fcc case. In discussing the bec case, the splitting of the energy bands in chromium by an antiferro- 
magnetic alternating potential is worked out, as well as a distribution of energy states for the case of no 
antiferromagnetism. For diamond, comparisons are made with the calculations of Herman, using the 
orthogonalized plane-wave method. The case of such crystals as InSb is discussed, and it is shown that 


their properties fit in with the energy band picture. 





I. THE LCAO METHOD FOR SOLIDS 


NE of the standard methods for solving the 

periodic potential problems met in the theory of 
the electronic motions in solids is the LCAO (linear 
combination of atomic orbitals) or Bloch or tight 
binding method. This was originally proposed by 
Bloch,' and consists of making a linear combination of 
atomic orbitals located on the various atoms of the 
crystal, the coefficients being the values of the plane 
wave exp(ik- R) at the various positions R at which the 
atoms are located. In the present paper, we shall 
examine this method, noting that it becomes almost 
impossibly difficult to carry out with full rigor, on 
account of the enormous number of difficult integrals 
which must be computed. On the other hand, it has 
many attractive qualitative features, since it gives 
solutions showing all the correct symmetry properties 
of the energy bands, and it is rather easy to get solutions 
for energy bands at an arbitrary point in the Brillouin 
zone, whereas most other approximate methods become 
too difficult to carry out except at certain symmetry 
points of the Brillouin zone. With this in mind, we 
shall suggest using the LCAO method, not as a primary 
method of accurate calculation, but rather as an inter- 
polation method. We shall arbitrarily discard many of 
the terms which make trouble with the accurate calcu- 
lation, but shall retain those which are necessary to 
give qualitative correctness to the method. Instead of 
computing the various integrals analytically, we shall 
use them as disposable constants, to be chosen so that 
we shall fit the results of more accurate calculation 
made by other methods, such as the cellular method or 
the method of orthogonalized plane waves, which are 
capable of more accurate results, but only at restricted 


_, Supported in part by the U. S. Office of Naval Research, 
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1F, Bloch, Z. Physik 52, 555 (1928). 


symmetry points of the Brillouin zone. We shall give 
formulas useful in such applications of the LCAO 
method, and shall describe its use in discussing certain 
problems, including the face-centered and_ body- 
centered cubic and diamond structures. 

If we start with an atomic orbital ¢,(r—R,), located 
on an atom at vector position R;, and with quantum 
numbers symbolized by the subscript m, then we can 
form the Bloch sum 5-(R;) exp(ik- Ri)¢.(r— Rj), where 
the sum is to be extended over the atoms in equivalent 
positions in all the unit cells of the crystal. The sum 
as it stands is not normalized, but we shall later take 
up its normalization. We can set up such Bloch sums 
corresponding to each atomic orbital of an atom, and 
corresponding to each atom in the unit cell of the 
crystal. We find that there are no nondiagonal matrix 
components of the Hamiltonian operator, consisting of 
the kinetic energy and the periodic potential function, 
between two Bloch sums with different k’s. On the 
other hand, in general there are nonvanishing matrix 
components of the Hamiltonian between Bloch sums 
of the same k value, corresponding either to different 
atomic orbitals on the same atom, or to atomic orbitals 
on different atoms in the unit cell. Some of these 
nondiagonal matrix components vanish at special sym- 
metry points of the Brillouin zone, or special values of 
k, and it is this vanishing which leads to the special 
properties of the energy bands at these symmetry 
points. 

We can then set up an approximate solution of the 
periodic potential problem in the following way. We 
take a finite set of atomic orbitals on each of the atoms 
of the unit cell, going up from the lowest atomic states 
to those concerned in the highest levels occupied in 
the crystal, or somewhat higher. From each of these 
atomic orbitals, we construct a Bloch sum. For a given 
k value, we can then set up a wave function consisting 
of a linear combination of all these Bloch sums. In 
general, except at special k values, there will be matrix 
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components of energy between all these Bloch sums, 
so that we shall have a secular problem whose order 
equals that of the total number of atomic orbitals 
concerned, though at special k values there will be 
factoring of the secular equation, and resulting simplifi- 
cation. With modern digital computers, such secular 
equations can be solved, and the resulting wave func- 
tions and energy levels form useful approximations to 
the solution of the periodic potential problem. At a 
general k value, all roots of the secular equation will be 
distinct, and we group together the functions of different 
k value having the lowest energy as the lowest-energy 
band, those having the second lowest energy as the 
second-energy band, and so on, though at special 
symmetry points several energy bands can be degen- 
erate with each other. This is, in principle, a quite good 
method for approximating the periodic potential prob- 
lem. Its practical difficulties arise only from the 
enormous amount of numerical work involved in com- 
puting rigorously the various matrix components of 
energy, and as mentioned earlier, we shall later suggest 
certain simplications which make it practical. i 

It is rather surprising that many writers who have 
considered this method in the literature have not 
understood certain rather fundamental points. Thus, 
many writers have felt that in crystals of certain 
symmetry there were sets of wave functions which did 
not combine with each other, resulting in splitting of 
energy bands, which in fact do not occur. Bloch, in 
his original paper, only computed the diagonal matrix 
component of energy for a single Bloch sum, and gave 
no thought to setting up a secular problem relating to 
the combination of several Bloch sums. The first writer 
who specifically thought of anything but s atomic 
orbitals seems to have been Wilson,? who computed 
the diagonal energy of Bloch sums of p orbitals, but 
erroneously concluded that there would be no non- 
diagonal matrix components of energy between Bloch 
sums formed from the pz, p,, and p, atomic orbitals. 
He made this error on account of a misinterpretation 
of the results of Bethe*® concerning the symmetry 
properties of wave functions in crystals in which the 
potential has various types of rotational and inversion 
symmetry, as well as translational symmetry. Bethe 
had shown that electronic wave functions in such 
crystals can be chosen to transform under the symmetry 
operations of the point group like the various irreducible 
representations of this group, and by using such argu- 
ments had been able to derive results on the splitting 
of energy levels in the crystal, and on the vanishing of 
certain nondiagonal matrix components of energy. 
Some of the early writers on energy band theory failed 
to note the fact, pointed out later by Bouckaert, 
Smoluchowski, and Wigner,‘ that one cannot, in 


2 A. H. Wilson, Proc. Roy. Soc. (London) A133, 458 (1931). 

3H. Bethe, Ann. Physik 3, 133 (1929). 

4 Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936). 
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general, choose wave functions in this way and simul- 
taneously diagonalize the translational operations in 
the crystal. 

A wave function which diagonalizes the translational 
operations is one which, like a Bloch sum, is multiplied 
by the factor expi(k-R) when we make a translation 


_R which carries the lattice into itself; the factor 


expi(k- R) is the eigenvalue connected with the trans- 
lational operation. Bouckaert, Smoluchowski, and 
Wigner pointed out that associated with one k vector 
are several others, into which the first one transforms 
by one of the symmetry operations of the point group 
of the crystal. Thus, for instance, a general k vector in 
a cubic crystal is one of 48 vectors derived from the 
first one by interchanging x, y, and z, or changing signs; 
such vectors are said to form a star. It now proves 
necessary to make linear combinations of Bloch-type 
wave functions corresponding to all k vectors in this 
star, in order to form a wave function transforming 
according to Bethe’s prescription, according to an 
irreducible representation of the point group of the 
crystal. Conversely, in order to build up a function 
connected with one k value, and hence diagonalizing 
the translational operations, one must make a linear 
combination of functions transforming according to 
the various irreducible representations of the point 
group. Put more simply, a wave function of a given k 
value must be made up as a linear combination of 
functions having the symmetry properties of s, ps, py, 
ps, «** orbitals, and will not have the characteristics 
of any one of these types of orbitals. The exceptions 
come only for certain special k values, such as k=0. 
We see, then, that Bethe’s rules do not apply to wave 
functions of the Bloch type, corresponding to a definite 
k, except at special values like k=0. But as we have 
pointed out, this fact was not clear to various writers 
at first. In the LCAO method, we make up suitable 
wave functions at an arbitrary k value by making 
linear combinations of the Bloch sums made up of 
different atomic orbitals, in the way already described, 
and in general we have contributions coming from all 
the Bloch sums. The first paper in which it was realized 
that a secular equation must be solved between the 
various Bloch sums formed from different atomic 
orbitals seems to have been that of Jones, Mott, and 
Skinner® dealing with x-ray emission bands of metals, 
in which wave functions were made up by solving a 
secular problem between s, pz, p,, and p, Bloch func- 
tions. Oddly enough, however, in a later paper by Jones 
and Mott® the error was made of thinking that a 
threefold d band, formed from the functions of sym- 
metry xy, yz, 2x, was separated from a twofold band 
formed from functions like x*—* and 32?—r’; no non- 
diagonal matrix components of energy between the 
Bloch sums formed from these two types of atomic 
5 Jones, Mott, and Skinner, Phys. Rev. 45, 379 (1934). 


*H. Jones and H. F. Mott, Proc. Roy. Soc. (London) A162, 
49 (1937). 
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orbitals were considered. Actually, here as in other 
cases, there are nondiagonal matrix components of 
energy between all these types of Bloch functions, at 
an arbitrary k value, and the d band does not split 
into two subbands. This unwarranted simplification 
is also found in the first work of Fletcher and Wohl- 
farth’ on nickel, though it is removed in their second 
paper,*® which seems to be the first proper treatment of 
the structure of the d band by the LCAO method. 

In addition to the misunderstanding which we have 
just been describing, there is another widespread mis- 
conception about the method. This is the supposition 
that it is desirable for some reason to start by hybrid- 
izing the atomic orbitals, for instance, to introduce 
directed orbitals of some sort suggested by the sym- 
metry of the crystal. This misconception occurs particu- 
larly in the writings of those who, like for instance 
Pauling’ and Ganzhorn,"® do not make it clear whether 
they are using an energy band calculation, or a modified 
Heitler-London method. In the case of Lennard-Jones 
and his associates,’ using their equivalent orbitals, 
one gathers that they feel that there is some virtue in 
using hybridized orbitals of one type or another (that 
is, linear combinations of several atomic orbitals, on 
the same or adjacent atoms) for a straightforward 
calculation of energy bands, or of molecular orbitals 
in a molecular problem. This procedure is in fact of no 
value in most cases. 

One can start with atomic orbitals of the ordinary 
sort, space quantized with respect to a particular 
direction in space, or can use orbitals set up with 
reference to cubic axes, such as the pz, py, p, combi- 
nations of the p orbitals and the d orbitals varying as 
xy, yz, 2x, x*—y*, and 32’—?’, or finally one can use 
more complicated hybridized orbitals, such as the four 
tetrahedral directed orbitals formed from the s and 
the three p functions. With any one of these starting 
points, one can set up the Bloch sums of the atomic 
orbitals, and then can solve the secular problem be- 
tween these Bloch sums. The final result will obviously 
be the same no matter which set of atomic orbitals we 
start with. In fact, if we were going to use nm atomic 
orbitals per unit cell, we could make any » linear 
combinations of the original orbitals, form Bloch sums 
of these modified orbitals, and solve a secular problem 
using the modified Bloch sums, and in every case come 


7G. C. Fletcher and E, P. Wohlfarth, Phil. Mag. 42, 106 (1951). 
*G. C. Fletcher, Proc. Phys. Soc. (London) A65, 192 (1952). 
°L. Pauling, Phys. Rev. 54, 899 (1938). 

K, Ganzhorn, “Gruppentheorie und Quantenmechanik der 
Ubergangs metall-Strukturen,” thesis, Technischen Hochschule, 
Stuttgart, 1952 fag yr Z. Naturforsch. 7a, 291 (1952); 
Z. Naturforsch. 8a, 330 (1953). 

4 J, Lennard-Jones, Proc. Roy. Soc. (London) A198, 1, 14 
(1949); J. Lennard-Jones and G, G. Hall, Proc. Roy. Soc. 
(London) A202, 155 (1950); J. Lennard-Jones and J. A. Pople, 
Proc. Roy. Soc. (London) A202, 166 (1950); G. G. Hall, Proc. 
Roy. Soc. (London) A202, 336 (1950); Proc. Phys. Soc. (London) 
A66, 1162 (1953). (This last reference, which was not available 
when the present paper was written, has some resemblance to it 
in its general point of view.) 
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out with the same answer in the end. The only ad- 
vantage in one choice of atomic orbitals over another 
is convenience in calculating the matrix components 
or solving the secular equation. We shall be dealing in 
the present paper with cubic crystals, and shall use 
orbitals of the pz, py, Pz, xy, yz, etc., type, since they 
give about as much simplification as we can get. But 
in addition, these are just as useful in discussing the 
diamond structure as tetrahedral orbitals would be. At 
an arbitrary point of k space, in any case the matrix 
components will not simplify, no matter what form of 
atomic orbitals we use. Along special symmetry lines 
and planes, we can sometimes choose atomic orbitals 
leading to a factoring of the secular equation, and this 
is obviously useful; but the choice is different for 
different symmetry lines and planes. 

For solving the one-electron problem, in other words, 
there is no advantage in using hydridized or directed 
orbitals when dealing with crystals, or similarly in 
using directed or equivalent orbitals in solving the 
molecular orbital problem in a molecule. The advan- 
tages of such orbitals, if there are any, seem to lie in 
treating the many-electron problem, either by methods 
of configuration interaction or by other methods. It 
seems likely that by using directed or hybridized or 
equivalent orbitals, one can set up approximate treat- 
ments of electron correlation which express the prefer- 
ence of two electrons of opposite spin to be found in 
an orbital representing a covalent bond. But this use 
of such orbitals lies entirely outside the scope of the 
present paper, which deals with energy band theory, 
or one-electron solutions of Schrédinger’s equation for 
a periodic potential. 


II. SIMPLIFICATION OF THE LCAO METHOD 


We have seen in the preceding section the general 
outlines of the LCAO method for solids. We shall now 
examine it in more detail, show how complicated it is 
when applied rigorously, but indicate the simplifications 
which can be made if we treat it as an interpolation 
method. There is one complication which we can 
remove at the outset. If we start with the atomic 
orbitals ¢,, located on the various atoms of a unit cell, 
and make Bloch sums from them, then we shall find 
that these Bloch sums are not orthogonal to each other. 
The reason is that the ¢,’s connected with orbitals on 
different atoms are not orthogonal to each other. We 
can remove this difficulty by immediately setting up 
new atomic orbitals, linear combinations of the original 
ones, which are orthogonal to each other. This can be 
done most symmetrically by the method of Léwdin.” 
We shall assume that this is done, and shall call the 
resulting orbitals y,. By this procedure we still have 
not solved the periodic potential problem. We shall 
still find nondiagonal matrix components of energy 
between the Bloch sums formed from different Léwdin 


2 P.O. Léwdin, J. Chem. Phys. 18, 365 (1950). 
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functions y,. But the technique of solving the secular 
problem will be much simplified. These Léwdin func- 
tions y, show symmetry properties like those of the 
atomic orbitals ¢, from which they were derived. (See 
the Appendix for a proof of this.) For instance, if we 
start with a p, atomic orbital and construct orthogonal- 
ized atomic orbitals according to Léwdin’s prescription, 
in a cubic crystal, we shall find that the orthogonalized 
orbital formed from p, and from contributions of other 
orbitals on adjacent atoms, will still have the symmetry 
of a pz function. 

From these Léwdin functions, we can now construct 
Bloch sums, and if we write them in the form 
N-*S(R,) expi(k- R,)y,,(r— R,), where R; is the vector 
position of the atom on which the orbital is located, 
we shall find that these Bloch sums are normalized and 
orthogonal. We are assuming periodic boundary condi- 
tions, and the number of unit cells in the repeating 
region is V; the normalization is over this repeating 
region. The sum is over unit cells. That is, a Bloch 
function is to be formed from just one atomic orbital 
per unit cell. If we have several atoms per unit cell, 
even if some are identical with each other, as the two 
atoms per unit cell in the diamond structure, we are to 
use different Bloch sums for each atom in the unit cell. 
On the other hand, we are to choose our unit cells as 
small as possible. For instance, in the face-centered or 
body-centered cubic structures, we are to choose unit 
cells containing only one atom in the unit cell, instead 
of the conventional cube, which holds four atoms per 
cube in the face-centered structure, two per cube in the 
body-centered structure. 

We must now find the matrix component of energy 
between two such Bloch sums. If H is the Hamiltonian 
operator, this matrix component is clearly 


NS (R,,R,) expik- (R;— R,) 
x five R,)Hym(r—R;)dv. (1) 


The sum is over the V unit cells. We must remember 
that R; ranges over the positions of the atoms on which 
orbitals y, are located, while R; ranges over the posi- 
tions of orbitals y,. These may well be different, for 
these orbitals may be located on different atoms in the 
unit cell. But now we notice that one of the summations 
in the double sum of (1) can be eliminated, for it 
merely amounts to multiplying the single summation 
by NV, which cancels the factor V~'. In particular, let us 
eliminate the summation over R,, letting it be for 
instance the position of the atom in the central unit 
cell on which the orbital y, is located, and carrying 
out a single sum over R;, which amounts to summing 
over all neighbors of the original atom. Then in place 
of (1) we have 


> (R,;) expik- (Rj— R) [vate R,) Hn (r—R,)dv. (2) 
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In this formula, R;— R; is the vector displacement from 
the atom on which the orbital y, is located, to one of 
its neighbors on which an orbital y,, is located. 

The convenient feature which we observe from (2) is 
the very simple way in which each term depends on the 
propagation constant k, and the fact that each term of 
the summation can be identified with a pair of orbitals 
on neighboring atoms. The actual calculation of the 
integrals, however, can be extremely difficult. First 
we must find the orthogonalized Léiwdin functions, 
from the atomic orbitals, and this is a very considerable 
task. When this is done, each y, in (2) is a combination 
of atomic orbitals on many nearby atoms. Thus the 
integral in (2) can be made up as a linear combination 
of many integrals of the form of /¢,*(r—R,) 
X Hém(r—R,)dv. Now the Hamiltonian 7, involving a 
periodic potential, can be written as the sum of a 
kinetic energy operator, and a potential, which is 
approximately a sum of spherically symmetrical po- 
tential wells located at all the atoms of the crystal. 
Hence our integral is a linear combination of integrals 
of a product of an atomic function ¢,*(r—R,) located 
on the atom at position R,, another atomic function 
¢m(r—R,) on the atom at Rj, and a spherical potential 
function located on still a third atom. In other words, 
we have three-center integrals, of the form which are 
being worked on so extensively in the present study of 
molecules, and whose calculation is very difficult. All 
these complications add up to make the rigorous calcu- 
lation of the matrix components of energy an almost 
impossible task, not only because the individual terms 
are difficult to work out, but also because there are so 
many of them, combined in such complicated ways. 
The possibility is not excluded that eventually ways 
will be found to do this work by means of high-speed 
computers, but it will certainly be quite out of the 
question without such help. No calculations which 
have yet been made by the LCAO method for crystals 
approach real rigor, and Dr. R. H. Parmenter, in this 
laboratory, who has tried to estimate the labor involved 
in such a rigorous calculation, has concluded that by 
present methods it would be quite out of the question. 

We now come to the point where it is desirable to 
introduce our simplifications, which convert the method 
from a rigorous one to a rather simple interpolation 
method. We merely use the form (2) for the matrix 
components of energy, but replace the integrals by 
disposable constants, which we choose to fit accurate 
determination of energies at particular k values. We 
must be more precise about the way this is done, 
however. We wish only a finite number of arbitrary 
constants, for we have to fit only a finite number of 
accurate calculations of energy. To choose a finite 
number, we proceed as follows. We note first that there 
is every reason to think that the integrals in (2) will 
get smaller numerically as the atoms in question get 
farther apart. If the functions y, were atomic orbitals, 
instead of Léwdin’s orthogonalized combinations, then 
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such an integral would be zero unless the two atoms 
were close enough so that their orbitals overlapped to 
an appreciable extent. The orthogonalized Léwdin 
functions contain contributions located on neighboring 
atoms, and hence extend outward farther than atomic 
orbitals, so that the actual integrals in (2) will be 
appreciable for greater interatomic distances than if 
they were formed from simple atomic orbitals. Still 
our general statement almost certainly remains true, 
that the integrals will decrease fairly rapidly as the 
interatomic distance decreases. A first natural simplifi- 
cation, then, is to assume arbitrarily that all integrals 
are to be disregarded except those for neighbors lying 
closer than a certain minimum distance. We can use 
only nearest neighbors, or only nearest and second 
nearest, or only nearest and second and third nearest, 
according to how many disposable constants we wish 
to use. 

There is one thing to be noticed about the integrals 
in (2). Many of them must be related, through demands 
of crystal symmetry. Thus, if symmetry operations of 
rotation and inversion about the atom at position R,, 
where the orbital y, is located, will carry the atom at 
R, into another similar atom, in the same or another 
unit cell, then there will be relations between the 
integrals between the orbital y, and orbitals of type 
Wm on these various atoms, which clearly must all be 
at the same distance from the first atom. As a very 
simple example, in a simple cubic crystal the interaction 
integrals between an s orbital on the atom at the origin 
and s orbitals on atoms displaced by equal distances 
along the +x, +y, and +2 axes must all be equal. 
Rules like this, which can be studied by inspection or 
by the group theory, decrease greatly the number of 
independent integrals. When we take account of such 
rules, we find in some important practical cases, which 
we shall mention later, that if we use the integrals 
between nearest neighbors, or nearest and second- 
nearest neighbors, we have about the right number of 
disposable constants to fit the results of accurate calcu- 
lation at the various symmetry points in the Brillouin 
zone for which calculations have been made. This 
results in rather simple formulas for matrix components 
of energy, set up according to (2). 

Another simplification which we can make is to 
consider only atomic orbitals whose energy is somewhere 
near that of the energy bands we are interested in. 
Thus, if we are dealing with diamond, we can reasonably 
disregard the 1s atomic orbitals, treating only the 2s 
and 2p. Or, with an element in the 3d transition group, 
we can consider 3d, 4s, and possibly 4p atomic orbitals, 
but can disregard the rest, when we are concerned with 
the valence and conduction bands. We could not make 
such an approximation if we were making a rigorous 
calculation; we remember that one hazard of such 
calculations is that, if we use wave functions for outer 
electrons which are not orthogonal to those of the 
inner electrons and then apply the variation method, 
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we can arrive at entirely erroneous results. We are 
saved from such difficulties in our present method. By 
choosing our parameters so as to fit certain accurately 
determined energies, we know that we cannot possibly 
make a serious error. The use of relatively few atomic 
orbitals then reduces the order of the secular problem 
io a point where we can handle it without serious 
difficulty. Thus, for instance, in diamond, we need 
eight orbitals: 2s and the threefold degenerate 2p, on 
each of the two atoms of the unit cell. Hence we have 
an eighth-order secular equation, which is not difficult 
to solve with a digital computer. For an element of 
the iron group, the five d functions and the one 4s lead 
to a sixth-order secular equation and give quite good 
results; under some circumstances, we can simplify 
even further, disregarding the 4s, and having a fifth- 
order equation. 

There is a still further simplification which is some- 
times desirable, sometimes not, involving the neglect 
of three-center integrals. This is complicated enough 
so that we devote the next section to its discussion. 
Then we shall go on to the application of our method 
to several specific cases. 


Ill. THE TWO-CENTER APPROXIMATION 


Many writers on molecular problems have assumed 
that three-center integrals were negligible compared to 
two-center integrals. This is not really the case. Never- 
theless they are certainly smaller than the two-center 
integrals. And since we are neglecting many terms, 
and trying to reduce our problem to a form where it 
has just enough arbitrary constants to fit whatever 
information we may have, there may be cases where it 
is desirable to assume that we can disregard three- 
center integrals, thereby simplifying the situation even 
further. If we treat the potential energy in H as being 
the sum of spherical potentials located on the various 
atoms and disregard three-center integrals, then the 
only part of the potential energy we retain in (2) is the 
sum of spherical potentials located on the two atoms 
on which the atomic orbitals are located. Thus the 
integral becomes similar to the type which we should 
have in a diatomic molecule. If we consider the vector 
R;—R,, stretching from one atom to the other, to be 
an axis like that of a diatomic molecule, we can express 
each of the functions y as a sum of functions space 
quantized with respect to that axis. Thus if y were an 
atomic p orbital, we could express it as a linear combi- 
nation of a po and a pr, function with respect to the 
axis, and if it is a d function it is a combination of do, 
dr,, and dé,, where as usual o, m, and 6 refer to the 
component of angular momentum around the axis. 
Actually, the ¥’s are not atomic orbitals, but rather the 
Léwdin orthogonalized functions, but we have seen 
that they still have the same symmetry properties 
with respect to the crystal as the atomic orbitals, and 
it is not a bad approximation to assume that they can 
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be expanded in the same way. In the integral (2), we 
shall get a nonvanishing contribution only if we are 
dealing with o components of both ¥, and ¥m, or m4 
components of both, or x components of both, etc. 
Hence we can reduce all the various integrals appearing 
in (2) to a relatively small number. 

It is a straightforward matter of rotating axes and 
transforming spherical harmonics in terms of one set of 
axes into spherical harmonics with respect to another 
set, to find the nature of these integrals. Thus, let the 
atomic orbitals be set up with respect to a set of 
rectangular axes. We shall symbolize the pz, py, pz 
functions by x, y, 2; the various d functions by xy, yz, 
zx, x*—y’, and 32’—r*, which stand for the various 
functions whose dependence on angle is like that of the 
polynomials we have written, multiplied by appropriate 
functions of r. Then to set up the integrals in (2), we 
need contributions consisting of a product of an atomic 
orbital of this type on the atom located at R,, another 
atomic orbital on the atom at R;, and spherical po- 
tentials centered on these two atoms. Let the direction 
cosines of the direction of the vector R;— Rj, pointing 
from one atom to the other, be /, m, n. Then we can 
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symbolize one of the integrals by such a symbol as 
E,, 2, (l,m,n), meaning an integral in which the function 
¥, isa p,-like function ; ¥», a d function with symmetry 
properties like xy. This particular function can be 
written approximately in terms of two integrals: that 
between a po orbital on the first atom and a da orbital 
on the second; and that between a px on the first and 
a dx on the second. Let the first of these be symbolized 
by (pdo) and the second by (pdr); we shall assume 
that the first index, such as p, refers to the first orbital, 
the second, as d, to the second, and note that inter- 
changing the order of the indices has no effect if the 
sum of the parities of the two orbitals is even, but 
changes the sign if the sum of the parities is odd. We 
now find, by carrying out the analysis mentioned 
earlier, that EZ, .,(/,m,n)=V3Pm(pdo)+m(1— 29) (pdx). 
Similar formulas can be worked out for each of the 
combinations of functions, and are listed in Table I for 
all combinations of s, p, and d functions. The entries 
not given in the table can be found by cyclically 
permuting the coordinates and direction cosines. It is 
to be realized, of course, that the integrals like (pda) 
are functions of the distance between the atoms, so 


TABLE I, Energy integrals for crystal in terms of two-center integrals. 





| (sso) 

E,.: l(spo) 

Ezz P(ppo)+ (1—F) (ppm) 

Ezy lm( ppo) —lm( pp) 

| In(ppo) —In( ppm) 

E,, zy v3lm (sda) 

EE. «*-»! 4v3 (? — m*) (sda) 

Egat? [n? — 4 (1*+- m®) ](sda) 

Ex, zy v3P2m (pda) +m (1 — 29) (pdr) 

Ex,ys v3lmn( pda) — 2lmn( pdx) 

| ave V3Pn (pda) +n(1—2P) (pdx) 

Ez, 2*-y? 4v31 (2? — m*) (pda) +1(1—P+ m?) ( pdx) 

Ey, s*-y? §vV3m(P —m?) (pda) —m(1+P —m?) (pdx) 

E, «4° 4V3n(P —m®*) (pda) —n(l? — m?) (pdr) 

Ez,3:°- I[n?—4 (P+ m*) ](pdo) — V3ln*( pdx) 

Ey, 3°? m[n*— § (P+ m?) }( pdo) — V3 mn" (pdr) 

Ez, 3*-+? n[{n?—4(P-+ m?) ]( pda) +v3n(2+m?) (pdr) 

Ezy, zy 3P-m? (dda) + (P-+-m? — 422m?) (ddx) + (n?+-P-m?*) (dd8) 

Exy, ys 3lm'n (dda) +1n(1 — 4m?) (ddw)+1n(m*—1) (ddd) 

Ezy, sz 32mn (dda) + mn(1 —4/*) (ddr) +mn(P —1) (dds) 

Buy s*e? 3lm(P-— m?*) (dda) +- 21m (m? —I*) (ddx) + him (P — m?) (ddb) 

Byaaker §mn(P—m?*) (dda) —mn[1+-2(P? —m?*) ](ddx)+mn[1+4(P—m?) }(ddd) 
Erz,2*-y" jnl (P—m*) (dda) +nl[1 —2(P —m*) (dd) —nl[1 — 4 (2 —m*) ](dds) 
Ezy, s0°-9? V3lm[n? — § (2+-m*) ](ddo) — 2v3lmn? (dd) + 4v3lm (1-+n*) (ddé) 

Eye, 32-1" V3mn[n? — §(P+m"*) ](ddo)+V3mn (P+ m* —n*) (ddw) — 4v3mn(P-+ m?) (ddd) 
Ex, 10°? V3ln[n? — 4 (P+-m?) ](ddo) + v3in (P+ m? —n*) (ddx) —4v3ln(P-+ m?) (dds) 


: 
E,1_y2 24-y? 
E,*_y2 te*—? 


E; 2? 327+? 


2(2—m*)*(ddo)+[P-+m?— (°— m)*](dde)+[n?-+} (2 —m?)*](dds) 
4v3 (P —m*)[n?— 4 (P+ m*) ](ddo) + Vin" (m? —P) (ddx)+ 4v3 (1+-n*) (? — m*) (ddd) 
[n?— 4 (P+ m*) P (dda) + 3n?(P?+- m®) (ddr) + 3 (P+ m?)?(ddé) 
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that we shall have different values for nearest neighbors, 
second-nearest neighbors, and so on; these can be 
indicated by subscripts 1, 2, etc. Sometimes it is more 
convenient to indicate the argument of £,,,, and 
similar quantities, not by /, m, n, but by the actual 
coordinates of the second atom with respect to the 
first, perhaps expressed as a multiple of the lattice 
spacing. Such notations will be given later for the 
various special cases we consider. 

By the use of Table I, we can approximately express 
the various E integrals concerned in the problem in 
terms of a smaller number of integrals like (pdo), etc. 
In some cases, we shall find that the number of integrals 
like (pda) is exactly equal to the number of E integrals 
involved with neighbors of a particular interatomic 
distance, and in such a case one method has no ad- 
vantage over the other; we can compute one set of 
integrals from the other. In other cases, however, there 
are considerably more E integrals than integrals of the 
two-center type. In such a case, we must be guided by 
convenience as to which method to use. If we have to 
fit a considerable number of points by means of our 
disposable constants, we shall normally want to use 
the E integrals, since we have more of them. When we 
do this, we find in practice that they cannot be accu- 
rately derived from the smaller number of two-center 
integrals, showing that the two-center approximation 
is not very good. However, if we have fewer points to 
fit, it may happen that we cannot determine all the E 
integrals from the information at hand. In such a case, 
we may choose to assume that they can be expressed 
according to Table I in terms of two-center integrals, 
thereby having a smaller number of disposable con- 
stants, which we may be able to determine from the 
available information. Certainly the results will not be 
as reliable as if we do not make the two-center approxi- 
mation; but the two-center approximation may not be 
very bad and such a procedure may be better than 
nothing. Another use for Table I is that in some cases 
there are existing calculations using the LCAO approxi- 
mation, which almost invariably assume two-center 
integrals ; our table will make it convenient to compare 
our method with these existing calculations. 


IV. THE SIMPLE CUBIC STRUCTURE 


Though real crystals do not ordinarily show the 
simple cubic structure, nevertheless it is convenient to 
begin with it, both on account of its simplicity, and 
also because from the results of it we can immediately 
derive the behavior of the face-centered and body- 
centered cubic structures, Our task is to express the 
matrix components of the Hamiltonian, which we have 
written in (2), in a form convenient for use in the 
simple cubic case. As before, we use s, p, and d atomic 
orbitals, which we choose so as to form basis functions 
for irreducible representations of the cubic point group. 
These s, p, and d functions will have transformation 
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properties like the sets s; x, y, 2; xy, ys, 2x; 2—y?, 
322—r?. We let the atoms be located at the vector 
positions pai+qaj+rak, where p, g, r are integers, a is 
the lattice spacing of the simple cubic crystal, and 
i, j, k are unit vectors along the x, y, z axis. Let the 


‘subscripts , m refer to two out of the set of symbols 


5, %, Y, %, xy, etc. Then we shall denote our integrals 
by the expression 


En, m( P,Q") = ¥e"0) 4 r= pai— ga) rake. (3) 


That is, in this case, rather than using /, m, n as the 
arguments of the E symbols, it is more convenient to use 
actual atomic coordinates, so that 1= p(p?+q’+?r*)-|, 
etc. The integrals occurring in (3) are the ones to be 
inserted in formula (2) for the matrix components of 
energy. 

We now wish to express our matrix components of 
energy between the Bloch sums in terms of the smallest 
set of integrals of this nature that is possible. We make 
use of all relations between integrals which symmetry 
permits to reduce the number of atomic integrals which 
appear in the matrix elements of Bloch functions. 
Making use of these relations, the matrix elements for 
the simple cubic crystal are given in Table II. A 
symbol like (n/m), such as (s/x), etc., denotes the 
matrix component of the Hamiltonian between a Bloch 
sum of atomic functions of symmetry type m and one 
of symmetry type m. We have also used the abbrevi- 
ation §=ak,, n=ak,, (=ak,. 

The various E symbols occurring in Table II are all 
independent, so that in fitting known energy values, 
we may treat them all as disposable constants. On the 
other hand, in some cases we may wish to express these 
symbols in terms of the smaller number of two-center 
integrals, as discussed in the preceding section. In this 
case, we may use Table I to write all of the E’s in 
terms of these two-center integrals. In doing this, we 
must remember that the direction cosines in Table I 
are proportional to, but not equal to, the p, g, r of 
Table II. It is not hard to introduce the expressions of 
Table I into Table II, and we give in Table III the 
results of this substitution. Comparison of these tables 
allows us to see the considerable reduction in the number 
of disposable parameters introduced by using the two- 
center approximation. Thus, for instance, for inter- 
actions of d electrons on second-nearest neighbors, we 
have six independent integrals in Table II: E,,, -,(110), 
Ss zy (011), } a 22(011), Eu. $22- (110), E3,*- e*, 3e°—r* 
X (110), and E,+_,,.*,2(110). In Table III, these are 
all expressed in terms of three two-center integrals: 
(dda)2, (ddx)2, (ddé)». In some cases the reduction in 
number is less, or there is no reduction at all, as we 
have mentioned earlier. Each case is different, and 
must be separately examined by comparison of Tables 
II and III. 

There are obviously many different independent 
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TABLE II, Matrix components of energy for simple cubic crystals. 








(s/s) 


E,, (000) + 2E,, ,(100) (cost-+cosn+cost)+4E,, (110) (cost cosn+cost cos{+cosn cost) +8E, ,(111) cost cos cost 


(s/x) 2iE,, (100) siné+4iE, (110) (siné cosy+siné cost)+8iE, .(111) sin cosy cost 

(s/xy) —4E, ,,(110) sing sinn—8E, 2, (111) sing sinn cost 

(s/x*— y*) V3 E,, a2*-+?(001) (cost —cosn)-+ 2v3E,, 324 -2(110) (—cost cost+cosn cost) 

(s/322?—r ) E,, 32*-*(001) (—cost—cosn+2 cost) — 2E,, 3,2.,2(110) (—2 cost cosn+cosé cos{+cosn cost) 

(x/x) E,,2(000)+2E,, (100) cos§+2E,, , (100) (cosn+cost)+4E,, .(110) (cost cosn+cost cost)+4E,, (011) cosy cost 
+8E,, .(111) cost cosy cost 

(x/y) —4E, ,(110) siné sinn—8E,, ,(111) sing sinn cost 

(x/xy) 2iEz, zy(010) sinn+4EZ,, 2, (110) cost sinn+4sE,, -,(011) sinn cos¢+8iE,, 2,(111) cosé sinn cost 

(x/yz) —8iE, y2(111) siné siny sing 

(x/x —y*) V3iE,z 32*--2(001) sint+2vV3iE, 3.2--2(011) (siné cosn+siné cost) + 2iE£,, -*-,2(011) (sinE cosy —siné cost) 


(x/32?—r?) 


(z/32?—r*) 


(xy/xy) Ezy, xy(000)+ 2E zy, 2, (100) (cost+-cosn)+2E,,, 2y(001) cosé+4E,y, 2y(110) cost cosy 
+4Evy, 2, (011) (cost cost4-cosn cost) +8E zy, -y(111) cost cosn cost 

(xy/xz) —4E,,, (011) sinn sinf —8E,,, .2(111) cosé sinn sint 

(xy/x?— y*) zero 

(xy/32?—r*) —4Ey,, 322--°(110) siné sinn—8£E,,, 322--2(111) sing sinn cos¢ 

(xz/x*— y*) 2v3 Ecy, 32*-72(110) sine sing+-4v3 Ezy, 322--2(111) siné cosy sing 

(xz/32?—r*) 2E cy, 322~r2(110) sin€ sing +4£ zy, 322--2(111) siné cosy sing 

(x? — y?/x? — y*) E3.2~+?, 322--2(000) + $F 5.2_-* 322--2( 1001) (cosé+cosn) + 2E,*_,2 -2-42(001) (4 cost+ } cosn+cost) 


(3s —r /3s —r*) 


(x? — y?/32?—r?) 


+8iE,, .2_,2(111) sinE cosy cost 

— ik, 32*--2(001) sint—2iE, 3,?_,2(011) (siné cosn+siné cost) + 2V3iE,, .?_,?(011) (sinE cosn — sin cos¢) 
— (8/vV3) Ez, 2*-y2(111) sin cosy cost 

2iE,, 32*-+2(001) sing +4E,, 3,2_-2(011) (cosé sing+cosn sing)+ (16/v3)iks, 2*-y2(111) cost cosy sing 


+3E5.?_+?, 32%-2(110) (cost cosf{+cosn cost) +4E,*_,2 .2_,2(110) (cost cosn+ } cost cos{+ } cosy cost) 
+8£3,2_-?, 322--°(111) cosé cosn cost 

Ey2*— 74 322-7 (000) + 2E 322-27, 327-2(001) (4 cost+ } cosn+cost)+ fF,2_,2 .*_,2(001) (cost+cosn) 
+4E5,2_,? 3:*_77(110) (cosé cosn+ } cost cos{+ } cosn cost)+3E,*_,2 »2-y2(110) (cosé cost-+cosn cost) 
+8E3,*_-* 322--2(111) cosé cosn cost 

4vV3 E5,2_-? 32*_,2(001) (— cost+cosn) — 4v3 E,2_,2 2*-,2(001) (—cosé+cosn) 
+Vv3E322..+3, 324-3(110) (cost cost —cosn cost) — V3 E,*_,2 -2_,2(110) (cost cost —cosn cost) 





integrals and types of atomic functions in Tables II 
and ITI, and we should not try in any case to set up a 
problem so complicated as to include all types. In 
special cases, the problem will simplify greatly by the 
omission of many types of orbitals. In such cases, it 
may well be that the secular equation set up from these 
matrix components will be simple enough along certain 
special directions or in certain special planes so that it 
can be solved by elementary means; this arises mostly 
because many of the nondiagonal matrix components 
have factors sing, etc., which vanish in special cases. 
However, since real crystals do not show the simple 
cubic structure, we shall not try to set up special cases 
and discuss them here, but shall rather go on to the 
structures which actually occur in nature, starting 
with the face-centered cubic structure. 


V. THE FACE-CENTERED CUBIC STRUCTURE 


The face-centered cubic structure is that in which 
the atoms are located at points pai+qaj+rak, where 
p+q+r is an even integer. The nearest neighbors of a 
given atom are located at the twelve points whose 
p, q, r are like (110). The second-nearest neighbors 


are at the six points like (200), and the third nearest 
at the 24 points like (211). We see that as far as the 
nearest and second-nearest neighbors are concerned, 
the problem is very similar to what we have already 
met with the simple cubic structure. That is, the 
nearest neighbors with the face-centered structure are 
precisely the same as the second-nearest neighbors 
with the simple cubic structure, and the second-nearest 
neighbors with the face-centered structure are like the 
nearest neighbors with the simple cubic structure, only 
twice as far away. Thus, if we are interested only in 
nearest and second-nearest neighbors, we can deduce 
the matrix components of energy immediately from 
the results of Tables II and III. For the diagonal matrix 
component of an s state, for instance, the quantity 
(s/s) of Tables II and III, the corresponding formulas 
are 


(s/s) = E,, (000) +4E, ,(110) (cost cosn+cos cost 
+cosn cost) +2E, ,(200) (cos2&+cos2n+cos2¢) 
= E, ,(000)+4(ssa), (cost cosn+cost cost 
+-cosn cost) + 2(sso)2(cos2§+cos2n+cos2f). (4) 
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In a similar way, we can find all the other matrix 


components of energy. 

From the matrix components of energy, we can 
easily demonstrate all the various cases of symmetry 
found at various points of the Brillouin zone with a 
crystal of this type. For instance, at the center of the 
Brillouin zone, where £=n={=0, we see by inspection 
that all nondiagonal matrix components of energy 
vanish, so that our original Bloch functions are the cor- 
rect wave functions to form solutions of Schrédinger’s 
equation. We find, of course, that the diagonal energies 
of the three p states are all equal, so that they are 
degenerate at the origin. The d states, however, split 
into a threefold degenerate and a twofold degenerate 
set, as we should expect from Bethe’s rules. The reason 
why Bethe’s rules apply is that at this symmetry point, 
the star of k vectors contains only one member, and as 
a result we can diagonalize the symmetry operations of 
the point group and the translation operation at the 
same time. The energies of the two d states at k=0 
are found to be 


(xy/xy) = (yz/yz) = (2x/2x) 
= Bey, 2y(000)+4E zy, 2)(110)+8E,,, 2,(011) 
+4 Ezy, 2y(200) +2E zy, 2,(002), 
(x2?— y’, 2? — y”) = (32°—#?, 32?—1’) (5) 
= E5,*_,* 32*~-7?(000) +62 3,*_,* 3.2--(110) 
+6E,1_,?, 2-42(110)+3E5.*-2 3¢%-,2(002) 
+3E,1_,2 2*-42(002). 


As we depart from k=0, however, nondiagonal matrix 
components of energy between the various functions 
appear, proportional to & for small k values, and the 
degeneracy is removed. If we expand the matrix compo- 
nents in power series in &, n, ¢, and retain only the 
lowest terms, we can find the behavior of the energy 
bands in the neighborhood of k=0, and are led to 
secular equations of the type discussed by Shockley.” 
Our method, however, is not limited to small k values, 
and we can solve for the behavior of the energy bands 
throughout the Brillouin zone. 

The Briljlouin zone for the face-centered cubic struc- 
ture if of course identical with the Wigner-Seitz cell for 
the body-centered structure. We can easily demonstrate 
this fact from our matrix components of energy. By 
examining the reciprocal lattice, we find that the origin 
of the Brillouin zone, and the points §=+2, 7»=-+7, 
f=-+7, lying at the corners of the cube, must be 
equivalent points. The first Brillouin zone includes the 
region closer to the origin than to these points. To 
demonstrate the body-centered nature of the reciprocal 
lattice, we must show that when we increase £, n, ¢, by 
+n each, the energy is unchanged. When we examine 
the matrix components of energy, like those given in 
(4), we find that in fact each of them is unchanged when 
we make this change. Each of the components relating 


'’W. Shockley, Phys. Rev. 78, 173 (1950), 
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to a second-nearest neighbor in the simple cubic case, 
or a nearest neighbor in the face-centered structure, 
has a product of two sines or cosines in the expression 
in Table II or III, whereas each component relating to 
a nearest neighbor for the simple cubic case, or a second- 
nearest neighbor for the face-centered structure, has a 
single cosine, or the product of three, and these relations 
are just such as to assure the periodicity in the mo- 
mentum space. The same thing would hold, of course, 
if more distant neighbors were included. Such simple 
considerations allow us to study all the symmetry 
properties of the wave functions and energy levels, and 
show that the LCAO method is particularly well suited 
for pedagogical purposes, in discussing the degeneracy 
properties of wave functions. Since such deductions 
are very elementary in nature, we shall not carry them 
further. 

Many important crystals have the face-centered 
cubic structure, and the type of treatment we have 
sketched can be very useful for discussing their energy 
bands. A beginning in this direction is furnished by the 
discussion of Fletcher and Wohlfarth,’* of the energy 
bands of nickel. They have considered the five d 
electrons of nickel, omitting discussion of the 4s band 
which really overlaps the d bands. They have considered 
only nearest neighbors, and have computed the integrals 
(dda), (ddr), (ddé), using a two-center approximation, 
and suitable atomic orbitals and spherical potentials. 
They do not state their result in terms of these two- 
center integrals, but rather in terms of six quantities, 
which they call A;, A2, -++A6, which are very closely 
related to our quantities E,,,.,(110), etc. We have 
already stated that for the interaction of d electrons on 
second-nearest neighbors in the simple cubic structure, 
there are six such integrals, and these are simply related 
to Fletcher and Wohlfarth’s A’s. However, since they 
were determined from a two-center approximation, we 
should be able to work back from these A’s to find 
(dda), etc. When we examine the numerical values of 
Fletcher and Wohlfarth’s A’s, we find that in fact they 
satisfy the relations necessary to be derived from two- 
center integrals, and working backward from them, we 
find that they must be given by (ddc)=—0.2504E), 
(ddr) =0.1348E, (ddé)= —0.0204E, where Ey= 1.349 
ev. It is interesting to see the rapid decrease in the 
numerical values of these integrals, as we go from the a 
orbital, which of course will overlap the most, through 
the x to the 6 orbital, which overlaps the least. The 
alternation of sign of the integrals is demanded by the 
symmetry of the orbitals. 

If we use these values of the integrals and the matrix 
components of energy from Table III for the nearest 
neighbors in a face-centered cubic structure (that is, 
the second-nearest neighbors in a simple cubic struc- 
ture), and consider the five d states, we then find 
precisely the matrix components of energy considered 
by Fletcher and Wohlfarth. They have solved the 
five-by-five secular equation at many points throughout 
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TaBLe III. Matrix components of energy for simple cubic crystals, two-center approximation. 


So+2(ssa), (cost-+cosn+cost) + 4(ssa)2(cosé cosn+cosé cos{+cosn cost) +8(sse)3 cost cosy cost 
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(s/s) 
(s/x) 2i (spo), sinE+ 2v2i(spo)2(sinE cosn+sin£é cosf)+ (8/V3)i(spo)s sin cosy cost 
(s/xy) — 2v3 (spa)2 sink sinn — (8/vV3) (sdo)3 siné sinn cost 
(s/x?—y ) v3 (sda) ; (cost —cosn) + V3 (sda) 2(cost cost —cosn cost) 
(s/32?—r*) (sda), (—cos§—cosn+2 cost)+ (sdo)2(—2 cosé cosn+cost cos{+cosy cost) 
(1/x) pot2(ppo), cost+2 (ppm): (cosn+cost) + 2(ppo) (cost cosn+cosé cost) 
+2(ppm)2(cost cosn+cost cost{+2 cosy cost) +[ (8/3) (ppo)s+ (16/3) (ppr)s ] cost cosy cost 
(x/y) —2[(ppo)2—(ppr)2] siné sinn — (8/3)[ (ppo)s— (ppw)s ] sinE sinn cost 
(x/xy) 2i( pdx); sinn+ (4/6)i( pda)» cost sinn+2V2i(pd)s sinn cos¢+[ (8/3) (pda) s+ (8/3v3) (pdx), ji cost sinn cost 
(x/yz) [ — (8/3) (pdo)3+ (16/3v3) (pdw)s i sinE sinn sing 
(x/x?— y*) V3 (pda); sint — (3/2)4( pda) xi sint cos{+2v2 (pdr) j[sint cosn+4 sing cost ]+ (8/v3) (pdw)si sinE cosy cost 
(x/32?—r?) — (pdo) i sin§+ v2 (pda) vi[sinE cosn—} sinE cost ]— (1/6) (pdx) xt sint cost — (8/3) (pdr) sé sing cosn cost 
(2/32*—r?) 2i( pda), sing +[(1/v2) (pdo) 2+ (4/6) (pdw)s jiLcosé sing +cosn sing ]+ (16/3) (pdx) si cost cosy sing 
(xy/xy) do+-2(ddx) ; (cost+cosn) +2 (ddd); cos{+3(dda)» cost cosn+ 2 (ddr) 2 (cost cosf+cosn cost) 
+ (dd5)2(cost cosn+2 cost cos{+2 cosn cost) -+[ (8/3) (ddo)s+ (16/9) (dda) s+ (32/9) (ddd)s ] cost cosy cost 
(xy/xz) 2[ — (ddx)2+ (ddd) } sinn sing +[— (8/3) (ddo) s+ (8/9) (ddx)3+ (16/9) (ddé)3 ] cos€ sinn sing 
(xy/x?—y?) zero 
(xy/32*—r*) v3[ (dda) »— (ddé)»] siné sinn+ (16/3v3)[ (ddw)3— (ddd); ] sin sinn cost 
(xz/x?— y*) — 3[ (dda), — (ddé)»} siné sing — (8/3)[ (ddw)3— (ddd); ] siné cosm sing 
(x2/32?—r*) 4v3[ — (dda) + (dd5)» } sint sing — (8/3v3)[ (dd); — (ddd); ] siné cosy sing 
(x? — y?/x? — y*) do+ 3 (dda), (cost+cosn) + (ddd) (4 cost+ 4 cosn+2 cost)+4(ddm)s cost cosn 


dy+ (dda), (4 cost+ 4 cosn+2 cost)+ 3 (dds), (cost+cosn) + (dda) (cost cosn+ } cost cos{+} cosn cost) 
+3 (ddr) (cost cosé+cosn cost) +3 (dds) 2(cost cosn+} cost cosf+} cosn cost) 
+[(16/3) (ddx)3+ (8/3) (ddd); ] cost cosn cost 

4v3[ — (dda), + (ddd), ](cost —cosn) + [4 v3 (dda) , — V3 (ddx) »+ 4 v3 (ddd)» }(cosé cost —cosn cost) 


(32? — r*/32?—r*) 


(x? — y*/32?—r?) 


+[3 (dda)»+ (ddr) »+ (9/4) (dd5)2](cost cost+cosn cost) +[ (16/3) (ddx) s+ (8/3) (dd5)s ] cosé cosn cost 


the unit cell of reciprocal space, obtaining the distri- 
bution of energy levels in energy in this way. They also 
show that the secular equation can be factored, leading 
to no factor worse than a quadratic equation, in the 
100, 110, and 111 directions. This of course is to be 
expected. We can consider the symmetry of the wave 
functions for k vectors in these directions and can see 
that if we combine the various d functions to give 
combinations belonging to the appropriate irreducible 
representations for these directions, we shall get the 
factoring of the secular equation which they have found. 

The results of this calculation of Fletcher and Wohl- 
farth are very interesting, but the reader will see that 
they are not carried out exactly according to the spirit 
of the present discussion. Our present view would be 
that more accurate values of the energies at certain 
symmetry points could probably be found by other 
methods, such as the method of orthogonalized plane 
waves, and that it would be better to use the present 
method as an interpolation, determining the integrals 
as disposable constants. Fortunately, we have such a 
calculation of a crystal having the face-centered struc- 
ture. Recent results of Howarth“ on copper, by the 
cellular method, provide us with some of the necessary 
information. Howarth’s calculations are very accurate 


' D). J. Howarth, Proc. Roy. Soc. (London) A220, 513 (1953). 


but unfortunately are carried out only at k=0 and at 
the edge of the Brillouin zone in the 001 direction or at 
the point {=x, =n=0. We shall examine these 
calculations and see what information they can give us, 
using this as an illustration of the application of the 
method. 

If we let ¢ be arbitrary but assume £=n=0, the 
matrix components of energy for the face-centered 
structure take on the following form: 


(s/s)=E,, (000)+-4E, ,(110)+8E, ,(110) cose, 
(xy/xy) = Ezy, 2y(000)+4E,z,, 2,(110) 
+8E zy, 2,(011) cosf, 
(x2/x2) = (y2z/yz) = Ezy, 2,(000)+4E,,, -,(011) 
+4E yy, 2y(110)+4E zy, 2,(011) cost, 
(x 92/22 y8) 
= F;,*_,2 3,*_,?(000)+4E s_y? 22_y2(110) 
+6E;,*_,* 3¢2-72(110)4+2E,+_,2 2+_,2(110) cost, 
(32?— -?/32?—y?) 
= E;,*_,* 3,1-7?(000) +4E;,2_,7 3,2_,7(110) 
+6E,+_,* 2*42(110)+2E;,*_,* 2,7 7(110) cost, 
(s/32?—r*) =4E, 5,2_,7(110) —4E, 3,*_,2(110) cose. 





(6) 


All other nondiagonal matrix components vanish. We 
see that at k=0, where cos¢= 1, all nondiagonal matrix 
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components vanish, so that we are left with three 
energy levels: the nondegenerate s level; the threefold 
degenerate state formed from the functions xy, yz, 2x; 
and the twofold degenerate state formed from x*—y* 
and 32’—r’, A twofold degeneracy between the states 
xz, yz persists for all ¢ values, but otherwise the de- 
generacy is all removed when ¢ departs from zero, so 
that at {=m we have five distinct energies. Howarth 
has determined the three energy values we have just 
described at {=0, and the five at {=2. Let us see what 
information this gives us about the £ integrals. 

When we count up in Eq. (6), we find that there are 
nine independent £ integrals concerned in the formulas. 
Hence it is clear that we can determine all but one of 
these from Howarth’s calculations. When we examine 
the numbers, we see that we can proceed as follows. 
The nondiagonal matrix component (s/3z2?—r*) serves 
only to push apart the diagonal energies (s/s) and 
(322—#r?/322—r*) at f=7r. But the numerical values 
indicate that these two states are already far apart at 
this point in the Brillouin zone, so that a small non- 
diagonal matrix component would have almost no effect 
in pushing them further apart. We can then assume 
with very slight error that this nondiagonal matrix 
component is negligible at f=. We then use Eq. (6) 
to determine the eight integrals aside from E, 3,*_,7(110), 
which we neglect. This integral would become important 
only over the relatively small range of ¢ where the s 
function was having an energy close to that of the 
3z*—r* function; it would determine the details of the 
interaction of s and d functions where their energies 
cross. We cannot get information about this from 
calculations at the center and edges of the Brillouin 
zone. 
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Fic. 1, Variation of energy with wave vector in the 001 direction 
for Cu calculated using Howarth’s energy values at the center 
and boundary of the zone. (Symmetry symbols are taken from 
reference 4.) 
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Proceeding in this way, from Howarth’s numerical 
values, we can compute the values of the remaining 
eight integrals. These are tabulated in Table IV in 
rydbergs. The reader can find Howarth’s values, if he 
wishes, by substituting these integrals in Eq. (6). We 
plot the functions of £, given from Eq. (6), in Fig. 1. 
We see the way in which the s function cuts across the 
d band steeply ; we recall that if the matrix component 
(s/3z22—r*) were known, we should be able to show that 
the s function does not cut the d function 32?—r’*, but 
that their energies are pushed apart in the immediate 
neighborhood of the crossover point as schematically 
indicated by the dotted line in Fig. 1. Since, however, 
the energy of the s state varies so rapidly with k, we 
expect that this effect will not be felt far from this 
crossover point. It is this fact which makes it a rather 
good approximation to treat the problem of the five d 
electrons in a transition metal as independent of the s 
electron, merely superposing their final energy bands, 
as Fletcher and Wohlfarth have done. 

Comparison of Fig. 1 with Fig. 1 of Fletcher and 
Wohlfarth’s paper (reference 8) shows that the energies, 
as a function of k, in the 100 direction, show a surprising 
similarity though one energy level, that arising from 
the 32’—r’ state, behaves quite differently, rising with 
increasing ¢ in Howarth’s case, falling in Fletcher and 
Wohlfarth’s. But nevertheless the similarities are close. 
This is shown from Table IV, where we have given not 
only Howarth’s values of the integrals, but also those 
computed from Fletcher and Wohlfarth’s integrals 
(dda), etc., which we have already mentioned, expressed 
in rydberg units so that they are comparable with 
Howarth’s integrals. The agreement of the integrals 
Ezy, zy(110) and E,z,,2,(011) is surprisingly good. The 
disagreement of the other two integrals computed by 
both methods is, of course, a result of the discrepancy 
between the behavior of the 3z’—r’ state, showing that 
the behavior of this state cannot be described in terms 
of two-center integrals. Fletcher and Wohlfarth’s calcu- 
lations, of course, assume identical values for the 
quantities Ezy, 2,(000) and E;,+_,*, 32+_,2(000), since these 
must be equal in the two-center approximation. Since 
this quantity merely appears as an additive constant in 
Fletcher and Wohlfarth’s calculation, we cannot deter- 
mine it in their case. It is interesting to see that the 
difference between the two integrals as determined by 
Howarth’s calculations, though appreciable, is by no 
means large. Fletcher and Wohlfarth’s calculations of 
course give no information about the s state, and 
neither theirs nor Howarth’s give information about 
the interaction between s and d states, as we have 
pointed out. 

This discussion of the resemblances and differences 
between the calculations of Fletcher and Wohlfarth on 
nickel, and of Howarth on copper, carried out by quite 
different methods, suggests that in the future, when 
more accurate calculations are made for more metals 
showing the face-centered structure, comparisons of 
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this type may prove quite valuable in discussing the 
variation of the energy bands from one element to the 
next. Further calculations now being carried out in this 
laboratory by Howarth on copper, if successful, should 
provide more complete information about this sub- 
stance, perhaps filling in some of the gaps in Table IV. 


VI. THE BODY-CENTERED CUBIC STRUCTURE 


The body-centered cubic structure can be handled by 
methods similar to those we have just used for the 
face-centered structure. It has atoms at points pai 
+gqaj+rak, where p, q, r are all even, or all odd, 
integers. The nearest neighbors of a given atom are the 
eight of type (111), the second nearest are the six of 
type (200), and the third nearest are the twelve of 
type (220). We see that all three of these types are 
similar to those met in the simple cubic structure, the 
first being equivalent to the third-nearest neighbors in 
the simple cubic structure, the second to the nearest 
neighbors in the simple cubic structure, but twice as 
far away, and the third being equivalent to the second- 
nearest neighbors in the simple cubic structure, but 
twice as far away. Thus we can read the matrix compo- 
nents of the energy for all these types of neighbors 
directly from the results of Tables II and III. For the 
s state, for instance, we have 


(s/s)=E,, (000) +8E,, ,(111) cost cosy cost 
+4E, ,(200) (cos2é cos2n+-cos2é cos2¢ 
+cos2n cos2{)+2E,, .(220) (cos2¢ 
+cos2n+cos2¢). (7) 


As with the face-centered structure, it is interesting 
to check the relationship between these energy expres- 
sions and the periodicity in the reciprocal lattice and 
the structure of the Brillouin zone. The reciprocal 
space must show a face-centered cubic type of sym- 
metry, the points such as £=0, 7»= {= 7 being equivalent 
to the origin. If we make this transformation, we see 
that the expression (7) is unchanged, and examination 
of Tables IT and IIT shows that the same thing will be 
true of each matrix component. We can also easily 
check the special symmetry properties at the center 
and other symmetry points of the Brillouin zone. 

There are a number of important metals which show 
the body-centered structure: the alkalies, on the one 
hand, and some of the transition metals, on the other. 
The alkalies have of course been the subject of much 
study, and the indications from both the cellular 
method and the method of orthogonalized plane waves 
are that the conduction band is rather closely like that 
characteristic of free electrons, explaining the success 
of the free-electron model in treating these simple 
metals. The fact that the alkali metal energy band is 
so nearly free-electron-like throws some interesting 
light on our approximation method. The fact appearing 
from the free-electron nature is that the curvature of 
the energy surface at k=O is much less than that at 
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TasLe IV. Energy integrals (in rydbergs) for face-centered cubic 
structure of Ni (Fletcher and Wohlfarth) and Cu (Howarth). 








Howarth (Cu) 





Integral Fletcher and Wohlfarth (Ni) 

E,, (000) -+-0.0366 
E,, (110) —0,0683 
Ezy, 2y (000) —0,6388 
Eas*-+*, s5*-*(000) —0.5925 
Ezy, zy(110) —0.01928 —0.0253 
Ezy, zy (011) -+0.00574 +-0.00683 
Eye*_+?, ag?—7*(110) — 0.00786 —0,00375 
Fg 2t-y(110) +0.01353 —0.00500 
Exy,22(011) —0.03116 

Ezy, a2?-*(110) —0.03917 








the boundaries of the Brillouin zone. We see from Eq. 
(7) that in the 100 direction, for »>={=0, the energy is 
given by 8£,,,(111) cos§+[8E,, ,(200)+2£,, (220) ] 
Xcos2é+constant. Now if the quantities Z,, ,(200) and 
E,, (220) were determined as real energy integrals from 
atomic orbitals, they would have to be negative, just as 
E,,,(111) is. We then see at once that these terms 
would increase the curvature already present from the 
first term at £=0 but would decrease it at =. In 
other words, if we had this sign for Z,,,(200) and 
E,, (220), we should have a curvature of the energy 
surface which (numerically) would be greater at k=O 
than at the boundary of the zone, which is contrary to 
our other information. It must be, then, that to fit the 
known properties of the energy surface, we must choose 
the quantities Z,,,(200) and E, ,(220) of opposite sign 
to what we should find if we regarded them as energy 
integrals between atomic orbitals, and we may by no 
means neglect them. This emphasizes the importance 
of our principle that these quantities are really to be 
regarded as disposable parameters rather than atomic 
integrals ; we may be led seriously astray if we disregard 
this fact. On the other hand, if we computed the 
integrals properly from Léwdin functions, we might 
well get this opposite sign for the integrals for more 
distant neighbors; for the characteristic of the orthogo- 
nalized functions is that they must have contributions 
on rather distant atoms, of opposite sign to those on 
the central atom where the orbital is located, which 
might change the sign of the integral. 

The greatest interest of the body-centered structure 
comes not from the alkali metals, however, but from 
the tight bound transition metals showing this structure, 
vanadium, chromium, one of the forms of iron, mo- 
lybdenum, tantalum, and tungsten. These metals, on 
account of their tight binding, and on account of the 
slight antiferromagnetic properties of chromium and 
the ferromagnetic behavior of body-centered iron, have 
a very great interest and practical importance. Unfortu- 
nately, we do not have any really reliable determination 
of the structure of their energy bands, by any method. 
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Lacking such information, it is tempting to ask how 
much our simplified LCAO method can tell us. Accord- 
ingly, we shall give here a treatment of the behavior of 
the 3d band in such a metal, though, since we have no 
correct caiculation to start with, we must arbitrarily 
assume values for the various integrals. Even in this 
way we can derive interesting results, and our present 
work can form a framework for more accurate treat- 
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Fic. 2, Variation of energy with wave vector along various 
lines in reciprocal space calculated for body-centered structure 
using Fletcher and Wohlfarth’s values for the nearest-neighbor 
d interactions. (a) 001 direction; (b) 011 direction; (c) 111 
direction; (d) parallel to 001 direction with &=0, n=2/6; (e) 
parallel to 001 direction with =72/18, n=x/6. (Symmetry 
symbols are taken from reference 4.) 


ments of this structure, when calculations by better 
methods become available in the future. 
p. Since we have no better information, we shall use the 
two-center approximation, and since we have no values 
for the integrals (dda), (dd), (ddé), we shall use the 
same ones determined by Fletcher and Wohlfarth for 
nickel. The absolute values of these integrals would 
certainly be different for the elements having the body- 
centered structure, but very likely the ratios of the 
three integrals would not be very different. Hence it 
seems likely that our treatment can give some idea of 
the general form of the energy bands, though not of 
the absolute width. We assume, of course, only nearest- 
neighbor interactions, as Fletcher and Wohlfarth did 
for nickel. Then the matrix components of energy are 
found from Table III, using the values appropriate for 
third-nearest neighbors in the simple cubic case. 

We have taken the secular equation and values of the 
integrals which we have just described, and have solved 
the five-by-five secular equation at many points through 
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the Brillouin zone. This calculation was made on the 
Whirlwind digital computer, and we wish to thank the 
authorities in charge of that computer, and in particular 
to thank Dr. Alvin Meckler, who assisted in the 
programming, for their help in making the calculations. 
Energy levels were computed on a network of points 
10 degrees apart along the axes (that is, for intervals 
of r/18) for £, n, and ¢. Calculations had to be made 
at 220 independent points in the Brillouin zone:'* for 
E<n<{<-1/2. The limitation that &, n, ¢ be less than 
1/2 will be discussed in a later paragraph ; it proves to 
be the case that the roots for larger values of these 
quantities can be obtained at once from values when 
they are less than 2/2. 

Calculations at these points did not all have to be 
made by solving the secular equation, since it proves to 
to be possible to get an analytical solution at all points 
in the xy plane, or for ¢=0. If we take the matrix 
components, and insert this value of ¢, we find that 
the only nondiagonal matrix components of energy 
which do not vanish are (xz/yz) and (xy/3z?—r*). Thus 
the secular equation factors into a quadratic equation, 
involving the functions xz and yz; another quadratic, 
involving xy and 3z?—r*; and the function x*—y*, which 
is a solution as it stands. 

In Fig. 2," we show the energy levels as computed in 
this way, along a number of lines in the reciprocal 
lattice. In Fig. 2a, 2b, and 2c we show the energy 
along the 001, 011, and 111 directions. By comparison 
with Fig. 1, or with the figures in Fletcher and Wohl- 
farth’s papers, we see that the arrangement of energy 
bands is quite different in the body-centered structure 
from what it is in the face-centered structure: at the 
origin, the energy levels are near the top and bottom 
of the band rather than near the center, as in the face- 
centered structure. This would lead us to expect a 
large density of levels near the top and bottom of the 
band, with a dip in the middle, which as we shall show 
in a moment really occurs. We also show two curves 
indicating the way in which the degeneracy is removed 
as we move away from symmetry positions in the 
Brillouin zone. In Fig. 2d, we show curves for the 


16 A complete table of the eigenvalues of the 220 secular equa- 
tions, in hectographed form, may be obtained by writing the 
authors. This table has also been deposited as Document No. 4225 
with the ADI Auxiliary Publications Project, Photoduplication 
Service, Library of Congress, Washington 25, D. C. A copy 
may be secured by citing the Document number and by remitting 
$1.25 for photoprints or $1.25 for 35-mm microfilm. Advance 
payment is required. Make checks or money orders payable to: 
Chief, Photoduplication Service, Library of Congress. 

158 Tn the ordinates of Figs. 2 and in the abscissa of Fig. 3, the 
unit of energy is incorrectly indicated. Instead of the rydberg 
the unit of energy should be Eo= 1.349 ev. (The unit of energy 
in terms of which Fletcher and Wohlfarth express their nearest- 
neighbor interactions between d functions for the face-centered 
structure.) In any case, the scale of energy in these diagrams 
should not be taken seriously. There is little reason to believe 
anything but the ratios of the nearest-neighbor d interactions is 
correct as we have used them. We expect that the broad features 
of the curves are correct but do not believe that the actual numer- 
ical values of the energies are significant. 
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energy levels for &=0, n=2/6, ¢ arbitrary. By com- 
parison with Fig. 2a, we see that the double and triple 
degeneracies found in the 001 direction are split, but 
that an accidental degeneracy is still permitted, since 
we are still in a symmetry plane. In Fig. 2e, we have 
t=7/18, n=7/6, ¢ arbitrary. The accidental degeneracy 
present in Fig. 2d is now removed, the energy levels 
being modified so that they cannot cross at all. This is 
a sample of what happens in other general directions 
in the Brillouin zone. 

From these calculations, we have found values of 
N(E), the number of states in a given energy range. 
We have done this in the following way. We have 
set up curves, like Figs. 2a, 2d, and 2e, for all the 
calculated values of — and 7. In each of these curves, 
we have subdivided the energy range into small intervals 
(0.05 unit) and have measured the relative extent of 
the ¢ axis for which the curve lay within each of these 
intervals. This results in a step curve for N(E) deter- 
mined from each of these energy curves. We have 
finally added these step curves for all the various energy 
curves, weighting each one properly. Since we have 
used a finite net, and a finite energy interval, this of 
course does not give a smooth curve, and one could 
get better results by more elaborate methods of calcu- 
lation; but since our problem is only illustrative any- 
way, it did not seem worth while to take greater pains 
in calculating the energy distribution. The results of 
this calculation are shown in Fig. 3. We see, as we 
suspected, that there is a decided dip in the density of 
states curve in the center. There is a good deal of 
experimental evidence, based on electronic specific heat 
and other evidence, for such a dip, though we shall 
not go into the details here. The curve of Fig. 3 is 
symmetrical about its midpoint, for reasons which we 
shall now discuss. 

The reason for this symmetry is the existence of a 
type of reflection symmetry of the whole problem 


7 





- 
T 


mie) 


PES 








T 
at 
Ua 
a 4. I 4. 4 i 4. 4. A 
e aT) 66 "a4 “62 ° 62 oa cry Cy) 
€ (RYOBERGS) 


Fic. 3. Density of states curve for body-centered structure 
calculated using Fletcher and Wohlfarth’s parameters for the 
nearest-neighbor d interactions. The total area under the N(E) 
curve is five corresponding to five states. 
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Fic. 4. First Brillouin 
zone for the body-centered 
cubic structure showing the 
inscribed cube bounded by 
the — t=+7/2, 7= 
+n/2, f= +7/2. 
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about the planes §=+2/2, or n=+2/2, etc. These 
planes enclose a cubic volume half the volume of the 
Brillouin zone. This is made clear from Fig. 4 in which 
we show the whole Brillouin zone and the cube under 
discussion. The Brillouin zone consists of the cube and 
of pyramids extending outward from each face of the 
cube. If these pyramids were reflected in the faces of 
the cube, so that they extended inside rather than 
outside the cube, they would just fill the cube. The 
symmetry property to which we have referred can 
then be stated as follows: the energies of the five states 
at a point in one of the pyramids, outside the cube, and 
at the mirror image of this point reflected in the face 
of the cube, therefore located in the corresponding 
pyramid inside the cube, are the negatives of each 
other. (In this statement, we are assuming that the 
additive term in the energy, Ezy, 2,(000), is zero.) Thus 
all the energies inside the cube occur with the opposite 
sign at corresponding points outside the cube, proving 
the symmetry of the V(Z) curve to which we have 
just referred. 

To prove this theorem, we wish to show that the 
roots of the secular equation are unchanged if, for 
instance, we change ¢ to m—{, and leave & and 7 
unchanged. That is, we change the sign of cosf but 
leave all other sines and cosines unchanged in our 
matrix components. We can now examine the matrix 
components in detail. Let us change the sign of cos¢; 
change the sign of the energy £ in the secular equation ; 
and furthermore, change the functions xz and yz to 
—xz and —yz, thereby changing the sign of all matrix 
components containing one of these functions, but 
leaving those components unchanged which contain 
neither or two of the functions. When we do this, we 
discover that the sign of every term in the secular 
equation has changed, so that its roots are the same as 
before. Since these roots now give the negative of the 
energy, on account of changing the sign of EZ, we have 
proved our theorem. One very useful result of this 
theorem is that it reduces by half the volume of the 
Brillouin zone in which we must compute the energies, 
in order to find N(£). 

One account of the reflection property just proved, 
we see that on the faces of the cube equal positive and 
negative energy levels must occur in pairs, That is, 
since there are five levels, one must be zero, and the 
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others must be plus and minus two values. This suggests 
that the secular equation should factor into quadratics 
along these faces, and this is in fact the case. It does 
not follow from the vanishing of matrix components, 
but if we multiply out the whole secular equation, we 
find that it has a factor E, and the remaining fourth- 
order equation becomes a quadratic for E’, leading to 
the properties described. We shall not write down this 
quadratic equation, but it is not hard to derive and it 
obviously leads to additional points in the Brillouin 
zone where we can solve the secular equation analyti- 
cally, rather than having to use the digital computer. 

The cube which we have introduced in Fig. 4 has a 
special significance. Suppose we considered the problem 
in which the atom at the center of our body-centered 
cubic structure was of one type, but its eight nearest 
neighbors were of another sert. We should then have 
a simple cubic structure with two atoms in the unit 
cell, the cube having a side of 2a, in our present nota- 
tion, and one atom being at the corner, the other at 
the center, of the unit cell. The cube in the Brillouin 
zone which we have been discussing is then just the 
Brillouin zone for this simple cubic structure. It is 
now easy to modify our discussion so as to take up 
this case of two unlike atoms. This case is of consider- 
able importance. It is met in some alloys; for instance, 
in the ordered form of CuZn, though in that case we 
should be more interested in the 4s and 4 levels than 
in the 3d. But in particular, it is probably met in 
chromium, on account of the antiferromagnetic nature 
of that element. It has been suggested by one of the 
writers'® that electrons of one spin, in an antiferro- 
magnetic substance, may see an alternating potential, 
having one value in atoms whose spin is preponderately 
in the same direction as the spin of the electron in 
question, but having a higher value in atoms of opposite 
spin. We know from the work of Shull and Wilkinson!” 
that chromium appears to show a small antiferro- 
magnetism, corresponding to about 0.4 Bohr magneton 
per atom. Thus we must conclude that the electrons 
feel such an alternating potential, and that as far as 
they are concerned the crystal is made of two unlike 
centers of force, forming the simple cubic structure 
with two unlike atoms per unit cell, of the type which 
we have just described. This situation is somewhat 
similar to that suggested by Ganzhorn (reference 10), 
though his discussion is so confused, as between energy 
band and Heitler-London approaches, that it is hard 
to understand the details of his argument. 

Let us now ask how our problem is to be formulated 
in terms of the simple cubic structure containing two 
atoms per unit cell. We must set up ten Bloch functions, 
the first five corresponding to the five d orbitals on the 
atoms at the corners of the cubic unit cells, the second 


6 J. C, Slater, Phys. Rev. 82, 538 (1951). 
TC, G. Shull’ and M. F. Wilkinson, Revs. Modern. Phys. 25, 


100 (1953). 
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five corresponding to the five d orbitals on the atoms 
at the centers. The nearest neighbor of an atom of one 
type is now an atom of the other type. Hence since we 
are considering only interactions between nearest 
neighbors, the only nonvanishing matrix components 
of energy will be nondiagonal components between an 
atom of one type and an atom of the other type. Thus, 
for instance, the nondiagonal matrix component be- 
tween an «xy orbital on the atom of one type, and the 
xy on the atom of the other type, will be the expression 
(xy/xy) which we have already considered ; and so on. 
For convenience in writing, let us label these matrix 
components Hy, His, +--His, Hn, «> -Hss. There will 
be no nondiagonal matrix components between Bloch 
functions formed from two types of orbital on the 
same type of atom, for such nondiagonal matrix 
components would involve interactions between second- 


H,—E 0 0 0 0 
0 H,-E 0 0 0 
0 0 H,-E 0 0 
0 0 0 H,—E 0 
0 0 0 0 H,-E 
Ay Hy» Ais His Ais 
Hy Hx» Hx Hx HH 
Ay Ax Ha Hy, 35 
Ay Hy A Hu Hy 
Hs; As2 As; Hs 55 





Let the eigenvalues be F,, Eo, «-- Es. Let us now apply 
this linear transformation to the five d functions on 
atom a, and the same transformation to the five on 
atom b. This will diagonalize the upper right corner 
and lower left corner of the matrix in (8). It will not 





H.-E 0 0 0 0 
0 H-E 0 0 0 
0 0 4H.-E 0 0 
0 0 0 H—E 0 

| 0 0 0 0 Ha-E 

| Ei 0 0 0 0 

| 0 E; 0 0 0 

| 0 0 E; 0 0 

| 0 0 0 Ey 0 

| 0 0 0 0 Es 


We can now immediately solve Eq. (9). Let us 
rearrange the rows and columns so that first we have 
the first row and column, then the sixth, then the 
second, then the seventh, and so on. Then we see that 
it factors into a set of two-by-two secular equations, 
the first one being 








H,—E Ei 
=0. (10) 
EB, N—-E 
The solution of this is 
E=}(H.+Hy)+(E2+i(Ha—H)*}. (11) 
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nearest neighbors, which we are disregarding. The 
diagonal matrix component of energy of one of the 
Bloch wave functions will be independent of k for the 
same reason. If the atoms of the two types are really 
identical, then the diagonal matrix components of 
atoms of either type will be the same; but, if they are 
not identical, these diagonal components will be 
different, and it is just the effect of this difference which 
we wish to investigate. 

Let the diagonal energies of the two types of atoms 
be H, and H,. Then the secular equation can be written 
as given in Eq. (8). We can solve this equation, if we 
assume that we have already solved the corresponding 
five-by-five secular equation whose matrix components 
are H,,---Hs5s. For that solution tells us how to find 
linear combinations of our five functions, which diago- 
nalize this matrix, 





Ay, Hi. Ay; Hu His 
Hx H. Ho Hx Hw 
Hs, Ay 33 Hy44 Hs 
A Hy Hy Hu Hs 
As, Hs2 As; Hs ss =() (8) 
H,—E 0 0 0 0 : 
0 H,—E 0 0 0 
0 0 H,—E 0 0 
0 0 0 H,—E 0 
0 0 0 0 Mh-E 


interfere, however, with the other two corners of the 
matrix, on account of the degeneracy of the problem, 
the fact that all five functions have the same diagonal 
energy. When we have made this transformation, 
Eq. (8) will be transformed into 





E, 0 0 0 0 
0 E, 0 0 0 
0 0 E; 0 0 
0 0 0 as 0 
0 0 0 0 Rov 
H-E 0 0 0 0 hens (9) 
0 Mm-E 0 0 oO | 
0 0 M-E oO 0 | 
0 0 0 M-E 0 | 
0 0 0 0 M-E! 








The rest of the two-by-two secular equations are 
handled in the same way. We shall now discuss first 
the case where H,= H,=0, so that the two atoms are 
really alike, but are handling the problem using a unit 
cell twice as large as necessary, so that there are two 
like atoms in the unit cell. In this case, the solutions 
are E=+E,, +E), etc. 

This is just what we should expect. We are using the 
cubic Brillouin zone, half as large as the correct Brillouin 
zone for the body-centered structure. We must describe, 
in this smaller zone, all the energy levels which should 
properly be found inside the larger zone. But we have 
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already found that the energy levels at any point of 
one of the pyramids extending outside the cube are the 
negatives of the values found at the point inside the 
cube which is the mirror image in a cube face. Alter- 
natively, the energy levels at any point of one of the 
pyramids are the negatives of those at the point inside 
the cube to which this pyramid would be shifted by a 
translation of w along the x, y, or z axes. Thus the 
solution E,, E»2, etc., of our secular equation give the 
energies which belong inside the cubic part of the 
Brillouin zone, and the solutions —EZ,, — Ez, etc., are 
those corresponding to the pyramids outside the cube, 
in the body-centered cubic case. We see the way, then, 
in which our present description leads to just the same 
energy levels as before, for the case where the two 
atoms are really identical. This shows us that our 
requirement, which we stated earlier, that the unit 
cell be chosen as small as possible, in applying the 
LCAO method, is dictated by convenience, not by 
necessity. It leads to a smaller secular equation, but 
the final results are the same in either case. 

Now let us consider the case where the atoms are 
really different, so that H, is not equal to H,. For 
convenience, we may take H,= — Ha, so that the center 
of gravity of the band is not disturbed by making the 
atoms unlike. Then we see from Eq. (11) that the 
effect of a nonvanishing value of H,—H; is to push the 
two energies + F, apart, enough so that the higher one 
is always greater than 4(/7,—/H)), the lower one always 
less than the negative of this quantity. In other words, 
the effect of this perturbation is to make a real energy 
gap, holding throughout the Brillouin zone, such that 
no energy levels whatever will be found within a gap 
of width H,—H,. This of course has an effect over the 
bounding planes of the new cubic Brillouin zone. We 
have already seen that in the absence of our perturba- 
tion, there would always be one energy level equal to 
zero on these planes. With our doubled number of 
energy levels, this level now splits into two, one of 
positive and one of negative energy. But there is a 
similar situation wherever, inside the Brillouin zone, an 
energy level of the unperturbed problem is equal to 
zero. In Fig. 3, under the action of this perturbation, 
a gap where N(£) is zero appears in the center of the 
figure, of width H,—H),. Of course, the area under the 
curve cannot be changed, and it is not hard to show 
that NV (£) will become infinite at the edges of the gap, 
and rapidly fall to approximately its original value at 
a distance from the gap of the order of the gap width, 
the added height of the curve near the gap being just 
enough to keep the original area. Such a gap has been 
considered by Ganzhorn (reference 10); but it is not 
clear from his argument whether he realizes that it 
exists only for unlike atoms, vanishing when the two 
atoms a and 6 become alike. 

It is interesting next to ask what is the effect of this 
perturbation on the wave functions, with particular 
reference to the problem of the antiferromagnetism of 
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chromium. There are two cases: first, for those energy 
levels far from the gap; secondly, for those close to the 
gap. For those far from the gap E;, which plays the 
part of the nondiagonal matrix component of energy 
in Eq. (10), is large compared to H,— Hp». That is, as 
far as the secular equation is concerned, we have almost 
a degenerate problem, and the solutions are almost 
exactly the sum or difference of the two unperturbed 
wave functions. The sum gives a solution involving 
equal amplitudes of disturbances on the atoms of both 
types, with phase relations just like those arising from 
the Bloch sums for the problem where the atoms are 
alike. That is, it reduces to our former solution, and 
the wave functions are unperturbed far from the gap. 
The difference is similar to this, except for the difference 
in phase, which is just what is needed to describe the 
former solution for ¢ between 2/2 and z, or in the 
pyramidal region of the Brillouin zone of Fig. 4. Close 
to the gap, however, E,, the nondiagonal matrix com- 
ponent of energy in Eq. (10), is small compared to the 
diagonal component, and the solution consists largely 
of the one unperturbed solution or the other. The wave 
functions corresponding to energies below the gap, and 
near to it, consist of contributions coming almost 
entirely from the lower potential wells, while those 
corresponding to energies just above the gap consist of 
contributions from the atoms with higher potential 
wells. 

We can now ask what is the application of this 
situation to the antiferromagnetic case, as found in 
chromium. We must assume that a gap of this type 
really exists in the d band of chromium, as a result of 
an alternating potential arising from the antiferro- 
magnetism itself. This would give a lower band capable 
of accommodating five d electrons per atom. We must 
further assume that the s band, which will overlie the 
d band, is located at such a height that the Fermi level, 
coming when one electron per atom is located in the s 
band, lies within the gap in the d band. This would 
amount to a numerical coincidence, which would not 
be particularly improbable. If we had this situation, 
then in the ground state of chromium, we should have 
one electron in the s band, five in the lower d band. 
At the Fermi level, the electron density V(Z) would 
arise only from the s electron, and hence would be 
quite small, consistent with the known low electronic 
specific heat of chromium. The upper occupied d levels 
would correspond to a considerable concentration of 
electrons of one spin in sites of one type, electrons of 
the other spin in sites of the other type, thus leading 
to the type of antiferromagnetism observed. The lower 
occupied d levels would have no such alternation of 
spin, so that the net magnetic moment on each atomic 
site would be far less than five Bohr magnetons. The 
magnitude of the net magnetization would depend on 
the ratio of the gap width to the whole band width, 
and the observed small value would be consistent with 
a rather narrow gap width. All of these predictions 
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seem to be consistent with what is known about chro- 
mium. 

This type of argument is not able to lead to a pre- 
diction as to the expected magnitude of the gap width 
or magnetic moment per atom. To do that, we should 
calculate the energy of the whole crystal, as a function 
of the magnitude of the antiferromagnetic moment, 
and find that value of antiferromagnetic moment which 
minimizes the energy. This would demand finding the 
cohesive energy very accurately as a function of mag- 
netic moment, and the calculation of cohesive energy, 
involving a many-electron problem, is very much more 
difficult than a discussion of one-electron energies, 
which alone can be handled by the present simplified 
methods. It is surely not adequate merely to identify 
the cohesive energy of the crystal with the sum of the 
one-electron energies, which is all that can be found 
by the present methods. We can see qualitatively, 
however, by considering the one-electron energies, why 
we should expect a result such as is observed. If we 
start with a model in which there is no antiferromag- 
netism, there would be no gap. Ii we now introduce an 
antiferromagnetic moment and alternating potential, 
the gap will appear, and as a result the energies of the 
upper energy levels of the lower occupied d band will 
decrease. It certainly seems likely that this decrease of 
one-electron energy is the feature of the problem which 
stabilizes the antiferromagnetic state. On the other 
hand, if we used only our simple one-electron argu- 
ments, we should conclude that the one-electron ener- 
gies, and hence the energy of the crystal, would continue 
to decrease as the gap width increased. This would 
suggest that the stable state was one with a complete 
antiferromagnetic effect, with a moment of five Bohr 
magnetons per atom, as was once suggested by Zener.'® 
This is known not to occur by the results of Shull and 
Wilkinson (reference 17). 

The reason for this is moderately clear, if we ask 
what happens to our prediction of energy bands as the 
antiferromagnetic moment gets large. In Eq. (11), this 
is the limit where H,—H, is large compared to any of 
the £,’s, or where the effect of the alternating potential, 
arising from exchange, is large compared to the effect 
of band splitting on account of the interaction of 
neighboring atoms. Then Eq. (11) shows us that, though 
the two halves of the d band are split widely apart, 
each half-band is greatly narrowed (since in this limit 
the effect of E, is found only as a second-order correction 
to the energy). This narrowing is real and has a per- 
fectly simple physical meaning. In this limit, all elec- 
trons of plus spin are found on atomic sites of one type, 
those of minus spin on sites of the other type. The 
energy bands are set up only from electrons of one 
spin, and as far as these are concerned, the electrons 
are found only on atoms forming a simple cubic lattice 
of side 2a. These atoms are much further apart than 





'8C. Zener, Phys. Rev. 81, 440 (1951). 


the nearest neighbors in the nonmagnetic case, so that 
we expect practically no broadening of the bands. The 
energy difference between the two half-bands will be 
independent of interatomic distance, and the broadening 
of the bands, being very small, will hardly vary with 
interatomic distance. 

We shall thus lose, in this limit, the principal feature 
undoubtedly contributing to the cohesive energy of 
chromium. The fact that the body-centered transition 
metals are so tightly bound unquestionably arises on 
account of the contribution of the d electrons to the 
binding energy.'® On our interpretation, the lower half 
of the d band is occupied, consisting of those wave 
functions contributing most strongly to the bonding, 
while the upper half, containing the antibonding orbi- 
tals, is empty. This view implies that it is the change in 
average energy of the occupied d levels with internuclear 
distance which is the important feature in the binding. 
Clearly we lose this binding if the occupied d band 
shrinks to a very narrow width, as it does for very large 
antiferromagnetism. But a quantitative calculation of 
these effects demands a thorough study of the many- 
electron problem, as we have stated. In the limit of 
large antiferromagnetism, the energy difference between 
the two d bands, the occupied and the unoccupied ones, 
will come entirely from an intra-atomic exchange 
integral of a type which can only be properly treated 
by a study of the energy of the many-electron problem 
and of the configuration interaction involved in the 
correct behavior of the system as the interatomic 
distance increases to infinity. We do not feet that there 
is any simplified way to estimate these effects and must 
hope that at some future time a sufficiently exact 
treatment of the cohesive energy of chromium can be 
given so that a reliable estimate of the antiferromagnetic 
moment can be made. In the meantime, it seems quite 
legitimate to use the observed magnitude of this 
quantity to derive results, as we have done here, 
regarding the energy bands, and to use these results in 
a qualitative way to correlate information on such 
quantities as electronic specific heat. 

If our views are correct, the case of chromium can be 
rather unique. It is known from the work of Shull and 
Wilkinson, quoted above, that molybdenum and tung- 
sten, which have the same electronic structure as 
chromium, are not antiferromagnetic and that vana- 
dium, lying before chromium in the periodic table, also 
is not antiferromagnetic. Molybdenum and tungsten 
would have to be explained by supposing that the 
coincidence by which the Fermi edge for the s electrons 
lay within the gap for d electrons did not occur in those 
elements. Thus the d band would be either more or less 
than half-filled (it does not seem to make much differ- 
ence which), and we could not get a stabilizing effect 


‘9 This is in agreement with the views of Pauling (reference 9). 
Pauling in that reference intimated that those who believe in the 
energy band theory of the d band did not accept this view but 
this is by no means the case. 
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by introducing the gap, since if the band were more 
than half-filled there would be approximately equal 
numbers of electrons increasing and decreasing their 
energy, and if it were less than half-filled the energies 
of the occupied levels would hardly be changed. Accord- 
ing to the remarks made earlier, we feel that the tight 
binding of these elements arises from the fact that the 
d band is approximately half-filled and that it is strongly 
bonding; but the antiferromagnetic effect would have 
small effect on this, and we do not feel that the present 
methods are adapted to making a calculation of the 
cohesive energy. As for vanadium, with one less electron 
than chromium, the energy levels in the neighborhood 
of the middle of the d band are empty in any case, and 
there would be no stabilizing effect from introducing an 
antiferromagnetic moment, so that we expect a complete 
lack of antiferromagnetism, and a very close approxi- 
mation to an ordinary energy band picture, for this 
element. 

As we proceed in the other direction in the periodic 
table from chromium, we come to manganese, which 
has a different crystal structure and so cannot be 
treated by the present discussion. Its structure is 
unfortunately so complicated that it would be very 
difficult to handle it even by the present simplified 
method, since it has many atoms in the unit cell. One 
would guess, from the fact that it is known to be 
slightly antiferromagnetic, that proper treatment, if it 
could be given, would perhaps lead to a gap in this 
case too, somewhat similar to that in chromium, but 
separating the occupied from the unoccupied levels; 
but this is entirely speculative. The next element is 
iron, which of course is ferromagnetic in its body- 
centered form. Surely our arguments would not lead to 
antiferromagnetism for it; and one should be able to 
apply a rather straightforward energy-band argument 
to its ferromagnetism. 

The only difference between this case and the stand- 
ard one is that, if we ask what is probably the saturation 
magnetization to be expected, we can conclude that 
very likely it should be less than the value of approxi- 
mately 2.6 Bohr magnetons which would be deduced 
by extrapolating the well-known curve of saturation 
magnetization of nickel and cobalt versus atomic num- 
ber. The probable reason is that as enough eiectrons 
have their spin reversed so that electrons of plus spin 
will come somewhere near filling the d band, those of 
minus spin will be reduced to something like 2.5 per 
atom, so that their one-electron energies will lie near 
the minimum of the distribution curve of Fig. 3. In 
this case, it will require quite a large one-electron energy 
to reverse the spin of an electron, so that the magnet- 
ization will probably stop at this point, rather than 
continuing until there are quite five electrons per atom 
in the d band with plus spin. This could well lead to 
the observed moment of something like 2.2 Bohr mag- 
netons. This argument, as we seen, is not very different 
from Pauling’s.? However, it is based on an energy-band 
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theory rather than an attempted Heitler-London expla- 
nation. Furthermore, unlike Pauling, we believe that 
the proper quantitative discussion of the problem would 
involve an accurate calculation of cohesive energy as a 
function of magnetization, just as in the case of chro- 
mium, and we are of the opinion that no simple and 
easy argument can lead to a reliable calculation of the 
saturation magnetization, such as Pauling attempted 
in his paper already quoted or in a more recent and 
entirely different discussion.” 

In this section we have attempted to show that rather 
simple arguments can lead to a qualitative interpreta- 
tion of some of the features of the body-centered 
metals, though those properties depending on cohesive 
energy are necessarily hard to treat. Our discussion of 
chromium has depended on the very simplified tight 
binding approximation involving only nearest neigh- 
bors. It is easy to see that if second nearest-neighbor 
interactions are included, the gap arising from the 
alterating potential can disappear. In such a case, in 
Eq. (8), the upper-left and lower-right corners of the 
secular determinant would no longer have the simple 
form assumed, and our arguments would entirely break 
down. Of course, we should still have energy gaps 
appearing at each point of the face of the cubic Brillouin 
zone of the simple cubic structure, but these gaps 
would no longer all be centered at the same energy, 
and they could well not result in a gap in the N (EZ) 
curve as a whole. To maintain our explanation, then, 
we must assume that these terms are at least small. It 
does not seem absurd that this should be the case, so 
that our treatment reaily might represent a valid 
approximation to the facts. The d electrons have rather 
concentrated wave functions and second-nearest neigh- 
bor interactions would really be expected to be small. 
This would be in entire contrast to the 4s electrons, 
whose interactions surely are so great that no gap 
would appear in the 4s band. Only later calculations 
by more accurate methods can answer these questions 
properly. 

VII. THE DIAMOND STRUCTURE 


The diamond structure may most conveniently be 
described as a face-centered cubic structure, but with 
two atoms in the unit cell, rather than one. That is, 
we have atoms at the points pait+gaj+rak, where p, 
q, r are integers, and p+ q+ is an even integer, just as 
in the face-centered structure; but also we have atoms 
at points identical with the first, but displaced by a 
vector $a(i+j+k). The first lattice we shall denote by 
1, the second by 2. We must now set up Bloch functions 
of s, pz, Py pz orbitals on each of the two types of 
atomic sites, so that we shall have eight Bloch sums. 
By the methods we have previously used, we can find 
the matrix components of energy between these Bloch 
sums. We shall denote these matrix components by such 
symbols as (s/x), signifying a matrix component 


*” L., Pauling, Proc. Natl. Acad. Sci. 39, 551 (1953). 





















































SIMPLIFIED LCAO METHOD 


TABLE V. Matrix components of energy for diamond structure. 











(s/s)11= (s/s) 22 

(x/x) i= (x/x) 22 

(s/s)12= (s/s)2* 

(s/x)i2= —(s/x)n* 
(s/x)11= — (s/x)22* 
(x/x)12= (x/x)a1* 
(x/y)12= (x/y)a* = (y/x)12 
(x/y)11= (x/y)22* 


E,, (000) +4E, ,(110) (cost cosn+cosy cos{+cosé cost) 

Ey, (000) +4E,, 2(110) (cost cosn+cosé cosf)+4E,, 2(011) cosy cost 
4E,, .(444) (coshé coshn cos}f —i sin}é sin}y sindf) 

4E, 2(444) (¢ sin}é cos}y coshs —cos}é sin}y sinds) 

—4E, .(011) siné sinn+4EZ,, .(110) (siné cosn+siné€ cost) 

4E,, (444) (coshé coshy cosht —i sin}é sin}y sindy) 

4E,, (444) (i cosht cos4n sindt —sin}é sin}y cos$f) 

—4E, (110) siné sinn—4iEZ,, ,(011) (siné cost —siny cost) 











between an s and a pz Bloch sum on the sites 1, or 
(s/x)12 for the component between an s function on 
site 1, a p, on site 2. We shall include interactions 
between nearest and second-nearest neighbors. The 
nearest neighbors of a given atom are four forming a 
tetrahedral array around it, belonging to the other 
lattice. Thus the four nearest neighbors of the atom at 
the origin are located at the positions ($44), (}—}—4), 
(—44—4), (—4—44), all times a. The second-nearest 
neighbors of a given atom belong to the same lattice, 
and are the twelve neighbors of type a(110). When we 
include these interactions, and use the same notation 
as previously, we find the matrix components given in 
Table V. 

From the two-center approximation, we can derive 
values which the various integrals of Table V would 
have to have if this approximation were valid. We 
find the following results: 


E,, (444) = (sso),, 

Ez, 2(444) = 3 (ppo): +3 (ppm), 
Ez, y(344) = 4 (ppo)i— 43 (ppr)s, 
E,, 2($44) =3“\(spo)), 
E,,,(110) = (sso), 

E,, .(011)= (ppr)>, 

Ez, (110) =} (ppo)2—} (ppm), 
Ez, 2(110)=}(ppo)2+4(ppm)2, 
E,, 2(110)=2-4(spo)2, 

E,, .(011)=E, ,(011)=0. 


For the nearest-neighbor interactions, we see that we 
have four of the E integrals, and also four of the two- 
center integrals, so that either scheme gives the same 
degree of generality. For the second-nearest neighbors, 
we have seven E integrals, and only four two-center 
integrals, so that we lose disposable constants by using 
the two-center approximation. 

We can now use the results of Table V to investigate 
propagation in special directions, in particular the 100 
and 111 directions, in which the secular equations 
simplify enough so that we can get part of the solution 
analytically. First we shall consider the origin, the 
case k=O. Here it is clear that the secular equation 


(12) 











factors into four two-by-two secular equations, one 
each for the s, pz, py, and p, functions. Furthermore, 
the diagonal matrix components of energy of the two 
lattices are the same, so that the energies equal the 
diagonal component, plus or minus the nondiagonal 
component, and the wave functions are the sums and 
differences of the atomic orbital functions on the two 
lattices. The energies are the following: for the s states, 
E,, (000) +12E,, .(110)+4E,, .(444); (+ sign, T, sym- 
metry," — sign, T2’) and for the p states, which of 
course are threefold degenerate, E,, -(000)+82E, -(110) 
+4E, .(011)+4E, .($44). (+ sign, Ts symmetry, 
— sign, I'25’). 

Next let us consider the 100 direction, so that n»={=0. 
We then find by inspection of Table V that there are 
no nondiagonal matrix components between any of the 
four Bloch functions formed from the s or p, functions 
on either lattice, and those formed from the p, or p, 
functions on either lattice. We have thus, in the first 
place, a fourth-order secular equation for the s and p, 
like functions. Let us denote the s function on the first 
lattice as function 1, the pz on the first lattice as 
function 2, the s on the second lattice as function 3, 
the p, on the second lattice as function 4. When we 
write out the secular equation, we find that certain 
terms are imaginary ; but these can all be made real by 
multiplying the second and fourth columns by —i, the 
second and fourth rows by i, which has the effect of 
using imaginary coefficients for the x functions, real 
coefficients for the s functions. When we do this, the 
modified matrix components prove to be 
Ay=Hy=E,, (000)+4E£, ,(110) +82, ,(110) cosé, 


Hn= Hu= Ez, (000) +4E,, (011) +8E,, .(110) cosé, 
Hyw.= Hy=8E,, .(110) sing, (13) 
H;=4E,, .(444) cos}é, 

Hu= Hw=4E,, ($44) sinhé, 

Hu=4E,, .(444) coshé. 


The matrix in this form, since it is real, is symmetric 
about the diagonal. 

The biquadratic equation determined from these 
matrix components can now be further factored into a 





% For the meaning of symmetry symbols for diamond structure 
see C, Herring, J. Franklin Inst. 233, 525 (1942). 
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form giving two quadratic equations. To do this, we 
need only assume that S;=.5S,, S4=S2 (4; symmetry), 
or S;= —S, Sg= —S2 (Ao symmetry), where the S’s 
are the coefficients of the functions. These quadratic 
equations are 


\(Hut+Hiu—E 


| Hut 


HytHi 
=0, 


- (14) 
H+ Hy—E 
and a similar equation in which the signs of Hi3, His, 
and Hz are to be changed each time they appear. There 
is a very interesting feature regarding this quadratic. 
If we take Eq. (14), but use values of ¢ between a and 
2m, we find that it becomes identical with the other 
quadratic equation in the range from 0 to x. Specifically, 
if we find the solutions of (14) for a value of — between 
mw and 27, this solution equals the solution of the other 
quadratic for a value 2r—£. The energy is a smooth 
function of ~ for this whole range, and this means that 
the two quadratics have common roots for =, which 
is the edge of the Brillouin zone in this direction. This 
is similar to a case of accidental degeneracy ; the roots 
separate as we depart from this point in any direction 
in the momentum space. Another result is that at this 
special point, the energy, regarded as a function of &, 
approaches the edge of the Brillouin zone with a finite 
slope, instead of with a zero slope as we usually find. 

At this special point £=2, since we have degeneracy, 
the wave functions are not uniquely determined. There 
is one way to set them up, however, which is interesting 
and informing. We can set up one wave function as a 
combination of the s functions on lattice 1 and the p, 
on lattice 2, and the other as a combination of the s 
functions on lattice 2 and the p, on lattice. 1. This 
situation seems very peculiar at first sight, but when 
we consider it we see that it is entirely reasonable. If 
t=, the wavelength equals 2a. Now the x component 
of the distance between an atom of the first lattice and 
one of the second is a/2, and hence a quarter wave- 
length. If we have, then, a wave function which goes 
to a maximum on the atoms of one lattice, represented 
by s atomic orbitals, this wave function must be passing 
through zero on the atoms of the other lattice, so that 
it must be made up on that lattice out of p, orbitals, 
with a nodal plane through the atoms. There will be, 
of course, two degenerate states of this type (symmetry 
type X)). 

We have now considered the four nondegenerate 
levels formed from the s and p, functions for propaga- 
tion along the 100 direction, and the special degeneracy 
that occurs for =, at the edge of the Brillouin zone. 
Next let us consider the doubly degenerate levels 
formed from the p, and p, functions on the two lattices. 
Let us denote the ~, function on the first lattice as 
function 1, the p, on the first lattice as function 2, the 
py on the second as function 3, the p, on the second as 
function 4. Then the matrix components of energy 
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between these four functions are 

Hy = He= Hy3= Hu= Ez, (000) +4E,, (110) 
+[4E, .(110)+4£,, -(011) ] cosé, 

Hi3= Hu=4Ez, (444) coshé, 

Hy= Ho=4iE,z, y($44) sindé, 

Ay»= Hy=0. 


(15) 


We find at once that the secular problem given by (15) 
can be solved by assuming either that the coefficients 
S,; and S, of the first two functions are the same, and 
similarly that S;=.S4, or by assuming that S2=—S), 
S,= —S;. Either solution leads at once to a quadratic, 
and the energies are the same: E=HAy,+(H;;? 
+Hy4H\*)'. One of these solutions corresponds to a 
function of type p,+ ., and the other to a function of 
type ~py—p. (As symmetry). We verify at once that 
these solutions lead to the value already found at k=0. 
At the edge of the Brillouin zone, =z, the solutions 
are E, ,(000)—4E,, .(011)+4E,, ,(3$4) (X4 symmetry). 

We have now finished our discussion of propagation 
along the 100 direction, and have found that in this 
direction, out of our eight energy levels, there are four 
single levels, which however join to form two doubly 
degenerate levels at the edge of the Brillouin zone, and 
two doubly degenerate levels. Next we may take up in 
a similar way the solutions in the 111 direction. We 
shall not give such a complete discussion of this case, 
though it is carried through in a similar way. We first 
set up matrix components of energy, using Table V, 
and setting ==. We may then take advantage of 
our knowledge of the symmetry properties of the solu- 
tion along the trigonal 111 axis to factor the resulting 
secular equation. We know that all solutions must 
belong to one of the irreducible representations of the 
threefold rotation group. One of these representations 
is one-dimensional. This is a function which is un- 
changed when we make a rotation of 120° about the 
threefold axis; that is, when we cyclically permute the 
letters x, y, z. In other words, for this type of function, 
the pz, p,, p. functions must have equal coefficients. 
We may set up such a solution by assuming that the s 
function on one lattice has one coefficient ; the pz, py, pz 
functions on that lattice have a second coefficient, all 
equal ; the s on the other lattice has a third coefficient ; 
and the pz, py, p. on the second lattice have a fourth 
coefficient (A; symmetry). When we make these substi- 
tutions, we find that all the eight linear equations 
leading to the eight-by-eight secular equation reduce 
to four independent equations, leading thus to a fourth- 
order secular equation with four roots. 

This fourth-order secular equation for the four non- 
degenerate functions cannot be further simplified, 
except at the boundary of the Brillouin zone, which in 
this direction comes for £=n={=2/2. For this propa- 
gation vector, as often at the midpoints of faces of 
Brillouin zones, we have a symmetry relation which 
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we lack otherwise: the wave function must be sym- 
metric or antisymmetric with respect to inversion in 
the midpoint of the line joining the atom at the origin, 
and the atom at position a/2, 4/2, a/2, which is dis- 
placed from it along the direction of propagation. If 
we assume that the coefficients of the atomic orbital 
on the two lattices are related in such a way that we 
have either this symmetry or antisymmetry, we find 
that we have an additional simplification of the secular 
equation. It breaks down into two quadratic equations, 
each of which can be solved by formula, though no 
additional degeneracies are introduced: the four roots 
are still distinct. The solutions of these quadratics is 
given in Eq. (16). The solutions with the upper sign 
(aside from the sign in front of the radical, which is + in 
either case) refer to the symmetric (Z; symmetry), 
those with the lower sign to the antisymmetric (L2’ 
symmetry), functions with respect to the inversion 
mentioned. 


E=}(E,, ,(000)+£,, (000) E,, .(444) 
+E, .(3$4)¥2E,, ,($44) —4E,, (110) 
+ [{4LE,, (000) — E,, (000) }E,, .(344) 
¥ Ez, (44) 2Ez, ,(3$4) +4Ez, ,(110)}? 
+3{+2E,, .(344)+4E,, -(011)}?}'. (16) 


In addition to these four nondegenerate solutions in 
the 111 direction, we also have twofold degenerate 
solutions. We can build up the wave functions by using 
only the pz, p,, and p, functions, omitting the s, and 
using two arbitrary linear combinations of pz, p,, and 
pz which are orthogonal to the sum p.+p,+ ), which 
is used in the solution which we have already discussed. 
The method of making these linear combinations is 
arbitrary; we can, for instance, use the combination 
Pz:—py, and p.—43(pz+p,). If we do this, we find a 
quadratic equation for the energy, identical in either 
case, leading to twofold degenerate energy values 
(As; symmetry). The roots of this quadratic, at the 
edge of the Brillouin zone, where £=n={=7/2, are 


E=E,, (000) +4E,, ,(110) 
+[2E,, (444) +2Ez, (444)] (17) 


(+ sign L; symmetry, — sign L;’ symmetry). 

We have now found formulas for the energies of all 
eight bands, at the center of the Brillouin zone, and at 
the edges of the zone along the 100 and 111 directions. 
Fortunately, for this problem we have good calculations 
of the energy bands of diamond at these points in the 
Brillouin zone, carried out by Herman” by the method 
of orthogonalized planes waves. We therefore can make 
a good quantitative application of our method. Her- 
man’s calculations provide enough information to 
determine uniquely the parameters listed in Table VI. 
These parameters are sufficient to fit all of Herman’s 

2 F,. Herman, Phys. Rev. 88, 1210 (1952); F. Herman and J. 


Callaway, Phys. Rev. 89, 518 (1953). We are indebted to Dr. 
Herman for supplying numerical data regarding his calculations. 
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TaBLeE VI. Energy integrals (in Rydbergs) for diamond, 
from Herman’s calculations. 








E,, .(000) —1.37 
Ez, z(000) —0.378 
Ex, (444) —0.325 
Ez, 2(44}) 0.0563 
Ez, (444) 0.277 
E,,2(444) 0.122 
E,, (110) 0.019 
E,, (011) —0.064 
Ez, (110) —0.022 
Ey, (110) —0.006 
E,,2(011) 0.119 








calculations. The parameters E, ,(110) and £, ,(011) 
cannot be determined from Herman’s calculations. 

It is interesting to take the parameters from Table VI, 
and see how accurately they fit in with the two-center 
approximation, and also to what extent they justify 
us in feeling that the integrals decrease as we go to 
more and more distant neighbors. From Eq. (12), we 
see that as far as the nearest neighbors are concerned, 
we can derive the integrals uniquely from the values of 
Table VI: we have (sso),;=—0.325 rydbergs, (ppo), 
=0.610, (ppr),;= —0.221, (spo), =0.211. These values 
are reasonable. They all have the right signs for two- 
center integrals of the corresponding atomic orbitals, 
and the right order of magnitude: the largest interaction 
is (ppo);, between two p orbitals pointing along the 
bond, while (ssa);, the interaction of s orbitals, is 
considerably smaller, and the other interactions still 
smaller. 

As far as second-nearest neighbors are concerned, we 
cannot derive two-center integrals uniquely from 
the values of Table VI, showing that the two-center 
approximation is not valid. We can, however, test its 
correctness and get orders of magnitude for the inte- 
grals. From Eq. (12), we know that EZ, ,(110), which 
equals 0.019, uniquely equals (*sa)2, and it is encour- 
aging to find it so much smaller than (sso),. it is also 
interesting to find it of the opposite sign; this is in line 
with earlier remarks made in connection with the body- 
centered structure in the alkalies, where we pointed out 
that the s interaction between second-nearest neighbors 
might often be of the opposite sign to the nearest- 
neighbor interactions. The integral EF, .(011) should 
equal (ppm)2, and its value —0.064 shows that this 
quantity is considerably smaller than (ppr),, so that 
again we verify that the second-nearest neighbor inter- 
action is considerably smaller than the nearest-neighbor 
terms. But from Eq. (12), we see that we can also solve 
for (ppmr)2, as well as (ppo)o, from E,,(110) and 
E,,,(110). When we do this, we find (ppo).= —0.028, 
(ppmr)2=0.016. These are both small, in line with the 
fact that they represent second-nearest neighbor inter- 
actions, but the value of (ppm). determined in this 
way does not agree at all with the value found from 
E,,.(011). This shows that the two-center approxima- 
tion is not valid. This is shown even more by the 
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considerable value of the integral EZ, (011), which is 
0.119, the largest of the second-nearest neighbor terms. 
For this is an integral which would vanish entirely if 
we used the two-center approximation and can appear 
only because the tetrahedral surroundings of each atom 
in the diamond structure do not have the complete 
cubic symmetry. In spite of this failure of the two- 
center approximation, still it is possible to choose 
integrals of a two-center type which form a passable 
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Fic. 5. Variation of energy with wave vector for diamond 
calculated using Herman’s values at the center and boundaries 
of the zone. (a) 100 direction; (b) 111 direction; (see reference 21 
for the meaning of the symmetry symbols). 
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approximation to Herman’s results; but since they 
cannot be chosen uniquely, but only as a compromise 
between various errors, it does not seem worth while 
pursuing this matter further. 

It is interesting to use the integrals given in Table VI 
to calculate the energy at other points in the Brillouin 
zone than those symmetry points for which Herman 
has made calculations; this after all is the fundamental 
object of the present study. To do this, we need the 
two integrals EZ, -(110) and E,,,(011) which cannot be 
determined from Herman’s values. Lacking further 
information, we have arbitrarily chosen the values 
0.021 and 0 for these two integrals; these are of the 
order of magnitude of what would be deduced from a 
two-center approximation. We have then used these 
values (which are of small importance in the final 
calculations) and the values of Table VI, and have 
calculated the curves of Fig. 5, giving the energy as a 
function of k along the 100 and 111 directions. This 
demanded solving the fourth-order secular equation in 
the 111 direction numerically. These curves of course 
reduce exactly to Herman’s values at the edges of the 
zone. Herman has made interpolations in his paper, but 
our computed curves differ from his in some significant 
details, such as in the peculiar nature of the nondegen- 
erate levels in the conduction band in the 100 direction, 
in which we have found accidental degeneracy to occur. 
Nevertheless, the general form of energy bands is 
similar to that deduced by Herman, giving of course 
the energy gap between the four lower occupied bands 
and the four higher empty bands. Similar calculations 
of course could be made for germanium, since Herman 
and Callaway” have made orthogonalized plane-wave 
calculations for this material too. However, we under- 
stand that they are improving the published numerical 
values for germanium, and feel it better to wait for the 
revised values before making numerical calculations. 
It is clear from Fig. 5 that we have the possibility, as 
has been frequently suggested, that the top of the 
valence band and bottom of the conduction band should 
not lie at k=0. In our case, it appears that the top of 
the valence band would lie at six equivalent points 
along the 100 directions 

It is interesting to compare these results for diamond 
with various other calculations which have been made 
for crystals of this type. The first calculation by the 
tight binding method is by Morita.” His calculations 
are like those of the present section, in most respects ; 
his values for the various integrals are just like those of 
Table V. He does not express his integrals in terms of 
two-center integrals, though he calculates them by a 
two-center approximation. His results are known to 
come out very differently from the results of Herman 
and of the present study in that he finds the non- 
degenerate level in the conduction band lying below 
the threefold degenerate level at the center of the 


*% A, Morita, Sci. Rep. T6hoku Univ. 33, 92 (1949). 
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Brillouin zone. This discrepancy is so serious that it 
has thrown considerable doubt on the use of the tight 
binding approximation for diamond. It appears to us 
likely, however, that this discrepancy is the result of 
some unfortunate numerical error in Morita’s work. If 
we work back from the numerical values of his integrals, 
we find that some of the two-center integrals which we 
derive from them are surprisingly close to those which 
we have found from Herman’s calculations ; for instance, 
the values of (sso); are almost exactly the same. 
However, Morita’s value for (ppo); comes out to be 
0.179 and for (ppr):, —0.349, as compared to our 
values of 0.61 and —0.22, respectively. We should 
certainly expect that (ppm) would be smaller numeri- 
cally than (ppo), since the pr wave functions will 
overlap less than the po’s, so that it seems likely that 
Morita’s calculations of these quantities are in error. 
This probably ties in with the fact that Morita finds 
that the s-like level is the lowest in the conduction 
band, which we have already mentioned. This is largely 
a result of the integrals which seem to be in error. 
We therefore suspect that a tight binding calculation 
made correctly by the method Morita used might well 
give a good account of the conduction as well as the 
valence band in diamond and germanium. 

Another, and quite different, calculation of diamond 
by the tight binding approximation has been made by 
Hall.“ Hall has used the equivalent orbitals which 
have been diseussed by him, Lennard-Jones, and others. 
In the present case, he interprets these equivalent 
orbitals as being the symmetric, or bonding, combina- 
tions of directed orbitals on adjacent pairs of atoms. 
He sets up Bloch functions made from each such 
directed orbital, and solves the secular equation be- 
tween these Bloch functions. Each bond in the unit 
cell then has a directed symmetric orbital along it. 
There are four such bonds in the unit cell (each of the 
two atoms in unit cell has four bonds attached to it, 
but each bond is shared between two atoms), so that 
we have a four-by-four secular equation, and we may 
expect in this way to get four states, and a description 
of the valence band, but not of the conduction band. 
If Hall had chosen to do so, he could also have set up 
a four-by-four secular equation involving combinations 
of antisymmetric or antibonding orbitals on each bond 
and have thus got a description of the conduction band. 

The results which Hall obtains are not in very good 
agreement with experiment, or with the results which 
we have so far been discussing. In particular, he finds 
the levels at k=O to be split essentially as in Fig. 5, 
but the twofold degenerate level in the 100 or 110 
direction proves to have an energy independent of k, 
or to be a zero-width band, a peculiarity found also in 
the cellular treatment” of this problem, to which Hall’s 
results have close resemblance. There is no physical 


* G. G. Hall, Phil. Mag. 43, 338 (1952). 
26 G, E. Kimball, J. Chem. Phys. 3, 560 (1935). 
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reason to think that the band really has this property 
and this is a shortcoming of Hall’s calculation. 

It is useful to consider the relation of Hall’s calcu- 
lation to the one which we have been describing earlier 
in this section, since at first sight one might think them 
equivalent ; Hall’* clearly feels that his calculation has 
a fundamental significance which we do not believe 
that it possesses. In our discussion, we have already 
seen that the lower band is made up at k=0 of sym- 
metric combinations of s and p functions on the two 
lattices, and the upper band of antisymmetric combi- 
nations. From the s and p functions we can of course 
build up tetrahedral directed orbitals, so that for k=0 
we can build up the wave function properly for the 
valence band from the symmetric combinations of 
directed orbitals. In other words, Hall’s method would 
give the same values for the energy at k=0 that we 
have found by our more general treatment. However, 
as k departs from zero, we have seen that the correct 
combinations for the lower band are no longer the 
symmetric combinations of orbitals on the two lattices. 
By solving our eight-by-eight secular equation we have 
automatically found the correct combinations, and our 
results depart increasingly from Hall’s as k increases. 
Of course, our energies will be lower than Hall’s, since 
we are making a better approximation to a solution of 
the Schrédinger equation. In particular, the band which 
Hall finds to be of zero width is depressed in the more 
accurate calculation, as k increases. 

If we had carried out the calculations by Hall’s 
method of equivalent orbitals, using his calculation of 
the valence band by symmetric orbitals, and a similar 
calculation of the conduction band by antisymmetric 
orbitals, we should then find that there were non- 
diagonal matrix components of energy between the 
two bands, which vanished for k=0, but increased 
with k. By including these iiondiagonal matrix compo- 
nents, we should find an eight-by-eight secular equation 
which would have the same roots as our secular equa- 
tion, since the symmetric and antisymmetric equivalent 
orbitals are linear combinations of the s and p orbitals 
on the two lattices which we have used as our starting 
point. It might be convenient to use Hall’s procedure, 
as amplified in this way, to make an actual calculation. 
For by using Hall’s equivalent orbitals, but disregarding 
the nondiagonal matrix components of energy between 
valence and conduction band, we find an energy gap 
between these two bands. Introduction of the non- 
diagonal matrix components will then have the effect 
of pushing certain levels apart, push the levels of the 
valence band down and those of the conduction band 
up. Since these levels are not degenerate, even in the 
absence of nondiagonal matrix components, it is possible 
that a second-order perturbation calculation would be 
adequate for considering the effect of these nondiagonal 
matrix components of energy, thereby making possible 


*° G. G. Hall, Phys. Rev. 90, 317 (1953). 
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an approximation to the exact solution of the correct 
secular equation. Since this secular equation is not very 
difficult to handle anyway, however, it seems better to 
use it directly, and in this case there is no advantage 
in Hall’s procedure. In any case, Hall’s calculation for 
the valence band alone is clearly a poorer approximation 
than the one considered in the present section. 

Before leaving the problem of the diamond structure, 
we should say a few words about the compounds, such 
as InSb, crystallizing in the zincblende structure. This 
is the case in which the two interpenetrating face- 
centered lattices are no longer equivalent. For instance, 
the atom at the origin might be In, that at the point 
a/2, a/2, a/2 might be Sb. We shall lose, then, any 
results depending on symmetry or antisymmetry be- 
tween these two lattices, but otherwise the results of the 
calculations will be essentially unchanged. We can 
introduce the modification by using one set of diagonal 
energy values, E,,,(000) and £,,,(000), for the atoms 
of one type, another set for the atoms of the other type, 
much as we did in our earlier treatment of the body- 
centered cubic structure when modified to have unlike 
atoms at the centers and corners of the cube. Here, 
however, in contrast to that case, the treatment we 
have already given has the correct unit cell, holding 
two atoms, even if the atoms are unlike. 

We shall still have eight bands arising from our s 
and p orbitals on the two lattices. At k=0, we shall 
still have two nondegenerate bands of s-like type and 
two threefold degenerate bands of p-like type, and the 
other consequences of symmetry will mostly be the 
same as for diamond. One exception is the degeneracy 
between the two bands formed from s and p, functions, 
at the point =x, n=f=0. We remember that the 
wave functions for one of these bands consisted of s 
orbitals on one lattice, p, on the other, and for the 
other band the role of the two lattices was interchanged. 
If the two lattices are no longer equivalent, it is quite 
clear that these two wave functions will have different 
energies. This is one of the few qualitative differences 
between the energy band structures in the two cases, 
however. The general situation, according to which we 
have a lower set of bands capable of holding eight 
electrons per unit cell, and an upper set of bands holding 
the same number, will still hold, so that since we have 
just eight electrons per cell in any of these crystals, 
we shall in every case fill the valence band, leaving the 
conduction band empty, and shall have an insulator 
or semiconductor as with the diamond group of ele- 
ments. The situation is quite different from what we 
had in the body-centered cubic case, where making the 
two types of atoms unlike introduced an energy gap 
which was not present previously. Here, we have an 
energy gap anyway, on account of the lack of equiva- 
lence of the two atoms in unit cell even in diamond, 
and this gap can be modified in width by making the 
two atoms unlike, but no new gaps are introduced. 

There can be a good deal of qualitative difference 
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between the wave functions for diamond and for a 
crystal forming the zincblende structure, however, and 
in some cases there can be reversals of the order of the 
bands, which we can understand from general quali- 
tative arguments. To have a specific example, let us 
take InSb, formed from the elements on the two sides 
of Sn. The potential wells about the Sb atoms will be 
deeper than around the In atoms, and if the atoms were 
electrically neutral, there would be three outer electrons 
around each In atom, five around each Sb atom. We 
cannot of course guarantee this neutrality ; the chemists 
often speculate in such cases whether the crystal is 
formed from neutral atoms or ions, and in a case like 
this we could even speculate as to which sign the 
charges on the ions were. We could take extreme points 
of view. We could say that the crystal was completely 
ionic, the In forming a positive ion with triple charge, 
losing its three electrons, which would go onto the Sb 
to form a closed shell of eight electrons. Or we could 
take a quite opposite point of view, supposing that the 
In took up an extra electron, forming a negative ion, 
so as to have four outer electrons like a tetravalent 
atom, and that similarly the Sb lost an electron, again 
so as to have four outer electrons. There is no good 
reason for thinking that either of these extreme points 
of view has any close relation to the actual facts of the 
situation. We can, however, from our general approach, 
get a much sounder view of the charge distribution in 
this crystal, which points the way to an interpretation 
of many other crystals in which there is an ambiguity 
between different points of view. 

We remember that our determination of one-electron 
wave functions is one part of a self-consistent field 
calculation, and that the final decision as to how much 
charge lies on each type of atom is one that is to be 
made by carrying through a self-consistent problem. 
Let us assume that at a given stage of this calculation 
we are given a periodic potenti:.1 and are trying to find 
the wave functions, that is, we are solving our eight-by- 
eight secular equations. When we have done this, for 
each k value, we find the total charge density of elec- 
trons distributed in the lower or valence band, leaving 
the conduction band empty, and we use this charge 
density in computing a potential to use in the next 
stage of the self-consistent calculation. If, for instance, 
as seems highly likely, the final result of the self- 
consistent method should be that each of the atoms is 
approximately electrically neutral in the crystal, then 
the charge distribution corresponding to the valence 
band would actually correspond to three electrons per 
atom in the In atoms, five per atom in the Sb atoms. 
We shall now show that such a result is altogether 
probable. 

For any particular k value, we have to determine the 
eight wave functions corresponding to the various 
energy bands. As a very simple example, let us consider 
k=0; the other k values, though more complicated, 
will not be different in principle. We know that at k=0, 
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our problem factors on account of symmetry, so that 
we find two s-like states, two p, like, two p, like, two 
p. like. Each of these is handled in a similar way. In 
the s-like states, for instance, we know that if we are 
dealing with the diamond structure we have a quadratic 
secular equation in which the two diagonal matrix 
components are equal, since the diagonal energies will 
be the same whether the atomic orbitals are on the one 
face-centered lattice or on the other. The two linear 
combinations, then, will be the sum and difference of 
the unperturbed functions, so that in either case the 
resulting charge density will have equal values on the 
atoms of both lattices. 

With the InSb, however, this secular problem for the 
two s-like states no longer has this property of de- 
generacy. The diagonal energy of an s orbital on an In 
atom will be considerably higher than that of an s 
orbital on an Sb atom, since the Sb has a deeper 
potential well. The nondiagonal matrix component 
between the two states may well be much as in the 
diamond case, but the perturbation will have a very 
different effect, on account of the lack of degeneracy. 
It will separate the energies of the two states somewhat. 
But the wave function of the lower of the two resulting 
states will be a mixture of a large fraction of that 
unperturbed wave function whose diagonal energy is 
lower (that is, an s function on the Sb) and a much 
smaller fraction of that function whose diagonal energy 
is higher (that is, an s function on the In). Conversely, 
for the upper state, we shall have a combination in 
which most of the charge density is on the In, a lesser 
amount on the Sb. Only the lower state is filled, how- 
ever, so that we are left with more charge on the Sb, 
less on the In. The same situation will hold for the p 
states with k=0, and in fact for every k value; so that 
it is quite certain that the charge distribution corre- 
sponding to the electrons in the valence band will have 
a good deal more charge on the Sb than on the Jn. It 
is entirely possible, as has been suggested above, that 
the final result would come out with almost complete 
electrical neutrality, about five-eighths of the charge 
being on the Sb, three-eights on the In. Certainly we 
should have something much closer to this than to 
either of the extreme ionic states which we discussed 
earlier. 

The final type of wave function, and charge distri- 
bution, which we have found in this case can throw a 
good deal of light on the question of ionic or nonionic 
crystals in general. We have different amounts of 
charge on the atoms of the two types; we do not even 
have to have integral charges, on the average, on each 
type of atom. And yet our total charge distribution 
consists of the entirely filled valence bands, entirely 
empty conduction bands, just as in diamond. The total 
charge density has the same sort of spherical symmetry 
about each atom (modified by overlap with the neigh- 
boring atoms) which we should have in diamond, and 
which we should find from filling s, pz, py, pz bands. 
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The interesting feature is the way in which, by making 
up our energy band functions as linear combinations of 
atomic orbitals, we can simultaneously achieve these 
two results of variable total charge, and yet the char- 
acteristics of a closed shell of electrons. Our wave 
function for the crystal as a whole is set up as a single 
determinant, since we have only filled energy bands. 
We have all the advantages which we meet in the 
molecular orbital model of molecules, including the way 
in which that model leads naturally to the interpretation 
of the polarity of molecules, and the possibility of 
having fractional amounts of electronic charge on each 
atom. We must now forget that we have the drawbacks 
of the molecular orbital model as well; we could get 
better results if we took a certain amount of configura- 
tion interaction into account. Thus, in particular, if we 
wished to give a proper account of the energy bands 
in our crystals of the diamond or zincblende type as a 
function of internuclear separation, we should have to 
consider a configuration interaction, of a practically 
impossible degree of difficulty, between the single 
determinantal state we have been describing, and other 
configurations in which varying numbers of electrons 
are excited to the antibonding energy bands. Even in 
the absence of such configuration interaction, however, 
our energy band method gives a good general account 
of the situation. 

From the discussion which we have given of the 
zincblende structure, we can see that in certain cases 
the order of energy levels may be different in it from 
what it is in the diamond structure, as shown in Fig. 5. 
In Fig. 5, we saw that the lowest state of the valence 
band and the highest of the conduction band were of 
the s-like type, while the top of the valence band and 
the bottom of the conduction band were of the p-like 
type. The reason for this arrangement is seen in the 
magnitudes of the various matrix components of energy. 
Thus we found that the energies of the s states, for 
k=0, were E,, ,(000)+122,, ,(110) +48, ,(44) = —1.14 
+1.30 rydbergs, and for the p states we had E,, .(000) 
+8E,, .(110)+4E,, (011) +4E,, 2(444) = —0.6840.23. 
The smaller nondiagonal matrix component for the p 
states is responsible for the fact that these two states 
are not widely separated. On the other hand, as we go 
to a compound like InSb, where we shall no longer 
have a degenerate problem, the diagonal s and p 
components on the Sb sites will lie considerably below 
those on the In sites. Furthermore, we may expect that 
the diagonal energy of the s state, on either site, will 
lie considerably below that of the p state on the same 
site, on account of the general rule that s states lie 
lower than states; this is consistent with our value of 
— 1.14 for the s energy, —0.68 for the p, above. Hence 
as far as diagonal energies are concerned, the lowest 
level of all will be the s Sb orbital, next the p Sb orbitals, 
next the s In orbital, with the p In orbitals highest. 
If the orbitals on the two sites are considerably sepa- 
rated in energy, the nondiagonal matrix components, 
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even if they are still of the same general magnitude as 
those given above, still will not produce nearly as much 
displacement of the energy as in the diamond case, 
since they will produce only a second-order change in 
energy rather than a first-order change in a nondegen- 
erate problem. Consequently, it may well be that they 
will not invert the order of the s and p states in the 
conduction band, but will rather leave the lowest state 
in the conduction band an s-like rather than a p-like 
state. This would explain an observation of Pearson 
and Tanenbaum,”’ according to which the conduction 
band of InSb appears to be nondegenerate at its lowest 
energy value. 

Many of the properties of the crystals like InSb, 
then, seem to be interpreted easily in terms of our 
approximate tight binding method. In fact, the diamond 
structure appears to be the one in which, at the moment, 
we are able to make the best use of it, partly on account 
of the results of Herman by means of the orthogonalized 
plane-wave method. This, in particular, is the only 
case in which we are at present able to evaluate the 
efiect of second-nearest neighbors, by comparison of 
our LCAO method with values calculated by other 
methods; and it is particularly gratifying that the 
contributions of second-nearest neighbors appear to be 
a good deal less than those of nearest neighbors, lending 
support to our hypothesis that we really are dealing 
with a series of terms which decrease rapidly as we go 
to more distant neighbors. If this turns out to be a 
general situation, it really may be that the method 
possesses a rather fundamental significance and need 
not be regarded merely as a convenient interpolation 
method. 

APPENDIX 


We wish to show in this appendix that the transfor- 
mation properties of the Léwdin functions ¥, are the 
same as those of the nonorthogonal functions ¢, from 
which they arise. Let us suppose that under some 
operation O, of the group of the crystal, the transfor- 
mation properties of the nonorthogonal functions are 


given by 


Obn= DL (m)bul' (O) mn. (Al) 


Here I'(O) m, isa unitary matrix ([T'(O)— Jmn=T'(O)* am). 
We must show that the transformation properties of 
the y,’s are the same; that is, 

Eh Obn =X (mbm (O) mn (A2) 


27 G, L. Pearson and M. Tanenbaum, Phys. Rev. 90, 153 (1953). 
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The relation between the y,’s and the ¢,’s is given by 


Léwdin,” 
Vn=L.(m)bm(A~4) mn. (A3) 


Here (A~'),,, is the mnth matrix element of the re- 
ciprocal of the square root of the overlap matrix Amn, 


Anmn= ff entbudr. (A4) 


[The same orbitals are included in this summation in 
Eq. (A3) as in the summations expressing the transfor- 
mation properties of the ¢,’s.] Applying the operator 
O to Eq. (A3) we see that 


OVn= L (> (m)oT (O) tm( A) mn. (A5) 
In order to prove our theorem, we must show that the 


right-hand sides of Eq. (A5) and Eq. (A2) are equal. 
Explicitly, we must prove the equality 


XL (DX (m)o1(A-*) im (O) mn 
=D DX (m)oT (0) im(4) mn. (AG) 
In Eq. (A6), the left-hand side was obtained from 


Eq. (A2) through the use of Eq. (A5). To establish 
the validity of Eq. (A6), it suffices to show that 


2 (m) (4) inl (O) mn = 22 (m)0'(O)im(A-*) mn. (A7) 


Multiplying both sides by [[(O)—],: and summing 
over / yields the result 


LOX (m)[L (0) Jar(A-4) ml (O) mn 
=D DX (m)(L (0) Jal (O) im(A~4) mn 
=D DL (m)6 gm(A-*) mn= (A-#) gn. 


In other words, we have established our theorem if we 
can show that the reciprocal of the square root of the 
overlap matrix is invariant with respect to the unitary 
matrix I'(O)mn. Under certain very general conditions, 
this is true if the overlap matrix itself is invariant with 
respect to the unitary transformation. This, however, 
is easily seen to be true since 


(A8) 


dan= [bat bude= [ Obnt06 adr 


=C (DE OPO) antl (O)in f $e°bdr 


=U (DL OM O)* Ime ail (O) in. (A9) 


Thus we have established our theorem. 
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Conductivity and Ha!l effect have been measured in the intrinsic range of germanium from 250° to 1000°K. 
From lattice-scattering mobility and conductivity below 500°K, a new empirical expression for carrier con 
centration is determined: np =3.10X 107% exp(—0.785/kT). An estimate is made of the contribution of 
optical modes to the lattice-scattering mobility. Conductivity from 500° to 1000° and Hall effect from 250° 
to 1000° are computed and compared with experiment. Included in the computation are: the empirical 
expression for carrier concentration modified by the change in intrinsic ionization energy produced by elec- 
trostatic interaction of charge carriers, extrapolated empirical lattice scattering mobility, scattering by 
electron-hole collisions, and an extrapolation of the ratio Hall mobility/conductivity mobility. 


1, INTRODUCTION 


FFORTS to understand the semiconducting prop- 

erties of germanium have been confined for the 
most part to the range of impurity conductivity; 
literature on the intrinsic range is meager. Theory is 
incomplete, but enough is known to say that the 
number of processes involved in conduction are too 
numerous to be separated empirically from measure- 
ments of conductivity and Hall effect. This paper, 
therefore, is not a complete analysis of the intrinsic 
range but tries to indicate the relative importance of 
some of the conduction processes by comparing experi- 
ment with available theory. 

Conductivity and Hall effect in the intrinsic range 
of germanium are reported for the temperature range 
250° to 1000° Kelvin. The data are analyzed in two 
steps, the results below 500°K being considered first. It 
is believed that below 500° the conduction mechanism 
contains fewer unknowns and that a reliable expression 
for carrier concentration can be obtained from con- 
ductivity and lattice-scattering mobility. The tem- 
perature dependence of lattice-scattering mobility has 
been determined! from 100° to 300°K and found to 
deviate from the 7~'-> law predicted by theory. It ‘s 
shown that all of the deviation found for electrons and 
some of the deviation found for holes can be accounted 
for by assuming the presence of optical mode scattering. 
Most of the deviation from the 7—-§ law found for holes 
may arise because the band edge is not at the center of 
the Brillouin zone. However, when the carriers have 
gained enough thermal energy, this scattering mecha- 
nism will have a 7~' temperature dependence and 
acoustical mode scattering can be expected to return 
to the 7 law at some temperature above 300°K. 
Since this temperature is not known, the effect has been 
neglected and measured lattice scattering mobility is 
extrapolated from 300° to 1000°K. From lattice-scat- 
tering mobility and conductivity below 500° an em- 
pirical expression for carrier concentration is deter- 
mined. 

Conductivity above 500° is computed and compared 


1F. J. Morin, Phys. Rev. 93, 62 (1954). 


with experiment. Included in the computation are the 
empirical expression for carrier concentration modified 
by the change in intrinsic ionization energy produced 
by electrostatic interaction of charge carriers; extra- 
polated lattice-scattering mobility; and scattering by 
electron-hole collisions. Hall effect from 250° to 1000° 
is computed and compared with experiment, making use 
of information obtained in computing conductivity plus 
an extrapolation of the ratio: Hall mobility/conductivity 
mobility. This ratio has been determined between 100° 
and 300° and found for holes to be increasing with 
temperature above the theoretically predicted constant 
1.18. Along with the departure from the 7~' law, this 
effect is expected to disappear at some temperature 
above 300° and the ratio to decrease to some constant 
value. Since the actual behavior of the ratio has not 
been determined, a linear extrapolation of the measured 
ratio from 300° to 1000°K is used in computing the 
Hall coefficient. Computed conductivity and Hall 
effect agree well with experiment. This is encouraging 
in view of the large number of assumptions made in the 
analysis. 
2. METHODS 


Conductivity and Hall effect were measured on 
bridge shape? samples having rhodium plated contact 
areas. All samples were cut from recently grown single 
crystal germanium. Measurements above 350°K were 
made using a ceramic holder fitted with pressure con- 
tacts of platinum 10 percent rhodium wire and plati- 
num-platinum 10 percent rhodium couples. Samples 
were heated in a small electric furnace and an atmos- 
phere of nitrogen. 

3. SYMBOLS 


a=conductivity in ohm cm=, 
Ru= Hall coefficient in cm*/coulomb, 
n, p=electron and hole concentration in cm™, 

n, p;=carrier concentration when all impurities are 
ionized (the difference between donor and 
acceptor concentration), 

Men, Mep= electron and hole conductivity mobility in 
cm?/volt sec, 


2 P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693-706 (1954). 
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MLn MLp= electron and hole lattice scattering mobility, 
Min, ka p= electron and hole Hall mobility, 
bac lattice-scattering mobility acoustical modes, 
Mop = lattice-scattering mobility optical modes, 
Unp= electron-hole scattering mobility, 
7 = temperature in degrees Kelvin, 
k= Boltzmann constant, 
x= dielectric constant, ' 
M,, M,= electron and hole effective mass, 
m= electron rest mass, 
h=Planck’s constant/2z, 
?q= intrinsic ionization energy in electron volts, 
8= temperature coefficient of Eg in ev /degree. 


4. CONDUCTIVITY FROM 250 TO 500°K 


In this section an empirical expression for carrier 
concentration is determined using conductivity and 
lattice-scattering mobility. The measurements to be 
described were made on samples of such purity that 
impurity scattering was negligible above ~100°. 
Analysis of the conductivity is restricted here to the 
range below 500° where extrapolated empirical results 
only are used. Above 500° the analysis depends upon 
extrapolated empirical results and theory. Another 
empirical expression for carrier concentration has been 
determined from conductivity and mobility.’ The deter- 
mination, however, made use of early values of drift 
mobility and assumed lattice scattering to have a tem- 
perature dependence of 7~'*, The expression to be 
obtained in this paper is significantly different from 
the old one because recent mobility values are higher 
at room temperature, and it is known that the tem- 
perature dependence of lattice-scattering mobility 
departs from the 7~'* law. 
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Fic. 1, Conductivity mobility vs temperature. 


3 J. Bardeen and W. Shockley, Phys. Rev. 80, 72-80 (1950). 
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Fic. 2. Conductivity vs reciprocal temperature. 


4.1 LATTICE-SCATTERING MOBILITY 


Theory predicts for lattice scattering by acoustical 


modes: 
Mac= AT a5. (1) 


and for lattice scattering by optical modes: 
Mop = BT 5(¢9/T— 1), (2) 


where A, B, and © are constants. Lattice-scattering 
mobility has been determined' between 100° and 
300°K and the temperature dependence of mobility 
found to be 7~'-® for electrons and 7~** for holes. 
These results are shown as plotted points in Fig. 1. For 
comparison the temperature dependence of po, is also 
shown in Fig. 1. This has been computed using 0 = 520° 
as determined by Shockley.‘ An absolute value for pop 
is not given because the value for B is unknown. It is 
probable, however, that optical mode scattering is 
comparable with acoustical mode scattering at tem- 
peratures as high as 1000°. Therefore, since the curves 
for Hop and fac do not diverge rapidly with decreasing 
temperature, it is also probable that optical modes 
make an appreciable contribution to the scattering over 
the temperature range where lattice-scattering mobility 
has been measured. If it is assumed that the departure 
from the 7~'* law found for electrons is due to an 
optical mode contribution, the two scattering processes 
are separable. Lattice-scattering mobility is given 
approximately by 

Bi = pac '+Hop *. (3) 


When Eqs. (1), (2), and (3) are combined and measured 
values of uz and 7 inserted, the constants A and B 


*W. Shockley, Bell System Tech. J. 30, 1025 (1951). 
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Fic. 3. Conductivity vs temperature in the range where carrier 
concentration is constant. 


can be evaluated by solving two simultaneous equa- 
tions. The results for electrons are 


Mac= 2.4X10'T5, (4) 


(5) 


These equations generate uw, vs T which coincides with 
measured yu, to within the experimental error of ~2 
percent. This is because so small a contribution from 
Mop is required to go from 7-5 to T—'-® that the cur- 
vature in the yo, temperature dependence (see Fig. 1) 
does not appear in measured y,. However, the con- 
tribution from yop required to go from 7-5 to T-?* 
found for holes is so large that the curvature becomes 
evident and computed jo, differs from measured po, by 
6 percent at 200°. Assuming the maximum contribution 
by optical modes possible within the 2 percent experi- 
mental error leads to the following results for holes: 


(6) 
(7) 


The departure from the 7-5 law shown by Eq. (6) may 
be due to the location of the valence band at some 
point other than the center of the Brillouin zone. 

The results obtained by this analysis are highly 
speculative. Furthermore, mobility predicted for the 
range 300° to 1000° by Eqs. (3), (4), (5), (6), and (7) 
does not differ importantly from the straight line extra- 
polation of measured mobility shown in Fig. 1. There- 
fore, for the purpose of analyzing conductivity and 
Hall effect, lattice-scattering mobility is taken to be 
that given by the solid lines of Fig. 1 which represent 
the equations 


Kop >= 7.8X 10'T 0.5 ( 9520/7 __ 1). 


Mac= 2.5X 10°T-*”, 
Mop= 1.9X 10°75 (e8/7— 1), 


Bin=4.90X 10'T", (8) 


Mip= 1.05 10°T-2-, (9) 
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4.2 CARRIER CONCENTRATION FROM 250 to 500°K 


Conductivity for a number of samples is shown in 
Fig. 2. At low temperatures the conductivity extends 
into a range which contains both impurity and intrinsic 
conductivity. In determining carrier concentration here 
two procedures are used. Where impurity conductivity 
is negligible carrier concentration is determined from 
conductivity and lattice-scattering mobility using 
Eqs. (8) and (9) and the equation 


o=e(eintt+uinp) =e(np)'?(uintery). 


Where impurity conductivity is important two addi- 
tional equations are necessary : 


(10) 


n=n;+p for n-type samples, 
p=pitn (11) 


The values for n; and p; are determined from latttice- 
scattering mobility and conductivity measured in the 
range where impurity centers are all ionized. Conduc- 
tivity in this range is shown for some samples in Fig. 3. 
The lines drawn through the measured points represent 
the product 


for p-type samples. 


euin,(or pi). 


Carrier concentration has been computed as described 
using Eqs. (8), (9), (10), and (11) in the 250-500° 
range and is shown as plotted points in Fig. 4. The best 
fit to these points gives the empirical expression for 
carrier concentration in the 250-500° range 


np=3.10X 10"T* exp(—0.785/kT). (12) 
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This differs from the old relation*® in both the constant 
coefficient and the exponential term. The value of 
0.785 is the width of the forbidden gap at T=0. The 
assumption that u,« 7~' made in obtaining the old 
relation led to a gap width of 0.75 at T=0. From lattice- 
scattering mobility and carrier concentration between 
250 to 500° the intrinsic conductivity has been com- 
puted and is shown as the solid line in Fig. 2. Equation 
(12) gives the carrier concentration up to 500° shown 
as the solid line in Fig. 4. 


5. CONDUCTIVITY FROM 500 TO 1000°K 


The conductivity obtained from Eqs. (8), (9), and 
(12) is a factor of 1.30 higher than measured conduc- 
tivity at 1000°. Above 500° the difference between 
measured and predicted conductivity increases with 
increasing temperature at a rate which is much too 
high to be explained on the basis of optical mode 
scattering. These results led Shockley to suggest that 
electron-hole scattering might become effective in 
reducing mobility when carrier concentration becomes 
large enough. It was also suggested by Herring that at 
high carrier concentration the electrostatic interaction 
of carriers would effectively decrease the intrinsic 
ionization energy and, therefore, increase the carrier 
concentration above that predicted by Eq. (12). Conse- 
quently, conductivity from 500 to 1000° is computed 
from mobility adjusted for electron-hole scattering and 
from carrier concentration adjusted for electrostatic 
interaction of the carriers. Conductivity computed in 
this way is to be compared with measured conductivity. 


5.1 ELECTRON-HOLE SCATTERING MOBILITY 


Electron-hole scattering mobility has been computed 
using the modified impurity-scattering formula of 
Conwell, Weisskopf, Brooks, and Herring? in the form 


Mnp=27/*x2(kT)*/2/a3?(mam,/[ma+m, |)!” 
Xe(np)'*LIn(1+B)—B/(1+B)], 
B= 6x(m,m,/[mn+m, |)k°T?/ (np) "he. 
Evaluating this gives 
Mnp=8.5X 10'77*?(m/m,+m/m,)'*/(np)'? 
<({In(1+B)—B(1+B)], 
B=2.07X 10"T?/(np)'?(m/m,+m/m,). 


(13) 
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Fic. 5. Hall mobility/conductivity mobility vs temperature. 
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In computing ny, inertial masses measured by Benedict 
and Shockley have been used, m,=0.6m,> and 
m,=0.3m.° The computed yu», is shown in Fig. 1. It is 
combined with uz, and wz, by using the method for 
combining yw, and impurity-scattering mobility de- 
scribed by Debye and Conwell.” The resulting mobility 
is shown in Fig. 1 as the dotted line below extrapolated 
lattice-scattering mobility. Electron-hole scattering de- 
creases the sum of electron and hole mobilities by a 
factor of 0.60 at 1000°K. 


5.2 ELECTROSTATIC INTERACTION OF CARRIERS 


In computing carrier concentration above 500° from 
Eq. (12), a correction to (12) must be made to include 
the decrease in forbidden gap due to electrostatic 
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Fic. 6. Hall coefficient vs reciprocal temperature. 


interaction of carriers. This correction,’ as suggested 


- by Herring and given in terms of the change in electro- 


chemical potential of the carriers, is 


Ap=— (€2/2k)[4re?(n+- p)/«kT }'”, 
and 
AEg= Ag (for electrons)+ Ag (for holes). 


Evaluating: 
AEg= —4.61X10-(np)'4T>12, (14) 


By use of Eqs. (12) and (14), (mp)'/* has been computed 
and is shown in Fig. 4. The electrostatic interaction 


5 T. S. Benedict and W. Shockley, Phys. Rev. 89, 1152 (1953). 

6 T. S. Benedict, Phys. Rev. 91, 1565 (1953). 

7 See, for example, the Debye-Hiickel theory in W. J. Moore, 
Physical Chemistry (Prentice-Hall, Inc., New York, 1950), p. 447. 








CONDUCTIVITY AND HALL EFFECT IN Ge 


increases carrier concentration at 1000° by a factor of 
1.25 over that predicted by (12). 

Using mobility determined in Sec. 5.1 and carrier 
concentration determined in Sec. 5.2, conductivity has 
been computed from 500 to 1000°K and is shown in 
Fig. 2. The agreement between measured and computed 
conductivity is surprisingly good. 


6. HALL EFFECT 


Hall effect in the intrinsic range is given by the ex- 
pression® 


Ru= (np)! el — Wen? (Min/ Men) +HMep' (iH p/Mep) 1/0”. (15) 


All of the terms in this expression have been evaluated 
over the range 250-1000° except the ratio of Hall 
mobility to conductivity mobility u#/u.. The conduc- 
tivity mobility is that obtained in Sec. 5.1 and used to 
compute o and is written as yu, in expression (12) to 
distinguish it from Hall mobility uz. The mobility ratio 
has been determined! up to 250° and is shown as plotted 
points in Fig. 5. The values of ux#/u. used to compute 
Ry are shown in Fig. 5 as a dashed extrapolation of the 
measured values. Hall coefficient has been computed 
using Eq. (15) and is shown compared to measured Ry 
in Fig. 6. The agreement between experiment and 
theory is very good but may be accidental. According to 
Herring, theory suggests that ux/p, for holes decreases 
at high temperature to some constant value rather than 
increasing as assumed in the extrapolation. 


7. TEMPERATURE DEPENDENCE OF E; 


The theoretical formula for carrier concentration in 
the intrinsic range can be written 


np= 2.33 X 10"! (m,m,/m*)>T* exp—Eg/kT. 


This equation has the same form as empirical Eq. (12), 
but the numerical factor in (12) is larger than the 
theoretical value by a factor of 13.3 if we assume that 
effective mass equals rest mass. This can be explained 
as resulting from a change in Eg with temperature. If a 
linear variation is assumed, 


Eq(T)=Ea(0)—8T. (17) 


Then =k In13.3=2.2310~ ev/degree for m,m,/m’ 
=1. Bardeen and Shockley’ find 8=1X10~ by this 
method. The different result is to be expected because 
the carrier concentration used by Bardeen and Shockley 
depended upon early drift mobility measurements and 
the assumption that u,« 7, 

At the present time, the values of m, and m, are 
uncertain. From thermoelectric effect measurements 


(16) 


® W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), first edition, p. 279. 
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Fic. 7. Intrinsic ionization energy vs temperature. 


Geballe’ finds m,=m,=0.6m for the mass parameters 
in Eq. (16). From the assumption m,=m,=0.6m, 


B=k |n13.3X4.6=3.5X10~ ev/degree. 


Ea(0) was found in Sec. 4.2 to be 0.785 ev. 

Equation (17) must be modified above T= 500° to 
include the effect on Eg by the electrostatic interaction 
of charge carriers. This can be done by combining (14), 
(17), and the results above to give 


Eg=0.785—3.5XK10“T—4.61 XK 10-"(np)'*T—"*, (18) 
Eg computed from (18) is shown in Fig. 7. 


8. SUMMARY 


Conductivity and Hall effect have been measured in 
the intrinsic range of germanium and the results are 
compared with theory. Agreement between experiment 
and theory is good. 

Conductivity is computed from theory with the fol- 
lowing assumptions : 


1. The empirical behavior of lattice-scattering mo- 
bility as determined between 100-300° can be extra- 
polated to 1000°. 

2. Scattering by electron-hole collisions is important 
and is given by an impurity-scattering formula with 
carrier concentration substituted for impurity concen- 
tration and a reduced inertial mass substituted for 
carrier mass. 

3. Carrier concentration is given by an empirical 
formula determined below 500°K from conductivity and 
lattice-scattering mobility and corrected for the change 
in gap width due to electrostatic interaction of the 
carriers. 


Hall coefficient is computed from theory using the 
assumptions listed above with the additional assump- 
tion of a simple extrapolation of the empirically deter- 
mined ratio of Hall mobility to conductivity mobility. 


* T. H. Geballe (to be published). 
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Photoconductivity in Gold-Doped Silicon 


R. NEWMAN 
General Electric Research Laboratory, Schenectady, New York 
(Received March 8, 1954) 


Photoconductivity has been studied in p- type gold-doped silicon at 20°K, 77°K, and 195°K. The impurity 
photoconduction shows a temperature dependence. At 20°K and 77°K, the data indicate a simple photo- 
conductive process with a threshold at about 0.33 ev. At 195°K, the data indicate a complex photoconduc- 


tive spectrum 


AFT and Horn have shown that gold acts as a 

donor or hole trap in silicon.’ From their resis- 
tivity-temperature data they find that a level is 
located 0.33 ev above the filled band. It was of interest 
to determine whether the corresponding result could 
be obtained from a study of the photoconductive 
response of gold-doped silicon. Preliminary experiments 
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Fic. 1. Photoconductivity in gold-doped silicon at 195°K, 
77°K, and 20°K. Sample thickness 2.5 mm. Estimated may~5 
X 10'5/ce. 


1. A. Taft and F. H. Horn, Phys. Rev. 93, 64 (1954). 


by Taft showed the presence of a photoconductive 
effect at low temperatures.’ 

Photoconductivity was measured using a _ con- 
ventional series circuit. A Perkin-Elmer thermocouple 
amplifier with a high input impedance preamplifier 
was used for chopped light measurements (13 cycle). 
A “Vibrating Reed Electrometer’ was used for dc 
measurements. Over the range studied here, the 
photocurrents were linear in voltage and light intensity. 
A Perkin Elmer monochromator with a CaF, prism 
was employed. Samples were mounted in a cryostat 
equipped with a NaCl window. The illumination was 
substantially uniform over their length. 

Figure 1 shows the photoconductivity spectra of a 
sample of p-type gold-doped silicon at liquid hydrogen, 
liquid nitrogen, and dry ice temperatures. This sample 
had high resistance (i.e., greater than 5 megohm) 
at these temperatures. The curves shown are typical 
of those obtained from similar samples cut from three 
different gold-doped ingots. The curves, which were 
obtained from chopped light data, were normalized 
by a measurement of de photocurrent at a _par- 
ticular wavelength (0.8 ev). The division of the photo- 
conductive spectra into an intrinsic region at energies 
above about 1.1 ev and an impurity region below 
this value seems obvious. The data for 77°K and 20°K 
seem interpretable in a simple fashion. The form of the 
response at these temperatures suggests a simple 
photoionization process. There is an uncertainty as to 
what value should be adopted to define the low-energy 
threshold. If in somewhat arbitrary analogy to the 
intrinsic case, we define the edge as the energy for 
which the response is ~ 10~* of the plateau value then 
the present data give an optical activation energy of 
0.32 to 0.33 ev in agreement with the energy determined 
thermally. 

The data for dry ice temperature cannot be explained 
as simply. The curve of impurity photoconduction 
appears to be a superposition of at least two simple 
photoconduction curves, the first of these having the 
previously determined threshold of ~0.33 ev and a 
second with a threshold in the vicinity of 0.7 ev. 

It might be suggested that the dry ice data indicate 
the presence of a second gold donor level at about 
~0.7 ev above the filled band. This level would exist 


2 E. A. Taft (private communication). 
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PHOTOCONDUCTIVITY 


only when the lower donor level was filled. However, 
a rough calculation of the Fermi level from the resis- 
tivity data indicated that it is “locked-in” at the 0.33 ev 
donor level, even at dry ice temperature. If there is 
only a negligible change in Fermi level in going from 
say 195°K to 77°K, then it would seem difficult to 
explain the data in terms of a two-level model. At 
present we have no alternative to suggest. If both 
resistivity and optical data were available for samples 
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IN Au-DOPED Si 
more complete information would be forthcoming 
on the energy level scheme in gold-doped silicon. 

Response times of the gold-doped samples are of 
order 10 usec.’ No evidence was found in this work of 
leng response times or quenching effects that would 
indicate the presence of stable traps even at 20°K. 

I am indebted to E. A. Taft and F. H. Horn for 
furnishing the samples used here. 


3 E. A. Taft and F. H. Horn (private communication). 


which could be made n-type by gold-doping, perhaps 
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Diffusion of Impurities in Germanium* 


W. C. Duntap, jr. 
General Electric Research Laboratory, Schenectady, New York 
(Received February 26, 1954) 


A method is described for the study of diffusion of impurities in semiconductors; results are obtained by 
the observation of the p-n junction formed as the diffusing impurity penetrates the specimen. Studies have 
been made upon germanium using this technique, and comparisons with the radioactive tracer method 
have shown the p-n junction method to give valid results. Measurements on indium, gallium, aluminum, 
arsenic, boron, phosphorus, antimony, and zinc are described. The diffusion coefficients of these elements 
in germanium range, at 900°C, from 10~!? cm*/sec to 10~* cm?/sec. The activation energy for bulk diffusion 
in germanium is about 2.5 ev, or 57 000 cal/mole. Applications are given for the study of the p-n junction 
method to the study of‘surface and grain-boundary diffusion. The method has also been applied to the 
study of new elements and their electrical activity in germanium. It is concluded that the rapidity with 
which results can be obtained by the junction method, and its applicability to elements not conveniently 
available in radioactive form make it a valuable adjunct to the radioactive tracer method for studying 





diffusion. 


INTRODUCTION 


HE problem of the diffusion of atoms through a 

crystalline lattice is an old one, and one which 
has been approached in many different ways, both 
theoretically and experimentally.' Most of the past 
work has been done on metals, and much of the recent 
work on metals has been done with the radioactive 
tracer technique.* 

In the present study, a new method has been applied 
to the study of diffusion in semiconducting crystals. 
These crystals have the property that their electrical 
properties are determined, in most cases, by the presence 
of very minute traces of impurities. In many of these 
crystals, some impurities render them p type, whereas 
others make them n type semiconductors. The type of 
conduction refers to the carrier present; in nm type 
semiconductors, the current is carried by electrons, 


* Preliminary accounts have appeared by W. C. Dunlap, Jr., 
86, 615 (1952); D. E. Brown and W. C. Dunlap, Jr., Phys. Rev. 
86, 616 (1952); and W. C. Dunlap, Jr., and D. E. Brown, Phys. 
Rev. 86, 417 (1952). 

1R. M. Barrer, Diffusion in and Through Solids (Cambridge 
University Press, Cambridge, 1951). 

? For a discussion of the radioactive method, see R. Hoffman, 
in Atom Movements (American Society of Metals, Cleveland, 
1951). 








in p type semiconductors, the current is carried by 
positive holes. 

The type of carrier can be determined by several 
methods: (1) Hall effect; (2) thermoelectric measure- 
ments; and (3) rectification probe measurements. The 
latter two methods are particularly suitable to the 
present purpose, since the desired information can 
be made to apply to very localized regions of the 
specimen, by the use of fine whiskers for probes. In 
particular, the region of transition between p and n 
type material can be located with a high degree of 
precision, even though it may be localized very close 
to the surface of the specimen. 

In the present work, diffusion has been studied 
by means of the change in type of conductivity. To 
do this, one chooses the base material to be one of the 
type opposite to that prevailing when the impurity 
has diffused in. Thus, for studying the diffusion of 
indium into germanium, one chooses samples of n 
type material, heats them in contact with indium, 
and measures the depth of the p-n junction formed 
by the diffusion of indium into the germanium. 

The plan of the present work, then, was to put 
various impurity elements of interest in contact with 
germanium, and to diffuse them in at different tem- 
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peratures for different times, in order to determine 
their diffusion coefficients as a function of temperature. 
Information about the lattice structure can be ob- 
tained by means of the equation: 


D= Do exp(—E/kT). (1) 


Here Dy is a constant of the material, EZ is the activation 
energy for diffusion, and k is Boltzmann’s constant. 
The activation energy is a measure of the stiffness of 
the lattice, since it is the energy jump that an impurity 
atom must acquire before it can make a motion into 
a nearby vacancy. Details of the theory of diffusion 
can be found in reference 1. 

In particular, a study was made of the diffusion 
rates of donor as compared to acceptor atoms, and 
some interesting conclusions were drawn. 

Attempts were also made to apply the p-n junction 
method to the study of other types of diffusion, such 
as surface and grain boundary diffusion. 
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Fic. 1. Theoretical diffusion curves for one-dimensional dif- 
fusion, based upon the “constant-source” solution to the diffusion 
equation. The plot is on a log-log scale, with x being measured 
from the surface of the slab. The p-m junction, in the case of a 
semiconductor, is formed at the point where the curve crosses 
the horizontal line representing the impurity concentration in 
the base material. 
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As part of the work, a systematic study was made 
of the p-n junction method as compared to the radio- 
active tracer method, for reliability, accuracy, and 
rapidity. 

METHODS OF MEASUREMENT 


A basic assumption in this work was that of one- 
dimensional geometry; that is, the penetrations dealt 
with were always small compared to the lateral dimen- 
sions of the samples, and to the thickness of the samples. 
It was also assumed that the initial impurity distribu- 
tion, at time zero, was zero except at the surface of 
the sample. This we can call the “constant-source’”® 
problem, if we assume we are dealing with a constant 
number of impurity atoms () present in or on the sample. 

The diffusion equation is: 


D(@C (x)/dx* ]=0C (x) /dt, (2) 
where D is the diffusion coefficient, C(x) is the con- 


centration of the diffusing impurity; C(x) is related to 
the total Q by the relation 


Q= ‘ : C(x)dx. (3) 


The solution of the diffusion equation for the con- 
stant-source problem is 


C(x) =Q(rDt)— exp(—2*/4D2). (4) 


A plot of the form of the advancing diffusion 
front at various times (actually the parameter (D#)! 
makes a more useful one for plotting) is shown in 
Fig. 1. Both the concentration and the distance are 
on a logarithmic scale. On this scale the shape of the 
curve does not change with time. The curve is simply 
translated down and to the right. The concentration 
representing that of the impurities in the base material 
is shown as a straight horizontal line. At the point 
where the curve crosses this line, the p-n junction 
occurs. If the p-n junction depth is x, and the base 
concentration Co, then 


ao= 2(Dt)'{In[Q/Co(wDt)*}}!. (5) 


For example, if Co=10'*, Q=10", (Dt)'~10~ cm, 
then we can approximate 


xo~ 8(Di) 4, (6) 


The quantity C» is easily determinable with good 
accuracy from Hall effect measurements. While the 
Hall measurement gives actually the density of elec- 
trical carriers, for germanium at room temperature 
these are all ionized, so that this is also the number of 
impurity centers. 

o=7.4X10'8/R, (7) 


where R is the Hall coefficient in cm*/coulomb. 


3 See reference 1, p. 44. 








DIFFUSION OF IMPURITIES IN Ge 


It is seen from Eq. (6) and Eq. (5) that the p-n 
junction moves very nearly according to a +/t law. 
This gives a means of checking the theory ex- 
perimentally. 

For exact solutions for the diffusion coefficient from 
Eq. (4), a method of successive approximations has 
been used. Since the complicating term (D#)! enters 
logarithmically into the solution for D, the process 
rarely requires more than two such steps. Indeed, for 
an accuracy satisfactory in many experiments, a 
simple guess at Co, Q, and D suffices to give D accurate 
to better than a factor of 2. 

Another diffusion problem to which the present 
one is related is the “step-function” problem. In the 
application of this method, the diffusing impurity is 
present in large quantities at the plane x=0. As 
diffusion proceeds, the diffusing impurity enters the 
crystal, but the concentration at the surface pre- 
sumably does not change. This method leads to the 
following solution of the diffusion equation. 


C(x) =Co'{1—erf[x/2(Di)'}}, (8) 


where Cy’ is the concentration at the surface. 

For the case that we have here, C=Co, x= 20, with 
CoCo’, the error function can be replaced by the 
form: 

exp (—x*)/mix. (9) 


Thus, the solution in the step-function case reduces to 
the form very similar to that fer the constant-source 
case, 

xo 2(Dt)*{In(Co’/Co) }t=26(D1)!, (10) 
if Co’~10”, Co~10"*. It is interesting that for many 
practical cases, the “constant source” and the “step- 
function” approximations yield the same result [com- 
pare Eqs. (10) and (6) }. 

In general, we are not able to use the step-function 
solution for measurements of diffusion by the depth 
of the p-m junction. The major reason is that the 
quantity of diffusing impurity must be kept small. 
This is important because we wish the entire layer 
from the surface to the p-m junction to be a true 
diffusion zone. This means, presuming that the im- 
purity may alloy with or dissolve into the germanium, 
that all secondary phases, alloy regions, etc., must 
be negligible in thickness compared to the true diffusion 
zone. If the amount of impurity is limited to a few 
micrograms/cm*, simple calculations show that the 
“alloy zone” is actually thin compared to the diffusion 
zone. 

For example, if 5 micrograms of indium are heated 
in contact with 1 cm? of germanium wafer, at 700°C, 
it can be estimated from a phase diagram, such as 
that of Fig. 2, that at that temperature the indium 
will dissolve germanium until a concentration of ~20 
percent indium is reached. This will mean an “alloy 
zone” of about 2 microns. In the design of the experi- 
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Fic, 2. Phase diagram showing the liquidus curve 
of indium-germanium. 


ment then, one must heat for a sufficiently long time 
so that the diffusion distance x» is large compared to 
micron. This is hardly a limitation, since much larger 
diffusion distances than this must be used to attain 
reasonable experimental accuracy. 

The fact that the surface layer, even though liquid 
initially, attains a state very shortly in which the 
impurity is in saturated solid solution with the ger- 
manium, means that we can be sure that the observed 
p-n junction arose by diffusion and not by liquid 
penetration. 

Thus, for measurement purposes, one uses tech- 
niques that are somewhat complementary to those 
used when junctions are made for technical purposes.‘ 
There the “step-function” solution is more applicable, 
because large amounts of impurity are applied, there 
is a considerable penetration by solution and alloying, 
and usually conditions are chosen to make the diffusion 
zone thin in comparison with the alloy region. In 
technical fused junctions, also, the “recrystallization” 
region plays a major part, whereas, for measurement 
work, it can be neglected, as long as Q is small. 

The step-function solution may apply to diffusion 
in a grown p-n junction, where the impurity of interest 
changes its concentration abruptly as a result of the 
doping procedure used. McAfee, Shockley, and Sparks® 
studied diffusion in germanium using such junctions. 
In their work, the motion of impurities was studied 
through the changes of capacity of the p-n junction 
used as a rectifier. Although in principle the same 
problem could be studied by the p-m technique dealt 
with in the present paper, there is a major drawback, 
the lack of a reference for measurement. In the case 
of measurements from the surface, the surface itself 
serves as a convenient base. In the grown junction, 
there is no such base. Although a base from which 
to measure can be set up, all the schemes for doing 
so that have been envisioned to date, suffer from such 


‘ A discussion of “fused-impurity contact” or “alloy” junctions 
“is by J. S. Saby and W. C. Dunlap, Jr., Phys. Rev. 90, 630 


s McAfee, Shockley, and Sparks, Phys. Rev. 86, 137 (1952). 
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poor accuracy that much of the validity of the measure- 
ment is lost. 

The work of McAfee, Shockley, and Sparks revealed 
an interesting discrepancy between the diffusion 
coefficients determined by their method, and those 
determined by the present method. The discrepancy 
appears to depend upon the fact that no surface was 
close to the point of diffusion in their p-n junction bars, 
whereas diffusion actually proceeds from the surface 
in the present method. The discrepancy is about a 
factor 1000 smaller diffusion coefficient in their measure- 
ments, than in those found from the present type 
measurement. 

EXPERIMENTAL 


Samples 


The diffusion studies reported here were made, in 
the main, with single crystal samples of germanium, 
some kindly furnished by R. N. Hall, others made by 
the author. These samples were in the form of flat 
plates, cut square, ground, polished, and etched. For 
the study of donor elements, high-resistivity m material 
was often used for starting material, and the thermal 
conversion arising from the diffusion heating was 
used to give p type specimens of about 1 ohm cm 
resistivity. 

For the study of acceptor elements, generally, 


low-resistivity m type material, in the range 0.1-0.2 
ohm cm was used. These values were used to minimize 
thermal conversion effects such as occur with higher- 
resistivity samples. 


Determination of the Depth of the p-n Junction 


Determination of the depth of the p-n junction 
was generally done by cutting off the sample at a 
small angle, generally 5 or 10°, and measuring the 
distance along the slope from the original surface to 
the junction. 

The method requires the use of flat, highly polished 
plates. These were accurately ground, and the angular 
surface was also prepared, using the hand grinding 
machine shown in Fig. 3. The hand grinder contains a 
piston of polished, hardened steel, turning in a cylinder 
of similar metal. The sample is mounted on an end 
piece, which may be a flat, or it may be a beveled 
piece of the proper angle. Some preliminary information 
is generally needed so that the cut is deep enough and 
of the right angle that the junction is actually exposed, 
and at a suitable distance for accurate measurement. 

A problem that may be severe in some cases, is the 
warpage of some germanium surfaces at high tem- 
peratures of diffusion. This effect is, presumably, 
similar to that reported by Gallagher,* namely that 
the stress of supporting their own weight, while inside 
a cylindrical tube, at temperatures of 900°C or so for 
periods of days can lead to a curvature of the originally 


*C. J. Gallagher, Phys. Rev. 88, 721 (1952). 
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Fic. 3. Cut-away view and section of hand-operated precision 
grinder used in diffusion measurements, both in the radioactive 
tracer work and in the p-m junction work. 





SAMPLE 

















flat surface. Again, this does not appear as an error 
of alarming degree for measurements of the accuracy 
desired here. However, support for the sample on a 
flat surface is generally desirable. 

Figure 4 shows the arrangement for making the 
tests on detection and location of the p-n junction. 
The test probe was mounted on a micromanipulator 
originally designed for work with point-contact transis- 
tors, and having a sensitivity of 0.1 mil per division. 

Most of the measurements were made with a thermo- 
electric probe as the detector of the p-n junction. 
The point used was a tungsten carbide needle, sharpened 
to a fine point. The needle was mounted in a pin vise, 
close to a small heating coil. The base of the sample 
and the pin vise were connected to a recording dc 
millivoltmeter, whose direction of deflection indicated 
the type of germanium. 

Some considerations in the use of the method are: 

1. The diffusion coefficient depends upon the square 
of the p-n junction depth, and care must be exercised 
all through the measurement for best results. 

2. The junction depth is determined from the distance 
to the junction, relative to the point of intersection 
of the ground surface and the original surface. This 
location had to be done visually, through the binocular 
microscope; the location is based upon the difference 
in visual appearance of the original polished surface 
and the new ground surface. The larger the angle for 
the cutting, the more clear the line of intersection; 
and, conversely, attempts to increase sensitivity by 
decreasing the angle of grinding are partially self- 
defeating because of increased fuzziness of the line 
of intersection. 





DIFFUSION OF 

3. Considerable attention must be given the location 
of the p-n junction itself. Besides the expected un- 
certainties due to roughness of the ground surface, 
there is a tendency of ground surfaces on the m type 
material to show up p type. This leads the measured 
value of the junction depth to be somewhat too small 
for measurements on donors, too large for acceptors. 
The effect is minimized if low-resistivity material is 
used for the base. 

4. It is estimated that the p-n junction depth can 
be measured to about 10 percent accuracy at 10 mils 
penetration, 25 percent at 1 mil penetration. In most 
experiments, the heating time was chosen to produce 
penetrations of at least 1 mil. 


Evaluation of Q 


It is assumed that the quantity (Q, the total number of 
impurity atoms deposited on the sample/cm’, remains 
constant, in order to use Eq. (4) and its derivatives. 
This assumption is in general not valid. Evaporation 
often leads to departure of much of the volatile im- 
purities in the first few seconds or minutes of heating, 
and surface diffusion can also lead to a spreading of 
the impurity around the sample. Evaporation, followed 
by chemical reaction or diffusion, can lead to a loss 
of most of the impurity into the walls of the heating 
chamber, in this work, quartz. 

A virtue of the method used here, however, is the 
insensitivity of the method to the exact. value Q. ,This 
point was demonstrated experimentally in the following 
way. Two similar specimens of germanium were 
prepared, each evaporated with radioactive antimony 
at the same time, in the same way. A third similar 
specimen was also used, but unevaporated. One 
evaporated specimen was sealed in a quartz tube by 
itself, the other two in another quartz tube. Both 
tubes were heated together at the same temperature, 
for the same time. The tubes were cut open, and each 
sample was measured for penetration of the n type 
layer into the p type base. All three were equal, to 
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Fic. 4. Schematic diagram showing the method used for 
locating the p-n junction on germanium samples. 
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+10 percent. Thus, the pure sample acquired from 
the evaporated one sufficient antimony to receive the 
same depth of junction. Likewise, the loss of antimony 
did not prevent the junction being at the same depth 
as in the sample heated by itself. 

The loss of impurity from the sample has been 
checked for a number of the important impurities, 
particularly antimony, zinc, and indium, which were 
available in radioactive form. It was found by etching 
out the insides of the quartz tubes used for heating, 
and checking both samples and etching residues, that 
at least 50 percent of antimony could be found on 
the sample after the typical diffusion experiment, 
heating at 850°C for 16 hours. Zinc, however, and 
particularly indium, combine with or diffuse into the 
quartz walls at such a rate that only a small fraction of 
the originally deposited material is found on the sample. 
Attempts to counteract this by increasing Q may well 
lead to errors because of increased alloy penetration, 
contamination and roughening of the surface, etc. 

Further information on the evaluation of Q is given 
under the headings for each impurity in the next 
section. 


OTHER FACTORS IN DIFFUSION EXPERIMENTS 


Two important factors for all diffusion experiments 
are the exact manner of heating the specimens, the 
atmosphere, and the type, uniformity, and degree of 
temperature control and measurement of the furnaces 
used. 

The diffusion measurements were carried out almost 
exclusively with small quartz tubes to hold the samples 
and protect them from oxidation. Each sample was 
sealed in a separate quartz tube, about 4 inches long 
and inch in diameter. These tubes were all cleaned 
in hydrofluoric acid and well rinsed and dried before 
sealing in the samples. They were then baked out at 
350°C, and 15 cm pure dry argon added. The tubes 
were then sealed off. Cleanliness of the tubes was of 
extreme importance, but very difficult to guarantee. 
Because of the extreme sensitivity of germanium to 
impurities, even a trace of an element that diffuses 
faster than the one under study may lead to a com- 
pletely erroneous result. 

The furnaces in which the heating was done were 
nichrome wound, tubular furnaces, with a single 
winding whose density of turns increased towards 
the ends to compensate for end losses. These furnaces 
were found to hold up well for long periods when used 
at temperatures of 1000°C and below. The length, 
24 inches, was sufficient to furnish a zone about 6 
inches long in which temperature was uniform to 
several degrees C. 

Temperatures were controlled from iron-constantan 
thermocouples, placed very close to the sample tube. 
These couples were used only for control of the regula- 


tors. Actual furnace temperatures were obtained 
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periodically during the diffusion run, by use of a 
separate calibrated thermocouple. This was one of a 
group of six iron-constantan thermocouples, each 
used for a short period of time, discarded, and replaced 
by a new calibrated thermocouple. This procedure was 
done in order to avoid errors due to drift in calibration 
of thermocouples. All thermocouples were calibrated 
by the thermal standards section of the General 
Engineering Laboratory, General Electric Company. 

The furnaces were all regulated by means of Brown 
Pyrovane electronic controllers. To each had been 
added an “anticipator,” consisting of a dummy thermo- 
couple, and a flashlight bulb. This device, which is a 
standard one, permits a greater degree of control of 
furnace temperature, if properly used. Even with these 
precautions, it was found very difficult to maintain 
a uniform measured temperature in a diffusion furnace 
for a period of a week or so at, say, 900°C, with un- 
certainties of less than +2°C. The over-ali tempera- 
tures specified are thought to be accurate to about 
+5°C, 


COMPARISON OF THE p-n JUNCTION METHOD 
WITH THE RADIOACTIVE TRACER METHOD 


It was desirable to compare diffusion results obtained 
with the p-n junction method, with results on the same 
specimens obtained with the radioactive tracer method. 
For this purpose several wafers of single crystal ger- 
manium were ground to a high degree of polish and 
flatness, and coated with a thin evaporated layer of 
antimony, about 1000A thick. This antimony was 
Sb™, a radioactive isotope with half-life of 60 days. 
The samples were heated in the usual way at tempera- 
tures ranging from 600 to 900°C. The heating times 
were chosen to give a reasonable penetration; because 
of the difficulty of removing thin layers accurately, the 
penetration was chosen to be at least several mils on 


all samples. 
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Fic. 5, Diffusion results on germanium obtained by radioactive 
tracer technique using Sb’. The counting rate per unit weight 
of germanium is plotted against the square of the distance from 
the surface. According to Eq. (4) of the text, this should be a 
straight line. The diffusion coefficient is determined only by the 
slope of the line. 
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The samples were then ground on the grinder of 
Fig. 3. The grinding head was the one normal to the 
axis, so that the layers parallel to the surface could 
be removed. The face opposite the one to be ground 
off was first itself ground slightly to minimize effects of 
lack of parallelism. The activity was also removed 
from the opposite face and all the edges. Layers 
generally 0.2-0.3 mil were removed at a time. The 
amount removed was determined by micrometric 
measurements of the sample and base to which it was 
waxed. Also the weight of this combination was 
measured after each grinding. Weighing was found to 
give the most accurate results. 

The grinding was done into sheets of fine grade 
emery paper. Care was taken that all the ground 
material was actually in or on the paper. The activity 
of the paper was determined by placing in a standard 
position in a scintillation counter, using an anthracene 
crystal for counting beta rays. 

No corrections were made for the absorption of the 
activity in the powder while on the paper. It was found 
that if the layers removed were equal in thickness, 
the absorption would introduce a constant factor to be 
applied to give the correct activity. This corresponds 
to a translation of the log activity versus x* curve 
without change of slope and hence without effect on D. 

The activity in the sample could be reduced to an 
absolute basis by using standards consisting of dilute 
solutions placed on similar pieces of emery paper, 
dried and coated with plastic to prevent loss of loose 
material. 

The results of the radioactive tracer studies are 
summarized in Figs. 5 and 6. Figure 5 shows the count- 
ing rate per unit weight of germanium removed, 
plotted against the square of the distance from the 
original surface. This is based upon the formula of 
Eq. (4) and the assumption that the counting rate is 
proportional to the concentration of the antimony in 
the germanium. The good linearity in Fig. 5 is an 
excellent check on the validity of the theory. 

Each time the surface was ground off, the new 
surface was checked for p-n characteristic, using 
the thermoelectric test method. Finally, the p-n 
junction was reached. This depth was then recorded, 
and the diffusion coefficient determined from Eq. (5). 
The results are indicated in Fig. 6. It can be seen that 
there is good agreement between the two methods. 
In general, the p-n junction method gave slightly 
smaller values of D than the tracer method. This 
might be ascribed to the slight effect that the surface 
has in contributing p type material. This would 
minimize the penetration, and give smaller D. 

In principle it is possible from the absolute con- 
centration of antimony to answer the question as to 
whether the diffusing antimony atoms are all electrically 
active. The good agreement between the two methods 
of measurement is one indication of this. Actually, 
direct comparison is difficult because of the large 

















DIFFUSION OF IMPURITIES IN Ge 


errors of determining the absolute antimony concen- 
tration in thin layers, particularly when the concen- 
tration is varying rapidly. 


MEASUREMENTS ON THE VARIOUS IMPURITIES 
Antimony 


In this section is given a short discussion of the 
particular techniques applicable to each element. 

In the case of antimony, which was more extensively 
studied than any other element, the major problem 
was determination of Q. Most the work with antimony 
was done with radioactive antimony 124. Use of the 
radioactive tracer is convenient for measurement of Q, 
even though the standard techniques for getting D 
by the tracer method are replaced by the p-n junction 
method. 

When ordinary antimony was used, the evaporation 
was usually done upon a glass slide holding the sample. 
The slide was weighed on a micro balance before and 
after evaporation. Generally, the weights involved 
were about 10 microgram/cm*, or about 200 microgram 
for the typical slide. 

Because of the good retention of antimony on the 
sample, the values of Q obtained were relatively 
significant, and Eq. (5) could be used with safety. 


Arsenic 


Arsenic was studied less extensively than antimony. 
In most of the experiments, a tiny speck of arsenic 
was simply added to the quartz tube at the time of 
sealing. Equation (6) was used to determine D. 


Phosphorus 


A similar procedure to that of arsenic was used in 
the case of phosphorus. In these three cases above, 
ordinary cp chemicals were found to be of adequate 
purity. Their segregation characteristics and diffusion 
coefficients are such that the only element likely to 
cause trouble is one of the other two, and it would 
have to be present as a rather high percentage impurity 
to cause much trouble. 

Zinc 

For the zinc measurements, Zn® was available, and 
some work was also done with high purity Johnson- 
Mathey zinc (about 99.99 percent). Unfortunately, 
zinc was found to be one of the elements most likely 
to disappear into the walls of the quartz tube during 
heating. Equation (6) was used. 


Gallium 


Gallium was deposited as an evaporated film on 
most of the samples. Weighing of the film was used 
for most of the experiments. Gallium has a lower 
vapor pressure than indium or zinc, but much of it 
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Fic. 6. Diffusion coefficient of antimony in germanium plotted 
vs the reciprocal temperature. Results were obtained both by 
the p-n junction method and radioactive tracer method on the 
same samples. Agreement between the two methods is seen to 
be good. 


is still lost to the quartz at the higher temperatures of 
diffusion heating. 

Equation (5) and Eq. (6) were both used for measure- 
ments on gallium. 


Aluminum 


A number of attempts were made to determine the 
diffusion coefficient of aluminum into germanium, 
without success. The troubles apparently lay in the 
oxidation of the very small amounts of aluminum 
deposited by evaporation on the samples. Very high 
resistance layers were generally observed when probe 
tests were attempted on these surfaces. 


Indium 


As in the case of antimony, most of the work with 
indium was done with radioactive material, in this 
case In’, which has a 48-day half-life. The surface 
activity of the sample before diffusion again could 
be used for accurate determination of the initial Q. 
In the case of indium, however, so much of the indium 
was lost to the quartz during diffusion, that the utility 
of this value is questionable. Equation (5) was used, 
however, on the belief that at most temperatures the 
indium would not be lost so fast that the initial pene- 
tration, which determines the final penetration, to a 
great extent, is that given by the initial Q, Eq. (5) 
was used for most of the work. 


Boron 


Boron was deposited pyrolytically upon the ger- 
manium samples. Although weighings were made in 
order to determine Q, it was found more precise to 
determine thickness of the films from their interference 
properties. For this purpose, one of the samples was 
etched at one end to remove the boron, using hot 
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concentrated nitric acid for a few minutes. This made 
a region where the fringe depth was zero. By counting 
fringes, and comparing with a standard step gauge for 
interference colors, a good estimate could be obtained 
for the Q in the case of boron. 


RESULTS OF THE p-n JUNCTION MEASUREMENTS 
Tests of the \/t Relation 


The // relation that follows from Eq. (4) was tested 
using radioactive antimony. The results obtained are 
shown in Fig. 7. It is seen that the agreement with the 
/t law is only fair. The initial penetration follows 
this law quite closely. The deviations are probably 
due to the loss of antimony from the system by evapora- 
tion and diffusion. Thus, these effects appear to be a 
limitation on the accuracy of the measurements. 


Results of Measurements on Various Impurities 


Figure 8 shows results obtained on the various 
impurities at temperatures ranging from 600°C to 
900°C. The lines describe the results to a good approxi- 
mation, considering the rather large errors in measure- 
ment of xo, the uncertainty in @ values, uncertainties 
in temperature measurement and control, and other 
effects already discussed. 

The lines shown are nearly parallel, and have a 
slope about the same found for antimony by the 
radioactive tracer method, ie., 2.5 ev, or 57000 
cal/mole. 

Boron appears to give somewhat anomalous results, 
in contrast to all the others. Boron diffusion appears 
to be rather rapid at high temperatures, slow at low 
temperatures; thus the activation energy appears to be 
higher. A possible reason for this behavior lies in the 
fact that boron does not alloy easily with germanium, 
as do all the other elements studied here. Thus, some 
of the slowness of diffusion at the lower temperatures, 
may be due to lack of good “contact” between the 
film of boron and the crystal. 





Fic, 7. Penetration of the p-m junction into germanium as a 
function of time of heating. The dashed line is the theoretical 
/t law predicted by diffusion theory. Agreement is considered 
fair. 
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Fic. 8. Diffusion results for various elements, 
based upon p-n junction measurements. 


DISCUSSION 


Besides the activation energy Z, another parameter 
of interest is Do, the ‘frequency factor” in the diffusion 
equation. This value is obtained by extrapolating the 
diffusion curve to the axis 1/7=0. From Fig. 6 it is 
found that Dy is about 10 cm?/volt sec for germanium. 
A similar value is found from Fig. 7, although this 
is probably not as accurate. 

A use of the experimental value of Do is in checking 
validity of diffusion data, as described by Nowick.’ 
Thus, diffusion through cracks, imperfections, or other 
agencies than the pure bulk diffusion effect show up 
as a departure from the “Langmuir-Dushman equa- 
tion,”’* or one of its successors. The equation used by 
Langmuir and Dushman was 


Dy=@E/Noh, (11) 


where a is the interatomic spacing in cm, E is the 
experimental activation energy, No is Avogadro’s 
number 6.06 X 10, and 4= Planck’s constant. Although 
this equation has been supplanted by more rigorous 
equations, most of them involving such parameters 
as the entropy of diffusion and the rigidity modulus, 
it still remains a useful tool for qualitative evaluation 
of diffusion data. 

According to Eq. (11), Do for germanium should be 
about 0.3 cm*/sec. The agreement with the experi- 
mental extrapolated value of 10 cm?/sec is satisfactory, 
considering that in many cases of invalid data, the 
disagreement is many orders of magnitude. 


7A. S. Nowick, J. Appl. Phys. 22, 1182 (1951). 
81, Langmuir and S. Dushman, Phys. Rev. 20, 113 (1922). 
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Another factor of importance in considering Do is 
the possibility of a temperature dependence of the 
activation energy E. If E has a component depending 
linearly upon the temperature, 


E=EptaT, (12) 
then the expression for D should be written 
D= Dye#!ke-Bolk? = Do/eBolk?, (13) 


Thus, in this case, the experimental Dy’ actually 
contains the parameter (a/k) as well as the proper 
component Do. There is some likelihood that there is 
such a temperature dependence of the activation 
energy. 


Comparison of the Diffusion Coefficients 


It is seen from Fig. 8 that the various elements differ 
greatly in their diffusion coefficients. In particular, 
the donors are seen to diffuse much more rapidly 
than the acceptors. This can be interpreted qualitatively 
in terms of Fig. 9. Here are shown the “Goldschmidt 
ionic radii” for various ionic charges, as determined 
from x-ray studies of compounds in which these 
elements assume different valencies. As is expected, 
the negative ions of an element are considerably 
larger than the positive ions. In germanium, of course, 
the donor ions become positively charged on giving up 
their electrons, whereas the acceptors become nega- 
tively charged. These differences, even apart from the 
natural differences of ionic radius for the various 
elements, lead naturally to higher diffusion coefficients 
for donor elements. 

No great success has followed attempts to correlate 
to a higher degree the specific values of diffusion 
coefficient with the values of ionic radii. The ionic 
radii themselves do not apply well enough, and there 
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Fic. 9. Ionic radii for various ions of interest, determined from 
“Goldschmidt ionic radii.” These values were obtained from 
various compounds of these elements and unfortunately do not 
have direct application without serious error to the substitutional 
solution of the elements in germanium, where their bonding 
relations are not the same as in their compounds. This hinders 
their use in more than rough correlations between ionic charge 
and diffusion coefficient. 
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Fic. 10. Surface diffusion of boron on germanium. bind of 
bulk penetration vs distance from end of boron coating indicated 
that appreciable time elapsed before sufficient boron reached 
points indicated, and thus before bulk penetration could praseee. 
Because of the large distances, however, it was concluded that 
surface diffusion proceeds at a rate probably 100 times the bulk 
penetration in this experiment. 


is question as to whether the data on diffusion are 
accurate enough to justify serious attempts in this 
direction. 


APPLICATION OF THE p-n JUNCTION METHOD TO 
SURFACE AND GRAIN BOUNDARY DIFFUSION 


Studies of Boron Surface Diffusion 


Figure 10 illustrates some preliminary results on 
study of surface diffusion of boron on germanium, 
using the p-m junction method. The technique was as 
follows: polished samples on which boron had been 
deposited pyrolytically, were used. The boron was 
removed from about half the sample by etching in 
hot concentrated nitric acid. The sample was then 
sealed and heated at 800°C for 65 hours in argon. 
The sample was next ground off at a 5° angle, starting 
at the edge of the sample, in steps. After about eight 
of these steps, the sample had been cut beyond the 
point at which the boron layer had stopped. 

The first thing noticed on checking the sample 
after diffusion was that the surface was p type. In a 
check experiment, with an m type sample in the same 
tube, the » type sample showed no corresponding 
p type layer. This is evidence that the p layer was due 
to boron surface diffusion, and not evaporation. 

The depth of penetration was measured as a function 
of the distance from the original boron coating. This 
should give some measure of the time required to 
move along the surface, because the boron cannot 
begin its penetration into the bulk until it has diffused 
along the surface to the point in question. 

The curve of Fig. 10 gives this bulk penetration as 
a function of distance along the sample. The location 
of the original boron coating is indicated by the dashed 
line. As expected, the penetration falls off rather 
rapidly in the region of this line and reaches nearly 
a constant value farther out. While it is rather difficult 
to estimate surface diffusion velocities from this type 
of data, it appears that surface diffusion proceeds, at 
800°C, at a rate of about 100 times its average pene- 
tration into the bulk in this experiment, namely 1 or 
2 mil/hr. 
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Similar studies can be made for grain boundaries. 
Even less has been done on this aspect of the work, 
however, than on surface diffusion. Again the best 
technique would probably involve measurement of 
bulk diffusion penetrations as a function of the distance 
along the grain boundary, measured from that point 
at which the impurity had been applied. From the 
preliminary work done in this field, however, it ap- 
peared that grain boundary diffusion was not sufficiently 
more rapid than bulk diffusion to make it possible to 
get good data easily. 


OTHER WORK ON THE p-n JUNCTION METHOD 
FOR MEASURING DIFFUSION 


In addition to the papers of the author (and D. E. 
Brown) on the measurement of diffusion by the p-n 
junction method, papers by Fuller and others on 
similar applications of the method have appeared. 
Fuller’ measured diffusion of antimony, arsenic, 
indium, and zinc in germanium by the junction method, 
and obtained results in agreement with those of the 
author. Even more interesting, however, has been the 
application of the method to the very rapid diffusion 
of copper and lithium, both studied by Fuller e¢ al." 

At this point we might mention the somewhat 
different though related methods of measuring diffusion 
coefficient described by Fuller. He assumed the step 
function solution, which we have seen is not completely 
valid for very small amounts of added impurity, but 
which should give satisfactory approximations. 

In Fuller’s technique, the diffusion coefficient is 
measured by study of two samples of germanium, both 
exposed to the same amount of impurity, as for example 
by exposing them together in a closed tube to the 
vapor of arsenic. 

The two samples can be described by impurity 
concentrations C, and C2, determined from conductivity 
or Hall measurement. The depth of the p-n junction 
is determined in the two cases to be x, and x. Applica- 
tion Eq. (8) leads then, according to Fuller, to the 
relation : 


Cy 1—erffx,/2(D#)9) 


C, " 1- erf{x2/2(Dé)4]) 


(14) 


If one then replaces the error function by its approxi- 
mate value from Eq. (9), one finds for the diffusion 
coefficient the relation 


4Dt=— ; 
In(Cyx/C 2x2) 


x?— xy 


(15) 


Thus, the diffusion coefficient is determined by the 
difference in the squares of the penetrations of the 
p-n junction for two different resistivities. It removes 
Co (or Q) as a variable in the measurement, but requires 

*C. S. Fuller, Phys. Rev. 86, 136 (1952). 

”C. §. Fuller and J. D. Struthers, Phys. Rev. 87, 526 (1952); 
C. S. Fuller, Phys. Rev. 91, 193 (1953). 
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the measurement of two junction depths. Since the 
error in each “‘squared depth” is double the error in the 
depth measurement itself, additional care must be 
taken regarding accuracy of measurement. 

An additional assumption involved in Fuller’s 
approach is that Cy remain constant during the diffusion. 
This is a rather doubtful assumption, since we have 
seen that the impurity either evaporates from the 
sample, and reacts with the walls, or it alloys with the 
germanium until there is no longer a second phase at 
the surface. Furthermore, if enough diffusing impurity 
is added until there is always a supply of impurity 
at the surface, then the penetration by the liquid alloy 
will, in general, be considerable, and will lead to 
erroneous ideas of the diffusion penetration. 

The method of Fuller is somewhat similar to that 
in which the +// law is assumed to be correct, the sample 
is diffused for two successive periods, and again the 
determination of two junction depths permits of the 
measurement of the diffusion coefficient without 
knewledge of the Co, or Q value. 

Results by the method of Fuller are best obtained 
by use of two samples having the greatest possible 
range of resistivity. As in all applications of the p-n 
junction method, accuracy is improved if the diffusion 
depth is as large as possible. 


SUMMARY AND CONCLUSIONS 


In the long history of the study of diffusion in solids, 
many physical properties have been used for indication 
of the extent of diffusion. The radioactive tracer, 
among the most modern of these, has also proved one 
of the most universally effective. In the field of semi- 
conductors, however, it is possible to use the extreme 
sensitivity of the material to impurities, both in type 
and quantity, to establish a new and sensitive method 
for studying diffusion. Comparison of this p-n junction 
method with other methods, including the tracer 
method, shows that it has a distinct set of advantages, 
coupled with some disadvantages. 

Among the advantages over the radioactive tracer 
method, the junction method can be used for some 
elements, like gallium, aluminum, and boron, which 
are either unobtainable in radioactive form, or are 
of such half-life that measurements are somewhat 
inconvenient. 

Secondly, measurements with the p-n junction 
method are quite rapid. A measurement of diffusion 
coefficient requires only one measurement on the sample, 
namely the depth of the p-» junction. On the other 
hand, the tracer method requires a large number of 
time consuming operations and measurement before 
a corresponding value of similar precision is obtained. 

A disadvantage of the junction method is the fact 
that is works only for electrically active elements. 
For inactive elements, it cannot be used at all. And 
of course, it is used only for semiconductors. 
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Measurements have been made on the quantum efficiency of luminescence from F centers in x-rayed 


LiF and additively colored KCI at 4°K. In the wavelength range from 3000A to 20 000A an upper limit of 
3 percent efficiency is found for the LiF F-band emission, if it exists. At 25 OOOA the upper limit is 10 percent. 
Similar results are found for F centers in KCl in the wavelength range from 6500A to 25 OOOA. These results 
are in disagreement with theoretical predictions that the F center should luminesce with high efficiency 
in the wavelength region near 10 000A. 


INTRODUCTION 


HE F center in the alkali halides is probably the 

most widely investigated and best understood 
imperfection in insulators.' It is generally agreed that 
the F center consists of an electron trapped at a negative 
ion vacancy. Using this model of the F center, Gurney 
and Mott? have suggested that absorption in the F band 
raises an electron from the ground state to an excited 
state and that at high temperatures thermal energy 
raises the electron from the excited state to the con- 
duction band. This view is supported by several in- 
vestigations. First, measurements by Glaser and 
Lehfeldt® on the variation of photoconductivity of the 
F center with temperature show a reasonably constant 
value in the room temperature range followed by a 
large decrease at low temperatures. Second, Klein- 
schrod‘ discovered a small absorption band on the high- 
energy side of the F-band absorption. This band may 
be interpreted as due to a direct transition from the 
ground state of the F center to the conduction band. 
Finally, Dexter® has computed the absorption strength 
of the F-center band and the short wavelength band on 
the basis of the model of Gurney and Mott and finds 
agreement with the experimental results of KJeinschrod. 
At sufficiently low temperatures then, light absorp- 
tion in the F band raises the electron to an excited 
state but there is insufficient thermal energy to free 
the electron. A problem of interest, and the one with 
which this investigation is concerned, is to determine 
how the excited F center returns to its ground state. 
If luminescence occurs, as has generally been antici- 
pated,® the measurement of the luminescent emission 
spectrum should yield important information about the 
relaxation of the lattice around the excited F center 
and allow a determination of configuration coordinate 


1 For reviews of the properties of F centers see F. Seitz, Revs. 
Modern Phys. 18, 384 1946), and N. F. Mott and R. W. Gurney, 
Electronic Processes in Ionic Crystals (Oxford University Press, 
London, 1940), Chap. IV. 

2R. W. Gurney and N. F. Mott, Proc. Phys. Soc. (London) 
A49, 32 (1937). 

3G. Glaser and W. Lehfeldt, Nachr. Akad. Wiss. Géttingen 
Math. physik. KI. 2, 91 (1936). 

4F, G. Kleinschrod, Ann. Physik 27, 97 (1936). 

5D. L. Dexter, Phys. Rev. 83, 435 (1951). 

®N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, London, 1940), pp. 136, 222. 
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curves for the center from experimental data alone.’ 
If, however, there is a radiationless transition of the 
excited F center to its ground state, it will be important 
to attempt to identify the mechanism for this transition. 

Luminescence in alkali halides has been observed in 
supposedly pure materials under a variety of conditions, 
such as bombardment by high-energy radiation or 
heating from low temperatures after x-raying. In most 
cases, however, the possibility cannot be excluded that 
the luminescence may arise from impurities since 
minute concentrations of a large number of metal 
ions act as luminescent centers in alkali halides,* and 
the reported emission in these cases is frequently of 
low intensity. In order to avoid the difficulties associ- 
ated with excitation methods which produce free elec- 
trons and holes, the author has previously looked for 
emission from F centers in LiF and NaCl upon irradiat- 
ing into their absorption bands at 4°K.® No emission 
was found, but the results were limited in the range 
of wavelengths covered. In addition, no quantitative 
estimate was made as to the minimum detectable signal 
in terms of quantum efficiency. Ghormley and Levy” 
have found an emission at 10 000A from colored KCl 
at 77°K upon exciting with light in the region of the 
F-band absorption. These investigators state, however, 
that it is not possible to determine from their experi- 
ments whether the emission is true F-center fluores- 
cence or results from interactions with other centers 
such as M centers. This uncertainty arises from the 
fact that M centers in LiF and NaF are known to 
luminesce,'' and that, in the case of LiF at room 
temperature, irradiation in the F band produces a 
feeble M-center luminescence.’ At 77°K there may be 
some photoconductivity from F centers in KCl, thus 
permitting the formation or excitation of M centers. 
Also, the range of exciting light used by Ghormley and 
Levy is sufficiently large so that there may be a small 
overlap of this light with the M-absorption band, thus 

7. C. Klick, Phys. Rev. 85, 154 (1952). 

SIt has been found in this laboratory, for instance, that the 
addition of 40 parts per billion of copper to NaCl causes measur- 
able luminescence. 

°C. C. Klick, Phys. Rev. 79, 894 (1950). 

(etn Ghormley and H. A. Levy, J. Phys. Chem. 56, 548 


"J. P. Molnar, thesis, Physics Department, Massachusetts 
Institute of Technology (1948) (unpublished). 
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exciting the M center directly. These investigators do 
not estimate the quantum efficiency of the luminescence 
they measure; and, since their experimental measuring 
technique will detect as little as ten photons per 
second, they may be measuring a weak or secondary 
emission. 

Theoretical investigations concerning the F center 
have largely been concerned with the determination of 
wave functions for the F center and the computation 
of the F-center absorption band. Recent work by 
Huang and Rhys" considers, in addition, the relative 
probabilities of radiationless to radiative transitions 
from the excited to the ground state of the F center. 
For KBr at a temperature of 28°K they compute this 
ratio to be 4X 10~". Similar results should be expected 
for other alkali halides at low temperatures. These 
figures support the general opinion that the quantum 
efficiency of luminescence from F centers at low tem- 
peratures should be essentially one hundred percent. 

There are several ways in which estimates may be 
made concerning the position of the emission band from 
F centers. Experience with luminescent centers such 
as Ag*t, Tl*, Cut, Pb**, and M centers in alkali halides 
indicates that the ratio of emitted wavelength to ab- 
sorbed wavelength is less than two. 

Pekar" has derived relationships between the ab- 
sorption peak wavelength, the emission peak wave- 
length, and the half-widths of the peaks for simple 
centers which may be used to predict the wavelength 
at which emission from the F center should occur. 
Using these relations and previous results from a 
theoretical investigation of F centers,“ Pekar predicts 
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Fic. 1. Configuration coordinate curves for the ground and 
excited states of the F center in KBr, computed as described in 
the text. The coordinate is the separation between the F center 
and a nearest neighbor potassium ion. The herizontal lines indi- 
cate the vibrational energy levels of the system as computed. 
Using cgs units, the energy of the ground state is given by U,= 1.76 
10*X?, where X is the coordinate displacement; the excited 
state is given by U,=2.6110-"+1.5X 10°(X —0.214X 10-*). 


® K. Huang and A. Rhys, Proc. Roy. Soc. (London) A204, 406 
(1950). 

8S, I. Pekar, J. Exptl. Theoret. Phys. (U.S.S.R.) 22, 641 eed 

4S. I. Pekar, J. Exptl. Theoret. Phys. (U.S.S.R.) 20, 510 (1950). 
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that luminescence from F centers in NaCl, KCl, KBr, 
and KI all lie between 9000A and 10 OOOA. The relations 
derived by Pekar may have somewhat limited accuracy, 
however. They predict, for instance, that the half- 
widths, in energy units, of the absorption and the 
emission bands are identical, but for KCI:Tl at room 
temperature the ratio of emission to absorption band 
width is approximately two. 

Using both experimental and theoretical results, it is 
possible to compute the configuration coordinate curves 
for F centers in KBr, and from these curves determine 
the emission spectrum. The method used has been 
described.’'® In the case of KBr the data employed 
are the peak wavelength of absorption, the absorption 
half-width at low temperatures, the variation of this 
half-width with temperature,’ and the number of 
vibrational quanta given off in absorption as determined 
theoretically by Huang and Khys.” The effective mass 
of the system is taken to be that of the six potassium 
ions surrounding the center. The results of this com- 
putation are ilustrated in Fig. 1, and from these 
results the F-center emission would be expected at 
12 OOOA. 


EXPERIMENTAL PROCEDURE 


For this work LiF and KCI were chosen as the alkali 
halides to be investigated. LiF has its F band at 2500A, 
thus allowing an experimental search over an eight to 
one range of wavelengths from 3000A to 25 OOOA. 
However, LiF can be colored conveniently orily by 
x-rays which also produce the full gamut of other color 
centers. Since the interaction of the F band with other 
centers was considered unlikely for low F-center con- 
centrations but not impossible, it was felt advisable also 
to investigate an alkali halide colored by heating in 
the alkali metal vapor which produces only the F band. 

Of the alkali halides which can be conveniently 
colored by this means, KCI has the shortest wavelength 
F band and could be investigated over a four to one 
range of wavelengths. KC] has the added advantage 
that Pekar has included it as one of the alkali halides 
for which he predicts F-center luminescence in the 
wavelength region from 9000A to 10 000A. 

Single crystals of LiF, grown commercially, were 
used. Considerable variation in the luminescent back- 
ground of untreated crystals was found in various 
samples from the same producer. Therefore, samples 
with low background under 2537A excitation were 
chosen and were colored by exposure to heavily filtered 
x-rays from a 50-kvp machine. The coloration appeared 
uniform to the eye. By using Smakula’s'’ equation rela- 
ting the optical absorption to the number of centers 


18 C, C. Vlam has called to our attention an error in the constant 
of Eq. (4) of reference 7 which is too high by v2. Similar corrections 
should be made in Eqs. (10) and (11) of C. C. Klick and J. H. 
Schulman, J. Opt. Soc. Am. 42, 910 (1952). 

18 R. Hilsch and R. W. Pohl, Z. Physik 64, 606 (1930). 

17 See, for instance, F. Seitz, Modern Theory of Solids (McGraw- 
Hill Book Company, Inc., New York, 1940), p. 662. 
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and assuming an oscillator strength of unity, the density 
of F centers could be computed. For the samples used 
in investigating luminescence in the range from 3000A 
to 6000A, the density was 3.5X 10"? cm~*; other samples, 
investigated in the range from 4500A to 26 000A, had a 
density of 6.6X10'* cm~*. These densities correspond, 
respectively, to concentration of 6 and 1 parts per 
million of negative ion sites. In each case reported in 
this investigation the sample thicknesses were such 
that more than 90 percent of the exciting light was 
absorbed. 

F centers were formed in commercial crystals of 
KCI by heating in potassium vapor at 450°C. After 
this treatment the crystals were heated briefly to 600°C 
and quenched to remove colloid bands. The density of 
color centers was computed to be 9X 10'* cm~ using 
Smakula’s equation and an oscillator strength of 0.81. 
This corresponds to a concentration of 6 parts per 
million of negative ion sites. 

In all cases the alkali halides to be measured were 
submerged in liquid helium at 4.2K°. The Dewar used 
was an unsilvered glass double Dewar with the inner 
Dewar painted black except for a small window at the 
level of the crystal. The exciting light entered the Dewar 
vertically through a quartz plate, passed through the 
liquid helium, and fell on the crystal. When a photo- 
multiplier was used as a detector in the 3000A to 6000A 
range, it observed the crystal through a second quartz 
plate placed at the top of the Dewar. When a lead 
sulfide photoconductive cell was used, the crystals 
were held at an angle of 45° from the vertical and were 
observed through the window by the detector placed 
exterior to the Dewars. 

For the investigation of F centers in LiF, the exciting 
source was a low-pressure mercury arc with a Corning 
9863 filter. This radiates almost all of its energy in the 
2537A mercury line, which falls well within the F-center 
absorption band. In the investigation of KCl, an 
A-H6 high-pressure 1000-watt mercury arc was used as 
the exciting source. The light was filtered through a 
Baird filter 7-2970-3 and Corning filters 4303 and 3484 
to pass only light near the F-band absorption peak. 

A 1P28 photomultiplier tube with a Corning 7740 
filter was used to look for luminescence in the range 
from 3000A to 6000A for LiF F centers. For the longer 
wavelength investigations, an Eastman Kodak lead 
sulfide cell with dimensions 1 cm by 2 cm was used. 
For the LiF investigation, no filter was used with the 
PbS cell other than the filtering action of the Pyrex 
glass Dewars; for KCI, a Corning 2412 filter was placed 
before the cell in order to pass only wavelengths greater 
than 6100A. When the PbS detector was used, the 
exciting light was chopped at a rate of 10 cycles per 
second and the detector output amplified by a 10-cycle 
amplifier. The relative response of both detectors was 
determined as a function of wavelength by the use of 
suitable monochromators, chopped light sources, a fast 
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response thermocouple, and an alternating current 
amplifier. 

A measurement of the quantum efficiency of lumi- 
nescence for some material implies a determination 
of the number of quanta absorbed by the material and 
of the number emitted. This involves measurements 
of the intensity of the exciting light, the fraction of 
light reflected by the material, the intensity of the 
emitted light, its angular dependence, and the amount 
of self absorption of the emitted light by the material. 
Measurements have been made with fair accuracy on 
a number of phosphors'* but it was concluded that the 
difficulties introduced by the use of complicated Dewars 
would greatly reduce the accuracy of the measurements. 
Instead, a substitution method was used in which a 
material either of known reflectivity or quantum 
efficiency was substituted for the material to be meas- 
ured. For LiF in the range where a photomultiplier was 
used as a detector, the standard was magnesium car- 
bonate for which the reflectivity at 2537A was taken 
as 72 percent.” For the wavelength range in which LiF 
was investigated with the PbS detector, the standard 
used was the luminescence of CaWQ,. Jones and Fonda"* 
give a quantum efficiency at room temperature of 73 
percent for this material and Kréger* has shown that 
its brightness increases about 20 percent as the tem- 
perature is reduced. It was assumed that this material 
had a quantum efficiency of 90 percent at 4°K. For 
the investigation of KCl the standard used was the 
reflectivity of MgO which was taken to be 95 percent 
at the wavelength of the F-center peak. From the ex- 
perimentally determined detector responses to these 
substituted standards, from their known reflectiv- 
ities or quantum efficiencies and emission spectra, 
from the measured relative response of the detectors 
to equal numbers of incident quanta, and from the 
computed fraction of exciting light absorbed in the 
sample it was possible to compute at any wavelength 
what the detector response would be to a material 
luminescing at this wavelength with an efficiency of 
100 percent. Several other corrections have been made 
to obtain the quantum efficiency data; the fraction of 
incident light reflected at the front surface of the alkali 
halide was computed and included in the calculations 
as was the effect on the angular distribution of lumi- 
nescent light from a crystal due to refraction at the 
surface. However, these corrections are of somewhat 
minor importance in determining the unexpectedly low 
quantum efficiency. 


RESULTS 


In no case was efficient F-center luminescence found. 
The results are given in Fig. 2 for both the LiF and 


16S. Jones and G. R. Fonda, Electrochemical Society, enlarged 
abstract, spring meeting, 1952 (unpublished). 
S. Schwartz and G. Lloyd, J. Opt. Soc. Am. 38, 964 (1948). 
~™F. A. Kréger, Nature 159, 674 (1947). 
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Fic, 2. Experimentally determined upper limit for the quantum 
efficiency of the F centers in LiF and KCl as a function of wave- 
length. Each point on the curve is computed assuming that the 
luminescence is concentrated at the wavelength corresponding 
to the point. 


KCI investigations. These curves are obtained by con- 
verting the observed detector response, when the 
colored alkali halide is investigated, into a quantum 
efficiency at each of various wavelengths by assuming 
that the detector response is due to F-center lumines- 
cence concentrated at each wavelength. At wave- 
lengths for which the detector sensitivity is poor, the 
small observed response corresponds to a_ higher 
possible quantum efficiency. The results may be sum- 
marized by saying that the efficiency of luminescence 
of F centers in LiF is less than 3 percent if the emission 
occurs in the wavelength range from 3000A to 20 OOOA. 
For KCl the F-center luminescence efficiency is less 
than 3 percent for the range from 6500A to 20 OOOA. 
For both materials the efficiency is less than 10 percent 
at 25 OOOA. For an emission which extends over a range 
of wavelengths, the maximum quantum efficiency is 
given by an appropriately weighted average over this 
range. If the whole emission spectrum of F centers in 
LiF were included in the range from 3000A to 20 000A, 
the maximum efficiency would be less than 3 percent. 

Because of these low efficiencies no attempt was 
made to investigate the emission as a function of wave- 
length; the measurement itself would be difficult and 
the assignment of apparent emission bands to the 
F center would be open to question because of the 
possibility of complicating factors such as stray light. 
In the case of LiF with the photomultiplier detector, 
for instance, emission from the mercury arc in the 
3000A to 4000A range was not filtered from the detector. 
This is known to be a few percent of the total emission 
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but was tolerated here in order to extend the range of 
investigation as close as possible to the F-center ab- 
sorption. Similarly with LiF and the PbS detector, 
some of the red and infrared lines of the mercury arc 
were not filtered out. Furthermore, there is evidence 
that excitation in the F center leads to weak lumi- 
nescence in the M center. Finally there are the 
effects of small concentrations of impurities which 
frequently are troublesome in visible and ultraviolet 
emission investigations and which might also give rise 
to infrared emission. 

Considering all of these difficulties which arise when 
such low light levels are investigated, it is possible that 
the efficiency of luminescence of the F center itself is 
really much less than that given in Fig. 2; these curves 
should be taken only as upper limits of the efficiency. 


DISCUSSION 





This investigation indicates that within the rather 
wide wavelength range investigated, the luminescence 
of the F center, if it exists at all, is one to two orders of 
magnitude less than expected. Two possible explana- 
tions may be examined. 

First, the concentration of color centers may be so 
high that the luminescence is quenched. This phe- 
nomenon is well known in phosphors but begins to 
occur at concentrations above 100 parts per million 
even in materials with high dielectric constants such 
as the sulfides. In KCI: TI the efficiency has decreased 
less than a factor of 2 because of concentration quench- 
ing even at concentrations of 7000 parts per million. 
Theory” also indicates that this effect should become 
important at concentrations of 1000 parts per million. 
Therefore the low F-center concentrations used here, 
less than 10 parts per million, avoid this difficulty. 

Second, the luminescence may not appear because 
of the presence of “poisons.” In nonphotoconducting 
phosphors the effect of poisons in concentrations as low 
as 10 parts per million may be detected. The mechanism 
for efficient poisoning is probably that of dipole-dipole 
transfer of energy discussed by Dexter” who concludes 
that concentrations of the order of 100 parts per million 
are required and that the poison should have an 
allowed absorptive transition in the wavelength range 
of the emission which it quenches. Therefore a poison 
should have a large oscillator strength and even in con- 
centrations of only 10 parts per million should show 
an absorption band comparable with the F bands in- 
vestigated here. No such bands were found nor does 
there appear to be any reference in the literature to 
such effects. 

The conclusion then appears to be that current 


211). L. Dexter and J. H. Schulman (to be published). 
#1), L. Dexter, J. Chem. Phys. 21, 836 (1953). 
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10 000A with 100 percent efficiency, is not correct. 
It is possible that a more detailed theoretical investiga- 
tion of the configuration coordinate curves for the 
F center, both in its ground state and in its excited 
state, might lead to a better understanding of these 
results. 
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A theory is put forth to explain the electrical effects which accompany phase changes occurring in dielec- 


trics and aqueous solutions. Ionic movement in the interface is treated as a transition between energy 
levels separated by potential barriers. The height of the barriers and the value of the energy levels are 
supposed to be different for positive and negative ions. Such a model results in a net current flow across 
the solid-liquid interface. Wken the interface moves during a phase change of the system, the excess electric 
charges thus produced constitute space charges in the solid and surface charges in the liquid. The field of 
the global charge distribution causes the appearance of the currents and potential differences which have 


INTRODUCTION 


OSTA RIBEIRO, a Brazilian physicist, while 
studying electret behavior and related effects, 
discovered in 1944 that solidification and melting of 
many dielectrics are accompanied by charge separation." 
He found that the phenomenon is observed only if the 
phase change proceeds in an orderly fashion, that is, if 
a definite phase boundary (or interface) exists between 
the solid and liquid phase. Displacement of the interface 
in one direction corresponds to solidification, and 
displacement in the opposite direction to melting. A 
system in which such a process occurs, has properties 
similar to those of a primary cell with very high 
internal resistance. Measurements were made of the 
short circuit current and the total charge separation. 
The first observations concerned dielectrics like car- 
nauba wax, naphthalene (where the effect is particularly 
strong), and paraffin; however, occurrence in ice was 
also mentioned. Costa Ribeiro concluded that the effect 
was a general one: Production of currents and charge 
separation in dielectrics during phase changes. Later 
Workman and Reynolds? and Alfrey and Gill® found 
that orderly solidification of many aqueous solutions 
gives rise to the appearance of considerable open- 
circuit potentials (of the order of hundreds of volts) 
which become measurable when the freezing is observed 
1 J. Costa Ribeiro, thesis, Universidade do Brasil, 1945; Anais 
acad. brasil. cienc. 17, No. 2, 2, 3 (1945); 22, 321 (1950). 
2 E. J. Workman and S. E. Reynolds, Phys. Rev. 74, 709 (1948); 
78, -” (1950). 
W. B. Gill and S. A. Alfrey, Nature 169, 203 (1952); 


E. W. B. Gill, Nature 169, 1109 (1952); Brit. J. Appl. Phys. 
Supplement 2, 16 (1953). 


been observed between the plates of a condenser containing the dielectric. 


inside a condenser in open circuit. These authors also 
give astonishingly high values for the total charge 
separation in aqueous solutions, and this was thought 
to be significant for the interpretation of atmospheric 
electricity. For this reason the effect, besides its theo- 
retical interest, is likely to become of practical impor- 
tance. Recently Krause and Renninger* found that 
individual crystals of pentaerythren become electrically 
charged during crystallization from a supersaturated 
solution. Numerous other papers have been published 
since 1944 on similar matters, partly in continuation of 
the previously mentioned ones,’ partly independently.® 
It is also worth mentioning that as early as 1940 some 
observations along the same line were reported in 
meteorological papers.’ It has already been asserted 
that the findings of Costa Ribeiro and Workman and 
Reynolds refer to the same effect* as does, in the 
author’s opinion, the evidence contained in all previ- 
ously mentioned papers. It is therefore justified to call 


‘B. Seam and M. Renninger, Naturwiss. 40, 52 (1953). 

5 J. Costa Ribeiro, Abstracts of Simposio sobre Novas Técnicas 
da Fisica, Rio de Janeiro, 1952 (unpublished), p. 23; L. Cintra 
do Prado, Anais acad. brasil. cienc. 18, 145, 149 1946); L. Cintra 
do Prado and P. Saraiva, Anais acad. brasil. cienc. 19, 30 (1947); 
P. Saraiva, Anais acad. brasil. cienc. 18, 161 (1946); A. Dias 
Travares, Anais acad. brasil. cienc. 25, 53, 91 (1953). 

®I. Clay and C. Kramer, Physica 13, 508 (1947); A. Becker 
and I. Schaper, Z. Naturforsch. 4a, 194 (1949); W. Rau, Z. 
ro taga 6a, 649 (1951); V. J. Schaefer, Phys. Rev. 77, 721 
1950). 

7W. Findeisen, Z. Meteorol. 57, 6, 201 (1940); E. Lange, Z. 
Meteorol. 57, 12, 429 (1940); A. Klumm, Arch. Meteorol., Geo- 
phys. u. Bioklimatol., Ser. A3, 382 (1951). 

5 J. D. Hoffman, Dig. of Lit. Dielectrics (Nat. Research Council) 
14, 13 (1950). 
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the whole complex of phenomena with which we are 
here concerned the “thermodielectric effect,’ as it was 
called by its discoverer. 

It has been mentioned by Costa Ribeiro that elec- 
trical phenomena occurring in the interface must be 
primarily responsible for the effect. However, an inter- 
face mechanism alone would not explain the production 
of voltages and currents in the external circuit. An 
additional mechanism is necessary to provide the 
macroscopic electric fields that force the charge carriers 
through the dielectric and raise the potential difference 
between the plates. This was found by Gill and Alfrey* 
in the production of space-charge distributions in the 
nonconducting (or at least badly conducting) solid 
phase. According to these authors, charge separation 
occurs primarily at the interface. Part of the charge 
produced there is, however, imprisoned in the ice, thus 
constituting a ‘frozen-in’ space charge.® The charge 
carriers responsible are most likely the ions which are 
known to exist in considerable number in solid and 
liquid dielectrics unless they are purified to an extreme 
degree. Existing evidence about the influence of im- 
purities on the effect corroborates this idea. However, 
in consequence of the rather general nature of the 
assumptions made, the pattern of the theory would not 
change basically if the carriers were electrons. 

So far, no theory has been advanced that would allow 
correlation of the macroscopically observable quantities 

current and voltage in the external circuit—with the 
potentials that must exist across the interface. In the 
present paper we shall attempt to do this, and shall 
show that available evidence about the behavior of 
ions in the dielectric and the structure of the interface 
leads one to expect the appearance of electrical effects 
during phase changes. The treatment is still approxi- 
mate, applying only to “good” dielectrics such as were 
examined by Costa Ribeiro, in which the conductivity 
of the solid phase can be disregarded. The theory does 
not consider in detail the process of fusion or solidifi- 
cation, but is exclusively a “conductance” theory. 

The basic mechanism is explained as follows. A 
contact potential difference—whether for ions or elec- 
trons makes no material difference—exists between the 
solid and the liquid. This contact PD results in the 
formation of a double layer at the interface under static 
conditions. If the interface moves, as in solidification or 
melting, the double layer would have to move with it. 
However, owing to the low conductivity of the solid 
site, the solid component of the charge cannot dissipate 
fast enough to keep up with the interface; hence, as 
the interface advances, it leaves behind a trail of space 
charge in the solid which builds up a potential difference 
between the region deep in the solid and the liquid 
(electrolyte) which can be many orders of magnitude 
larger than the contact PD. Thus the interface behaves 
like a selectively permeable membrane, allowing one 


* See B. Gross and L. F. Denard, Phys. Rev. 67, 253 (1945). 
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kind of charge carrier to pass through more easily than 
the other, and “pushing along” with it a surface charge 
consisting of the excess charge left in the liquid. The 
combined fields of space and surface charges result in a 
counter emf at the interface which gradually neutralizes 
the contact PD, so that the trail of space charge 
decreases as the interface advances, and a limiting 
interface field is reached. The fraction of the double- 
layer charge which is actually left behind as space 
charge depends upon the velocity of advance of the 
interface and the rate at which charge is dissipated 
across the interface by back-diffusion. Mathematical 
formulation of these assumptions would lead directly 
to an expression for the conduction current across the 
interface corresponding to Eq. (15) and could be made 
the starting point for the theory. 

In the present paper, however, a molecular model is 
introduced and the concept of a contact PD interpreted 
in terms of potential barriers and transition proba- 
bilities ; rate theory is applied for obtaining the expres- 
sion of the current through the interface. In this model 
the contact PD is shown to contain a term proportional 
to the speed of the phase change. This explains the 
experimentally found proportionality between equi- 
librium external current and speed of solidification or 
melting. But it must be emphasized that the simple 
analysis in terms of a contact PD, as outlined above, 
does not depend on such an explicit model ; the mathe- 
matical restrictions introduced in the discussion for the 
sake of getting simple expressions are more severe than 
necessary for carrying out the calculations. 


I. MODEL OF INTERFACE 


A condenser with plane plates contains a dielectric 
that is partly in the solid, partly in the liquid state. 
The phase boundary is assumed to run parallel to the 
surfaces of the electrodes. The conductance of the solid 
is supposed to be negligible, that of the liquid finite. 
The dielectric contains positive and negative ions, the 
relative concentration of which in the neutral state is 
the same. Thus no net charge exists under normal 
conditions. In the solid phase, as a consequence of the 
previously made assumptions of zero conductance, the 
ions are unable to move. In the liquid they can move 
more or less freely, having mobilities that depend on 
temperature and viscosity of the liquid. Thus conduc- 
tion in the liquid can be described by the introduction 
of a specific conductance ¢. In the interface the con- 
ductance changes from ¢@ to 0. It is just this zone that 
is of decisive importance. 

Fréhlich® has applied rate theory to the problem of 
the movement of ions in solid dielectrics. He considers 
the existence of potential barriers which oppose the 
movement of ions within the dielectric. The probability 
of transition is given by a Boltzmann factor. Applying 


H. Fréhlich, Theory of Dielectrics (Clarendon Press, Oxford, 
1949) 
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this picture to the present case, we see that the po- 
tential barriers in the solid will have to be high to give 
sufficiently low conductance. In the liquid the barriers 
are practically absent. Then the phase boundary is 
characterized as a zone of finite extension where the 
height of the barriers decreases from its very high value 
inside the solid to its very low value inside the liquid. 
Within the interface the movement of the ions may be 
described in the way shown by Frohlich. 

The detailed picture of the interface is of no impor- 
tance. It is sufficient to represent it schematically by a 
single potential barrier of finite height and the intro- 
duction of two potential minima on either side of the 
interface, one in the solid and the other in the liquid. 
The difference in the behavior of positive and negative 
ions in conducting dielectrics obliges one to assume 
that the height of the barrier and the energy difference 
between the minima are different for positive and 
negative ions. Thus one obtains Fig. 1 which gives the 
model of the interface used here. The height of the 
barrier at level I is U,*+ for positive and U;~ for negative 
ions, and at level II it is, respectively, U2* and Us. 
The differences U,;— U2 give the work functions. The 
levels running parallel to the phase boundary have an 
area A and are separated by a distance 2d». The surface 
densities of the ions in the levels are, respectively, 
N,*+/A, Ny-/A and N;zt/A, N/A. Probabilities of 
transitions from I to II and from II to I are, respec- 
tively, wi2t, wig and wei*, wey. The temperatures are 
T; and T2. 

The assumption of zero conductance in the solid 
makes it unnecessary to consider any transfer of ions to 
level I from the side of the solid. Thus the number of 
ions in I changes only by transport through the inter- 
face. It decreases by jumps from I to II and increases 
by jumps from II to I. Applying the equations of rate 
theory, one obtains 


dN y+/dt= —wytN yt+wat Ns, (la) 
dN -/dt= —wyr Nr t+wa Nr. (1b) 


If e¢ is the charge of the ions, then the conduction 
current across the interface is given by 


d 
i=e—(Ni+—N7). (2) 
dt 


The transition probabilities are given by 
w= wy exp(—U/kT), (3) 


where U is the height of the potential barrier. In 
general, one has to consider the existence of an electrical 
field E* set up by the surface and space charges that 
build up in the system in consequence of the transport 
of ions through the interface. The presence of the field 
E* changes the height of a potential barrier from 
its value U(0) without field to U(0)+ed)E*, the sign 
depending on the polarities of the ions and the di- 
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Fic. 1. Model of interface. 


rection of the jumps. Therefore, 
(= U(0)edoE*. (4) 


Finally, we expand Eq. (3) into a series and consider 
the first two terms only. This means linearization of 
the theory and therefore represents a considerable 
simplification for all following developments. We believe 
that within the framework of the present stili semi- 
empirical theory this procedure is justified. (It could 
be made more rigorous by introducing the differences 
between the values U*+ and U~ and expanding only the 
part containing them, but the final result would not 
differ significantly from the following.) Substituting 
(4) into (3) and designating the energy values without 
field by U,+, Uy, Ust, Us gives, finally 


W12t = wo 1 — (U;+—edoE*)/kT 1], (Sa) 
wie = wo 1— (Us +edoE*)/kT |], (5b) 
wot = wol 1—(Ust-+edoE*)/kT 2], (5c) 
Wer = wo 1 — (Uy-— edoK*)/kT 2]. (Sd) 


Substituting (5) and (1) into (2) gives for the con- 
duction current across the interface, the expression 


t= ew {(N2t+—N2-)—(Nit—Nr)} 
+{ (NitU;t+—NrUr)/kT, 
—(N2tU+—NyUs)/kT3} 
—edyE*{ (N\++Ny-)/RkT1+(Nat+N7)/kT2} ]. (6) 


We now make the following two assumptions: 

(a) The temperature gradient across the interface is 
very low, so that one can introduce the mean temper- 
ature 


T= (T,+T;)/2, T,=T-—AT, T,=T+AT; (7a) 


(b) The difference in the number of positive and 
negative ions in each level is small compared with the 
total number of ions of each species. This is equivalent 
to saying that one has a rather small effect in a medium 
where under normal conditions the concentration of 
ions is relatively large. Under these conditions the 
values of N; and N» can be replaced by a mean value 
N> except in the first term of Eq. (6) which otherwise 
would cancel out. Introducing, furthermore, the 
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coefficients 
4H= (U,+—U,*)—(U;—-U7), 
4W= (U;t+1 2 j= (U;r+U>7), 


(8a) 
(8b) 
one obtains 


i= ewo{ (Not—No)— (Nyt -Nr)} 


4e’woN odo AT 
+ { (+ w—) [eds E, (9) 
kT T 


II, THE CONDUCTION CURRENT ACROSS 
THE INTERFACE 


a. The Electromotive Force 


The primary cause of the current flow through the 
interface is the spontaneous jumping of the ions over 
the potential barrier. This mechanism is described by 
the term containing 7 and W. It represents an electro- 
chemical force. In Maxwell’s theory one takes such 
forces into account by the introduction of an intrinsic 
electric field Zo. Applying this concept to the present 
case, one has 


Eo= (H+WAT/T)/edo. (10) 


The constant factor multiplying Zo is an equivalent 
conductance of the interface. Thus, 


0)= 4e*dywoN o, /A kT. ( 11 ) 


The expression for the intrinsic field can be correlated 
with the speed of the phase change. Considering solidi- 
fication, the experiment is conducted in such a way 
that one electrode is cooled while the other is kept at 
constant temperature. The heat exchange with the 
surroundings will be disregarded. Then heat is removed 
from the liquid across the interface only. The quantity 
of heat removed from the liquid per unit time is 
—AhAT/2do, where > is the coefficient of thermal 
conduction of the liquid and A7/2d) is the temperature 
gradient. In consequence of the cooling, the mass of the 
































Fic. 2. Charges and field in dielectric. 
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liquid decreases per unit time by the amount —cdm/dl, 
where c is the latent heat. Equalizing both quantities 
allows one to express the temperature gradient in terms 
of the amount of solidified material, giving 


AT = (2doc/A)dm/dt (12) 


and, therefore, 


Ey=[H+W (2doc/AXT)dm/dt]/edo. (13) 


The speed of the phase change » is proportional to 
dm/dt. Therefore, Eo consists of two components; one is 
constant and exists already under equilibrium condi- 
tions, the other appears only during phase changes and 
is directly proportional to the speed of the phase 
change. One can, therefore, write Ey=¢1+c20. 

The current J, that in a shorted condition flows in 
the external circuit, will be proportional to Eo. Costa 
Ribeiro’ has measured J for various (constant) ve- 
locities of melting and solidification. He found that J 
reaches an equilibrium value some time after the phase 
change has attained constant speed and that this 
equilibrium value is very nearly proportional to dm/dt. 
This suggests that the coefficient c, must be much 
smaller than ¢2. Therefore a constant PD, independent 
of the temperature gradient, would not suffice to explain 
this result. The bulk of the intrinsic electromotive 
force must be due to the appearance of a temperature 
gradient across the interface. The introduction of the 
corresponding term in Eq. (10) was therefore relevant. 


b. The Surface Charge 


The term e(V;+—N,-)/A is the density of the surface 
charge on level II and e(N;+—N;-)/A the same for 
level I. Existence of a surface charge means discontin- 
uity of the displacement field. Let E(s) be the field in 
the solid adjacent to the interface, EZ, the field in the 
liquid, and E* the field in the interface (Fig. 2). Then 


e(Not—N-2-)=Ae(E.— E*), 
e(N,\+—N,-)=Ae_E*—E(s) ], 
and 
eL (Net— N>) — (Nit— Nr)] 
= Ad _E,—2E*+E(s) ], 
where ¢ is the dielectric constant of the system which 


for the sake of simplicity is taken to be the same for 
solid and liquid. 


(14) 


c. The Current 
Substituting (10), (11), and (14) into (9) gives 
1= Aco(Eo— E*) — Awol 2E* — E,— E(s) ]. 


This equation has a direct physical significance. Con- 
sider again the distribution of fields and charges as 
shown in Fig. 2, the thickness of the solid deposit 
being s, electrode I being in contact with the solid, and 
electrode II being in contact with the liquid. The 
electric fields at the surfaces of the electrodes are, 


(15) 
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respectively, E, and E». According to previous assump- 
tions, no space charge forms in the liquid; therefore, 
inside the liquid the field is constant and given every- 
where by £». In the solid, space charge will exist. 
Therefore here the field is not in general constant, but 
varies from its boundary value £, at electrode I to the 
value E(s) at a point close to the interface. Both sides 
of the interface carry surface charges of opposite sign. 
Therefore discontinuities of the field do appear. Inside 
the boundary layer, the field consists of the intrinsic 
field Ey and the surface and space charge field E*, the 
total field being Ey— E*. 

The mechanism of the interface current can now be 
described in the following way. Originally there exists 
an intrinsic field Zo. Starting from a neutral condition, 
this gives rise to an ionic current ooo. In consequence, 
surface charges are set up at both sides of the interface 
and, eventually, space charges in the solid. The com- 
bined field of these charges is superposed on the intrinsic 
field and reduces the acting field in the interface from 
Ey to Ey—E*. The current produced falls eff from its 
initial value ooH) to oo(Ho—£*). Introducing the 
electromotive force Vo=2doEo, the process can be 
thought of as a polarization phenomenon, with polar- 
ization voltage V,= 2d9£*. However, the accumulation 
of surface charge at both sides of the interface has still 
another consequence. This is the appearance of a back- 
current directly proportional to the differences in 
concentration of ions in the solid and the liquid, as 
given by the second term in Eq. (15). Like a diffusion 
current, it tends to equalize the ionic concentrations 
across the interface. Of course all terms are already 
implicitly contained in the fundamental equations. 
The electromotive force is associated with the existence 
of finite potential barriers and the thermal movement 
of the ions, the polarization with changes in the height 
of the potential barriers by the field, and the diffusion 
current with the proportionality between the number 
of jumps and concentration of ions in each potential 
minimum. The linearity of the expression follows from 
the series expansion of the Boltzmann factor. The fields 
E, and E, are functions of time, and the field E(s) is a 
function of time and distance. Therefore, i is a function 
of ¢ and s and has to be written i(¢,s). 

Equation (15) contains both the field E* inside the 
boundary layer and the field E(s,¢) in the solid adjacent 
to the interface. In the present case one can, however, 
neglect the difference between both fields. During 
solidification a continuous flow of current i goes through 
the interface. After the interface has advanced a certain 
distance, say a, an excess charge gq is found in the 
solid and an excess charge of the same amount, but 
contrary polarity, is found in the liquid. However, 
while in the solid the charge is distributed over the 
distance a in the form of a space charge, in the liquid 
it constitutes a surface charge adhering to the interface. 
It becomes therefore understandable, that the value of 
the surface charge at the solid site can be disregarded. 
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With this assumption, the discontinuity of the field at 
the solid site disappears and E(s,t) becomes identical 
with £*. Of course, this consideration is valid only for 
processes involving phase changes. 

Putting, therefore, E*= E(s,t), Eq. (15) transforms 
into 


i= Ago Eo— E(5,t) ]—AwoeLE(s,t)—E,(t)]. (16) 


d. The Space Charge 


The total amount of charge carried across the inter- 
face in time dt is dg=idt. With the interface in a fixed 
position, the result of the charge transfer would be only 
the formation of an electric double layer. Here, however, 
we are interested in phase transitions where the inter- 
face advances with velocity »=ds/dt. To cover the 
distance ds, the interface needs the time di= ds/v. The 
charge transferred through the interface while the latter 
has advanced by ds, is, therefore, 


dq=ids/v. (17) 


This charge, however, does not any longer constitute a 
surface charge, but is distributed over ds and constitutes 
a space charge. The assumption of zero conduction for 
the solid makes consideration of charge decay unneces- 
sary. The density of space charge is 


1 dq 
py *"s (18a 
A ds 
or 
p=i/Ap, (18b) 


with i given by (16). Poisson’s equation for the field in 
the solid at a point close to the interface then is 


c0E(s,t)/ds=i(s,l)/Av(t). (19) 


Ill. THE SPACE-CHARGE FIELD 


The value of the current in (19) must now be replaced 
by its explicit expression (16). We assume that the 
phase change proceeds with constant speed »= constant. 
Then, making the substitutions, one gets finally 


OE(s,t) E(st) EotkE2(t) 


—___—, (20) 
Os So so(1+k) 
with 
1/so= (14+-k)oo/ ev, (21a) 
and 
k= ew /a0. (21b) 


This equation must be integrated with the initial 
condition 





s=0: EO)=E£,(d). (22) 
The solution is given by 
EotkEs(t) (Eot+hE2(t) 
E(s,t)= ——— {___—— F,(s) }e-#!™, (23) 
1+k 1+k 
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Integrating once more between 0 and x, one obtains 
the space-charge potential V (x,t) at time ¢ and the 
point x, where the interface is found at that time; that 
is, 


x= vt. (24) 
This gives 
EotkEx(t) 
V (x,t) = x—_—__—_ 
1+k 
Eot kEx(t) : 
Ri: (- ———— F(t) }(1—e~7/), (25) 
i+k 


or, substituting x from (24), 


Eot+kEx(t) 
V (t,t) = vt -————— 
1+k 


Eot+kE2(t) 
#10 Ja, (26) 
1+k 


a vk 


where 


lo=€/ao(1+k). (27) 


IV. THE DIFFERENTIAL EQUATIONS FOR 
CURRENT AND VOLTAGE 


We are now in a position to establish the equations 
for the observable quantities, i.e., currents and voltages 
in the external circuit, under different conditions of 
the experiment. Let U(¢) be the total potential differ- 
ence between the plates, D the distance between the 
slates, and J(¢) the external current. 

The total current must be the same in the solid and 
the liquid. In the latter it contains a conduction and a 
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Fic. 3. Open-circuit behavior. 
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displacement component, in the former it is purely 
displacement current. Writing the equations for the 
surfaces of both electrodes gives 


J(t)=AedE,(t)/dt, (28a) 
J (t)=AedE,(t)/dt+AcE;(1), (28b) 

and, therefore, 
ed E, (t)/dt= edE,(t)/dt+oE,(t). (29) 


This is the differential equation connecting the field 
values at the two electrodes. 

The total voltage drop across the plates is constituted 
by the space charge potential in the solid, the potential 
drop across the interface, and the voltage loss in the 
liquid. Disregarding the voltage drop across the inter- 
face, this gives 


U()=V(t,)+ (D—x)E,(h). 


Equations (26), (29), and (30) together constitute a 
system that permits determination of E;, E2, and J. 
Different experiments are characterized by different 
boundary conditions. For the measurement of the short 
circuit current one has U(t)=0; for the measurement 
of the open circuit voltage one has J(/)=0. 


(30) 


V. OPEN-CIRCUIT VOLTAGE 


We shall give here only the calculation of the open- 
circuit voltage as it would be measured by an electrom- 
eter of negligible capacitance. From the condition 


J(j)=0 (31) 


it follows that both E,(¢) and E,(¢) are equal to 0. The 
absence of a voltage drop in the liquid makes the 
measured potential difference equal to the space charge 


potential. From (26) one gets 
vEo 
U (t)=—+{t—to(1—e~")}. (32) 
1+k 


Expanding for small and large values of t/t gives 


vloE 


°  (t/te)?, 33 
ree hale (33a) 





t/ttK1: U(t)= 


t/to>>1: U(t)=vEot/ (1+). (33b) 
The voltage increases at first quadratically, later 
linearly. The maximum voltage reached when the 
entire system has solidified is approximately equal to 
DE,/(1+k). The ratio of the maximum open-circuit 
voltage to the interfacial potential is therefore 
D/2d)(1+k). This shows that the external voltage can 
exceed the electromotive force by a great amount, 
provided & is not exceedingly high. The space charge 
mechanism then represents a voltage amplification 
system. Supposing for dimensional reasons that k is of 






















































































the order of 1, and taking the thickness of the interface 
as equal to 10~* cm, gives for a 1-cm cell a total voltage 
of about 50 v, as corresponding to an electromotive 
force Eo equal to 75 of a millivolt. A comparison with 
the measurements of Workman and Reynolds is unfor- 
tunately not possible because in their case the assump- 
tion of zero conduction for the solid does not hold. 
However, it is gratifying to see that a mechanism of 
the type considered here can cause the appearance of 
the potential differences, and generally of the effects of 
the kind found by the observers. 

In the present case (open circuit) the total amount 
of surface charge in the liquid adhering to the interface 
is equal to the total amount of space charge, the entire 
system remaining neutral. The space charge distribution 
in the solid is exponential (see Fig. 3). According to 
(23), the field is given by 


E(s)= E9(1—e~*/)/(1+k), s<x (34) 
and 
p(s) = eEoe*/*9/so(1+k), s<x. (35) 


The voltage is at any time proportional to vZ». 
Since we found Eo= c;+¢2v, one has 


U()= (cv+ cn) f(0). (36) 
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Thus voltage curves obtained with different speeds of 
phase change differ only by a factor lying roughly 
between v and vt”, 

VI. CONCLUSIONS 


The foregoing exposition shows that a relatively 
simple theory based on existing evidence about interface 
potentials and behavior of ions in dielectrics can account 
for charge separation, and the production of voltages 
and currents during phase changes. The theory leads 
to expressions for the space-charge distribution in the 
solid and the voltage-time curves in open circuit that 
eventually may be compared with experimental data. 
The differential equation for the short-circuit current 
can be obtained in a straightforward manner; it is 
omitted here because it is not easily integrated. In the 
present form the theory is still incomplete. Among the 
factors it does not take into account are (a) the conduc- 
tivity of the solid that affects the reversibility of the 
effect and the form of the voltage-time curves in 
aqueous solutions, and (b) the diffusion of ions in the 
liquid that may also play a réle when a solid dielectric 
is dissolved in a solvent. However, we believe that the 
theory describes correctly the principal mechanism of 
interface conduction and presents already the basis for 
a more precise and complete treatment. 
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Thin copper foils, cooled to liquid nitrogen temperature, were subjected to bombardment by 12-Mev 


deuterons. The stored energy released due to annealing of the radiation damage was measured as the foils 
warmed to room temperature. Below —40°C the stored energy released per °C was approximately uniform 
and is presumed to result from annihilation of closely spaced interstitial-vacancy pairs produced by the 
bombardment. A prominent maximum in the annealing spectrum occured at —15°C and is interpreted as 
binary recombination of interstitial atoms and vacancies by means of interstitial diffusion. Changes in 
residual electrical resistivity were also measured. The stored energy to resistivity ratio was found to be 
1.7+0.2 cal/gram per micro-ohm-cm, both for the low-temperature processes and the —15°C annealing 
peak. If the energy of formation of an interstitial-vacancy pair is 5 ev, a value of 11 micro-ohm-cm for 
the resistivity of one atomic percent of pairs is obtained. The atomic concentration of interstitial atoms 
and vacancies produced by an irradiation of 10'’ deuterons/cm? at liquid nitrogen temperature is, accord- 


ingly, 5X 1075. 


I. INTRODUCTION 


HANGES in the physical properties of a metal 
resulting from irradiation with fast particles are 
difficult to interpret because the types and numbers 
of imperfections produced by the bombardment are 
unknown. Interstitial atoms and vacant lattice sites 
are expected' to be the predominant types produced, 


* Present address: Department of Physics, Cornell University, 
Ithaca, New York. ; 
1F, Seitz, Discussions Faraday Soc. 5, 271 (1949). 










and this view is supported by the observed annealing 
properties? of the damage. The resulting decrease in 
electrical resistivity upon anneal has received the 
greatest amount of experimental study, but the inherent 
difficulties of corresponding theoretical calculations 
have prevented a determination of the number of 
interstitial-vacancy pairs that occur. 

The measurement of a fundamental quantity, such 
as energy, should provide a more reliable method of 


2 A. W. Overhauser, Phys. Rev. 90, 393 (1953). 
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counting interstitial-vacancy pairs. Such a method 
depends upon knowledge of the energy of formation of 
a pair. This energy is stored in the lattice after forma- 
tion and is released in the form of lattice phonons 
and degraded into heat upon annihilation of the pair. 
If, then, one can identify the annealing stages of an 
irradiated material that are due to annihilation of 
interstitial atoms and vacancies and can measure the 
quantity of heat that is released during the process, 
one can determine the number of defects that were 
destroyed. If changes in electrical resistivity are 
measured for the same annealing stages, one can 
determine also the resistivity increase per atomic 
percent of interstitial-vacancy pairs. 

The present interpretation of the annealing behavior 
of copper, irradiated at low temperature, is based 
on measurements of electrical resistivity changes. It 
is observed? that the residual resistivity increase 
recovers about an equal amount at all temperatures 
above that of bombardment, as the sample is allowed 
to warm to room temperature, with the exception 
of a prominent annealing peak at about —35°C. 
This peak was found to obey second-order reaction 
kinetics and to have a unique activation energy of 
0.68 ev. This process is attributed, therefore, to binary 
annihilation of interstitial atoms and vacancies, made 
possible by the diffusion of either of the defects. 
Recent experiments* on the energy of formation of 
vacancies in copper yield a value of 0.9 ev. Since 
the activation energy for self-diffusion‘ is about 2.1 
ev and is assumed to be due to a vacancy mechanism, 
the energy for vacancy motion is 1.2 ev. By elimination, 
it follows that the 0.68-ev activation energy is to be 
associated with interstitial motion. 

The low-temperature annealing processes do not 
have a unique activation energy and are interpreted as 
the recombination of very close interstitial-vacancy 
pairs, of which there are several types. Such pairs 
are expected to constitute a large fraction of the 
damage, and to recombine at low temperatures by 
slip-back of the vacancy towards the interstitial. 
This action is made possible by large elastic strains 
about the nearby interstitial atom, which open up the 
lattice in such a way that the activation energy for 
motion of the vacancy towards the interstitial is 
greatly reduced. (Elastic strains due to a vacancy are 
such as to impede slightly the approach of an inter- 
stitial.) Quantitative estimates of such strain effects 
indicate that they are sufficiently large to account for 
the observed activation energies. 

The foregoing description, though difficult to establish 
conclusively, is supported by the results of the present 
study. The major contribution is the observation 


3C, J. Meechan and R. R. Eggleston, Phys. Rev. 93, 953 
(1954). See also: Brinkman, Dixon, and Meechan, Acta Metal- 
lurgica 2, 38 (1954). 

4M. S. Maier and H. R. Nelson, Trans. Am. Inst. Mining 
Met. Engrs. 147, 39 (1942). 








OVERHAUSER 





that the stored energy to resistivity ratio is the same 
for the low temperature processes and the second- 
order reaction peak. This result would be fortuitous 
if the basic processes (e.g., annihilation of pairs) 
were not the same for both parts of the spectrum. 

In order to determine the number of interstitial- 
vacancy pairs present in the damaged material, it is 
necessary to know the energy of formation of such 
a pair. Recent calculations of Huntington® indicate 
that the energy of formation of an interstitial atom 
in copper is about 4 ev. If this result is combined 
with the measured value associated with vacancy 
formation, one obtains about 5 ev for the energy of 
a pair. We shall adopt this tentative value when 
interpreting the results of the present experiment. 
An experimental determination of this quantity is 
very desirable. Unfortunately, threshold measurements 
for production of pairs by electron bombardment do 
not yield this quantity, since an interstitial atom 
must travel more than a lattice constant in order to 
form a stable pair, and consequently needs extra energy 
to expend in collisions. 

The principle difficulty in measuring the stored 
energy that is released during the anneal of a damaged 
sample is one of sensitivity. Irradiation with 12-Mev 
deuterons, having a range of 0.008 inch in copper, was 
used. It is necessary, then, to use thin foils in order to 
achieve a fairly uniform distribution of damage. 
Consequently, the mass of a specimen is small (0.2 g 
for 2 cm? of a 0.005-inch foil) and the total stored 
energy available is, as the results indicate, of the 
order of 0.01 calorie for a deuteron irradiation of 
10'7/cm*®, Furthermore, this small quantity of heat 
does not appear in a narrow temperature interval 
as the sample is heated, but is liberated over the entire 
temperature spectrum between liquid nitrogen and 
room temperature. It follows that an absolute sensi- 
tivity of better than 10~* cal/°C is required if an 
accuracy of 10 percent is to be achieved. A differential 
technique was employed and is described in Sec. III. 


II. DESIGN OF CALORIMETER 


A schematic diagram of the calorimeter, which 
was machined from a solid block of copper, is shown 
in Fig. 1. The purpose of the double wall construction 
was to provide as far as possible an isothermal en- 
closure for the foils. The outer cylindrical shell provided 
a heat path to the inner one and served also as a 
thermal shield. The inner shell was supported by the 
outer one through an annular ring halfway between 
the top and the bottom. The calorimeter came apart 
at this midpoint so as to provide access to the interior. 

The formidable problem of transfering an irradiated 
foil from a cyclotron target to a calorimeter, all at 
liquid nitrogen temperature, was eliminated by allowing 
the foil to be irradiated within the calorimeter. The 


5H. B. Huntington, Phys. Rev. 91, 1092 (1953). 
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deuteron beam passed through a rectangular hole in 
the calorimeter wall and this hole was covered with 
a 0.0005-inch copper foil in order to restore the integrity 
of the outer shell as a thermal shield. The foil to be 
irradiated was held in place over the hole in the inner 
shell by means of a spring and plunger shown in Fig. 1. 
A length of fuse wire provided tension to the device 
and was blown out after the bombardment so as to 
allow the damaged foil to drop into place alongside 
the dummy foil. 

The calorimeter was mounted on the base of a liquid 
nitrogen flask, as shown in Fig. 1, and was cooled by 
conduction to about — 190°C. The foil in the deuteron 
beam was considerably hotter since a pressure contact 
at one point between the foil and jacket is not a very 
good thermal path. With a deuteron beam of 5X 10-* 
amp/cm? the foil temperature increased to about 
— 150°C. The flask and calorimeter were enclosed in 
an evacuated chamber. After bombardment dry nitrogen 
was admitted to the chamber at atmospheric pressure 
and the system was allowed to warm up freely. If the 
system were allowed to warm up in a vacuum, the 
warmup rate was found to be extremely erratic due to 
the liberation of gases that had condensed on the 
system during the week-long irradiation. 

Two copper foils were suspended inside the calorim- 
eter with 0.002-inch copper wire. Prior to bombardment 
the foils (of at least 99.95 percent purity) were annealed 
in vacuum at 450°C for four hours. A 10-cm length 
of 0.002-inch constantan wire joined the two foils so 
as to form a copper-constantan differential thermo- 
couple that measured the temperature difference 
between the irradiated and dummy foils. Another 
length of 0.002-inch constantan wire joined the copper 
wall of the jacket and the midpoint of the constantan 
wire connecting the two specimens, so that a differential 
thermocouple between either of the foils and the wall 
of the calorimeter was provided. A third thermocouple 
was attached to the outside wall for measuring the 
temperature of the calorimeter. All leads were brought 
through the vacuum jacket by means of wax seals. 

The three measurements made during the warmup 
of the system were, (a) the temperature difference 
between the irradiated and dummy foils, (b) the 
temperature difference between the calorimeter wall 
and the dummy foil, and (c) the temperature of the 
calorimeter. Since the temperature difference between 
the foils was of the order of 0.01°C, a thermal potential 
of about 3X10~7 volt was produced. This potential 
was amplified by a Leeds and Northrup stabilized de 
amplifier operating at a gain of 1000 and the output 
voltage was measured with a potentiometer. The 
amplifier was found to reproduce readings to 10~* 
volt over a 24-hour period for the small potential range 
that was required. The temperature difference between 
the calorimeter wall and the dummy foil was about 
1°C and the resulting thermal potential was measured 
with a Leeds and Northrup type K2 potentiometer. 
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Fic. i. Schematic diagram of calorimeter. The unit has 
cylindrical symmetry about a vertica) axis. 


Measurements of electrical resistivity changes were 
made during the experiment also. A copper specimen 
cut from the same foil as used for the thermal measure- 
ments was mounted on a bracket adjoining the rec- 
tangular hole in the calorimeter wall and received the 
same irradiation as the foil inside. Resistance measure- 
ments were made by standard potentiometric 
techniques. 


Ill. THEORY OF MEASUREMENT 


We must consider the variation with time of the 
foil temperature during the warmup of the system. 
Let 7 and 7; be the temperatures of the dummy and 
bombarded foils, respectively, and 7, the temperature 
of the inner wall of the calorimeter, which at any 
instant is assumed to be an isothermal enclosure. 
We shall discuss later the effects of temperature 
gradients in the calorimeter. Since the temperature 
differences between the foils and the jacket are small 
(~1°C), Newton’s law of cooling applies and, conse- 
quently, the variation in temperature of the dummy 
foil with time ¢ is 


dT, /dt=a(T,—T)), (1) 


where the coefficient a is a function of temperature. 
We have neglected any thermal contact between the 
dummy and bombarded foils and shall justify this 
omission later. Let us assume, temporarily, that the 
dummy and bombarded foils are perfectly balanced 
and have the same thermal contact with the caloirmeter 
wall. The variation in temperature of the bombarded 
foil is then, 


dT ,/dt=a(T~—T2)+ (MC)“dU/dt. (2) 
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The second term on the right-hand side of Eq. (2) is 
due to the release of stored energy as the imperfections 
produced by the irradiation anneal. M is the mass of 
the foil, C(7) its specific heat, and U is the energy of 
formation of the imperfections. Equations (1) and (2) 
can be combined so as to eliminate ad, giving 


1 dU (7T2—T7;) d(T2:—T;) 
MC4dT, (Te—T)) 


(3) 
dT, 


The stored energy released per degree is seen to be 
directly related to the three measurements of tem- 
perature made during the warmup. If one neglects the 
second term on the right-hand side of Eq. (3), which is 
very small compared to the first, the resulting relation 
seems quite obvious. The ratio of stored energy released 
per degree to heat capacity equals the ratio of the 
temperature difference to the temperature lag. 

We have assumed above that the foils were perfectly 
balanced, a condition manifestly impossible to achieve, 
and must modify our equations accordingly. It is suffi- 
cient to introduce am extra parameter into Eq. (2) as 
follows: 


aT ,/dt=a(T.—T2)/(1—B)+(MC)"dU/dt. (4) 


Here, 8(7) is a parameter that measures the unbalance 
of the foils due to differences in mass and thermal 
contact with the surroundings, and must be determined 
experimentally. If one eliminates edt from Eqs. (1) 
and (4), one obtains 


1—6 dU 


(1T:—T71) 
——— -+ - " 
MC dT, 


(T. age T;) 


It is clear that measurements taken during one warmup 
are no longer sufficient to determine dU/dT,. After 
the first warmup is completed, the system must be 
cooled to liquid nitrogen temperature and allowed to 
warm up again. Since the imperfections have already 
annealed, the stored energy term in Eq. (4) will be 
absent, and we can assume (and shall show later) 
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that 6(T) has not changed appreciably as a result of 
the first anneal. Equation (1) will remain unchanged 
and Eq. (5) will appear the same except for the absence 
of the stored energy term. The second warmup provides, 
therefore, a measurement of 8(7). Observed values 
of the unbalance between the foils were of the order 
of a few percent. Figure 2 shows a plot of (7:—T7;)/ 
(7— 7) for three successive warmups of one specimen. 
The agreement of the data for the second and third 
warmups suggests that the experimental method gave 
results that were adequately reproduceable. Such a 
check was made for each bombardment. 

We shall consider next a number of systematic 
errors associated with the measurement. In writing 
Eqs. (1) and (2) we assumed that the thermal enclosure 
was at a unique temperature 7,, for any instant in 
time. Since measurements are made while the system 
is warming up, temperature gradients due to thermal 
conduction will exist along the inner wall of the calorim- 
eter, and 7,, must be considered as some appropriate 
average temperature seen by the foils. For a rate of 
warmup of 1°C per minute, one can calculate an average 
temperature gradient along the vertical wall of the 
inner jacket of about 0.05°C/cm. For such a warmup 
rate T,,—T7, was about 1°C. The foils were suspended 
in the lower half of the calorimeter and the thermal 
junction that was soldered to the inner wall was at a 
distance above the plane of symmetry equal to the 
distance that the foil midpoints were below the plane. 
Measurements indicated that there was never an 
appreciable temperature difference across the joint 
between the halves of the calorimeter, so that one can 
assume a symmetric temperature distribution about 
the bisecting plane of the inner jacket. A liberal 
estimate of the error in measurement of T,.—7 due 
to such gradients is 5 percent. 

In writing the basic equations we neglected any 
thermal contact between the two foils. Since the rate 
of release of stored energy is proportional to the differ- 
ence of (T2—T,)/(T.—T;) for successive warmups, 
the measurements will be in error to the extent that 
the stored energy released by the irradiated foil is 
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Fic. 2. Plots of (7:—T7;)/ 
(Tw—T:) for three successive 
warmups of one specimen. O— 
first warmup; X—second warm- 
up; @—third warmup. 
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transferred to the other foil instead of to the wall of 
the calorimeter. We must estimate the stored energy 
lost to the dummy foil per second and compare it with 
the total rate of release of stored energy, which was 
about 5X 10~* cal/sec. An estimate of the heat transfer 
through the constantan wire joining the foils yields 
5X10-" cal/sec, and is therefore negligible. However, 
an estimate of the thermal transfer through the nitrogen 
atmosphere yields about 10~’ cal/sec, so that an error 
of about 3 percent is possible due to neglect of such 
effects. 

Since temperatures were measured thermoelectrically, 
errors will be introduced by the presence of stray 
thermal emf’s. Let us consider first the effect of a 
stray potential in the circuit measuring 7,—7). A 
consideration of the analysis by which U is determined 
shows that stray thermals here will not affect the 
numerical results provided that they are not too large 
and are equal for each warmup, and provided that 
7 versus time is approximately the same for successive 
warmups. This result follows from the fact that dU/dT 
is obtained, essentially, by subtracting (72—7,)/ 
(Tw—T;) for two warmups. Stray thermals were not 
observed, the warmup rates were almost identical, 
and large stray emf’s, introduced artificially by running 
leads through solder seals instead of wax seals, were 
found to be reproduceable. On the other hand, stray 
emf’s in the circuit measuring 7,—7; will cause a 
proportional error. The potentiometer used for this 
measurement was checked for internal emf’s before 
and after each warmup, and no appreciable potentials 
were observed when the calorimeter and foils were in 
thermal equilibrium at — 190°C or room temperature. 

We have heretofore neglected any changes in the 
specific heat of the sample due to the presence of 
imperfections. In order to demonstrate that such 
effects are not important in the present experiment, 
we shall derive the appropriate equations for the case 
of a dummy and bombarded foil that are otherwise 
perfectly matched. For the purpose of discussion we 
shall assume that the damaged foil contains only 
interstitial atoms and vacancies and that they anneal 
out completely during the first warmup. Let f be the 
atomic fraction of interstitial-vacancy pairs. For fK1 
(and constant) the specific heat per gram will be given 
with sufficient approximation by, 


C(f,T)=Co(T)[1+fs(T) ], 


1 fac(y,T 
s(T)= | Y ] : 
CoA(T)L Af Ino 


where 


Here, Co(T) is the specific heat of the undamaged 
material. Let Eo be the energy of formation of an 
interstitial-vacancy pair at O°K and U(T) be the 
internal energy per gram. Then, if V is the number of 
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atoms per gram, 


T 
U(f,T)= Us(T)+4] NEw f cor s(ryat" | (6) 
0 


where U,(7') is the corresponding function for f=0. 
The rate of warmup of the bombarded foil is, instead 
of Eq. (2), 


T2 
NEot+ f Co(T’)s(T’)dT’ 
dT, a(Ty— T:) 0 


dt 14+f(T) 


Co(T2) 1+ fs(T2) J dt 
(7) 


The first term on the right side of Eq. (7) accounts 
for thermal transfer from the surroundings, whereas 
the second term results from the adiabatic annealing 
of the damage and is obtained by equating the total 
derivative of Eq. (6) to zero. As before, adt can be 
eliminated by the use of Eq. (1) and we obtain after 
manipulation, 


df T.—T, d(T,—T)) 
vEs( -— -c|—— —+ (1+ fs) +f 
1 


w 41 I 





df ft 
+—J| Co(T)s(T’)dT’. (8) 


aii“o 


This expression is to be compared with Eq. (3). It 
is seen that there are two extra terms on the right 
side of Eq. (8), both of magnitude fsCo, which must 
be compared with the leading term, Co(72—T71)/ 
(T,,.—T}). It is sufficient to estimate the magnitude of 
f and s. From the results of the following section it 
follows that f~2X10~ for the measured portion of 
the stored energy spectrum. A rough estimate of s 
can be made as follows. Consider the specific heat as 
given by the Einstein model. If one assumes that the 
vibrational frequencies of the six nearest neighbors of 
and interstitial atom are altered 100 percent, then s 
might be of order of magnitude 6. This is, undoubtedly, 
an overestimate in spite of our neglect of other neighbors 
and neighbors of vacancies, since the temperature 
region of interest is not much lower than the Debye 
temperature of the lattice, where the specific heat is 
nearly 6 cal/mole and, consequently, not strongly 
frequency dependent. Furthermore, partial cancel- 
lation will occur since the frequency of some modes 
will increase, whereas others will decrease. The magni- 
tude of fs is therefore not greater than 10“, which is 
smaller by a factor of 100 than the term (7,—T7;)/ 
(T.—T). The two extra terms in Eq. (8) always 
tend to cancel, so that the stored energy spectrum is 
probably in error by less than one percent as a result 
of their omission. If the stored energy spectrum were 
integrated from 0°K to a temperature at which anneal- 
ing is complete, one can show that all of the terms in 
Eq. (8) involving s cancel identically. 
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We have shown that the neglect of any variations 
in the specific heat due to annealing of the radiation 
damage is justified to a good degree of approximation. 
It follows from Eq. (8) that in the same approximation 
the energy U in Eqs. (2) through (5) can be interpreted 
as the energy of formation of the imperfections at 
0°*K. 

Radioactive heating of the damaged sample as a 
result of bombardment induced activities could produce 
a spurious source of stored energy. The foil temperatures 
were measured, therefore, for several hours after 
irradiation, when they were still in a vacuum, and no 
heating effects were observed. Changes in the properties 
of thermal junctions were avoided by shielding all 
junctions from the deuteron beam. 

The foregoing considerations, if complete, indicate 
that the over-all experimental uncertainty of the 
stored energy measurements is about 10 percent. 


IV. RESULTS AND DISCUSSION 


The stored energy spectrum obtained for two 
samples is shown in Fig. 3. Both samples weighed 


0.219 g and they received an irradiation of 0.9 and 
1.510'’ deuterons/cm*, respectively. The fact that 
the spectrum does not extend below — 140°C for the 
first specimen is due to the sample being heated to 
about — 150°C by the deuteron beam, so that annealing 
processes occurring at lower temperatures were already 


complete. The second specimen received a larger 
irradiation in an equal length of time so that the beam 
current and heating effects were correspondingly 
greater and also more erratic. The two curves can be 
compared above —80°C and are seen to be almost 
identical except for a constant ratio equal to the ratio 
of the integrated fluxes. This result is to be expected 
since, for copper, bombardment saturation effects are 
not apparent for irradiations of 10'’/cm*. The annealing 
peak at —15°C, most likely due to annihilation of 
interstitial atoms and vancancies as a result of inter- 
stitial diffusion, is quite prominent. 

The total stored energy released between —80°C 
and room temperature is found by integrating the 
curves in Fig. 3, and is 1.03X10~ and 1.68X10- cal 
for specimens 1 and 2, respectively. If these results are 
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2- 1,510" deuterons/cm* 
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Fic. 3. Stored energy annealing spectrum observed for two 
irradiated samples, both weighing 0.219 gram. 
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normalized to an irradiation of 1.0X10' and unit 
mass, one finds 0.052 cal/gram for the heat released 
in this temperature range. This result can be compared 
with the (residual) electrical resistivity increase that 
anneals out in the same temperature interval in order 
to obtain the stored energy to resistivity ratio that 
characterizes the imperfections. From reference 2, 
we find a resistivity decrease of 3.1X10-* ohm-cm 
(normalized to 1.0X10'7 deuterons/cm’) between 
— 80°C and room temperature. Thus, the U/p (stored 
energy to resistivity) ratio is 1.7 cal/gram per micro- 
ohm-cm. This value is, perhaps, the most important 
and unambiguous result of the present study. 

It is interesting to compare the U/p ratio obtained 
here with that obtained in copper as a result of plastic 
deformation. Stored energy measurements® of heavily 
cold-worked polycrystaline copper yield about 0.5 
cal/gram. On the other hand, the resistivity change’ 
is only 3.6X10~* ohm-cm. Hence, the U/p ratio for 
imperfections resulting from cold work is 14 cal/gram 
per micro-ohm-cm, an order of magnitude larger than 
the result obtained for radiation damage. 

The U/p ratio we have determined above was for 
the integrated U and the total Ap between —80°C 
and room temperature. Since this temperature region 
includes (at least) two distinct annealing processes, 
the —15°C annealing peak and the low-temperature 
processes, one must examine the U/p ratio for both. 
This ratio should be the same for both if the low- 
temperature processes are due to the annihilation of 
close interstitial-vacancy pairs and the — 15°C, second- 
order reaction is due to annihilation of separated pairs 
as a result of volume diffusion. This comparison could 
be made by comparing directly the corresponding 
annealing spectra for stored energy and resistivity. 
The spectrum for the latter was obtained’ by successive 
isothermal anneals instead of by continuous warmup, 
as in the present experiment. Some calculation, there- 
fore, is needed to effect the comparison. 

For anneal of the resistivity, the second-order 
reaction process was found? to obey the following 


equation. 
df/di= —ae~*'*7 fre?! (9) 


where f is the concentration of imperfections, E is 
an activation energy=0.68 ev, and a and 6 are con- 
stants. The factor exp(bf) appeared* (theoretically) 
as an enhancement in the diffusion process resulting 
from elastic strains in the lattice due to interstitial 
atoms, and such a factor was needed to fit the isothermal 
annealing data. Using Eq. (9) with the values of a 
and 6 determined from the resistivity curves, an 
annealing spectrum was computed for this process 


®H. Quinney and G. I. Taylor, Proc. Roy. Soc. (London) 
A163, 157 (1933); H. Kanzaki, J. Phys. Soc. Japan 6, 90 (1951) ; 
6, 456 (1951). 

7K, Takahasi, Science Repts. Téhoku Univ. 19, 265 (1930). 

§ The detailed theory given in reference 2 applies to vacancy 
motion. Similar results are obtained for interstitial motion. 
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if it were subjected to the thermal treatment occuring 
in the stored energy experiments. This spectrum was 
converted to energy units by use of the U/p ratio 
obtained for the entire spectrum. The result of the 
calculation is shown as curve 2 in Fig. 4, and should 
be compared with the experimental energy spectrum, 
curve 1. Since no arbitrary constants were available, 
the good agreement in the region of the peak proves 
that the U’/p ratio is the same for the low-temperature 
processes and for the second-order reaction. This 
result is consistent with the interpretation that inter- 
stitial-vacancy annihilation is the mechanism in both 
parts of the spectrum. The agreement obtained for the 
position of the peak provides an additional check of the 
0.68-ev activation energy measured during the resis- 
tivity study since, then, the effective warmup rate was 
about 20 times slower and the annealing peak occured 
20°C lower in temperature. 

For comparison, similar curves were computed 
assuming pure second-order reaction kinetics and 
first-order kinetics, and are shown in Fig. 4 as curves 
3 and 4, respectively. The necessary constants were 
determined by best fit of the resistivity data and 
converted to energy units in the foregoing manner. 
It is apparent that a pure second-order reaction 
[Eq. (9) without the factor exp(b/)] is not as satis- 
factory and that a first-order process has an entirely 
different shape. It should be noted, however, that the 


high-temperature tail of the experimental curve is 
cut off like that of the first-order reaction curve. 
This behavior is due likely to interstitial traps in the 
copper that compete with vacancies so as to impose 
first-order kinetics when the concentration of inter- 


stitials and vacancies becomes small. It should be 
emphasized, though, that the transition to first-order 
kinetics occurs only after the second-order process 
has proceeded about 90 percent towards completion, 
so that any residual damage at room temperature due 
to trapped interstitials and vacancies can be but a 
small fraction in magnitude of the damage associated 
with the second-order reaction. Experimentally the 
residual resistivity at room temperature due to damage 
is about equal in magnitude to the resistivity change 
of the second order reaction. The origin and nature 
of the imperfections that remain at room temperature 
is, at present, unknown. They anneal out only at 
relatively high temperatures.’ 

Further results can be obtained if one uses a specific 
value, say 5 ev, for the energy of formation of an 
interstitial-vacancy pair. The stored energy per atomic 
percent of pairs would be 18 cal/gram. Using the 
measured U/p ratio (1.7 cal/gram per micro-ohm-cm) 
one obtains a value of 11 micro-ohm-cm for the resis- 
tivity due to one percent of pairs. Jongenburger” has 


9R. R. Eggleston, Acta Metallurgica 1, 679 (1953). 
0 P, Jongenburger, Phys. Rev. 90, 710 (1953). 
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Fic. 4. Experimental annealing spectrum and three computed 
spectra for the 0.68-ev activation energy annealing process. 


calculated the resistivity associated with one percent 
of vacancies. His result, 1.3 micro-ohm-cm, together 
with the above value would imply that the resistivity 
of an equal number of interstitial atoms is about 
10 micro-ohm-cm. 

The number of interstitial-vacancy pairs produced 
by bombardment can now be estimated. An irradiation 
of 10'7 deuterons/cm® (average energy=9 Mev) at 
— 180°C causes a residual resistivity increase of 7X 10~* 
ohm-cm. Presumably, only 75 percent of this increase 
is due to interstitial atoms and vacancies, the remaining 
fraction being associated with imperfections that re- 
main at room temperature. The total concentration of 
pairs resulting from such a bombardment is, then, 
5X10~*. This value is smaller by a factor of 50 then 
the concentration, 2.5<X10~*, obtained from Seitz’s 
theory,' using the observed" energy threshold (25 ev) 
for formation of imperfections stable at —170°C. 
The origin of this discrepancy seems to be the approxi- 
mation of letting a knocked-on copper atom of energy 
E have unit probability to form a stable interstitial- 
vacancy pair if E is greater than the threshold. Rough 
calculations indicate that this probability increases 
from 0 only very slowly with increasing EZ above the 
threshold. Consequently, the number of stable pairs 
resulting from secondary atoms that recoil from the 
primary deuteron is drastically reduced, especially 
since the energy distribution of secondaries is inversely 
proportional to E*. A further consequence is that 
production of more than one interstitial-vacancy pair 
as a result of a primary collision and subsequent 
secondary or tertiary collisions is unlikely. 

In conclusion the writer would like to thank J. W. 
Henderson and H. G. Cooper for their kind assistance 
in conducting the bombardment and annealing measure- 
ments The encouragement and interest of J. S. Koehler 
and F. Seitz is gratefully acknowledged. This research 
was supported by the U. S. Atomic Energy Commission. 


“DPD. T. Eggen and M. J. Laubenstein, Phys. Rev. 91, 238 


(1953). 















PHYSICAL REVIEW 


VOLUME 94, 


Photon-Radiative Recombination of Electrons and Holes in Germanium 


W. vAN RoosBroeck AND W. SHOCKLEY 





NUMBER 6 JUNE 15, 1954 


Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received February 19, 1954) 


The spectral distribution of the rate of photon generation for the photon-radiative recombination of 
electrons and holes in germanium is determined from known optical properties by application of the principle 


of detailed balance. Quantities characterizing the process are evaluated: The thermal equilibrium recombi- 
nation rate at 300°K is 1.5710" cm™ sec™!, which corresponds to a recombination cross section of 2.9 
10 cm? and a decay time for a small disturbance in carrier concentration in intrinsic material of 0.75 
sec. The extension to the steady-state case of added current carriers is given, and estimates are included 


of the dependence of the quantities on temperature. 





T has been established that in the wavelength range 

from 1 to 2 microns photons absorbed in germanium 
produce electron-hole pairs with unit quantum effi- 
ciency.' The inverse process—the production of photons 
by electron-hole recombination—has also been ob- 
served.? In this paper, quantities characterizing this 
radiative recombination process are estimated for 
germanium by application of the principle of detailed 
balance to the thermal equilibrium rate of photon 
absorption estimated from the optical constants’ at 
room temperature. 

It should be remarked that recombination in ger- 
manium is in general so enhanced by imperfections, 
which have been referred to as “deathnium,” that 
the lifetime of injected carriers is predominantly a 
structure-sensitive property and is much less than the 
lifetime for the radiative process alone.‘ Perhaps even 
in pure and perfect germanium crystals processes 
involving phonons and long-wavelength photons also 
occur and contribute materially to the reduction of 
lifetime. There is at present neither theoretical nor 
experimental information from which such contribu- 
tions can be estimated. 

From the principle of detailed balance, the rate of 
radiative recombination at thermal equilibrium for an 
elementary frequency interval dv at frequency v is 
equal to the corresponding rate of generation of electron- 
hole pairs by thermal radiation. This rate is P(v)p(v) 
per unit volume and unit frequency interval, where 
p(v)dv is the density in the crystal of photons in the 
range dv, and P(v) is the probability per unit time 
that a photon of frequency v be absorbed. The total 
rate @ per unit volume is obtained by integrating 
over v as follows: 


w= f Peroo)dv (1) 


1F, §, Goucher, Phys. Rev. 78, 816 (1950); oe Pearson, 

Sparks, Teal, and Shockley, Phys. Rev. 81, 637 (19 
ea Haynes and H. B. Briggs, Phys. Rev. 86, ‘ea? (1952); 

R. lewman, Phys. Rev. 91, 1313 (1953). 

*H. B. Briggs, Phys. Rev. 77, 287 (1950); J. Opt. Soc. Am. 42, 
686 (1952). 

4W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 69; Proc. Inst. 
Radio Engrs. 40, 1289 (1952), pp. 1297 ff. 
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While the range of integration is nominally all values 
of v, the principal contribution to the integral for 
germanium comes, as will be seen, from a comparatively 
narrow frequency range near the absorption edge. 

With added current carriers, the total rate of radi- 
ative recombination ®, per unit volume in the steady 
state is given by 


R= (np/n2)B, (2) 


since® it must be proportional to the product of electron 
concentration » and hole concentration p and be equal 
to ® when this product has its thermal equilibrium 
value, the square of the concentration mn; of electrons 
or holes in the intrinsic semiconductor. 

From the expression for ®., the decay time for a 
small disturbance in concentration if radiative recombi- 
nation alone were operative may readily be calculated.® 
If 5 and 5p are small concentrations in excess of the 
steady-state values, (2) gives for the net recombination 
rate, 


R= (in/n+5p/p) Re, (3) 


whence the decay time for a relatively small’ distur- 
bance for which én=6p is 


r=np/(n+p) Re. (4) 


For sufficiently strongly extrinsic n- or p-type material 
initially at thermal equilibrium, with n= mp and p= po, 
t from Eq. (4) equals, respectively, the microscopic 
lifetimes for minority holes or electrons. With the 
thermal equilibrium minority carrier concentration 
negligible in each case, these lifetimes are 


= po/ R= 2( po/ni)r:=2(ni/ no) ri, 
Tn= No/ R= 2(no/n:)75= 2(ns/ po) ri, 


where, from (4), 


(5) 


Ti= n;/ 28 (6) 

5 Tacit in this reasoning is the assumption that the velocity 
distributions of electrons and holes are independent of the concen- 
trations. Hence, (2) is strictly applicable only if the electron and 
hole gases are nondegenerate. 

*W. van Roosbroeck, Phys. Rev. 91, 282 (1953). 

7 It is assumed that dn and 5p are small compared with (n+), 
in accordance with (35) of reference 6 written in terms of the 
steady-state concentrations m and pf. 
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is the decay time in material of intrinsic conductivity. 
The recombination cross section a is given by 

T= R/nopow= R/n?2, (7) 
where » is a relative velocity of thermal motion. 

The thermal equilibrium distribution of photon 
density, p(v), may be calculated in the usual way from 
the density distribution of normal modes in wave 
number or in K space, by applying the partition function 
for the harmonic oscillator to each mode. Since wave 
number is 


K=nv/c, (8) 


where n is refractive index and < the speed of light, 
the density of modes in the frequency range dy is 
given by 

2X4rK dK = (8x/c)[n?(1+d Inn/d Inv) ]v*dv, (9) 


which is that for free space multiplied by the quantity 
in square brackets. The photon density distribution is 
accordingly given by 


p(v) = (8xv?/c*)(n'd Innv/d Inv ]/Lexp(hv/kT)—1]. (10) 


The probability of absorption of a photon per unit 
time P(v) is calculated as follows: The absorption 
coefficient, 


(11) 


is defined and measured in terms of the relative decrease 
in intensity for given thickness of material along the 
optical path. A wave packet moving along the path 
has a group velocity of 


v= dv/d(1/d) = (c/n) (d Inv/d Inny). 


a=4rnxv/c, «x=absorption index, 


(12) 


Hence,*® 


P(v)=av,= 4axv(d Inv/d Innyv). (13) 


From (10) and (13), 
P(v)p(v) = (32x°«n®/e)*/Lexp(hv/kT)—1]. (14) 


The total rate ® of radiative recombination per unit 
volume at thermal equilibrium may, from (1) and (14), 
be written as 


@ nixuidu 
R= 320 (kT/ch)* f 


9 e“—1 


” nxudu 
———— cm™~* sec, 
0 et— 


(15) 


= 1.785X 108(7/300) f 


in which u=hv/kT is the variable of integration. The 
lower limit #» corresponds to the long-wavelength limit 
of the characteristic absorption band, about 2.2y for 
germanium, at wavelengths exceeding which other 


*This expression for P(y) in terms of optical constants is 
readily derived also by considering the decay of a spatially 
unattenuated wave of given wavelength. 
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Fic, 1. The dependence for germanium of n*« and the radiative 
recombination rate per unit frequency P(v)p(v) on uahy/kT. 


mechanisms of absorption, such as absorption by 
conduction electrons, predominate.’ 

Values have been determined over the characteristic 
absorption band of germanium of the refractive index 
n and of the extinction coefficient mx for high-purity 
single crystals.’ Using these values, the rate of recombi- 
nation is found by numerical evaluation of the integral 
in (15) to be given by 


R= 1.57X 10" cm™ sec (16) 


at 300°K. While only the small fraction 7.7 10~* of 
the photons at 300°K possess wavelengths below the 
long-wavelength limit for germanium,” it appears from 
the dependence on u of the integrand P(v)p(v), shown 
in Fig. 1, that there is no appreciable contribution to 
® from the long-wavelength photons, the integrand 
possessing a sharp peak which occurs in wavelength 
just below the long-wavelength limit. In evaluating 
the integral, the contribution of carrier absorption, 
which causes the sharp increase in m’« at the longer 
wavelengths, was obviated by using the dashed extra- 
polation shown in the figure. 
In accordance with" 


n?=3.1X 10"7* exp(—91007), (17) 


the corresponding lifetime and recombination cross 

‘}: Bardeen, Phys. Rev. 79, 216 (1950); H. Y. Fan and M. 
Becker, in Semi-Conducting Materials, edited by H. K. Henisch 
(Butterworths Scientific Publications Ltd., London, 1951). 

“U.S. National Bureau of Standards, Miscellaneous Physical 
Tables: Planck’s Radiation Function and Electronic Functions 
(U. S. Government Printing Office, Washington, D. C., 1941), 
Applied Mathematics Series, Vol. MT-17. 

uF, J. Morin (private communication); Phys. Rev. 93, 62 
(1954). At 300°K, m; equals 2.4X 10" cm™, corresponding to an 
intrinsic resistivity of 47 ohm-cm for electron and hole mobilities 
of 3800 and 1820 cm? volt™ sec, See also reference 6, p. 288. 
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Fic. 2. The temperature dependence for germanium of the 
radiative recombination rate ®, of the lifetime 7; for intrinsic 
germanium, and of the recombination cross section ¢. 


section are, from (6) and (7), 


a=2.9X10-! cm’, (18) 


at 300°K. For 10 ohm-cm n-type germanium at this 
temperature, 7, is accordingly about 0.22 sec. Photon- 
radiative recombination thus has but slight influence 
in general on the observed lifetimes, which seldom 
exceed 10~? sec. 

Recombination radiation should be generated at the 
rate (np/n?)P(v)p(v) per unit volume per unit fre- 
quency interval, and such radiation from germanium 
was observed by Haynes and Briggs under conditions 
in which the emergent radiation should have essentially 
the same spectral distribution as that generated.?.” 
Their results are in good agreement with the P(v)p(v) 
distribution of Fig. 1. Making correction for thickness 


7,= 0.75 sec, 


2 Visible recombination radiation of a broad band width from 
silicon carbide, with photons of energies in general somewhat 
less than the value of the energy gap, has been observed : Lehovec, 
Accardo, and Jamgochian, Phys. Rev. 83, 603 (1951); Phys. Rev. 
86, 615 (1952). See also K. Lehovec, Proc. Inst. Radio Engrs. 
40, 1407 (1952). 
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of intervening material, Newman found raaiation from 
germanium to be substantially in accord with theory.” 

When the coupling between the electrons and the 
photons is large, application of the calculated P(v) toa 
photon of frequency y is not strictly correct. This 
approximation, however, introduces only relatively 
small error. For, it is evident from Fig. 1 that the 
principal contribution to ® comes from values of u 
less than 32; and for «=32, the photon intensity is 
attenuated in one wavelength in germanium by the 
factor* 


exp(—4anx/d) (d/n) 


= exp(—42/n) (nx)~exp(—2.4XK10-*). (19) 


Thus, a photon is absorbed on the average in about 
40 wavelengths, and the broadening of the photon 
levels by coupling with the electrons is only about 1.5 
percent. It might also be remarked that the linearity 
resulting from quantum electrodynamics is such that 
absorption coefficients measured for cases in which 
there may be several photons in each mode are appli- 
cable to the present case, in which less than 10~7 of 
the modes are excited above the ground state. 

Estimates of ®, o, and 7; in their dependence on 
temperature are shown in Fig. 2. These estimates are 
based on the approximation that temperature changes 
the dependence of n*x on v only through the shift of 
long-wavelength limit associated with the temperature 
coefficient of the energy gap E,. The data provide, 
with this assumption, the dependence at 300°K of n*x 
on hv/E,. With" 


E,=0.785—1.0X10™“T ev, (20) 


the curve of Fig. 1 of n’x versus u=hv/kT is thus 
shifted along u axis in accordance with 


u/4300= 300/T+0.040(300/T—1). (21) 


The rapid increase of photon density with temperature 
produces the corresponding increase in ® and decrease 
in 7; shown in Fig. 2; but it is the more rapid increase 
of n? that produces the decrease in o, which appears 
to become substantially constant at the higher temper- 
atures shown. 

We are particularly indebted to Miss D. J. Oxman 
for evaluation of the integrals and to Mr. H. B. Briggs 
for his assistance with the optical data. 


18 See the text of reference 4, pp. 335-336. 
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Domain Clamping Effect in Barium Titanate Single Crystals 
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We have found that the dielectric constant of good single crystals of barium titanate decreases as the 
average polarization is decreased by means of an electric field. This has been interpreted as being due to a 
domain clamping effect arising from the multidomain situation in the crystal that accompanies the reduction 
in polarization. These measurements give a value for the coefficient of coupling of 0.50 which is in agreement 
with Caspari and Merz’s value of d;; and our measurement of S;;. The coupling coefficient has been studied 
as a function of temperature using this clamping effect. 


I. INTRODUCTION 


[* view of the possible applications of BaTiO; for 
memory devices, it is desirable to know more about 
the phenomena which take place as the polarization is 
reversed from one direction to the other. Dielectric 
constant measurements can be used as one means of 
giving useful information about the nature of this 
process. 

The effect on the dielectric constant that is to be 
described depends on the magnitude of the average 
polarization and can only be observed in a simple form 
if crystal plates are used in which the polarization is 
always normal to the surface of the plate. In addition, 
the polarization must be reversed at a slow rate, other- 
wise additional effects enter that are to be described 
in a subsequent publication. 

The plots shown were obtained using crystals grown 
by J. Remeika of Bell Telephone Laboratories. We 
have observed similar effects using crystals grown in 
our laboratory. They are characterized as having a 
low dielectric constant (kR=185) in the c direction 
normal to the surface of the plate and a low 60 cycle 
per second coercive field strength (675 v/cm). 


II. DIELECTRIC CONSTANT MEASUREMENTS 
A. Equipment 


As illustrated by Fig. 1, the crystal under study is 
subjected at the same time to a slowly varying biasing 
field and to an audio-frequency (20 kc) sine wave of 
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Fic. 1. Arrangement for recording the dielectric constant as a 


function of applied field. 


constant low amplitude (1/500 of the coercive field). 
The biasing field is obtained from a rectifier which is 
fed from a Variac transformer. This Variac is driven 
by means of a motor and a set of gears at extremely 
slow speed, so that the voltage coming out of the 
rectifier can be considered as a de voltage (the corre- 
sponding field across the crystal varies at the rate of 
30 v/cm per minute). A complete cycle usually requires 
three hours. Under such conditions it is known from 
previous measurements that the imaginary part of the 
dielectric constant remains negligible even during the 
switching time, so that the fraction of the high-fre- 
quency voltage appearing across the series measuring 
condenser is a measure of the real part of this dielectric 
constant. This voltage is amplified, rectified, and fed 
into the y axis of an x-y recorder, the x axis of which is 
used for the low-frequency field. A battery is interposed 
between the rectifier and the crystal, so that the zero 
field point can be brought to mid-scale of the recorder 
x axis. 


B. Results 


The plots obtained have the aspect shown by Fig. 2. 
The sample had been “depolarized” by “walking” it 
down its hysteresis loop using 60-cycle ac and was 
plugged in at A, in the absence of any de field. The 
low-frequency field was then increased to about twice 
the value of the coercive field, which is shown by the 
solid line ABC. The dotted line CDE corresponds to 
the reversal of this field to the opposite value. In the 
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Fic. 2. Dielectric constant as a function of dc field. 
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Dielectric constant as a function of temperature for 
depolarized and saturated crystals. 


Fic. 3. 


region D, the polarization of the crystal reverses itself, 
and the dielectric constant goes to a minimum, then 
comes back to its initial value. The low-frequency field 
is then reversed, and the plot obtained is the dotted 
line EFC. 

It is apparent from the figure that the effect is 
completed for a smaller value of the field for the case 
of the initially “depolarized” crystal than it is when 
we start from a saturated crystal. The minimum values 
of the dielectric constant are also somewhat different. 
The slight overshoot which appears at B in the case of 
an initially “depolarized” crystal has not been ex- 
plained. 

The experimental arrangement described in section 
A has been used to record the variation of the dielectric 
constant of the same sample with temperature. (This 
was done by feeding into the x axis of an x-y recorder 
the output of a thermocouple and slowly increasing the 
temperature by means of the same automatically con- 
trolled Variac.) The two plots shown in Fig. 3 have 
been obtained, respectively, from a depolarized crystal 
and from the same sample polarized to saturation. It 
can be seen that the curve corresponding to the first 
case stays constantly below the curve obtained for the 
polarized crystal until the temperature of the ferro- 
electric to nonferroelectric transition is reached. 


III. DISCUSSION 


This behavior of the dielectric constant can easily be 
understood if we picture the crystal as breaking up into 
a large number of elementary domains of opposite 
polarization as the average polarization decreases during 
switching. This situation is illustrated by Fig. 4, from 
which it is seen that domains having opposite orien- 
‘tations tend to be given opposite strains for a given 
half-cycle of the high-frequency field. The elementary 
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domains, therefore, mutually clamp each other, and 
we measure the “thickness-clamped” dielectric con- 
stant. 

For a tetragonal crystal such as barium titanate, 
the equations relating the electric displacement D, the 
stress 7, the strain X, and the field EZ using non- 
rationalized units are: 


Dy=49dy3T 3+ €33Es, (1) 
X3= S3aT 3+ds3Es, (2) 


where dj3, 533, and €33 are, respectively, the corre- 
sponding piezoelectric and elastic compliance coefficient 
and the permittivity of the material (or dielectric 
constant in cgs units). 

For two domains having opposite polarity, the 
coefficient d3; takes opposite values. If we have the 
same number of such domains, addition of the corre- 
sponding Eq. (2) shows that 


= X3= S33 ps Ts. 


Since there is no external applied stress, }> 7;=0 
which shows that the strain must be zero. Then, for 
either kind of region, 


T;=—- (d33/S33) Es 
and from (1) 
D; d3;" 4m d3;° 
—= €3—42r— = «a(1-= —— I, 


“3 233 €33 S33 


(3) 


while, if all domains had the same orientations, the 
electrical displacement would be given by: 


D; = €33423. 


For a crystal having zero average polarization, we 
then measure a dielectric constant 


Dy es 4rd;;" 
K/= near 1 a 
€oE3 €0 €330 33 


)-K/a-@, (4) 


where K/’ is the “free’’ dielectric constant and C is the 
electromechanical coupling coefficient for thickness 
vibrations. It appears then that in the case of a crystal 
having zero average polarization we are measuring the 
so-called “thickness-clamped” dielectric constant. 
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Fic. 4. Tendency of oppositely oriented domains to develop 
opposite strains in response to the same increment of field. 





DOMAIN CLAMPING EFFECT 


Bond, Mason, and McSkimmin,' working on BaTiO; 
single crystals, have found for C a value of 0.67. If we 
use this value in Eq. (4), we find: 


yey = 0.55K,’, 


obviously not in good agreement with the results shown 
in Fig. 2. However, the crystals available to those 
authors were certainly different from ours (they had a 
very high low-frequency dielectric constant! of 2890). 

Measurements have been taken, however, in this 
laboratory on the thickness piezoelectric resonance 
mode; these measurements, described in Sec. IV of this 
paper, have given for S33; the approximate value 


S33=4.5X10-” cm?/dyne. 
In an earlier study, Caspari and Merz? found 
d33= 396 X 10 cgs units. 


If we put these values into Eq. (3), the corrective term 
4r(d33*/S33) becomes equal to 45, while the largest 
difference we observed is 40, indicating almost complete 
clamping. The coefficient of coupling is about 0.50. 

From the plots shown on Fig. 3 it is possible to study 
the variation of the electromechanical coupling coeffi- 
cient C with temperature. C can be determined from 
Eq. (4), which gives 

C?=1—(K.'/K,’). 

The results are illustrated by the solid line on Fig. 5. 
No data were available to us on the temperature 
dependence of the thickness electromechanical coupling 
coefficient, but we can compare our results to Caspari 
and Merz’s earlier studies of piezoelectric longitudinal 
modes.? The electromechanical coupling coefficient for 
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Fic. 5. Electromechanical coupling coefficient for thickness 
vibrations (from our measurements) and for longitudinal vibra- 
tions [from Merz’s (see reference 2) measurements ] as a function 
of temperature. 

1 Bond, Mason, and McSkimmin, Phys. Rev. 82, 443 (1951). 
2M. E. Caspari and W. J. Merz, Phys. Rev. 80, 1084 (1950). 


Fic. 6. Experimental arrangement for investigation of 
thickness piezoelectric modes. 


the samples used by these authors can be approximately 
determined from the data shown in Fig. 10 of their 
article by using the relation: 


K=4n(Av/vp)'. 


The curve obtained has been drawn in dotted lines 
on Fig. 5, and it can be seen that its aspect is quite 
similar to that of our thickness coupling coefficient 
curve. 


IV. ELASTIC-CONSTANT MEASUREMENTS 


The experimental arrangement shown by Fig. 6 is the 
classical arrangement for investigations of the piezo- 
electric resonances of a crystal. The high-frequency 
voltage applied to the crystal is of the order of one 
thousandth of the coercive voltage. 

Few crystals have been found to be uniform enough 
in thickness to give a very sharp and well-defined 
thickness resonance. For the same reason, the accuracy 
in the measurement of the frequency constant for such 
modes is at present no better than 10 percent. It is 
about 10° cps-cmp, yielding for S33 the value 


1 
S33= ———— = 4.5X 10" cgs units. 
4(tF,)*p 


(¢ is the thickness, F, is the resonant frequency, and p 
is the density.) 


V. SUMMARY 


We have found that if a BaTiO; single crystal goes 
slowly from one state of polarization to the opposite 
state, the dielectric constant decreases noticeably with 
a minimum at zero average polarization. This low 
value is also observed if the crystal is initially at zero 
polarization and it can be interpreted as being the 
“initial” dielectric constant for a crystal plate in which 
the polarization is normal to the surface of the place. 
We have interpreted this behavior as being a “clamp- 
ing” effect due to the multidomain situation that 
arises. The clamped case corresponds to the initial 
dielectric constant, the unclamped case is for the 
dielectric constant at saturation. There is a satisfactory 
agreement between our measurements and the value 
expected on this basis by using Merz and Caspari’s? 
values of the piezoelectric coefficient d;; and our value 
for the elastic coefficient Sy3. 

A field strength of 350 volts/cm was required to 
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polarize the crystal from an unpolarized state, whereas 
a field of 675 volts/em was required to reverse the 
direction of polarization. The clamping was more 
complete for the case where the crystal was forced to 
zero polarization by walking down the hysteresis loop 
than for the case where the crystal goes to zero polar- 
ization while traversing the hysteresis loop. This indi- 
cates that the elementary domains are smaller in the 
former case than in the latter case. It is interesting to 
note that the configuration with the smaller domains is 
less stable than for the larger domains as is evidenced 
by the observation that a smaller field is required to 
change the configuration. 

Our measurements show no indication of the ele- 
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mentary domain walls moving to any appreciable extent 
in response to the high-frequency field. Otherwise, the 
dielectric constant would be expected to increase in 
the multidomain region. 

The temperature dependance of the coefficient of 
coupling is similar to that computed from earlier 
measurements. 
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Photomagnetoelectric Effect in Germanium and Silicon 


Housert Butiiarp* 
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The transient part of the photomagnetoelectric (p.m.e.) voltage in germanium has been studied. It has 
been observed that the p.m.e. voltage reached its steady-state value by passing through a maximum instead 
of reaching it by progressive increase. The p.m.e. effect in silicon has been observed and a few experimental 


results are given. 


I. INTRODUCTION 


HE photomagnetoelectric effect first reported by 

Kikoin and Noskow,' and by Groetzinger® in 
cuprous oxide has been observed recently by Aigrain 
and Bulliard’ and independently by Moss, Pincherle, 
and Woodward‘ in germanium. A communication on 
the effect has been given by Oberly® at the 1953 
Thanksgiving Meeting at Chicago. It has been observed 
also in lead sulfide by Moss,® and, as will be reported 
here, in silicon. The effect is the following: 

If a slab of semiconductor is illuminated on one face 
and introduced in a magnetic field parallel to the plane 
of the slab, then an emf arises in a direction perpen- 
dicular to both the light and the magnetic field (Fig. 1). 
If the light is oriented parallel to the x axis and the 
field parallel to the y axis, the emf appears along the 
2 axis. 

The action of the light is to produce hole-electron 
pairs near the surface of the semiconductor sample, 


= On leave from Laboratoire de Physique-Ecole Normale 
Superieure, Paris, France. 
K. Kikoin and M. Noskov, Physik. Z. Sowjetunion 5, 586 

(1934). 

2G. Groetzinger, Physik. Z. (5), 36, 169-179 (1935). 

*P. Aigrain and H. Bulliard, Compt. rend. 236, 595 and 672 
(1953), 

4 Moss, Pincherle, and Woodward, Proc. Phys. Soc. (London) 
B66, 743 (1953). 

5 John J. Oberly, Phys. Rev. 93, 911 (1954). 

*'T. S. Moss, Proc. Phys. Soc. (London) B66, 993 (1953). 


provided that the wavelength is shorter than 1.8 y, 
thus producing a very high concentration of carriers 
next to the surface. These added carriers tend to 
diffuse towards the interior of the slab. If a magnetic 
field is introduced in the direction previously described, 
the carriers will be deflected, the electrons upward and 
the holes downward, thus giving rise to an emf between 
the ends of the slab. 

A theoretical derivation of this effect in germanium 
has been given independently in the papers of Aigrain 
and Bulliard® (more extensively published in Bulliard’s 
thesis’) and of Moss, Pincherle, and Woodward.‘ In 
this paper we describe observations of transient effects 
in the photomagnetoelectric effect on germanium and 
some observations of the effect on silicon. 


II. TRANSIENTS IN THE PHOTOMAGNETOELECTRIC 
EFFECT ON GERMANIUM 


(a) Experimental Study 


The apparatus consisted of a 500-watt lamp, a 
chopper, and lenses (Fig. 2). The source was focused 
with the first lens on the chopper in order that the rise 
time of the light pulse be as short as possible compared 
to the pulse duration. With the second lens, the source 
was focused again on the germanium sample. The signal 
developed across the sample was amplified with a 


7 Hubert Bulliard, Ann. phys. 9, 52 (1954). 





PHOTOMAGNETOELECTRIC EFFECT 


broad-band amplifier and then displayed on an oscillo- 
scope. The germanium samples had the following 
characteristics: p type, resistivity; 40 ohms/cm; body 
lifetime greater than or equal to 600 usec according to 
a measurement made by the Valdes method. The 
thickness was 3 mm, which is of the same order as the 
diffusion length of the carriers in such a sample. The 
sample was etched with the C-P-4 on both sides. 

It was observed that the photomagnetoelectric volt- 
age, instead of reaching the steady-state value by 
progressive increase, as might be expected, passed 
through a maximum value and then decreased to reach 
the steady-state value. 

In Fig. 3 are illustrated the wave shapes of the 
photomagnetoelectric effect and of the photoconduc- 
tivity. 

The transient part was also studied as a function of 
the light intensity (Fig. 4). The light intensity was 























Fic. 1. Orientation of light, magnetic field, and p.m.e. voltage. 
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Fic. 2. Optical setup for transient response determination 
of p.m.e. effect. 


varied by increasing the current through the lamp and 
also by interposing screens of different apertures so as 
not to change the spectral distribution of the lamp. 
Both methods gave the same results. 

As can be seen from Fig. 2, there is an increase of the 
ratio peak value to steady value from zero at low light 
intensity up to a value of four under strong illumination. 

It was also observed that if the dark side was ground 
instead of etched under strong illumination, the value 
of the photomagnetoelectric voltage increased by a 
factor of ten, but the peak disappeared. 


(b) Physical Interpretation 


The p.m.e. voltage gives a current which compensates 
the one arising from the deflection of carriers due to the 
magnetic field. 

If j, is the density of current of minority carriers, 
diffusing in the germanium from the illuminated surface 
towards the dark surface, and if 7 = magnetic field and 
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Fic. 3. Typical wave shapes for the photomagnetoelectric effect 
(I) and photoconductivity (II). 


u=average mobility, the net current arising from the 
deflection of both types of carriers by a small magnetic 
field is then 


l 
2ulth f jx, 
0 


which should be equal to Vp.m.e.XG, where /= thickness 
of the sample, h=height of the sample, and G=con- 
ductance of the sample. One has then: 


l 
V ».m.e.= 2Hh f jade / G. 
0 


The p.m.e. voltage increases with the diffusion flow 
of carriers and decreases with induced photoconduc- 
tance. 

Initially, the diffusion flow builds up more rapidly 
than the photoconductance and later on is overtaken 
by the growth of the photoconductance, thus giving 
rise to an initial increase followed by a drop to an 


equilibrium value. 
wm (2) (3 
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(c) Theoretical Derivation 


A theoretical derivation of the transient part of the 
effect has been made by L. H. Hall (to be published). 
The principal results are summarized below. 

According to the previous theories derived for steady- 
state conditions, the voltage arising across the slab is 
given by the following expression : 


t 
V=K|0)~p0| / Nule+26 f pdx, 
0 


where K is independent of time. p is the concentration 
of the minority carriers, p(0) is the concentration at the 
illuminated face, p(/) is the concentration at the dark 
face, Nule is the conductance of the unilluminated slab, 
and 2epJfo'pdx is the induced conductance due to the 
illumination. 

Both p(0)— (J) and the induced conductance in- 
crease with time. The formula derived for the transient 
part takes the form: 


V=KI-S ae (Go BS bye], 
0 0 


where Go if the conductance of the unilluminated 
sample and ¢ the lifetime of the minority carriers. It is 
generally necessary to include only the first few terms. 
The parameters a;, 6;, and »; depend on the character- 
istics of the sample. With suitable values of the body 
lifetime and surface recombination, the numerator 
increases more rapidly than the induced conductance 
but is then overtaken by the growth of the latter, so 
that the voltage passes through a maximum and then 
decreases to the steady-state value. 


(d) Correlation between Theory and Experiment 


Because of the complicated nature of the theoretical 
formula, no attempt has been made to correlate the 
values between the experimental and theoretical values. 
However, a few remarks can be made. 

The fact that the time for the photoconductivity to 
reach the steady-state value is the same as for the 
photomagnetoelectric effect (as can be seen in Fig. 3), 
agrees with the theory which predicts that the building 
up of the photoconductivity accounts for the decrease 
from the maximum value. 

The fact that the ratio peak value to steady value 
increases with light intensity can be accounted for by 
the theory by looking at the denominator of expression 


1. Under low illumination, the conductance of the 
unilluminated slab is far greater than the induced 
conductance. Thus the denominator of this expression 
is practically constant, and one should not observe any 
maximum but a progressive increase. 

The greater the illumination, the more important 
the induced conductance compared with the conduc- 
tance of the unilluminated sample and thus the greater 
the ratio of the peak to steady-state value. 

The last remark concerns the fact that when the dark 
surface is ground so as to increase surface recombina- 
tion, the value of the p.m.e. effect increases and the 
peak disappears. The increase of the p.m.e. effect is 
due to the fact that the term p(0)— (J) is greater for 
a dark surface ground than etched, and the fact that 
the peak disappears can be accounted for by a reduction 
of the average lifetime of the sample. 


Ill. PHOTOMAGNETOELECTRIC EFFECT IN SILICON 


The p.m.e. effect was observed in silicon. The silicon 
used came from Bell Telephone Laboratories. The 
samples were cut out from a p-type single crystal of 
resistivity 20 ohms/cm. The dimensions of the samples 
were 1 to 2 mm thick, 2 mm wide, 8 to 6 mm long. The 
surface was etched with C-P-4. The light came from a 
500-watt cinema projector and was chopped so as to 
prevent any thermal effects from interfering with the 
effect looked for. Under quite intense illumination of 
the sample, the magnitude of the p.m.e. voltage was 
of the order of 1 Mv. It was observed that by inter- 
posing a water filter, which cut out the infrared at 
about 1.24, the magnitude of the p.m.e. effect was 
slightly reduced while the photoconductivity was re- 
duced by a factor of ten. This experiment proves that 
only the wavelengths capable of producing hold-electron 
pairs near the surface are responsible for the p.m.e. 
effect. 

A remark should be made as to the application to 
silicon of the theoretical derivation worked out for 
germanium. In this derivation the space-charge of 
trapped electrons is neglected, and this may not be a 
good approximation for silicon. 
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A quantitative theory is developed of the photofluorescence and scintillation properties of organic ma- 
terials. On this theory the intermolecular energy transfer occurs by photon emission and absorption; the 
molecular emission spectrum extends continuously from the ionization energy EZ; down to the strong fluores- 
cence band normally observed; the emission of primary photons ~£; is excited by ionizing radiations; 
and the subsequent scintillation process consists of a photon cascade, through the emission spectrum. The 
theory is in agreement with the experimental data on the photofluorescence and scintillations from pure 
and mixed crystals, and on the scintillations from solutions. It is shown that, because of self-absorption, many 
of the existing data refer only to the technical fluorescence properties, and a preliminary assessment is made 
of the molecular properties of the more important organic phosphors. 





1, INTRODUCTION 


ARIOUS studies' of the photofluorescence and 

scintillation properties of different organic phos- 
phor systems—pure and mixed crystals, liquid and 
solid solutions—have shown clearly that the observed 
fluorescence emission generally occurs from molecules 
other than those initially excited by the ineident radia- 
tion. Several alternative theories, notably “exciton 
migration’” and “sensitized fluorescence,’* have been 
proposed to account for this intermolecular energy 
transfer. These have been discussed elsewhere by the 
author,' and they have been shown inadequate to 
explain the full range of experimental data now avail- 
able. In particular these theories postulate strong elec- 
tronic coupling either between neighboring or distant 
molecules, while spectral and other data show clearly 
that such coupling in organic crystals is so weak that 
the electronic structure of a molecule is practically un- 
perturbed by its environment. It has therefore been 
proposed by the author! that the intermolecular energy 
transfer occurs by the simple process of photon emission 
and absorption. 

In this paper the photon theory is developed further, 
and compared with the experimental results. It is 
shown that many of the previous observations on the 
photofluorescence and scintillation properties of organic 
materials refer only to the technical properties of the 
materials. Such observations, made on relatively thick 
specimens, give little direct information about the true 
molecular fluorescence, due to the strong self-absorption 
which occurs. 


2. PHOTOFLUORESCENCE OF MIXED CRYSTALS 


We consider initially the photofluorescence of mixed 
organic cr crystals (e.g., anthracene in naphthalene, naph- 


* ~ © This pa ad forms part of a thesis accepted for the degree of 
Doctor of Science by the University of Glasgow. 

t Now at British Dielectric Research, London W. 12, England. 

1 J. B. Birks, Scintillation Counters (Pergamon Press, London; 
McGraw-Hill Book Company, Inc., New York, 1953). 

2 Bowen, Mikiewicz, and Smith, Proc. Phys. Soc. (London) 
A62, 26 (1949). 
pi. Franck and R. Livingston, Revs. Modern Phys. 21, 505 
(1949). 


thacene in anthracene). On the photon emission and 
absorption theory, the processes listed in Table I occur 
in a mixed crystal containing solute molecules Y in a 
solvent of molecules X. It is assumed for simplicity and 
clarity that the incident radiation is absorbed entirely 
by X, and that X is transparent to the fluorescence 
emission of Y. These conditions correspond to those 
normally obtaining in relatively dilute solid solutions. 
Square brackets indicate concentrations in molecules/ 
solvent molecule (i.e., [X¥ ]=1), X* and Y* represent 
molecules of X and Y with the excitation energy, and 
k(=1/t) represents the probability of a process of 
decay time ?. 
The molecular quantum efficiency gox of fluorescence 
by X is given by 
1 
——— (1) 
1+ (kex/kyx) 


as a result of the competitive processes (2) and (3). 
The quantum efficiency of the escape of the fluorescence 
of X from the crystal, ie., the technical fluorescence 
quantum efficiency, is given by 


Jox 


1+ (kx/kex)+ (ky/kex) [VY] 





Vex = 





ky Jox ) 
hex \1+ (hx /hex)+ (ky/hex)[V] 


AN 


ge qox ite ) 
1+ (kx/Rex)+ (ky/kex)[Y] 


erence (3) 


~ 1+ (1—qox) (kx/Rex)+ (Ry /Rex)[ a 


due to the competitive processes (2), (3), (4), (5), 
and (9). Terms 1, 2, 3, --- in (2) represent the escape 
of light from the crystal after 1, 2, 3, --- molecular 
emissions. 
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TABLE I, Photon transfer processes. 


Process Relative rate 


. X+hv-X* 

. X*-9X+hvx 

3. X*-+X 

. X+hvx—X* 

5. VY+hvx—Y* 

. Y*V¥+hvy 

. Y*V 

. ¥+hvy—Y* 
hvx— 
hvy > 


Description of Process 


Excitation by light 
Fluorescence of X 
Internal quenching of X 
Self-absorption of X 
Absorption of Y 
Fluorescence of Y 
Internal quenching of Y 
Self-absorption of Y 
Escape of hyvx 

Escape of hvy 





In these relations (kix/k;x) describes the internal 
quenching, which reduces the molecular quantum effi- 
ciency gox below unity. (1—qox) (kx/kex) represents the 
effect of self-absorption of X, which together with 
the internal quenching produces ‘“‘self-quenching.” 
(ky/kex)[Y ] describes the relative probability of photon 
capture by Y, i.e., energy transfer from X to Y. In the 
absence of internal quenching gox=1, and (3) becomes 


1 


— : (4) 
1+ (ky[ VV/kex) 


Vex = 


The molecular fluorescence quantum efficiency goy of 
Y is, similarly, 
1 


peat (5) 
kiy/Ryy) 


Joy = 
1+ ( 


and the /echnical quantum efficiency g.y of the escape of 
the fluorescence of Y is given by 


hacia 
key)[¥] 


(kiy/kyy) describes the internal quenching of Y. 
(1—qoy) (ky’/key) LY] represents the effect of self-ab- 
sorption, which together with the internal quenching 
produces “concentration quenching.” In the absence of 
internal quenching, gox=goy = 1, and (6) becomes 


dey = Gex (ky/Rex) LY ]=1— ex. (7) 


The quantities k.x, kx, and ky[Y] are not inde- 
pendent, but are related by 


kextkxt+ky[Y ]=1. (8) 


Their magnitudes depend on the relative absorption 
coefficients of X and Y for the fluorescence of X, and 
on the size of the crystal. For a pure crystal (TY ]=0) 
of anthracene of thickness > 1 mm, values of kx =0.2, 
kx=0.8 have been obtained from spectral measure- 
ments,‘ and similar observations on thick naphthalene 
crystals indicate that k&.x is even smaller for this ma- 
terial. The effect of this self-absorption of X is to 
increase the “energy transfer’? parameter (ky/k.x), 

‘J. B. Birks and W. A. Little, Proc. Phys. Soc. (London) A66, 
921 (1953). 


Vex Joy (ky 


qey = (6) 


1 + (1 — doy) 


BIRKS 


since the molecules of Y may absorb not only the 
primary emission of X, but subsequent re-emissions 
following self-absorption. The observations of Bowen 
et al that the transfer effect disappears when the 
mixed crystals are dissolved in benzene are readily 
explained, since the effective concentration of Y for 
photon absorption should now be expressed in mole- 
cules/benzene molecule, so that [Y ]—0 and k.x—1. 

A further factor contributing to the efficient (XY) 
energy transfer in the crystal is the directional align- 
ment of the molecules of X and Y, and of the polariza- 
tions of the emission of X and the absorption of Y.! 
If the molecular alignment is destroyed, as in homo- 
geneous mixed sols of X and Y, the effective absorption 
coefficient of Y for the emission of X will be reduced 
due to the random molecular orientation, by a factor 


in hr 
= Ae cos’6 cos*pdédd 


relative to that for alignment of Y parallel to X. Bowen 
and Mikiewicz’ have measured the intensities of the 
two fluorescence components Lx and Ly for anthracene- 
naphthacene crystals, and for homogeneous anthracene- 
naphthacene sols. They find that Ly=Ly at a concen- 
tration of ~1.8X10~° g naphthacene/g anthracene in 
the crystals, and at a concentration of ~9X10~ g/g 
in the sols, giving f~0.2 in agreement with (9). 

The equations obtained on the photon theory are in 
general agreement with the available experimental data 
on mixed organic crystals’*.’? though further observa- 
tions on the effect of crystal size are desirable. The 
theory gives a clear physical interpretation of the 
processes of “resonance energy transfer,’’ self-quench- 
ing, and concentration quenching, for which several 
more complex and less satisfactory mechanisms have 
been proposed,’ 3 *-"° 


3. SCINTILLATIONS FROM MIXED CRYSTALS 
AND SOLUTIONS 


An extension of the photon theory has been proposed 
by the author' in considering the excitation of the 
fluorescence by ionizing radiation, i.e., scintillations. 
It is proposed that the ionization and excitation of the 
molecules by the ionizing particle cause the emission 
of photons whose energy is ~ the molecular ionization 
energy. This primary photon emission is discussed in 
more detail later. The absorption coefficient for these 


5 E, J. Bowen and E. Mikiewicz, Nature 159, 706 (1947). 
6G. T. Wright, Ph.D. thesis, University of Birmingham, 1952 
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Publishers, New York, 1949). 

*H. Kallmann and M. Furst, Phys. Rev. 79, 857 (1950). 

 H. Kallmann and M. Furst, Phys. Rev. 81 853 (1951). 
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primary photons is relatively low (molar extinction 
coefficient e~10*) and they are reabsorbed at ~10* 
molecular distances from the ionization column. 

In a mixed crystal, or in a liquid solution of Y ina 
solvent X, the primary photons will excite the photo- 
fluorescence of X and Y. If p primary photons are pro- 
duced and are completely absorbed within the phosphor, 
the number of fluorescence photons hvx, hvy escaping 
are given by pq.x and pgy, respectively. Hence for 
mixed crystals it is to be expected that the relative in- 
tensities of the two fluorescence components will be 
independent of the manner of excitation. This has been 


Ly= paey == 


where P, Q, and R are parameters depending en the 
mode of excitation, and on the properties of the solvent 
and solution. Equation (11) is the empirical equation 
found by Furst and Kallman" to be in excellent agree- 
ment with their experimental observations on the de- 
pendence of relative scintillation efficiency Ly on con- 
centration [Y ] for a wide range of organic solutions, 
excited by y rays or by a rays. 

It should be noted however that (10) is derived from 
(6), which is based on the initial postulate that the 
incident radiations, in this case the p primary photons, 
are absorbed entirely by the solvent molecules X. If the 
absorption coefficient of Y for the primary photons is 
high compared with that of X, direct excitation of Y by 
the primary photons will also occur. It may be readily 
shown by a similar analysis to that in Sec. 2, that the 
additional fluorescence component is also of the form 

PLY J 
Ly’=———_ ——, (12) 
(0’+LY ])(R’+(Y )) 
the first term in the denominator representing the com- 
petition between absorption by X and by Y, and the 
second term the competition between concentration 
quenching and the escape of the fluorescence emission. 

All the efficient solvents used (e.g., xylene, toluene, 
benzene) possess molecules which fluoresce in dilute 
solution, although this fluorescence is not normally 
observed from the bulk liquid due to ‘‘self-quenching.”’ 
This association of solvent molecular fluorescence with 
scintillation efficiency suggests that the main process 
in liquid phosphors is the initial excitation of the 
solvent molecules leading to fluorescence emission, 
which is absorbed and re-emitted by the solute mole- 
cules, as described by (10) and (11). The much lower 
scintillation efficiency’ of solutions of terpheny] in “non- 


!M. Furst and H. Kallmann, Phys. Rev. 85, 816 (1952). 
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Pqoxqoy (ky kex)LY ] 


[1+ (1—gox) (kx/kex) + (ky/Rex CV TIC1+ (1—oor) (hy’/key LPT) 
PLY] 
~ (O+EV)(R+{¥)) 
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confirmed experimentally for naphthalene-anthracene 
crystals by Wright®’ who compared the fluorescence 
excited by a rays and by 254-my ultraviolet radiation, 
and by the author,' who has compared the fluorescence 
excited by a rays and by the internal conversion elec- 
trons from In'*. In each case the ratio of the intensities 
of the naphthalene and anthracene components was 
found to be independent of the mode of excitation. 

For liquid organic solution phosphors pq.x, the 
solvent fluorescence, is small because of strong self-ab- 
sorption and internal quenching. The solute fluores- 
cence, which is observed, is given by 


(10) 


(11) 


fluorescent” solvents (paraffin oil, hexane, etc.) is at- 
tributable to the fact that the solute fluorescence will 
only be excited directly by primary photon absorption, 
as described by (12). Since the scintillation efficiency 
of terpheny! in a nonfluorescent solvent is only about 
15 percent of that from a terphenyl solution in a 
fluorescent solvent, it appears that about 85 percent of 
the solute emission in the latter case is excited by the 
solvent emission. The alternative possibility, that the 
differences between the two classes of solvent are due 
to differences in the primary photon emission efficiency 
(which may be associated with the fluorescence effi- 
ciency) and in the absorption coefficients for these 
primary photons [P’ and Q’ in (12) ], cannot however 
be discarded on the existing experimental evidence. 


4. PHOTOFLUORESCENCE OF PURE CRYSTALS 


In pure crystal phosphors only processes (1), (2), (3), 
(4), and (9) in Table I are operative. The molecular 
quantum efficiency go (suffix X will be omitted since 
only one molecular species is present) is given by (1) as 
before, but the technical quantum efficiency g, from (2) 
becomes 


qo 


~=———— - 
1+ (1—go) (k/ke) 
1 
~ 1+ (Bi/keky) 


since (k+k,)=1. 

In the absence of internal quenching, the molecular 
photofluorescence decay time (t;)oo=1/k,;. Due to in- 
ternal quenching, the actual molecular decay time (f,)o 
is reduced to 


(ty)oo 
= qo(ty)oo. (14) 


1+[ (ty)o0/ts 


(ty)o= 
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The technical photofluorescence decay time /; of a 
thick crystal is increased,‘ due to the self-absorption, to 


aan geen mR 

ke+((ty)o0/ti] 

If the internal quenching is small, i.e., (ty)ooKd;, then 
(15) and (13) may be approximated to 


(15) 


(16) 
(17) 


ty=n(ty)o, 


Je= (qo)", 
where 


(18) 


represents the average number of molecular fluores- 
cence emissions of decay time (/,)9, quantum efficiency 
qo, that occur prior to the escape of the fluorescence 
from the crystal. These approximate relations provide 
a simple physical model of the photon cascade process 
that occurs. 

For anthracene at room temperature, values of 
go=0.9 and (ty)o=3.5+1.0 my sec have been observed 
for microcrystalline specimens, ty=14+2 my sec has 
been measured for a thick crystal, and k,=0.2 has been 
obtained from the ratio of the areas under the thick 
crystal (technical) and micro-crystalline (molecular) 
fluorescence spectra.‘ Substitution in (13)—(15) gives 
(t,)oo= 3.91.2 my sec, t;= 3510 my sec, g.=0.58 and 
ly=12.64+3.5 my sec, this last value agreeing within the 
experimental error with that observed directly. The 
approximate Eqs. (16)-(18) give m=5, tj=17.545.0 
my sec and g,=0.59. 

The photofluorescence quantum efficiency go is prac- 
tically independent of the excitation wavelength down 
to at least 250 my, i.e., into the second and higher 
electronic absorption bands. This effect has been in- 
terpreted previously® as due to internal conversion with 
100 percent efficiency from the higher electronic states 
into the first electronic excited state, from which the 
observed emission occurs. This explanation is not com- 
pletely satisfactory, since it fails to explain why the 
absorption from the ground state into the higher elec- 
tronic states should be highly “allowed” (e~10‘— 10°) 
while the reverse transition, corresponding to emission, 
should be completely “forbidden.” The photon theory 
suggests a simple alternative description of the effect. 
Fluorescence emission from these higher electronic 
states may occur with an ultra-short decay time ~10-"' 
sec, since the oscillator strengths are ~10°—10* that 
of the norma! photofluorescence emission corresponding 
to the Ist electronic absorption band (e~10*). The 
internal quenching will be negligible, owing to the very 
short lifetime of the excited state compared with 4y~35 
my sec, and the quantum efficiency will be practically 
100 percent. Such emitted photons will be very strongly 
reabsorbed by neighboring molecules, and after several 
repetitions of the process, during which thermal de- 
gradation of the excess energy occurs, the normal 
fluorescence from the 1st excited state will be observed. 


n=1/k, 








LOG INTENSITY 











WAVELENGTH -> 


Fic. 1 (A). Molecular spectrum; (a) fluorescence, (b) absorp- 
tion. (B). Technical fluorescence spectrum of crystal of a few u 
thickness; (a) normal emission, (6) primary photon emission. 


It is proposed therefore that the complete molecular 
fluorescence spectrum corresponds to the complete ab- 
sorption spectrum, and not just to the first electronic 
band, which is a!l that has been observed previously. 
This failure to observe the complete emission spectrum 
may be due to various causes: (a) the use of relatively 
thick crystals or solutions, (b) inadequate exposure 
times or detection sensitivity, and (c) excitation of the 
fluorescence by irradiation in the first electronic ab- 
sorption band (e.g., by 365-my radiation). Each emis- 
sion band would be expected to be approximately the 
mirror image of the corresponding absorption band, 
but with its maximum intensity shifted by about 50 mu 
towards longer wavelengths. A schematic diagram of 
the proposed molecular fluorescence and absorption 
spectrum is shown in Fig. 1(A). Both spectra extend 
from about the molecular ionization energy E; down 
to the energy Ey of the first electronic transition. 
Measurements on the molecular spectra of microcrystal- 
line fluorescent organic compounds are in progress in 
the author’s laboratory. 

Because of the overlap of the molecular absorption and 
emission spectra, the ‘echnical fluorescence from a rela- 
tively thick specimen (>1,) will only be observed in 
spectral regions of low absorption. Apart from the 
region near Ey, where the normal technical fluorescence 
is observed, there is a further region of low absorption 
(e< 10?) in the vacuum ultraviolet” near Ey. Photons 
emitted in this region have a relatively long mean free 
path ~7y in the crystal, so that when near the crystal 
surface they are able to escape without reabsorption. 
These are the primary photons of energy Ep, whose 
emission is excited by ionizing radiation, according to 
the theory.' The decrease of specific fluorescence near 
the phosphor surface" is attributed to the escape of the 
primary photons."*' The /echnical fluorescence spectrum 


2H. B, Klevens and J. R. Platt, J. Chem. Phys. 17, 470 (1949). 
13 J. W. King and J. B. Birks, Phys. Rev. 86, 568 (1952). 
“J. B. Birks, Phys. Rev. 86, 569 (1952). 
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of a crystal a few microns thick is shown schematically 
in Fig. 1(B). It will be noted that there are two main 
regions of emission, Ep and Er. 


5. SCINTILLATIONS FROM PURE CRYSTALS 


In a thicker crystal, excited by ionizing radiation, the 
emission Ep is unable to escape. The scintillation process 
corresponds to the reabsorption of the primary photons 
Ep, followed by a cascade of photon emissions and ab- 
sorptions, culminating in the normal emission Er which 
ultimately escapes from the crystal. For excitation by 
fast electrons, the ion pairs are produced ~100 molecu- 
lar distances apart, so that quenching in the ionization 
column is negligible. Under these conditions the decay 
of the scintillation pulses has been observed to be 
exponential and of technical scintillation decay time ¢;. 
We may therefore, by analogy with the previous photo- 
fluorescence results, take 


t=tpt+t;, 


where ¢, is the technical photofluorescence decay time, 
and tp the technical decay time of the primary photon 
emission. The decay times of the emission in the inter- 
mediate region of high absorption are negligible, com- 
pared with ¢, and ¢p. Liebson, Bishop, and Elliot" 
have measured ¢; for y-ray excitation and for several 
organic phosphors, and they find in general that t;>t, 
in accordance with (19). Typical values of ty and tp 
obtained from their results, using (19), are listed in 
Table II. 

It is seen that in general tp~/,. It is of importance to 
note that fp is a property of the phosphor, similar to /y. 
This suggests strongly that the primary photon emission 
is not due simply to ion recombination, which should 
take about the same time in similar organic materials, 
but that it is due to a definite electronic transition of 
the molecule, as proposed above. The similarity of tp 
and ¢; is attributable to the similarity of the extinction 
coefficients and oscillator strengths of the absorption 
bands Ep and Ey associated with the two transitions. 
We may therefore take as a working approximation, 
that 


(19) 


(tp)o= (ty)o, (20) 


where (tp)o is the molecular decay time of the primary 
photon emission. Hence, provided ¢;, the internal quench- 
ing decay time, does not differ appreciably for the two 
excited states, corresponding to Ep and Er, the molecu- 
lar quantum efficiency of the primary photon emission 
will also be equal to qo. 

By analogy with (16), 


t;=m(ty)o, (21) 


where m is the average number of photon emissions of 
molecular decay time (¢;)o, molecular quantum effi- 
ciency go, occurring in the photon cascade. Hence the 


16 Liebson, Bishop, and Elliot, Phys. Rev. 80, 907 (1950). 
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TABLE II. Decay time components. 





Diphenyl- 
Anthracene Carbazole Stilbene Quaterpheny!l acetylene 


17 7 3.1 3.8 2.5 
13 6 4.9 3.2 1.5 











technical scintillation quantum efficiency is 
qr= (qo)™, (22) 


expressed as the number of escaping fluorescence 
photons per initial primary photon. 

The energy expenditure per ion pair in gaseous 
organic materials (e.g., ethylene, methane) is Z,=30 
ev/ion pair. It is a reasonable assumption that one 
primary photon is produced per ion pair (in the absence 
of quenching in the ionization column) so that Z,=30 
ev/primary photon. These primary photons are ab- 
sorbed and ultimately emitted as the technical fluores- 
cence emission, of mean photon energy Ey, with an 
over-all technical quantum efficiency of gr. Hence for 
excitation by radiation of low specific ‘onization the 
over-all technical energy conversion efficiency, 


Cre=Erq:/E:. (23) 


Expressed alternatively, the energy expenditure per 
emitted photon is 


E:r= E./ qi. (24) 


6. DISCUSSION OF THE ORGANIC PHOSPHORS 


For anthracene crystals at room temperature, values 
of t;=27 my sec, (t;)o=3.5 mp sec and go=0.9 have 
been observed. Hence from (21) and (22), m=7.7 and 
qr=0.44. The mean wavelength'*” of the technical 
emission spectrum is 469 my, corresponding to a mean 
photon energy Er= 2.65 ev. Hence from (23) and (24), 
Crr=4.0 percent, E;r=68 ev/photon. This value for 
the absolute scintillation efficiency of anthracene at 
room temperature is in excellent agreement with the 
experimental values of 65 ev/photon measured by 
Harrison,’ and of 70.5 ev/photon measured by Birks 
and Szendrei.'* 

The technical scintillation efficiency g; is increased 
by reducing the crystal thickness. For anthracene 
microcrystals m tends to 2, corresponding to one pri- 
mary photon emission and one photofluorescence emis- 
sion, and E;p tends to a lower limit of 36 ev/photon. 
Because of the surface escape of primary photons this 
optimum efficiency cannot be attained, but thin anthra- 
cene flakes have a higher scintillation efficiency than 
thick crystals, tending towards this value. The effect 
has been observed in this laboratory. 

Reduction of the temperature also causes an increase 
in gr due to (a) the reduced overlap of the absorption 
and emission spectra, giving a decrease in m, and 
(b) the decrease in the internal quenching so that go 


r J. B. Birks and M. E. Szendrei, Phys. Rev. 91, 197 (1953). 
‘7 F, B. Harrison, Nucleonics 10, No. 6, 40 (1952). 
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tends to unity, as the temperature approaches absolute 
zero. For thick anthracene crystals (a) is the major 
effect, since go only increases from 0.9 towards 1.0, 
while m decreases from 7.7 towards 2. Liebson'*® has 
observed that ¢; for anthracene decreases by about 56 
percent in cooling from 10°C to —70°C. Neglecting 
the small change in go, we obtain from (21) and (22) 
that at —70°C m=4.3, g;=0.64, corresponding to a 
44 percent increase over the scintillation efficiency at 
10°C, Sangster’ has observed directly that the scintil- 
lation efficiency increases by 40 percent in cooling over 
this temperature range. 

Anthracene is the most efficient of the known organic 
scintillators at room temperature. It is of interest 
therefore to consider the reasons for the inferiority of 
the other organic phosphors. If we denote the properties 
of anthracene by (q;)4, (qo), and ma, the other phos- 
phors may be divided into 4 possible categories: 


(A) go™ (qo), 
(B) go<(go)a, 
(C) go<(qo)a, 
(D) go~ (qo) a, 


qr < (qr) a; 
qr<(qr)a; 
qr < (qi) a; 
qr> (qr) a. 


m>ma, 
mM<mMA, 
m>ma, 
m<Ma, 


Examples of each of the first 3 categories are known. 
So far no organic members of the desirable category 
(D) have been identified, although sodium iodide 
(thallium) is an inorganic member of this class. 
Naphthalene probably belongs to class (A). Taking 
qgo=0.9, (ty)o=3.5 mp sec, by analogy with anthracene, 
and combining these with the experimental values of 
t;=80 mp sec and Er=3.6 ev, we obtain m= 23, 
q1=0.09, Crry=1.0 percent, and E;r= 341 ev/photon, 
in excellent agreement with the direct experimental 
value’? of Eyr=350 ev/photon. The major difference 
between the technical and microcrystalline emission 
spectra of naphthalene, due to the self-absorption asso- 
ciated with the high value of m, has been observed.” 
It is to be expected that a major increase in q, for 
naphthalene will be produced by reducing the thickness 
or the temperature. The former effect has been ob- 
served for naphthalene flakes by the author, and has 
previously been reported by Kallmann.”! The tempera- 
ture effect, which is pronounced, has been observed by 
Liebson.'* At low temperatures the scintillation effi- 
ciency of naphthalene approaches that of anthracene. 
Stilbene, terphenyl, diphenylacetylene, and quater- 
phenyl! belong to class (B). The reduced overlap of the 
absorption and emission spectra (m<m,) accounts for 
their low scintillation decay time ¢; of 6 to 10 my sec, 
since their molecular decay time (ty)o is similar to 


18S. H. Liebson, Nucleonics 10, No, 7, 41 (1952). 

 R. C, Sangster, Massachusetts Institute of Technology Tech- 
nical Report 55, January 1, 1952 (unpublished). 

*”W. A. Little and J. B. Birks, Congress of the South African 
Association for the Advancement of Science, Cape Town, South 
Africa, July, 1952 (unpublished). 

**H. Kallmann, Conference on Scintillation Counting, 1949 
(unpublished), 
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anthracene.‘ Although the experimental data for stilbene 
are less comprehensive than for anthracene, they may 
be used to estimate the other properties of the material. 
Birks and Littlet have observed (t;)o=1.7 my sec, 
ty=3.0 mu sec, and Post and Shiren® and Lundby”* 
have observed t;=6.0 my sec, so that m~3.5. Sangster’® 
has observed that C;r for stilbene at room temperature 
is 0.45 that of anthracene, giving C;r=1.8 percent, and 
that the mean wavelength of the technical emission 
spectrum is 410 my, so that Ey=3.0 ev. These values 
substituted in the appropriate equations give g;~0.18, 
go~0.6, (ty)oo~3 my sec. Different values of t; and C;r 
have been reported by other observers, and it is hoped 
to obtain more accurate data by observations of the 
main parameters for single specimens. It is to be ex- 
pected that the decay time and scintillation efficiency 
of stilbene would show a smaller variation with tem- 
perature than anthracene, due to the smaller value of m, 
and this has been observed experimentally.'*9” 

Terphenyl and diphenylacetylene have rather similar 
properties to stilbene, but data on (¢y)o are not yet 
available so that go cannot be evaluated. Quaterphenyl 
is of interest, as Cyr is 0.83 that of anthracene, while /; 
is only 8.5 my sec.'® The very slight increase’® of only 
7 percent in Crr in cooling from 30°C to —70°C sug- 
gests that the self-absorption is negligible, and hence 
the experimental value’ of 4;=3.8 my sec may be 
taken as approximately equal to (ty)o. Hence m~2.2, 
qr~0.38, giving go~0.65. If go increases with molecular 
chain length while m remains small, then the higher 
compounds quinquepheny] and sexiphenyl may have a 
higher scintillation efficiencies than anthracene as sug- 
gested by Sangster,'® and hence belong to category (D). 
The existing experimental evidence suggests, however, 
that at room temperature go~0.6 for the polyphenyl 
compounds, compared with go~0.9 for the polycyclic 
compounds like naphthalene and anthracene. 

The following tentative allocations are suggested for 
other phosphors for which data on gq; and ¢; are avail- 
able:'® phenanthrene (B), chrysene (C), pyrene (A), 
fluoranthene (C), or (A), fluorene (C), carbazole (B), 
diphenylene oxide (B), bibenzyl (B), diphenylbuta- 
diene (B). 

7. CONCLUSION 


The discussion above, based on existing experimental 
data, represents a preliminary attempt to compare the 
molecular properties of the different compounds. Now 
that these can be differentiated from the technical data 
reported hitherto, it is hoped to correlate the fluores- 
cence properties of the organic molecules with their 
m-electron configurations. 

The molecular properties (t;)o and go can be obtained 
from measurements on microcrystalline specimens, and 
from these (ty)oo and ¢; can be deduced. The technical 
photofluorescence properties ¢; and g, can be obtained 


2 R. F. Post and H. S. Shiren, Phys. Rev. 78, 80 (1950). 
*% A. Lundby, Phys. Rev. 80, 477 (1950). 
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from similar measurements on thick crystals, and by 
comparison with the molecular properties, n= 1/k, can 
be found. may also be determined from a comparison 
of the molecular and technical photofluorescence spec- 
tra. The technical scintillation properties ¢; and g; can 
also be observed directly, and the related quantities m, 
tp, and (tp), deduced. The direct measurement of these 
latter parameters is difficult. An experimental investi- 
gation is in progress to determine the main properties 
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of interest for a large group of related organic fluores- 
cent compounds. 

The photon cascade theory provides a quantitative 
description of the fluorescence and scintillation proper- 
ties of organic phosphors which is in excellent agreement 
with experiment. When considered in conjunction with 
the other experimental data discussed elsewhere,' the 
results provide strong evidence of the validity of the 
photon theory of energy transfer. 
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Moduli and Internal Friction of Magnetite as Affected by the Low-Temperature 
Transformation 


M. E. Fine AND NAncy T. KENNEY 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received March 15, 1954) 


The low-temperature ordering transformation in magnetite is the source of large nonelastic effects. For 
example, Young’s modulus for the (111) direction at 108°K is 30 percent lower than the value one would 
estimate from higher-temperature measurements; an internal friction peak occurs near 95°K. We have 
attributed the nonelastic effects to stress-induced ordering of Fe*++ and Fe*+** among the octahedral sites 


in the lattice. 


SECOND-ORDER transformation with critical 
temperature near 115°K occurs in magnetite'~“ 

and has been attributed to ordering’* of Fe** and Fet+** 
among the octahedral sites of the magnetite structure 
(spinel type). The symmetry changes from cubic to 
orthorhombic on cooling.’ In certain crystallographic 
directions this transformation, we find, is accompanied 
by large effects in the moduli and internal friction. 
Stress-induced ordering is proposed as the explanation. 
For our measurements two rods were prepared from 

a natural occurring magnetite single crystal containing 
20.7 percent Fe** and, as an impurity, 1.2 percent Zn 
(stochiometric Fe;O, has 24.2 percent Fet*). The long 
direction of one rod was parallel to a (100) direction; 
the long direction of the other was parallel to a (111) 
direction. Young’s modulus of (111) and (100), the 
torsion modulus of (100), and the internal friction in 
each case were determined as functions of temperature 
and external magnetic field by the resonant vibration 


1E. J. W. Verwey, Nature 144, 327 (1939). 
2E. J. W. Verwey and P. W. Haayman, Physica 8, 979 (1941). 
( + aa Haayman, and Romeijn, J. Chem. Phys. 15, 181 
1947). 
4C. A. Domenicali, Phys. Rev. 78, 458 (1950). 
5S. C. Abrahams and B. A. Calhoun, Acta Cryst. 6, 105 (1953). 
®R. W. Millar, J. Am. Chem. Soc. 51, 215 (1929). 
7G, S. Parks and K. K. Kelley, J. Phys. Chem. 30, 47 (1926). 
8 P. Weiss and R. C. Forrer, Ann. Physik [10] 12, 279 (1929). 
®T. Okamura, Science Repts. Téhuku Univ. 21, 231 (1932). 
 T. Okamura and S. Ogawa, Proc. Phys. Math. Soc. Japan 
23, 363 (1941). 
1. R. Bickford, Phys. Rev. 78, 449 (1950). 
2 Williams, Bozorth, and Goertz, Phys. Rev. 91, 1107, 1115 
1953). 
13. R. Bickford, Rev. Modern Phys. 25, 75 (1953). 
4 C. H. Li, Phys. Rev. 40, 1002 (1932). 


method. Both electromagnetic'®"* and piezoelectric'’:"* 
excitation and detection of vibrations were employed. 
The strain amplitudes were approximately 10~’, the 
frequency range, 50 to 130 kc/sec. 


DATA AND INTERPRETATION 


The moduli of crystalline solids are expected to 
increase on cooling approaching asymptotically a 
maximum value at very low temperatures, provided 
there is no change of state and all of the strains are 
elastic. Magnetite has a transformation. Furthermore, 
two sources of nonelastic strain are probably present, 
stress-induced domain motion (magnetostriction)"™ 
and stress-induced ordering of Fe+*+ and Fe*** among 
the octahedral sites. Thus, for a given applied stress (a), 
the total strain (e) is given by (1). 


€= Elastic t €domain motiont €ordering > eit est €3. (1) 
The observed modulus, 


o g 
M=-=———., (2) 
€ extetes 


is thus less than the truly elastic value. 


1®R. L. Wegel and H. Walther, Physics 6, 141 (1935). 

16M. E. Fine and W. C. Ellis, Trans. Am. Inst. Mining Met. 
Engrs. 188, 1120 (1950). 

17 F, C. Rose, Phys. Rev. 49, 50 (1936). 

18W. P. Mason, Piezoelectric Crystals and Their Application to 
Ultrasonics (D. Van Nostrand Company, Inc., New York, 1950), 
pp. 83, 90, 151. 

 R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., New York, 1951), pp. 684-699. 

* R. Becker and W. Déring, Ferromagnetismus (Julius Springer, 
Berlin, 1939). 
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Fic. 1. Young’s modulus of (100) in magnetite. Length = 3.8 cm, 
w=t=(.4 cm, Frequency of measurement—approximately 70 kc 
sec™!, 


Domain motion ¢, may be prevented by measuring 
specimens in a saturating magnetic field; the field has 
little effect on elastic strains and would not prevent 
ordering. 

The moduli of magnetite, Figs. 1, 2, and 3, do not 
vary with temperature in the usual manner. The 
moduli are minima near the critical temperature of the 
transformation. Furthermore, positive temperature 
coefficients of Gyoo (the torsion modulus in (100)), and 
Ei, (Young’s modulus in (111)), are observed sub- 
stantially above the critical transformation tempera- 
ture. Stress-induced ordering €;, we propose, is an 
important strain contribution to these two moduli. 

Domain motion ¢2 is totally responsible for the ab- 
normal temperature variation of Ejoo, Fig. 1, because 
when a saturating field is applied parallel to [100] the 
long direction of the rod, Young’s modulus behaves 
normally. The internal friction is independent of mag- 
netic field and is small throughout the temperature 
range, Fig. 4. The temperature variation of the domain 
motion effect, the difference between the two curves in 
Fig. 1, may arise as follows: At room temperature ¢2 
for a given applied stress is small because (111) is the 
direction of easy magnetization" and the four (111)’s are 
inclined equally to the stress direction (100). But on 
cooling the anisotropy constant diminishes reaching 
zero near 130°K ; below 130°K (100) is the direction of 
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Fic. 2. Torsion modulus of (100) in magnetite. Length = 3.1 cm, 
diam. =0.4 cm. Frequency of measurement—approximately 50 kc 
sec”, 
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easy magnetization.” When (100) is the magnetic 
axis, the relative lowering of modulus by e€,'*” is pro- 
portional to od? (uo is the initial permeability, » is the 
magnetostriction). Maximum yo occurs near 130°K 
but then A is small.'!' As the temperature is lowered, 
increases but 4» becomes small."'’ Consequently, the 
maximum product, that is the minimum modulus, is 
expected at an intermediate temperature. The minimum 
occurs at 118°K. 

The transformation has a much larger effect on Goo, 
Fig. 2, and Ey, Fig. 3. The slope of the Zy1: curve is 
positive well above room temperature and both slopes 
increase on cooling until a sharp minimum near 108°K. 
Furthermore, the internal friction for the (111) rod in 
longitudinal vibration and the (100) rod in torsional 
vibration are maximum near 95°K, Figs. 4 and 5. 
Neither the internal friction peaks nor the moduli 
minima are removed by placing the rods in a magnetic 
field parallel to their long directions. Actually the 
minimum in £);; is even sharper for the saturated con- 
dition. Thus the principal effect is not domain wall 
motion; another source of nonelasticity is indicated.”! 
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Fic. 3. Young’s modulus of (111) in magnetite. Length=2.1 
cm, w=t=0.4 cm. Frequency of measurement—approximately 
130 ke sec, 
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As previously mentioned stress-induced ordering ¢; 
is probably present. On first consideration it may seem 
unreasonable to conclude that effects in the moduli 
occurring several hundred degrees above the critical 
ordering temperature arise from stress-induced order- 
ing. However, the low resistivity at room temperature 
and above has been attributed®* to a change in the 
distribution of Fe*+ and Fet*** induced by an applied 
electric field and occurring by electron motion. Increase 
in local ordering of Fe+* and Fe*** interferes with this 
electron motion, and consequently, the increase in 
resistivity due to cooling below 360°K is evidence for a 
building up of order. 

We next consider the question of how the local order 
changes to give a strain component. Figure 6(a) shows 
the stacking of octahedral sites in consecutive {100} 
planes in the magnetite (spinel) structure. In the 
ordered arrangement suggested by Verwey and Haay- 


variation by change in the average configuration of local order. 
However, this would not be a source of internal friction. Further- 
more, the elastic modulus would be expected to gradually change 
from that for the disordered to that for the ordered phase and 
give an inflection in the modulus-temperature curve at the critical 
temperature, not a sharp minimum as observed. 





MODULI AND 
man’ alternate (001) layers are Fe**+ and Fe***. Such 
ordering would change the symmetry to orthorhombic 
in the manner shown in Fig. 6(b). This was verified 
experimentally.>"*= When the crystal becomes ortho- 
rhombic, the dimensions of the cubic lattice change, 
according to Bickford," as follows: The c axis, direction 
of easy magnetization in the orthorhombic phase and 
normal to the plane of Fig. 6, shrinks 0.03 percent. One 
face diagonal AC shrinks 0.07 percent becoming the a 
axis of the orthorhombic phase while the other face 
diagonal DB increases 0.06 percent becoming the 6 axis 
of the orthorhombic phase. The changes in body 
diagonals are —0.06 percent (AF and CG) and +0.03 
percent (BE and DH). 
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Fic. 4. Internal friction of (111) and (100) in magnetite, longi- 
tudinal vibrations. X(100), no external magnetic field. O(111), 
no external magnetic field. +(111), large magnetic field parallel 
to the (111) of the rod. Frequency for (100) approximately 70 kc 
sec!. Frequency for (111) approximately 130 kc sec”. 


Bickford" further concludes that if a single crystal 
is cooled through the transformation in a demagnetized 
condition, below T, it is not a true single crystal; dif- 
ferent cubic axes became the orthorhombic ¢ axis in 
different regions. Furthermore, the regions may be 
twinned since the a and 6} axes can be interchanged. A 
cubic single crystal will remain a single crystal after 
transformation if it is cooled in a magnetic field parallel 
to a (100) (that (100) direction becomes the ortho- 
rhombic ¢ axis) and tension or compression is applied 
in one of the (110) directions perpendicular the mag- 
netic field direction. The hybrid orthorhombic crystals 
revert back to single cubic crystals on heating above 
T,.513 

At temperatures considerably above the critical 
ordering temperature a longitudinal stress applied 
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Fic. 5. Internal friction of (100) in magnetite for torsional 
vibrations. Frequency approximately 50 ke sec™! 


along a (110), AC or DB in Fig. 6 changes the distribu- 
tion of Fe** and Fe*** to give an additional strain 
component ¢€;. Compression along AC, for example, 
would cause more of the smaller Fe*+** ions to populate 
the sites whose rows are parallel to AC, that is the 
second and fourth layers in Fig. 6(a). The larger Fe** 
ions prefer rows parallel to DB, that is the first and 
third layers. Tension along AC or compression along 
DB reverse the preferred arrangement. 

Tension-compression stresses applied in a (100) direc- 
tion would not deform the structure in the manner 
shown in Fig. 6.% Consequently, no evidence for stress- 
induced ordering is expected in Young’s modulus of 
(100) and none is observed, Fig. 1. 

Consider a stress system causing torsion of the (100) 
rod with the long dimension of the rod as the stress axis. 
In this case stress-induced ordering is large, Fig. 2, 
because the stress induces atomic motions in (110) 
directions in certain areas of the rod. The effect of 
applying a magnetic field parallel to the (100) that is 
the long direction of the rod is shown in Fig. 7 and will 
be discussed later. 


(a) (b) 


OISTRIBUTION OF Fet* AND Fett? 
ORTHORHOMBIC CUBIC 
Fet* 





FIRST LAYER 
SECOND LAYER 
THIRD LAYER 


FOURTH LAYER Ferre 


Fic. 6. (a) Stacking of successive {100} layers of octahedral 
sites in the spinel structure. (b) The relation between the cubic 
and orthorhombic phases in magnetite. 


” Near 7, a normal stress applied in (100) may determine the 
c axis of the orthorhombic phase (see reference 13), with a strain 
component resulting. This is essentially a domain motion effect 
and would be absent if an external magnetic field determines the 
c axis of the orthorhombic phase. 
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Fic. 7. Torsion modulus of (100) as function of external mag- 
netic field. H at center of solenoid = 288 I gauss. Solenoid is 10.5 
cm long, 12.5-cm o.d., and has 325 turns per cm. 


The decrease in Z,,, on cooling and the minimum 
near 108°K, Fig. 3, probably also derive from stress- 
induced ordering. A normal stress applied in a (111) 
direction probably transforms the structure to ortho- 
rhombic. The resulting orientation of the orthorhombic 
cell is determined by the relative change in lengths of 
the body diagonals upon transforming. For example 
compression applied in the direction of AF, Fig. 6(b) 
would tend to make AF and CG the short diagonals and 
favors the ordered arrangement shown in Fig. 6. A 
strain component results, lowering the modulus. 

The change in degree of order caused by a constant 
applied stress increases as the temperature is lowered 
toward 7, the critical ordering temperature and is 
maximum at 7’, where the free energy would be most 
sensitive to state of stress. Gioo and Ej; have their 
lowest values at 108°K. The relaxation time for the 
ordering process is also an important consideration. 
Above 7, where local order is involved, diffusion of elec- 
trons takes place very rapidly compared to the periods 
of the vibrations used in this investigation. The relaxed 
modulus is measured; the internal friction is low. 
Below the critical temperature long range order is 
involved; consequently, the relaxation time for the 
ordering process rapidly becomes longer on cooling and 
becomes approximately equal to the period of the vibra- 
tions at 95°K where the internal friction peak is ob- 
served, Figs. 4 and 5. In Ejoo there is no stress-induced 
ordering involved ; no internal friction peak is observed. 

The effect on E},; and Gyoo of a magnetic field applied 
along the rod will be discussed next. Above 130°K the 
directions of easy magnetization are the (111)’s. If a 
normal stress is applied in a (111), domain motion 
occurs; consequently, applying a field in (111) causes 
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E;,; to increase, Fig. 3. Below 130°K when (100) is the 
magnetic axis, the domain motion component of Ei 
is small. In the case of torsional vibrations of the (100) 
rod the effects of applying an external magnetic field 
along the rod, Fig. 7, are difficult to explain. At 297°K 
the torsion modulus decreases 5.5 percent when a field™ 
of 980 gauss is applied; further increase of the field to 
1130 gauss increases the modulus slightly. Ordinarily 
one expects application of a magnetic field to increase 
the torsion modulus since the external field impedes 
domain motion.* The observed decrease in modulus 
seems to imply that the field aids stress-induced order- 
ing. 

Ordinarily in cubic substances the elastic constants 
(C11, C12, C44) Could be calculated from Ejoo, Ein, and 
Gioo, but this is not the case for magnetite since the 
observed moduli are determined to such a large extent 
by nonelastic strains. 

It is of interest to estimate how much change in 
atomic order is required to account for the lowering of 
modulus in the (111) rod., At the temperature of mini- 
mum in the modulus-temperature curve, Young’s 
modulus of the (111) rod, Fig. 2, is roughly 30 percent 
lower than the value of modulus established by extra- 
polating from higher temperatures, assuming the usual 
sort of temperature dependence. If a stress of 1000 grams 
cm™~ is applied, approximately the maximum stress in 
the measurements, the total strain is 7.4 10~ of which 
we estimate 5.3 is true elastic strain and 2.1 10~7 is due 
to stress-induced change in order. According to Bick- 
ford," transformation of the cubic phase to ortho- 
rhombic causes a change of 0.06 percent in one of the 
(111) directions. Assuming for purposes of calculation 
that this change occurs linearly from 0 to complete 
order, a strain of 2X 10~? would come from a change in 
degree of order of 0.03 percent; consequently, the 
dimensional] changes in the ordering process are ample 
to account for the observed moduli. 


ACKNOWLEDGMENTS 


We are grateful for the assistance of H. E. Johnson 
and J. P. Wright for furnishing the chemical analyses ; 
J. Andrus for orienting the magnetite crystal; F. J. 
Schnettler, E. E. Schumacher, and Mrs. E. A. Wood for 
helpful discussion and encouragement. 


% These values of field are for the center of the solenoid. 
*W. F. Brown, Jr., Phys. Rev. 50, 1171 (1936). 





PHYSICAL REVIEW VOLUME 94, NUMBER 6 JUNE 15, 1984 


Magnetic and Electric Properties of Magnetite at Low Temperatures* 


B. A. CaLnount 
Laboratory for Insulation Research, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received March 1, 1954) 


The low-temperature transition in magnetite, according to Verwey, is due to the ordering of the ferrous 
and ferric ions in the octahedral interstices of the spinel lattice. This arrangement would require a symmetry 
change from cubic to orthorhombic. X-ray diffraction indicates and electric conductivity and magnetization 
measurements confirm that the transition leads to an orthorhombic structure. An external magnetic field 
applied while cooling through the transition establishes a preferred orientation for the ¢ axis throughout 
the whole crystal. Below the transition this c axis can be switched to a new direction by a strong magnetic 
field, a process involving a co-operative rearrangement of the ferrous ions in new sites and relatively large 
changes in dimensions. In stoichiometric, synthetic, single crystals the transition occurs at 119.4°K and is 
marked by an abrupt decrease in the conductivity by a factor of 90 in a temperature interval of 1°. No 
thermal hysteresis is observed. The conductivity of a crystal cooled in a strong magnetic field is anisotropic 
below the transition as given by the relation o=A+B(1+cos%), where @ is the angle between the ¢ axis 
and the direction of measurement. The ratio B/(A +B) increases rapidly as the crystal is cooled to 90°K, 
indicating a progressive increase in the long-range order. The ¢ axis is the direction of easy magnetization 
below the transition, and the anisotropy energy is very much larger below than above; the anisotropy con- 
stants have been determined at 85°K. 


means as well as by x-ray analysis on single crystals of 


AGNETITE is being studied intensively in this 
magnetite grown in this laboratory.® 


laboratory both as a prototype of the ferrites 
and because of its unusual behavior at low temperatures 


(from —140° to —190°C).'* The initial permeability CRYSTAL STRUCTURE 


passes through a maximum at ca —140°C and then 
decreases rapidly to a very small value below — 155°C. 
Bickford' has shown that this maximum is due to the 
vanishing of the crystalline anisotropy energy. At 
ca —155°C a transition is observed. The specific heat 
traverses a maximum; the electrical conductivity 
decreases by a factor of ca 100;* and the material is 
much harder to magnetize to saturation below the 
transition.’ The direction of easy magnetization below 
the transition is influenced by a magnetic field applied 
as the sample is cooled through the transition.® 

Verwey* proposed that above the transition magnetite 
has the inverse spinel structure, and that the transition 
itself is due to an ordering of the random distribution 
of ferrous and ferric ions in the octahedral lattice sites. 
The ordered arrangement of Fig. 1 appeared as the 
most likely one,’ and Verwey suggested that the c 
axis of this ordered structure would lie along the cube 
edge closest to the direction of the external field 
applied during cooling. 

The object of the present research was to study this 
unusual type of transition by electric and magnetic 
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947). 


The ferrites have the same crystal structure as 
spinel (MgOAI.O;), space group Fd3m-0,'. The 
unit cell contains 32 oxygen ions in an almost cubic 
close-packed arrangement; the cations occupy 8 
tetrahedral and 16 octahedral interstices in this oxygen 
lattice. Simple ferrites show two variations: a normal 
spinel structure, where each type of ion occupies only 
one type of site and the inverse spinel structure, 
where both kinds of cations occur in the octahedral 
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Fic. 1. Verwey’s ordered structure: (a) the cubic unit cell; 
(b) subcells A and B; (c) projection of ions in octahedral sites 
on the a-b plane. 
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Fic. 2. Magnetization curves in the cubic [001] direction at 
78°K after cooling in magnetic fields parallel to [001]; field 
strength as indicated. 


sites. Neutron diffraction measurements’ have con- 
firmed the inverse structure for magnetite. 

An x-ray study, undertaken in connection with the 
present investigation,” indicates the symmetry of 
magnetite below the transition as orthorhombic (unit 
cell dimensions: a=5.912, 6=5.945, c=8.388A at 
78°K), with the ¢ axis orientated along one of the 
original cube edges, and the a and b axes along the 
cubic face diagonals normal to the c axis. These results 
are in agreement with Bickford’s'' measurements of 
the deformation of single crystals on cooling through 
the transition. This unit cell would also be expected on 
the basis of the ordered arrangement of Fig. 1. 


ESTABLISHMENT OF THE MAGNETIC AXIS 


The orthorhombic axis may develop in any of the 
six possible cube-edge orientations. Without external 
enforcement the axes should assume the various 
positions with equal probability. The effect of a 
magnetic field in making one or more of these orienta- 
tions preferred was studied with the null-coil pendulum 
magnetometer developed in this laboratory.” Some 
modifications were made to permit its use down to 
liquid helium temperatures. The case of the instrument 
was evacuated and helium gas, admitted through a 
needle valve, regulated the rate of warming by con- 
trolling the heat loss from the sample. The sample 
was mounted in an aluminum boat in good thermal 


® Shull, Wollan, and Koehler, Phys. Rev. 84, 912 (1951). 
S.C, Abrahams and B. A. Calhoun, Acta Cryst. 6, 105 (1953). 
"L. R. Bickford, Jr., Revs. Modern Phys. 25, 75 (1953). 

2 C, A. Domenicali, Rev. Sci. Instr. 21, 327 (1950), 


contact with the null coil, which also served as a heat 
source. The measurements were made on a circular 
disk cut from a (100)-plane slice of a single crystal of 
magnetite and ground to an oblate spheroid with axes 
of 4.55 and 0.89 mm. 

The smallest magnetic field that establishes a 
magnetic axis was determined by cooling this (100) 
sample through the transition with magnetic fields of 
various strengths applied parallel to the [001 ] direction. 
The sample was then demagnetized and the magnetiza- 
tion curve in the [001] direction measured at — 195°C 
(Fig. 2). The minimum field for completely establishing 
the magnetic axis is ca 1000 oersteds ; approximately the 
same field is needed to produce technical saturation. 
The external field aligns the individual domains 
throughout the sample along the previous cube-edge 
direction establishing this as a unique magnetic axis, 
the c axis of the orthorhombic structure. 

When such a sample is demagnetized, the c axis 
remains the direction of easy magnetization and the 
domain pattern consists of antiparallel domains aligned 
along this axis. This was verified by measuring the 
longitudinal magnetostriction in a [100] bar after 
cooling through the transition in a field parallel to its 
length and then demagnetizing the bar. The longi- 
tudinal magnetostriction in fields up to ca 10000 
oersteds was extremely small (6///<10~*), indicating 
that the magnetization in this direction was almost 
entirely due to the motion of 180° walls. 

In additional experiments the (100) sample was 
cooled through the transition in a field of 4700 oersteds, 
directed in the (100) plane at angles of 0°, 40°, 45°, 
55°, and 90° to the [001] direction. The warming 
curves (magnetic moment as a function of temperature 
at constant applied field) are shown in Figs. 3 and 4. 
When the field is within 40° of the [001 ] direction, this 
[001] becomes the ¢ axis. When the field is within 
40° of the [010] direction, i.e., more than 50° from 
[001 ], [010] becomes the c axis and the [001 ] direction 
is magnetically hard. When the cooling field is applied 
at 45° to [001], warming curves show that in approxi- 
mately one half the sample [001] is the c axis and in 
the remainder [010] is the c axis. 

The effect of applying a magnetic field at various 
angles in the cubic (110) plane was investigated with 
a quasi-static B-H loop tracer for an oblate spheroidal 
sample prepared from a (110) slice of a magnetite 
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Fic. 3. Warming curves in [001] direction after cooling in field of 
4700 oersteds orientated 0° and 40° to [001 J. 
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Fic. 4. Warming curves in [001] direction after cooling in field of 
4700 oersteds orientated 55° and 90° to (oot 


crystal. Magnetization curves were measured in the 
[001] direction of this sample, after cooling in a 
field of 10 000 oersteds directed in the (110) plane at 
angles of 0°, 25°, and 40° to [001 ]. The indentity of the 
curves shows that, in each case, the c axis is established 
along the [001 ] direction. All results are consistent with 
the picture that the c axis is established along the cube 
edge nearest the direction of the magnetization in each 
domain. Similar results have been obtained with 
natural crystals of magnetite by Williams and Bozorth.” 


SWITCHING OF THE MAGNETIC AXIS 


The phenomenon of axis-switching, i.e., the change 
of the ¢ axis from one cube edge to another below the 
transition, was first observed by Bickford! in microwave 
resonance experiments at liquid nitrogen temperature. 
The effect is apparent in the warming curves of Fig. 4. 
The magnetic axis was established along the [010] 
direction so that [001] was magnetically hard, as 
shown by its small magnetic moment. At some tem- 
perature below the transition, there is an abrupt 
increase in the magnetic moment indicating that the 
[001 ] direction has suddenly become an easy direction. 
The external field necessary to cause axis-switching at 
various temperatures was determined by cooling the 
(100) spheroid through the transition with a field of 
4700 oersteds along the [010] direction and then 
measuring the warming curves with fields from 1000 
to 5000 oersteds applied in the [001] direction (see 
Fig. 4). 

Axis-switching was also observed in the (110)-plane 
sample. An unexpected result was that axis-switching 


8H. J. Williams and R. M. Bozorth, Revs. Modern Phys. 25, 
79 (1953). 
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occurred only with the field applied in the [110] 
direction and in a direction at 15° to it in the (110) 
plane. From measurements of the change in length of a 
[100] bar accompanying the axis-switching, it was 
evident that relatively large changes in dimensions 
(6//k~10~) and correspondingly, in elastic energy, 
are involved in this situation. This elastic energy 
apparently suffices, in the case just mentioned, to 
prevent the axis-switching from occuring at the field 
indicated by Eq. (2) (see below), although it may still 
occur in a sufficiently high field. 

Transfer of the c axis from one cube edge to another 
requires an electron exchange from ferrous to neighbor- 
ing ferric ions in the tetrahedra formed by the iron 
ions in the octahedral interstices (Fig. 5). A crystal 
in which the ¢ axis has been established along the 
[010] direction, placed in a magnetic field directed 
along the [001] direction, can reduce its energy con- 
siderably if [001] becomes the easy direction. The 
dependence of this energy difference on the magnetic 
induction is complicated sine it is determined by the 
anisotropy energy. Let us consider an electron and 
its two possible positions, an ‘“‘a” site corresponding 
to the ¢ axis in the [010] direction and a “b”’ site 
corresponding to the c axis in the [001] direction. 
Initially, there is a high probability that an electron 
will be at an “a” site, since the process of cooling the 
crystal in a field directed along [010] has lowered the 
energy of the “‘a” site relative to that of the “b” site. 
The application of a magnetic field in the [001] direc- 
tion lowers the energy of site “b”. If the change in 
the energy of the “b” sites is proportional to the 
internal magnetic induction, the net probability that 
an electron will jump from an “a” to a “b” site is 
given as 


exp(— U/kT)(1—exp[—uB,/kT ]) 
~(uB,/kT) exp(—U/kT), (A) 


where U is the activation energy for the electron 
exchange between “a” and “b” sites without field, 
and wB; (u=Bohr magneton) is the energy difference 
between sites “a’’ and “b” due to the magnetic field. 
We have neglected the effects of the local disordering 
which accompanies a jump from an “a’”’ to a “‘b”’ site. 
This disordering would raise the energy of an electron 
in the “b” site; hence, we may expect an electron 
would return to an “‘a’’ site unless some of its neighbors 
also jumped to “b” sites before it has time to return. 


Crudely, the net probability [Eq. (1)] must reach 


Fic. 5. Tetrahedron 1, 
1’, 2, 2’ establishing ¢ axis 
vertical; exchange of 1 and 
2’ or 1’ and 2’ turns ¢ axis 
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Fic. 6. Induction required to switch the ¢ axis. 


some critical value before the ‘‘b” sites become stable 
and the axis switches; that is, 


B,=CT (expU/kT), (2) 


where B; is the internal induction prior to the axis- 
switching and 7 the temperature at the midpoint 
of the switching. Figure 6 shows that the experimental 
data calculated from curves similar to Fig. 4 fit this 
equation with U =0.033 ev. 


CONDUCTIVITY OF MAGNETITE AND ITS 
RELATION TO THE TRANSITION 


If the conductivity of magnetite is due to the ex- 
change of electrons between the ferrous and ferric ions 
in the octahedra! lattice sites, the random distribution 
above the transition should lead to an isotropic conduc- 
tivity, but belo the transition the conductivity 
should be anisotropic. This anisotropy and its de- 
pendence on crystallographic orientation and magnetic 
field direction during cooling have been studied in 
detail. 

The four-terminal sample holder (Fig. 7) was 
designed to maintain sample and contacts in as nearly 
an isothermal region as possible in order to minimize 


Fic. 7, Sample holder for conductivity measurements. 
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Fic. 8. Conductivity between room temperature and the transition. 


spurious thermal emf. Helium gas, admitted through 
a needle valve, allowed the pressure to be adjusted 
from 10° to 10-° mm. Thus, the warming and cooling 
rates could be controlled from 3° to 50°C per hour. 
The temperature was measured potentiometrically by 
a copper-constantan thermocouple." The samples were 
cut from two synthetic crystals in the form of rec- 
tangular bars about 1 cm in length and with a cross- 
sectional area of about 3 sq mm. The length direction 
of the bars was oriented parallel to the cubic [100], 
[110], and [111] directions, respectively. 

The conductivity of two of the specimens from room 
temperature through the transition is shown in Fig. 8. 
Warming and cooling data coincide; no thermal 
hysteresis marks the transition. The conductivity is 
250 ohm cm™ at room temperature and has a broad 
maximum at ca 15°C; previous investigators’ have 
reported this maximum for natural crystals to be at a 
higher temperature (ca 80°C). At the transition the 
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Fic. 9, Conductivity of the [111] bar below the transition after 
cooling in zero magnetic field. 


4 See R. P. Teele and S. Schuhmann, J. Research Natl. Bur. 
Standards 22, 431 (1939). 
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resistivity increases by a factor of 90 in a temperature 
interval of ca 1°. The midpoint of this interval occurred 
at a temperature of 119.4+0.3°K (—153.8°C). 

Below the transition the conductivity for samples 
cooled in zero magnetic field remains isotropic (Fig. 9) 
but does not follow a simple exponential law, 


o= A exp(—U/kT). 


If fitted to this type of law over certain ranges of 
temperature, one obtains the values of the constants 
A and U as shown in Table I. 


10° 





¢ [10) 45° to c-axis 


e 10) + to c-axis 











10°? 
8 10 14 
1000/T °K 


Fic. 10. Conductivity of [110] sample after cooling in 
two differently orientated magnetic fields. 


When the samples are cooled through the transition 
in a magnetic field (ca 9000 oersteds) the conductivity 
is anisotropic and depends on the orientation of both 
the sample and the magnetic field (Fig. 10). The 
anisotropy increases as the sample is cooled from the 
transition to ca 95°K, and then remains practically 
constant at lower temperatures. Table II gives the 
ratios of the conductivities for a number of combinations 
of electrode orientation and c axis direction. 

The observed anisotropy in the conductivity agrees 
well with that which can be predicted from Verwey’s 
model of the low-temperature structure of magnetite. 
Although the exchange of electrons between ferrous 
and ferric ions has become much more difficult below 
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TaBLe I. Conductivity of magnetite below the transition. 
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56 to 77° 1400 
40 to 52° 1.5 


Temperature 


the transition, it is still the dominant mechanism of 
conduction. In the ordered structure this will lead to 
an anisotropy since ferrous and ferric ions occupy 
adjacent sites in only four of the cubic [110] directions. 
Although the ordered structure has orthorhombic 
symmetry, its conductivity anisotropy corresponds to 
tetragonal symmetry (neglecting the small departure 
of the b/a axial ratio from unity). The conductivity 
of a tetragonal crystal in an arbitrary direction is 
given by 

o=d11 sin’0+ 033 cos’6, (3) 


where @ is the angle between the direction and the ¢ 
axis, a3; the conductivity along the ¢ axis, and oy 
the conductivity normal to the ¢ axis. It can be seen 
easily from the ordered structure that the ratio 
o33/0::= 2. Thus we can write the conductivity below 
the transition as 


o= B(1+cos%). (4) 


In case the order is not perfect, we would expect the 
conductivity to contain in addition, an isotropic term 


o=A+B(1+ cos). (5) 


The quantity B/(A+B) should be a measure of the 
amount of order. The values of A, B, and B/(A+B) 
derived from our conductivity data for a number of 
temperatures are given in Table III. This table shows 
that with decreasing temperature the order increases, 
as one would expect, since the ordering process involves 
an activation energy. 


MAGNETIC ANISOTROPY 


The magnetic anisotropy energy is the difference 
between the energy required to magnetize a sample 
in an arbitrary direction and in the direction of easy 
magnetization. The angular dependence of this anisot- 
ropy energy is determined by the symmetry of the 
crystal. In the ordered structure of magnetite a deter- 
mination of the angular dependence of the anisotropy 


TABLE IT. Ratio of conductivities of magnetite in 
different directions below the transition. 
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TaBLe III. Anisotropy of conductivity below the transition. 


T,°K A B 

117.6 0.2660 0.1270 
111.1 0.0718 0.0741 
105.3 0.0202 0.0396 


100.0 0.0079 0.0194 
95.2 0.0026 0.01155 


B/(A +B) 


0.324 
0.508 
0.662 
0.711 
0.816 


energy is particularly important since the actual 
deformation of the crystal structure at the transition 
is very small and therefore difficult to determine 
directly, while the anisotropy energy below the transi- 
tion is very large. Consequently, the determination 
of the anisotropy energy provides a sensitive method 
for checking the crystal symmetry. 

The method of calculating the dependence of the 
anisotropy energy on orientation for any type of 
crystal symmetry is well known. The anisotropy 
energy is expanded as a power series in the direction 
cosines relative to the crystallographic axes, only those 
terms consistent with the symmetry being retained. 
The existence of a plane of symmetry normal to a 
crystallographic axis requires the direction cosine 
relative to that axis to appear only in even powers. 
Since the ordered structure of magnetite seems to 
belong to the orthorhombic holohedral crystal class, 
it has three such symmetry planes (one normal to 
each axis). The remaining symmetry elements of this 
crystal class, i.e., the three twofold axes and the center 
of symmetry, can be compounded from appropriate 
sequences of reflections in the three symmetry planes 
and therefore do not impose any additional restrictions 
on the form of the anisotropy energy. Thus we have 


Eu= Kya?+ Kear’ + K yay'+ K para? +Ka2', (6) 


where the K’s are the anisotropy constants, and the 
a’s the direction cosines relative to the crystallographic 
axes. The identity a;’+a,’+a;’=1 has been used to 
eliminate all the terms containing a3. For magnetite 
below the transition, the c axis is the easy direction 
and magnetization along one of the a and b axes appears 
to be much more difficult than along the other. Since 
this difficult axis could not be experimentally identified 
uniquely with the a or b direction because of twinning, 
the 6 axis was arbitrary chosen as the difficult one. 
If this choice should prove to be incorrect, only the 


TABLE IV. Anisotropy constants of magnetite 
at low temperature. 








Method 


Torque 
curves 


Magnetization 
curves 


Constants 
ergs/cc 
Ky 4.0 10° 
Ky 9.0 10° 
Kun 2.2 10° 
Ki» 13.0 10° 
Ku 10.2 10° 





2.8X 105 
7.5X 108 
2.2 10° 
12.4 10° 
7.4X 10° 
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subscripts 1 and 2 of the anisotropy constants would 
have to be interchanged. 

The anisotropy constants were computed from the 
areas between the magnetization curves taken in 
different crystallographic directions. Fields as high 
as 15.000 oersteds are required to saturate magnetite 
below the transition. Because the pendulum mag- 
netometer, at present, is limited to fields of less than 
5000 oersteds, the quasistatic B-H loop tracer con- 
structed in this laboratory'® was modified to trace the 
magnetization curves of samples mounted in the gap 
of our large electromagnet. The sample was mounted 
at the center of a fixed coil. The contribution of the 
field itself to the flux linking this coil was eliminated 
by mounting a second coil in the gap, some distance 
from the sample. The two coils were connected in 
opposition and adjusted as nearly as possible to zero 
output with no sample in position. The voltage of these 
two coils was integrated and applied to one axis of a 
recorder. The second axis was driven by the output of a 
rotating coil gaussmeter, also mounted in the magnet 
gap. The curves obtained on the recorder are only 
proportional (not equal) to the magnetization, because 
of flux leakage through the small air gap between 
sample and coil. The saturation magnetization of 
magnetite at room temperature served for scale calibra- 
tion since it has been measured by a number of investi- 
gators (477 cgs units/cc).?° The sample was an oblate 
spheroid cut from a (110)-plane slice of a synthetic 
magnetite crystal. Its axes were 3.84 and 0.97 mm, 
respectively; the demagnetizing factor calculated 
from these dimensions is 1.82+-0.08, as compared to 
1.75 computed from the [111] magnetization curve 
at room temperature. 

Room temperature magnetization curves refer to 
cubic holohedral symmetry, where the anisotropy 
energy can be written as 


Eq= Ky(ara2’+a2’a;’+a;"a r)+ Kx;7a27a;". ( 7) 


The value of K, at room temperature was —1.12+0.05 
10° ergs/cc, as determined from the areas between 
the [100] and [110], as well as between the [100] 
and [111] curves. This is in good agreement with the 
value of —1.12 for K, from microwave resonance 
measurements' and —1.22 from torque magnetometer 
measurements.” K, is zero, within the limits of experi- 
mental error. 

The low-temperature curves were obtained by 
immersing the sample and the surrounding coil in 
liquid air. The sample reached equilibrium very 
quickly at a temperature of ca — 188°C. The saturation 
magnetization of magnetite at this temperature was 
508 cgs units/cc, in excellent agreement with the value 
of 510 at —195°C obtained by Domenicali.2 Mag- 
netization curves were obtained in the cubic [100], 


6 Developed by D. J. Epstein and B. Frackiewicz after P. P. 
Cioffi, Rev. Sci. Instr. 21, 624 (1950). 
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[110], and [111] directions, and also 15°, 30°, 45° 
and 75° to [100] after cooling in a parallel or a per- 
pendicular magnetic field of ca 10 000 oersteds. Curves 
were also obtained in the cubic [100] and [110] 
directions after cooling in zero field. 

The twinning that occurs in magnetite when it is 
cooled through the transition introduces a number of 
complications. A magnetic field applied to the sample 
as it is cooled will align the c axis along the cube edge 
nearest the applied field. Since the anisotropy energy 
is considerably lower along the @ axis than along 3, 
the a axis will tend to lie closer to the external field.'® 
These two conditions are sufficient to remove the 
twinning only in certain orientations. In some cases, 
particularly when the applied field makes nearly equal 
angles with two or three cube edges, there is uncertainty 
about the relative volumes of the sample assuming 
each possible orientation. Because interactions occur 
between the different regions of the sample, a twinned 
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Fic. 11. Magnetization curves at 85°K in the [100] direction 
after cooling in a field of 10 000 oersteds at 0° and 90° to [100]. 


sample cannot be treated by a simple superposition of 
the various orientations which it contains (see below). 

The anisotropy constants were calculated by trial 
and error from the areas between the magnetization 
curves. Due to the uncertainties introduced by twinning, 
a simple fitting of the measured areas between the 
various magnetization curves was not considered a 
sufficient check on the actual values of these constants. 
The anisotropy constants obtained from the areas 
were therefore used to compute the magnetization 
curves for the cubic [100] and [111] directions after 
cooling in a perpendicular field and adjusted to improve 
the fit between the calculated and the experimental 
curves. The values of the constants finally obtained by 
this two-step approximation are given in Table IV 
under ‘Magnetization curves.”’ The calculated and 
experimental curves for the cubic [100] and [111] 
directions are shown in Figs. 11 and 12. The anisotropy 
energy, as a function of crystallographic orientation, 
is shown in Fig. 13. The complicated path followed 


16 Williams, Bozorth, and Goertz, Phys. Rev. 91, 1107 (1953). 


ELECTRIC PROPERTIES OF MAGNETITE 








i Field 
s Fieis 


Calculated 


Mognetization (cgs) 


Eaperimentat 








i a es ee i i iad 
$000 10,900 15,000 
internal field (oersteds) 





Fic. 12. Magnetization curves at 85°K in the [111] direction 
after cooling in a field of 10 000 oersteds at 0° and 90° to [111]. 


by the magnetization vector and its experimental 
confirmation by magnetization curves lend strong 
support to the assumption of an orthorhombic structure 
for magnetite below the transition. 

Williams and Bozorth":'® have measured torque 
curves on samples of natural magnetite at liquid 
nitrogen temperature, i.e., at about —195°C. When 
their results are expressed in terms of our constants 
(Table IV) the agreement between tie two sets is 
relatively good, considering the differences in tempera- 
ture and crystals used. The natural crystals are not 
exactly stoichiometric and consequently would not 
have as perfect an ordered structure as the synthetic 
crystals. The amount of order increases rapidly as a 
crystal is cooled below the transition (Table III), 
Thus the 7° difference in temperature between the 
two sets of measurements partially compensates for 
the inherent difference in the crystals. The differences 
in all constants are in the same direction; their effect 


Fic. 13. Anisotropy energy of magnetite, showing the path 
followed by the magnetization when a field is applied in the 
orthorhombic [110] direction. The projections of the orthor- 
hombic a, 6, and ¢ axis are at the corners (a), (b), and (c) (2, 
=anisotropy energy [ergs/cc }). 
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on the magnetization and torque curves is therefore 
cumulative. 


INTERACTIONS BETWEEN THE REGIONS OF 
A TWINNED CRYSTAL 

When a sample of magnetite is cooled through the 
transition in such a way that twinning occurs, i.e., 
the orthorhombic axes do not have the same orientation 
throughout the sample, we have a very complicated 
problem to deal with. The behavior of the whole 
sample does not represent a simple superposition of 
the action of the individual regions. Interactions 
arise between the different regions because the magneti- 
zation in neighboring regions exerts mutual torque; 
each region is strained owing to the distortions experi- 
enced by its neighbors, and free poles on the boundaries 
between the regions cause discontinuities in the internal 
field. The effects due to the last two causes could be 
very complex; lacking the information needed to 
even estimate them, we can only assume here that they 
do not greatly alter the magnetization curves. 

The effect of torques exerted by the magnetization 
in one region on that in neighboring regions is particu- 
larly large in two of the experimental magnetization 
curves: the cubic [100] direction cooled in zero field, 
and the cubic [111] direction cooled in a parallel 
field. When a sample is cooled through the transition 
in a demagnetized state, the cubic [100] direction 
will become the orthorhombic [001 ] in 4 of the sample, 
the orthorhombic [110] in 4, and the orthorhombic 
[110] in 4, since the orthorhombic a and b axes develop 
along face diagonals of the cubic unit cell. The mag- 
netization curves in the orthorhombic [110] and [110] 
directions will be identical. The orthorhombic [110] 
curve can be obtained by cooling with a field normal 
to the cubic [100] direction, and the [001] curve with 
a parallel field. Since the c axis [001] is the easy 
direction, the magnetization curve for the cubic [100] 
direction after cooling in zero field, if there were no 
interaction, should be given by 


Ho=Hi,; Io=41,,+41,. (8) 
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Fic. 14. Magnetization curve at 85°K in the [100] 
direction after cooling in zero field. 
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The curve calculated from Eq. (8) on the basis of 
the measurements in Fig. 11 is compared in Fig. 14 
with the measured characteristic. Let us analyze the 
discrepancy on the basis that torque interaction 
between the different regions affects the magnetization. 
In part of the sample the magnetization /, is orientated 
parallel to the field, in the remainder at an angle @ to 
the field. The torque energy will be of the form /,? cos@. 
Thus, the energy of a region with the ¢ axis perpendicu- 
lar to the applied field will be 


E;,= E,— HI, cosd—CI,? cos6, (9) 


where E, is the anisotropy energy, H the internal 
field, 7, the saturation magnetization, and C an em- 
pirical constant. To find the equilibrium position of 
the magnetization, we set dE7/d@=0 and obtain 


H—CI,= — (dE,/d6)/(I, siné). (10) 


The corresponding equation for a sample containing 
only regions with their c axes normal to the applied 
field is the same except that the term —C/, is not 
present. Therefore, the magnetization curve for the 
cubic [100] direction cooled in zero field will be given 
by the equation 


Ao=H,—Cl,; (11) 


[y= 41, +41,. 


The fit between this equation with C=1, and the 
experimental curve, is quite satisfactory (Fig. 14). 


The discrepancy in fields below 800 oersteds may be 
caused by strains induced in the sample as it cooled 
through the transition, and to the effects of the mag- 
netostriction. 

The interactions between different domain regions 
probably account for the fact that the anisotropy 
constants obtained by static methods do not explain 
quantitatively the microwave resonances observed by 
Bickford.' The twinning at the transition accounts 
qualitatively for the multiple resonances observed 
[in the case of the cubic (100) plane discrepancies 
may be due to lack of magnetic saturation in the 
sample]. If one calculates from the anisotropy con- 
stants the positions of the resonance peaks, the values 
do not agree with those observed. Interactions of the 
type described above produce torques which would 
affect the precession of the magnetization and hence 
the position of the resonance. The resonance experi- 
ments must be repeated under conditions excluding 
twinning to determine whether the static anisotropy 
constants will account for the observed resonance 
frequencies. 


SUMMARY AND CONCLUSIONS 


A large amount of experimental evidence indicates 
that the structure of magnetite below the transition 
is orthorhombic. Direct determination of the unit 
cell size, both x-rays" and strain-gauge measurements," 
show that the c axis lies along one of the original cube 
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edges, and the a and 6 axes along the perpendicular 
cubic face-diagonal directions. The magnetic anisotropy 
energy gives convincing evidence for orthorhombic 
symmetry. The anisotropy of the conductivity agrees 
well with that to be expected from Verwey’s ordered 
structure. The increase in conductivity anisotropy 
with decreasing temperature (Table IIT) appears to be 
directly related to the increase in long-range order. 

In addition to accounting for the anisotropic proper- 
ties below the transition, Verwey’s model explains the 
influence of a magnetic field applied during cooling 
on the properties of the crystal below the transition. 
The axis-switching effect, not previously predicted, 
can be readily explained. Twinning at the transition 
greatly complicates the magnetic behavior at lower 
temperatures because the different regions of a twinned 
crystal interact in a complex way. These interactions 
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are quite large in special cases and probably account 
for the failure of the static anisotropy constants to 
predict quantitatively the microwave resonance 
frequencies. 
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Absorption Spectrum of Beryllium in the Neighborhood of the K Edge* 
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The absorption spectrum of metallic Be has been investigated in the soft x-ray region extending from 60A 
to 250A. The K discontinuity appears at 111A and coincides with the K edge observed in the emission spec- 
trum. Over the spectral range studied, the values of the linear absorption coefficient range from 0.25 X 10° 
to 2.8105 cm™. Characteristic secondary structure is also noticeable on the short wavelength side of the 
edge. The positions of secondary absorption maxima are compared with those previously found in the K 
absorption spectrum of Al and with theoretical calculations based on the Hayasi model. The absorption 
spectrum has also been studied by irradiating Be absorbers with the continuous far ultraviolet radiation 
emitted by relativistic electrons accelerated in the Cornell synchrotron. Partial reduction of the data indi- 
cates good agreement with determinations based on the use of line spectra as the incident radiation. 


INTRODUCTION 


HE electronic structure of Be (1s?2s*) indicates 

that the initial state in an absorption transition 
must either be a K level or a level belonging to the 
filled portion of the conduction band. A study of the 
K emission band of Be shows that the photon energy 
required for the ejection of a K electron should be 
nearly 112 ev. In the absence of previous information 
on the absorption spectrum of this metal, an investiga- 
tion was undertaken to measure the absorption in 
the spectral region extending from 60A to 250A. The 
energy of photons in this wavelength region ranges 
from 50 to 200 ev. Thus, a sample of Be irradiated 
by photons possessing the above energy spread, should 
reveal the behavior of the spectrum in the region of the 
K discontinuity. The present paper offers an exten- 


* Supported in part by the Office of Ordnance Research, U. S. 


Army. 
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sion of the preliminary measurements reported on 


previously.' 
EXPERIMENTAL 


A large portion of the experimental work was 
carried out by following the general method described 
in an earlier paper.’ The dispersing instrument was a 
grazing incidence spectrograph, equipped with a 
lightly ruled glass grating having 30 000 lines per inch 
and a radius of 1.5 m. The grazing angle of incidence 
was set at 4.5°. The instrument was adjusted carefully 
in order to insure satisfactory definition in the short 
wavelength region approaching the cut-off wavelength 
whose calculated value was 30A. Lines of reasonable 
intensity were observed down to about 60A. 

Absorbers were prepared either by depositing Be 
directly on a thin substrate of Zapon or by evaporating 
the metal on a glass surface treated with “Victawet.” 


1D. H. Tomboulian and R. W. Johnston, Phys. Rev. 83, 220 
(1951). 
( 2D. H. Tomboulian and E. M. Pell, Phys. Rev. 83, 1196 
1951). 
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Fic. 1, A typical absorption curve of a metallic 
Be absorber 1000A in thickness. 


The film so condensed was subsequently floated off 
and mounted on suitable holders. The second procedure 
resulted in unusually good samples with a bright 
metallic sheen remarkably free from pin-holes. In all 
evaporation processes, great care was exercised to 
prevent contamination. 

Thicknesses of the foils were arrived at by taking 
into account the mass of the metal evaporated and 
the geometry of the arrangement. The foil density 
was assumed to be that of the bulk material. It is 
known that this procedure results in thickness deter- 
minations which agree within 5 percent with those 
obtained by direct weighing on a microbalance when 
the foil thickness exceeds 3000A. Since the errors in the 
photometric reductions are of this order, more refined 
measurements of thickness were not attempted. 

The spectrograms consisted of three juxtaposed 
spectra. One was taken without an absorber while the 
remaining two represented the spectra transmitted by 
the absorber under varying times of exposure. This 
procedure enables one to calibrate each individual 
plate and to obtain two determinations of the absorption 
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Fic. 2. A graph which shows A, the change in logio(/o/Z), as 
a function of absorber thickness. The change was evaluated 
between two wavelengths located respectively on the short and 
long wavelength side of the edge. 
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curve. Admittedly a more desirable procedure would 
have consisted in obtaining contiguous spectra of two 
absorbers which are prepared under identical conditions 
but differ in the thickness of the deposited layer. 
Measurements based on such absorbers would be free 
from effects due to interface penetration or surface 
contamination. Since the differential thickness of 
absorbing material is not readily available, this scheme 
is not suitable for testing the consistency of a series of 
measurements or for evaluating the absorption coeffi- 
cient. However, it affords a means for detecting in an 
absorption curve those features which are due to 
surface effects. 

The continuum emitted from targets is very feeble 
in the soft x-ray region, and until recently one was 
limited to the use of line spectra as a source of incident 
radiation. However, within the past year, the continu- 
ous electromagnetic radiation emitted by relativistic 
electrons accelerated in the Cornell synchrotron has 
been investigated’ and found to be sufficiently intense 
to serve as a suitable source. Though the major portion 
of the data reported in this paper is based on the 
radiation emitted by condensed spark discharges, 
an absorption spectrum of Be has also been obtained 
using the synchrotron radiation as a source. The 
possibility of utilizing this remarkable source as a 
tool in absorption spectroscopy shows promise. The 
details of the method will be published at a later date. 
Microphotometer traces showing the incident intensity 
distribution as well as the absorption by Be are in- 
cluded. Complete reduction of the traces is not possible 
at the present time for reasons to be offered later. 


RESULTS 
The Absorption Curve 


Figure 1 shows the logy(//Jo) curve for a sample 
whose thickness was 1000A. (Here, /» is the incident 
intensity and J that transmitted by the absorber.) 
An application of the relation /=/oe~**, indicates that 
the greatest difference in transmitted intensity on 
either side of an absorption edge occurs when the 
absorber thickness « has the optimum value given by 


Xopt= (Inu ~~ Inue) / (ui— be), 


where yu; and ye represent the linear absorption coeffi- 
cients on the short and long wavelength side of the 
edge. For Be, xo»:=1100A, hence a considerable part 
of the measurements were carried out with samples 
having this thickness. The values of logio(//Jo) repre- 
sent weighted averages of the results of several spectro- 
grams taken with different samples and exposure ratios. 
The K edge appears at 111A. As in the case of other 
light metallic elements, such as Li, Mg, Al, a secondary 
structure is also observable. The intense absorption 


3P. L. Hartman and D. H. Tomboulian, Phys. Rev. 91, 1577 
(1953). 
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those obtained with absorbers free from Zapon. Except 
for the small likelihood of an interface effect at the 
metal ‘“‘Victawet” boundary, this feature of the absorp- 
tion curve may be regarded as characteristic of the 
metal. As a check on the consistency of the measure- 
ments, the magnitude of the change in logio(/o//) 
at the K edge was plotted as a function of absorber 
thickness. The change was measured between the 
wavelength A= 110A and A= 118A, located respectively 
on the high- and low-energy side of the edge. The plot 
is shown in Fig. 2, where the sides of the rectangles 
indicate the estimated errors in thickness x and in 
logio(Io/J). If the four different samples were free 
from a layer of BeO, then the linear plot should go 
through the origin and possess a slope proportional 
to the change in the absorption coefficient between 
the wavelengths mentioned above. On the other hand 
if a surface layer of thickness x» is oxidized, and if this 
thickness is the same for all absorbers, the straight line 
should yield an x-intercept equal to x». Due to ap- 
preciable errors as indicated it is not possible to estimate 
xo with certainty. However, inspection reveals that 
the oxide thickness cannot be in excess of a few hundred 
angstroms. 

The linear absorption coefficient ~ was determined 
for a number of wavelengths on the basis of the absorp- 
tion data given in Fig. 1. A plot of these results appears 
on the graph of Fig. 3. The values of u range from 2.8 
X 10** to 0.25 10° cm™". 

The K-emission band of Be has been studied by 
Skinner and O’Bryan.‘ The intensity distribution in 
this band shows a sharp emission edge at 110.9A, corre- 
sponding to a photon energy of 112 ev, the latter being 
emitted when an electron makes a transition from 
the Fermi level to a vacant K state. The present 
measurements yield the value of 111A for the position 
of the K absorption edge, that is, the emission and 
absorption edges coincide. This result is in agreement 
with expectation, since in a metal like Be, there should 
be no forbidden zone of energies between the filled and 
unfilled portions of the valence band. On the theoretical 
side, Herring and Hill’ have applied the method of 
orthogonalized plane waves to beryllium and have 
calculated the level density curve for energies up to 
and somewhat in excess of the Fermi energy. 

The experimental emission curve, and the theoretical 
level density curve are reproduced in Fig. 4, which 
also shows the new measurements of logio(/o//) here 
plotted as a function of the energy of incident photons. 
The agreement between the shape of the observed 
emission curve and that of the level density curve is 
good. Also, the theoretical curve, suggests a rapid 
rise in the density of unoccupied states. This feature of 
the theoretical curve may have its counterpart in the 


4H. W. B. Skinner and H. M. O’Bryan, Trans. Roy. Soc. 
(London) 239, 95 (1940). 
5 C. Herring and A. G. Hill, Phys. Rev. 58, 132 (1940). 
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Fic, 3. A plot of linear absorption coefficients as determined 
from the curve shown in Fig. 1. 


intense absorption that is observed to the high-energy 
side of the edge. 


Secondary Structure 


In common with other studies of this type, a series of 
secondary absorption maxima are observed on the 
high energy side of the K edge. The observed energy 
differences between the edge and the various peaks are 
given in the second column of Table I. The Be lattice 
is of the hexagonal close-packed variety. Coster® has 
pointed out that a correlation should exist in the 
secondary structure exhibited by elements having 
this symmetry and those which possess a face-centered 
cubic lattice. It is therefore of interest to compare the 
fine structure found in the case of Be with the corre- 
sponding structure associated with the K edge of an 
element such as Al which has a face-centered cubic 
lattice. The fourth column lists the energy differences 
between the K edge and secondary maxima as found 
in the K absorption spectrum of Al.’ 

For the ideal close-packed hexagonal lattice the 
axial ratio (c/a) should be 1.63. In Be, c/a=3.59/2.28 


Absorption 
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Fic. 4. A composite plot of the K absorption and emission 
spectra of Be as a function of incident or emitted photon energy. 
The upper curve shows the calculated density of states N(m) 
as a function of the energy parameter n expressed in Rydbergs. 
®D. Coster, Physica 2, 606 (1935). 
7 Munier, Bearden, and Shaw, Phys. Rev. 58, 537 (1940). 
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= 1,58, indicating a departure from the ideal lattice. 
Upon reducing Be to the ideal close-packed hexagonal 
lattice, the axial constants are found to be a,=2.24A, 
¢:=3.65A. (These are obtained from the relations 
¢:/a;=1.63 and 2a;’+c¢,=2a°+c=23.3.) The present 
observations of the secondary structure of Be may be 
compared with those of Al by multiplying the values 
given in the second column by (2.24/2.86), where 2.86 
is the distance (in angstroms) to the nearest neighbors 
in the Al lattice. The results are shown in the third 
column. 

To account for the observed structure on the high- 
energy side of an edge, Hayasi* has suggested that the 
structure may be considered as a series of absorption 
maxima superimposed on the absorption curve as a 
background. According to this view, the secondary 
maxima represent transitions in which the final state 
of an electron ejected photoelectrically from a sharp 
inner level is a so-called quasi-stationary state. Hayasi 
points out that such energy states are produced when 
the waves associated with the ejected electron form 
a standing wave pattern in the immediate vicinity 
of the atom from which the electron was emitted. 

In the case of an electron ejected from a K shell, the 
specification of the final state (/=1) requires that the 
wave function shall have a twofold axis of symmetry. 
This consideration imposes a condition on the propa- 
gation sphere in the reciprocal lattice. Such a sphere 
must pass through two points so located that the sum 
of the propagation vectors is zero. Thus, the require- 
ment in the case of K absorption is that the ejected 
electron shall move at right angles to a set of parallel 
crystal planes and undergo 90° Bragg reflection. 

The comparison with experiment is facilitated, 
since on the basis of this model it becomes possible to 
select a relatively small set of absorption maxima which 
are expected to be most intense. The selection is carried 


Tas.e I. A comparison of the secondary structure in the K 
absorption curve of Be with the corresponding structure observed 
in Al. For Al, the predictions based on the Hayasi model are 
given in column 1. These represent positions of peaks as measured 
from the average inner potential. For Be and Al the experi- 
mentally determined positions of maxima as measured from the 
K edge are shown in columns 2 and 4, respectively. All quantities 
are expressed in ev. 


, 


V Be Be 
corrected 


cale observed reduced 


9.2 13.4 8.3 8.0 6.2 
18.4 25.9 15.9 15.0 15.4 
35.8 22.0 tee 
43.1 26.4 24.6 
56.9 35.0 33.8 

eee 43.0 


$2.2 


Al 
observed 


24.5 
34.0 
42.0 
52.0 


27.6 
36.8 
46.0 
55.2 


Av. 
diff. 8.8 9.0 9.2 


85.0 52.1 





® T. Hayasi, Sci. Repts. Tohoku Univ. 33, 123 (1949). 
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out by estimating the relative amplitude of waves 
backscattered from nearby atoms. The relative intensity 
is found to depend on (1) the number of equivalent 
neighboring atoms (2) the magnitude of the distance 
of such atoms from the one which has lost a photo- 
electron and (3) the coherence of the scattered waves. 

The energy, in ev, of electrons reflected normally 
from crystal planes in a cubic lattice is given by 
V = 150(a?+-6?+-’)/4a", where a, 8, y are the reflection 
indices of cooperating planes, and a is the lattice 
constant in A. The relation follows directly from the 
particular Bragg condition m\=2d which must be 
satisfied in the case of the K absorption spectrum. 

The first column in Table I gives the magnitudes of 
V calculated for the Al lattice corresponding to absorp- 
tion peaks of high intensity. (The values of the reflection 
indices are subject to the appropriate condition for 
the nonvanishing of the atomic structure factor. For a 
face-centered cubic lattice a, 8, y must be all even or 
all odd.) The calculated values of V are measured from 
the average inner potential Vo. The tabulated position 
of observed peaks represent energy differences from 
the K edge and correspond to (V+V»)—Vx where 
Vx is the energy of the final state corresponding to 
the K absorption edge. Since Vo and Vx are not equal 
the calculated values should be corrected by (Vx— Vo) 
before comparison with the observed values listed in 
the fourth column. The value of the inner potential 
for Al is not known reliably. In any case the correction 
should be a constant not exceeding a few ev. The last 
column in the table gives the calculated values cor- 
rected by (Vxk—Vo). The constant difference of 3 ev 
was estimated from the observed and calculated values 
for Al. 

Due to the thermal vibrations of the lattice and the 
natural width of the stationary states a secondary ab- 
sorption band possesses considerable width. Accordingly, 
it is not possible to determine the positions of individual 
absorption peaks very accurately from the experimental 
observations. The average energy difference between 
successive peaks as obtained from a sequence should 
be a more reliable basis for comparison between theory 
and experiment. This difference should be constant and 
is found to be equal to 9.2 ev from the values of V 
calculated for the Al lattice. The corresponding differ- 
ences obtained from the observations on Be and Al 
are also given at the bottom of Table I. As in the case 
of the K spectrum of Mg (see reference 7), the presence 
of additional peaks is not surprising on account of the 
more complex hexagonal structure of these elements. 
One such peak is detected in Be over the present 
range of measurements. The missing peak in Be falls 
in the very short wavelength region where the available 
data are inadequate. 


® See T. Hayasi, Science Repts. Téhoku Univ. 34, 185 (1951) for 
a determination of these widths in connection with the fine 
structure of the K absorption edge in Li. 
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The Use of Synchrotron Radiation 


The top curve in Fig. 5 is a reproduction of the micro- 
photometer trace of the absorption spectrum of a 
1000A Be foil in the vicinity of the K edge. The spectro- 
gram was taken in connection with a study of the 
properties of the radiation emitted by electrons of 
maximum energy equal to 321 Mev. Due to the con- 
tinuous nature of the incident radiation, the reduction 
of the trace involves a consideration of the energy 
distribution among the various orders produced by the 
grating. 

In the spectral distribution of the radiation emitted 
by the source, let Po(A), Po(A/2), Po(A/3), etc. repre- 
sent the intensity per unit wavelength band centered 
at A, A/2, A/3, etc. Radiation of each of these wave- 
lengths will be brought to a focus on the Rowland 
circle at the same position « measured from the central 
image. The contribution to the photographic density 
at x will be determined by the manner in which the 
component incident intensities are modified by the 
absorber and by the grating response. The latter is 
defined as the fraction of the intensity incident on the 
grating diffracted into a given order. If P(x) is the 
intensity per unit distance interval centered at x, 
we may write 


P(x)dx/dvX= Po(A)e*'R(A) 
+4Po(d/2)e#2)*R(A/2)-+ ++, 


where only two spectral orders have been taken into 
account. In this expression / is the absorber thickness, 
and yu, the linear absorption coefficient. The grating 
response is introduced through the factors R(A), and 
R(A/2), while dx/d\ is the reciprocal instrumental 
dispersion. The factor 4 which appears in the second 
term on the right is due to the change in dispersion 
with order. 

It is possible to determine P(x), Po(A), Po(A/2), and 
dx/dd experimentally. For a complete reduction of the 
trace the grating efficiency factors R(A) and R(A/2) 
must also be known. Our present knowledge” of the 
grating efficiency is very meager. However, in the 
immediate region of the edge, the absorption by the 
sample affects primarily the transmitted intensities 
associated with the first-order radiation and photometer 
deflections may be converted into relative intensities. 


1%” Experiments utilizing various monochromatic radiations in 
the soft x-ray region and aimed at the determination of the 
grating response are now in progress. 
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Fic. 5. The absorption curve of Be in the neighborhood of the 
K edge based on measurements using the far ultraviolet continuous 
radiation from the Cornell synchrotron, 


In so doing, one neglects the variation of R(A) with 
wavelength and regards the second- and higher-order 
intensity components to be free from large changes 
over the narrow spectral range centered at the K 
discontinuity. 

The result of a partial reduction of this sort is 
shown in the middle curve of Fig. 5. The corresponding 
portion of the absorption curve as determined by the 
use of spark spectra is also reproduced in the lowest 
graph in Fig. 5. A comparison indicates that the shapes 
of the two curves in the region of the edge are in good 
agreement. In the case of the middle curve, the less 
rapid drop in the low-energy side of the edge is most 
likely due to second order spectra of short wavelength 
radiations (55 to 70A) which are present in the incident 
beam and contribute to the observed intensity above 
the edge. Third-order contributions are not expected 
since the intensity of the incident radiation below 
55A is negligible. 

Additional measurements using Al indicate that the 
absorption curves determined by the use of the syn- 
chrotron radiation compare favorably with those ob- 
tained by the use of spark spectra. It is gratifying that 
two radically different types of incident radiation 
yield similar results. This enhances our confidence in 
procedures previously used in soft x-ray spectroscopy 
of the solid state. 
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Perturbation of the hyperfine structure of an electronic pi/2 state by the 32 state is calculated using 
relativistic electronic functions. The main effects are a change in apparent nuclear g factor and a common 


lowering of all piys 


sublevels. Energy corrections due to the perturbation of one level of a doublet term by 


the other when i is 4 and # is arbitrary are also obtained. 


I. INTRODUCTION 


N the usual theory of hyperfine structure of an atom 
in a magnetic field, the effects of the nucleus and 
applied field are treated as perturbations and the part 
of the secular determinant arising from unperturbed 
levels of the same energy is considered. When either j 
or i is 4, this leads to an equation of the Breit-Rabi! 
form. Inclusion in the secular determinant of matrix 
elements between the components of a doublet elec- 
tronic term, e.g., between p, and py components, gives 
second-order corrections to this equation. Foley’ has 
treated the corrections for p, states, using nonrelativistic 
wave functions, and he has shown that they lead to a 
change in the apparent nuclear g factor. In the present 
work this treatment is modified by using relativistic 
electronic functions and the case i= 4 is also considered. 
The procedure has been to compute matrix elements of 
the perturbing terms of the Hamiltonian between states 
of definite /, m,. These are used in the secular deter- 
minant and this determinant is solved to order 1/6, 
where 6 is the doublet separation. Expressions for the 
energy are thus obtained which are applicable for a 
range of field strengths such that the perturbing terms 
are small compared with 6 


Il. UNPERTURBED SOLUTIONS 


The Dirac Hamiltonian for an electron in an electro- 
magnetic field is 


H = —ca: (p+ (eA)/c)—eAo—Bme’, (1) 


where —e is the charge on the electron and Ao and A 
are the scalar and vector potentials, respectively. In 
this problem the effect of the vector potential is treated 
as a perturbation. The unperturbed electronic functions 
are solutions of the equation 


HWv= Ew, (2) 


* Part of a dissertation submitted for the degree of Doctor of 
Philosophy at Yale University 
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Research and U. S. Atomic Energy Commission. The later part 
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the Office of Scientific Research of the Air Research and Develop- 
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where 
Ho= —ca- p—eAo—Bme’. (3) 


For application to a single electron outside of closed 
shells, Ao is assumed to depend only on the radial 
distance r, of the electron from the nucleus and the 
nucleus is taken to be stationary. The solutions of Eq. 
(2) used here are the same as those given by Darwin’ 
except that a factor exp[i(m,.-4)] is included for 
m;>0. This choice of phase is convenient since the 
operation of the electronic angular momentum J then 
takes the form 

J (mj) =m ;h¥ ;(m;), (4) 


(J biJ Wj (mj) = hE (jFm;) (jamj+1) }¥ j(mj+1). 
(5) 


Here V ;(m,;) is the solution of Eq. (2), corresponding to 
particular electronic quantum numbers j, m;. 

The nucleus has been treated as of negligible spatial 
extent and of infinite mass so that it is taken to be 
stationary.’ As is well known the angular momentum 
operators /,, /,, 7, of the nucleus may be represented 
by noncommuting matrices and the nuclear spin func- 
tions by column vectors NV ;(m,), belonging to values i 
and m; of the nuclear spin quantum numbers. Wave 
functions of the combined system of electron plus 
nucleus are linear combinations of products of the type 
WV ;(m,;)N ;(m,). Combined functions belonging to par- 
ticular quantum numbers /, my of the total angular 
momentum F=J+I are obtained by using the coef- 
ficients of the product functions given by Wigner.® 
These functions with definite /, my, are the base func- 
tions used in the perturbation calculation. 


Ill. PERTURBATIONS 


The perturbing term of the vector potential is, from 
Eq. (1), ~ea-A. The vector potential A has a part 
[#Xr,]/2 due to the external field 3¢€ and a part 
[uiXr.]/ré due to the nuclear moment yw,. Here r, is 
the position vector of the electron with respect to the 
nucleus. An additional perturbation is the energy 

*C. G. Darwin, Proc. Roy. Soc. (London) A118, 654 (1928). 

‘For a doublet component of a particular isotope, the main 
effect of the finite nuclear volume is to cause a shift in energy 
common to all sublevels. See, e.g., J. E. Rosenthal and G. Breit, 
Phys. Rev. 41, 459 (1932); G. Breit, Phys. Rev. 42, 348 (1932). 

5 E. Wigner, Gruppentheorie und ihre Anwendung auf die Quan- 
tenmechantk der Atomspektren (Vieweg und Sohn, Braunschwig, 
1931). 
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GYROMAGNETIC RATIO 


—wi: KH of the nuclear moment in the external field. 
If 3 is taken in the z direction, the three perturbations 
become 


aie aa ae Y, (7 
— giuoK,],/h=Z. (8) 


Here B is the matrix vector eXr,, uo is the Bohr mag- 
neton, and the nuclear moment yw; is gimol/h, I being 
the nuclear angular momentum operator. 

Matrix elements of matrix vectors of the type of (6), 
(7), and (8) have been given by Guettinger and Pauli® 
_and by Johnson.’ All the nonvanishing elements are 
diagonal in m,, and f differs in the initial and final 
states by 0, +1. The elements of (7) are diagonal in f 
while those of (8) are diagonal in j. 

Matrix elements of (6) between states of different / 
are given in terms of the elements of (6) between elec- 
tron states Vj(m,). These are 


(W,(m;), XW; (m;)) =wo.g;'my, (9} 


), XW_(m;)) =po IN (1+4)2—mZy4/ (+1). 
(10) 


(Wy, (m; 


The quantities g;’ and N are given by 


pei] (48/2 mf Pare (11) 
0 


(12) 


« 
N= f Gu ayj2)Gi-a 9) AP ». 
0 


Here g; is the Lande g factor while k& is the quantum 
number introduced by Dirac and equal to —/—1 for 
j=l++4 and to / for j7=/—}4. The functions F; and G; 
are solutions for particular 7 of Dirac’s radial equations 
in the form used by Gordon,’ with the normalization 


f (F2+G?)dr.= 1. (13) 
0 


The second term in the brackets of (11) is the relative 
correction to g; discussed by Breit® and by Margenau.”” 

The matrix elements of (7) are most readily ex- 
pressed in terms of coupling constants of the interaction 
between electron and nucleus. Between states of definite 
f, m the matrix elements are 


(i,j, f,my| Y | i,j, fymy) 
= (a;,,/20/¢+)—jG+—-ii+)], 


(i,j, f,my|V\i,j—1, fy) = + (b;, 5-1/2) f+ 5-9) 
xX (f+i-— j+1) (f+ j+it+ 1) (j+i- fy}. 


6 P. Guettinger and W. Pauli, Z. Physik 67, 743 (1931). 
7M. H. Johnson, Jr., Phys. Rev. 38, 1635 (1931). 
5 W. Gordon, Z. Physik 8, 11 (1928). In order te avoid double 
double subscripts, F is here used for Gordon’s y1, and G for his 2. 
9G. Breit, Nature 122, 649 (1928). 
“HH. Margenau, Phys. Rev. 57, 383 (1940). 


(14) 


(15) 


IN 


Hfs OF DOUBLET STATES 


Here a;, ; and 5, ;_; are the coupling constants 


a; j= ([egigmok/j (i+ pif FG 5dr. (16) 
0 


bj ;-1= —Legimo aif (Fi iG;+F Gy)r-*dr,. — (17) 
0 

Choice of the double sign in (15) depends on the relative 
phases of the functions belonging to j and j—1. The 
coupling constants a;, ; and b,, ;_; are those of Breit and 
Wills’ paper."' In their notation which was also that of 
Goudsmit® a;;= a’ for j=/+-4, a;;=a” for j=1—}4, and 
bj. j 1s=0'". 

Matrix elements of the third perturbation, (8), may 
be expressed in terms of the diagonal matrix element 
between states V,;(m;), which is 


(N (m,), ZN (m,)) = — gio Km. (18) 


All matrix elements of the perturbations between states 
of definite f, my are given in terms of (9), (16), (16), 
(17), and (18) by means of the Guettinger-Pauli for- 
mulas, and the secular determinant may thus be set up. 


IV. ENERGY LEVELS OF p, STATES 


Since the matrix elements are diagonal in my, the 
secular determinant breaks up into smaller deter- 
minants corresponding to a given my. For the pj, py 
doublet there are, in general, six values of / and the 
smaller determinants have six rows and columns. These 
may be solved in an approximation equivalent to the 
standard second-order perturbation approximation. The 
diagonal elements belonging to p, are approximated 
by 6, the doublet separation. Off-diagonal elements be- 
longing to the p; state and elements between p, and p, 
states are eliminated to order 1/6 by adding multiples 
of rows and columns. The determinant is thus reduced 
to one with two rows and columns, the elements of 
which contain second-order terms. This is solved for the 
energy E. The result is 

“) 


(19) 


Av 
E— Ey= —————-— g\' wo XH my- (14s . 
2(2i+1) ditt 
2(a’”’)? Quo? KZN? 
————4 (6+ 1)—-——_ 
96 
Here Eo is the unperturbed energy and Av is the zero- 
field separation, given by 


Av= (i+$)La”—2(a"”)?/8)}. 

The remaining undefined quantities are 
(=gi(1+4Na’"’/3g 5), (21) 
ere )uo WK/ Av. (22) 


" G. Breit and L. A. Wills, Phys. Rev. 44, 470 (1932). In terms 
of ¢1, ¢2 of Breit and Wills the functions used here are F = ,, 
G=.; F, G of Breit and Wills differ from those here and are 
expressed in terms of ¢:, g2 by their Eq. (15). 

2S. A. Goudsmit, Phys. Rev. 37, 663 (1931). 


(20) 
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TABLE I. Values of correction terms in Eq. (28) and Eq. (27). 


— (Av)x/[6(25 +1) gid) 


~ (Av) /[(6(24 +1) gi) 
—0,0062 
— 0.0043 





Gallium 
Indium 


—0.0058 
— 0.0035 








Equation (19) is seen to have the same form as the 
Breit-Rabi equation except for the addition of the last 
two terms which are the same for all sublevels of the p; 
state. Perturbation by the p; state also adds a small 
correction term to Av, but the main effect is to replace 
gi with g,’. 

The magnitude of this effect may be estimated by 
using the values of a” and a’’’ obtained by Breit and 
Wills."' Near the nucleus, where the integrands of (16) 
and (17) are large, a Bessel function approximation may 
be used for the electronic functions F and G. In this way 
the above authors obtain 


(a’”’/a"’) = — (1/16) (6/5). (23) 
Here § and & are relativistic correction factors given by 
F = 3/[p’{4(p"’)*—1}], (24) 
&= (4/2Z'a") sinr(p"’—p’). (25) 
The quantity p’=(4—Z%o*)!, while p”’=(1—Z7a*)}, 


where Z is the nuclear charge and a is the fine structure 
constant. The ratio x= &/§ is 


x= 1—1.396Z%e? —0.121Z4a4+- +++. (26) 


Since the term (a’’’)/6 in Av is small compared with a”, 
one has, approximately, 


a”’ = (2Av)/(2i+1). 


With these approximations the apparent nuclear g 
factor is 


gi’=gi[1— (Av) Nx/{6(2i+1)g6}]. (27) 


V. APPLICATION TO GALLIUM AND INDIUM 


Using nonrelativistic wave functions for the electron, 
Foley’ found that 


gi =g.i{1— (Av)/[6(2i+1)g6]}. (28) 


Equation (27) is seen to be identical with this except 
for the factor Vx in the correction term. Taking N to be 
approximately unity, the effect of x in the cases of 
gallium (Z=31) and indium (Z=49) is shown in 
Table I. 

The change in apparent nuclear g factor appears ex- 
perimentally in a difference in values of the g factor 
obtained from atomic beam experiments and those 
measured by magnetic resonance methods. Existence of 
such discrepancies has been pointed out by Kusch.” 
Using experimental values of the nuclear moments 


8 P. Kusch, Phys. Rev. 78, 615 (1950). 


W.-W. CL 


ENDENIN 


quoted by him, the ratio of the apparent moment from 
atomic beam work to that from magnetic resonance 
work is 1—0.0079+0.0023 for Ga® and 1—0,.0077 
+0.0017 for Ga”. The theoretical values, both the non- 
relativistic —0.0062 and the relativistic —0.0058 are 
seen to differ from the experimental ones by an amount 
about equal to the assigned experimental error. This 
difference may be due, as Foley has suggested,” to con- 
figuration interaction in the py state. 


VI. ENERGY LEVELS FOR i=1/2 


When i=}, there are just four values of f belonging 
to a doublet term, and the secular determinant breaks 
down into smaller determinants having four rows and - 
columns. Solution of these may be carried out along the 
same lines as in IV. The energy E of a doublet com- 
ponent is 

Av 
E- Eo= — ————+ g;'uo KC my 
2(2j+1) 
Av 4myx i 
[1-2 ptr] +A. (29) 

2 2j+1 
Here Ey is the energy of the unperturbed level. The 
quantities I and A are second-order corrections given by 


P= (4/6){ — mya’ y[y*(Av)/(j+4) 
— xya’” (I(1+-1)— mj?) — xy’m; (Av) }}, 


A= (1/5){— (k+1) (2/+-1)(a'”")?/4 
+[a’” (Av)y+y"(Av)Xl(l-+1)—m/)]}}. (31) 


The upper signs in (30) and (31) apply to 7=/+4 and 
the lower signs to j=/—}. The parameter x is 
(g;'+g:)uo K./ (Av) and y is yuo I,N (2/+1)(Av), where 
Av is the zero-field separation given by 


Av= (j+4){a"— |k+1| (a’”)?/5}. (32) 


Unlike the case when j=}, the second-order perturba- 
tion does not take the form of a change in apparent 
nuclear g factor, but can oniy be expressed by means of 
the more complex correction terms T and A. 


(30) 


VII. SUMMARY AND CONCLUSION 


The perturbation of an atomic /; state by the p, state 
leads to second-order corrections to the Breit-Rabi 
equation. The main effects of the correction terms are: 
1) to change the apparent nuclear g factor, and 2) to 
add a term which lowers all the sublevels of the p; 
state equally. Perturbation of one component of a 
doublet by the other when neither j is } but i=} leads 
to the correction terms (30) and (31) to the energy 
equation. 

The author takes pleasure in expressing his gratitude 
to Professor G. Breit for suggesting this problem and 
for valuable discussions during the course of the work. 
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Anomalous Dispersion and Scattering of X-Rays* 
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The theoretica] expressions for the anomalous dispersion of x-rays have been integrated for any positive 
value of p, in a C,A” term in the distribution of “dispersion” oscillators for the g shell of electrons. This 
distribution may be written generally as the sum of n terms of the form C,,A%« or, as is commonly done, as 
a single term. Damping has been retained, its effect evaluated and shown to be negligible except for A 
extremely close to the wavelength of an absorption discontinuity. With damping neglected, universal dis- 
persion curves are presented. If p, and g, (the oscillator strength) are known, the anomalous part of the 
refractive index or of the atomic scattering factor can be readily deduced from the universal curves. 

Comparison of the more exact theoretical values with experiment shows less satisfactory agreement than 


before. 


INTRODUCTION 
N comparing theoretical predictions with experi- 
mental measurements of refractive index r for 
X-rays, 
r=1—(6+78), 
and for the atomic scattering factor f, written for very 
small scattering angle as 
f= (1/Ad*) (P+8*)!, 
where A is a constant, it has become the custom to 
assume that the frequency distribution of the theoretical 
“dispersion” oscillators follows a \* relation, where dX is 
the wavelength.' This assumption makes for easy inte- 
gration of the expression for 6 (or for f), but it is not in 
accord with x-ray absorption measurements: In general, 
\!"/4 is probably better for the photoelectric absorption 
by K electrons, \7* by ZL electrons,?* and perhaps \°? 
by M electrons.‘ The exponent for a given electron shell 


* This research was supported in part by The United States Air 
Force under a contract monitored by the Office of Scientific 
Research, Hq. Air Research and Development Command, Post 
Office Box 1395, Baltimore 3, Maryland. 

! For example, see R. W. James, The Optical Principles of the 
Diffraction of X-Rays (G. Bell and Sons, Ltd., London, 1948) ; 
and A. H. Compton and §S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 1935). 

W. Heitler [The Quantum Theory of Radiation (Oxford Uni- 
versity Press, London, 1944), second edition, pp. 129-137] dis- 
cusses “dispersion” oscillators quantum mechanically in terms of 
matrix elements of transitions of the inner electron to the various 
bound and unbound states. This discussion includes “oscillator 
strength” as introduced later. 

2K. Grosskurth, Ann. Physik 20, 197 (1934); S. J. M. Allen, 
Phys. Rev. 28, 907 (1926); Compton and Allison, reference 1; 
A. Jénsson, Inaugural Dissertation (Upsala University, Upsala, 
1928); and J. Victoreen, J. Appl. Phys. 19, 855 (1948) and 20, 
1141 (1949). These measurements refer to all types of electrons; 
appropriate subtractions are necessary to deduce the exponent 
of foe a particular electron shell. (Subtraction must rst be 
made for the scattering part of the measured absorption.) 

§ With damping terms neglected, the integration for 6 or f has 
been done for \° by E. J. Williams, Proc. Roy. Soc. (London) 
A143, 358 (1934). Williams, and also J. A. Bearden and C. H. Shaw 
[Phys. Rev. 46, 759 (1934)] have interpolated between \*? and 
for "4/4, 

‘No direct measurements of p in \? for n electrons are known. 
However, pz: is smaller than pzt1,111, and it is the behavior of the 
Ly-electrons that causes pz to be so small. Similar behavior is 
observed for the Mj-electrons relative to the other M electrons. 
See H. Robinson, Proc. Roy. Soc. (London) A104, 455 (1923); 
and H. Hall, Revs. Modern Phys. 8, 358 (1936), and references. 


varies with atomic number. Needless to say, the 
numerical value of the exponent is important in the 
region of anomalous dispersion. 

As an additional complication, the exponent may vary 
with wavelength. Hén!® used a two-term expression for 
K electrons, viz.,C x (A/AK)'+Dx(A/Ax)*, where Cx = 4/3 
and Dx=—1/3; this is equivalent to a single term with 
exponent px(A), such that px=2.67 at Ax, 2.78 at 
Ax«/2, and 2.94 at \«/200. Hall* also discussed this 
expression. Victoreen? concluded that it expresses well 
the experimental data for the net effect of all the 
electron shells; the C/D ratio depends markedly upon 
the atomic number and upon the wavelength region 
(i.e., \<AK or AR<A<Az,). However, careful analysis of 
the available experimental data for the K electrons of 
copper, for example, indicates that px is very nearly 
2.75 and does not vary significantly in the range 0.1A 
<A<Ax. With more extensive and accurate absorption 
measurements, it may well be necessary to use two (or 
more) terms in the general sum >_,,C,,A?«". In any case, 
the general integration must be carried out separately 
for each term. 

In the present paper, the dispersion expression is 
integrated for a general \”* term, where p, may be any 
number greater than zero. Combinations of such terms 
may be made when and if desired. Typical calculations 
are shown for p= 2, 7/3, 5/2, 11/4, 3, and 4. The neces- 
sity of including the anomalous effects of more than one 
shell of electrons is pointed out® with the correlative 
conclusion that there is practically no region of “normal” 
x-ray dispersion. 

It has also become the custom to neglect the damping 
factor. In the present integrations and calculations, 
damping has been retained so as to allow evaluation of 
the error made in any specific case due to neglect of 


5H. Hénl, Ann. Physik 18, 625 (1933) and Z. Physik 84, 1 
(1933). Hénl’s treatment is based on theoretical assumptions that 
are known to be not valid in the a range of x-ray energies. 


(Note added in proof.—H. Eisenlohr and G. L. J. Miiller (Z. 
Physik 136, 491 and 511 (1954)] have recently extended Hénl’s 
treatment to L electrons). 

* The authors note, after completion of the present work, that 
this point has also recently been made by H. Eisenlohr and G. L, 
Miiller, Z. Naturforsch. 8a, 429 (1953). 
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damping. It turns out that neglect of damping is well 
justified except in the case of \ extremely close to d,, 
the wavelength of an absorption discontinuity ; and for 
this narrow region the difference between \ and A, has, 
as yet, very little practical meaning. With damping 
neglected, universal curves for anomalous dispersion are 
useful and convenient. 

Comparison of the present calculations with experi- 
ment show less good agreement than before. 


EXPRESSION FOR 6 OR f 
The Integral 
According to quantum-mechanical dispersion theory,' 


the refractive index, in terms of various electron shells 


q, is 
* w*(dg/dwy)q 
r=1—(6+i8)=1—Ad’ Dd ——nonnnfegy, (1) 
4 Yq w'—w,’—inw 
The real unit decrement and the imaginary terms are 
w,'—w") (dg/dw»)g 
— 7 de», (2) 
(w?—w,”)*+ nw 
qed (dg / dea» )q 


Stew (3) 
(w*—wy 2/24 93 w” 


§=E y= we f 


B= B= AN ln 


where 
Né’ 


p 
A=— = 2.7019X 10" 
2rm,.c? M M 


and e=electronic charge, N=Avogadro’s number, 
m,=electronic mass, c= velocity of light, p=density, 
M=molecular weight, w=2rv, v=incident x-ray fre- 
quency ;w, = 2mv,, v,= frequency of dispersion oscillator, 
wWe= 2rv,, ve= frequency of the g-absorption discontinuity ; 
(dg/dw,),= oscillator density of g-type electrons near w, ; 
and n,= damping factor. Although the oscillators extend 
in frequency from 0 to ~ , the only ones actually operating 
are those’ from w, to ©. The quantity (6+%8) is positive ; 
the minus sign in Eq. (1) indicates that the phase of 
the scattered waves is opposite to the phase of the 
incident wave. The imaginary term, i$, represents a 
wave w/2 out of phase, and is an absorptive term. This 
wave has a negligible effect in angular deviations of the 
beam, but has a significant role in scattered intensity 
in the anomalous region, especially at small scattering 
angles.' The integral of Eq. (3) for B is easy to evaluate 
and is discussed later. The essential problem is 6. 

7 For w very close to w,, we must be careful of the value we 
choose for w,. Fine structure is observed in the experimental ab- 
sorption coefficient in this region, structure comment of “reso- 
nance absorption lines” [of the sort reported by L. G, Parratt, 
Phys. Rev. 56, 295 (1939); J. Trischka, Phys. Rev. 67, 318 (1945), 
and by Y. Cauchois and N. F. Mott, Phil. Mag. 40, 1260 (1949) }. 
Transitions to unfilled outer levels in the atom (or “bands” in 
the solid) are properly included in the integra], It has become the 
custom arbitrarily to take as w, the frequency at the first inflection 
point in the absorption curve, whereas a point about midway up 
the absorption discontinuity is probably more realistic for use in 
the dispersion equations. 


PARRATT AND 


Cc. *. HEMPSTEAD 
The operating oscillators involve the photoelectric 
absorption process, and the oscillator density can be 
written 
(dg/day)g= (m£/2n*e*)u(wy)q, (4) 
where u(w,), is the atomic photoelectric absorption coef- 
ficient of g-type electrons for frequency w,. For con- 
venience we shall write the absorption coefficient as 


following a single term in the sum >> ,,C,,A?«, then 
(w»/we) "Hg for w,>we, 


=0 


H(w»)g= 
vit (5) 
for wy <wy, 

where y, is the coefficient for w»=w,. With Eqs. (4) and 
(5) placed in (1), we may write 


5=)0, 6,= AN Dog g, Re(J,), (6) 


where J,, containing the integral to be evaluated, is 


* ee 
Ww, ”a 


——ta,. (7) 
wo — wy? — Ino 

The quantities a and x are defined explicitly below. If 
the absorption coefficient is expressed as a sum, as 
discussed in the Introduction, Eq. (6) becomes 


6= A) y= Sal don Con Re(Jq) pn] 
and Eqs. (5), (8) 


modified. 

The oscillator strength g, in Eq. (6) may be obtained 
from an integration of Eq. (4), in which Eq. (5) has 
been inserted, viz., 

——w, 8) 


C) dg 
a= (- ) do.=! 
Sides = aMt 


or g, may be obtained by some other method.** 


[Japs artnet f 


* wq 


(6a) 
, (16) and (18) must be similarly 


ML Wg 


Evaluation of the Integral 


The following relations are convenient: 


+i 
Y= (We/wr)?, 2 


a(1+¢2) 
0<a=n/m=}(p,—1)<\1, 


x=w/wWa, 


[=n ‘W, 
a=/2|"™=1/b, 
6=tan-'f, 
y=exp(2mi/m). 


Equation (7) becomes 


1 yo 
[aleass? f ——dy, 
0 


yo Z 


(10) 


and this can be evaluated by contour integration. 


“SE. J. Williams, reference 3, and J. A. Wheeler and J. A. 
Bearden, Phys. Rev. 46, 755 (1934). 





ANOMALOUS DISPERSION AND SCATTERING OF X-RAYS 


Case I 
|2| 1, ie.,  S1/(1+¢)!. (|2| is the modulus of the 
complex z). 


[ptm se 


—n/2 VAL 
Zz 


——| (11) 
imt (j—a@) 


The sum from j=1 to @ is easily evaluated to about 
1 part in 10° by taking no more than 7 terms when 
|z| <4. 

For |z| near unity, the number of necessary terms in 
Eq. (11) becomes impractically large, and we need a 
closed form expression. When a is rational, i.e., when 
and m are integers, the closed form is 


sinta 


Es g/ I m—l 
[= —— J = — 2 > 7" In(t—y'2"/*). 
j=l (j-a) k=) 


(12) 


Case II 
|z| $1, ie., eZ1/(1+¢)!, 


[/a)pt'=s0 1-0 > (13) 


a 
i=0 2/(j+a) 
and the closed form of the sum of Eq. (13), with n and 
m integers, is 


~ 1 II m— 
[= —| == F yo" In(t— yt). (14) 
k=0 


i=d z/(j+a) 


Equations (12) and (14) restrict @ to the range 
0<a<1, ie., 1<p<3. Theory (with hydrogenic wave- 
functions) predicts p>3 for w>w, (see Hall, reference 
4), and some advantage may accrue from use of the two- 
term absorption expression C,\*+D,A‘ discussed in the 
Introduction. For a $1, but for case I, a cannot be an 
integer, the open sums must be put into the form 


oe: 4° m—1 
y —=-1'E o In(1—oT™), 


j=l j-é k=) 


(15) 


where 0<¢=n/m<1, and o =exp(—2mi/m), by sepa- 
rating the appropriate terms and adjusting the index 
of summation. For a an integer, integration of Eq. (10) 
is straightforward: The change of variable u=y—z 
produces an elementary integral always containing as 
one term f-,'-*u-'du. Since the path of integration is 
well defined, there is no question about the argument 
of the resulting logarithm. 

Our final expression for 6 for a medium containing 
different atomic species s becomes 


§6=D, AA{Z,4+L, GL Re(Jq)—1]}, 


where the real part of Eq. (11) or (13), in either open 
or closed form, is used for Re(J,). The g summation of 
& gives the atomic number Z by the so-called sum rule ;’ 


OW, Kuhn, Z. Physik 33, 408 (1925), and F. Reiche and W. 
Thomas, Z. Physik 34, 510 (1925). 


(16) 
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the use of this rule here minimizes calculational errors 
due to uncertainties in the g, values, and conveniently 
separates the normal and anomalous dispersion parts. 
The >”, A,d*Z, term is the normal dispersion term ;" the 
>, terms are the anomalous contributions. 

The expression for the modulus of the complex 
atomic scattering factor is 


f= DAL fet fr2}, 
where, for a single atomic species, 
fi=fotXLe ga Re(J,)—1], f2=B/(A®), 


and fo is the “normal” (i.e., w not near w,) atomic scat- 
tering factor (=Z if the scattering angle is zero as is 
assumed for 6). Equation (17) neglects quadrupole and 
octopole oscillators; this neglect is justified unless the 
incident wavelength is small compared with the radius 
of the Bohr orbit B,. Quadrupole oscillators cause an 
increase in /, of the order of (2#B,/d)? >-,g.[ Re(J,) —1] 
and this increase depends, as does also fo, upon the 
scattering angle.® 

The expression for f2 requires evaluation of 8. The 
integration of Eq. (3) is readily carried out since (a) 
only those dispersion oscillators respond appreciably 
whose frequencies are very close to the incident fre- 
quency, i.e., w, need be distinguished from w only in 
their difference, and (b) the variation in the oscillator 
density is negligible in this restricted range of frequen- 


cies. Then, 
2(1—2x) 
} cues 
dus f 


q 


(17) 


(18) 


and, by use of Eq. (4), 


c Nop 2(1—2x) 
B=) B= E wa) cot-(— —). (19) 
q Lia) q c 
When «x is appreciably greater or less than unity, the 
cot! term is mw or zero for the q-type electrons, and 
B=Xui/4e where pu, 


i= (Np/M)D, u(w)a, 


is the linear photoelectric absorption coefficient. 

A more accurate method for evaluating 8 is to gather 
the imaginary terms in the expression for J,. This 
method is usually unnecessarily cumbersome ; however, 
it has been carried out in the case of p= 2.5. If ¢ terms 
are neglected compared with #, the value of 8 so ob- 
tained agrees with Eq. (18) except that now the cot 
argument is 4(1—x!)/¢ for x S$ 1/(1+¢*)! and 4(1—x!)/ 
att for x<i/(1+¢)!. 


DAMPING FACTOR 


There has been some ambiguity as to the proper value 
of n, for use in the above expressions. Radiation damping 
of a dispersion oscillator predicts no= 2e*w*/3m,c. This 


(20) 


Confirmation of the theory for the normal dispersion term is 
beautifully demonstrated by Bearden and Shaw, reference 3, and 
by J. A. Bearden, Phys. Rev. 54, 698 (1938). 
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TABLE I. Universal values of Re(J,—1). 


h/da 


0.01 
0.03 
0.05 
0.10 
0.20 
0.90 


0.40 
0.50 
0.00 


p=20 p=7/3 p=5/2 pwil/4 


0.0014 
0.0083 
0.0197 


0.048 
0.116 
0,169 


0,195 
0.169 
0.064 


—0.020 
—0,150 
~0.240 


~0.52 
—0.78 
1.25 


1.74 
— 2,889 
3.144 


—2,409 
—2.021 
~1.794 


1,650 
—1,549 
1.474 


—1,369 
—1.299 
—1.211 


~1.140 
~ 1,084 
~1.057 


0.0021 
0.0092 
0.0181 


0.0025 
0.0097 
0.0174 


0.0368 
0.059 
0.059 


—0,0001 
—0 0009 
—0,0025 


0.0297 
0.1151 
0.2449 


0.3987 
0.544 
0.631 


0.629 
0.578 
0.456 


0.233 
—0.147 
—0.790 


0.042 
0.092 
0.111 


0.098 
0.033 
—0).080 


~0.175 
—0.305 
—0.390 


—0.0100 
~0),0406 
~0,0929 


0.128 
0.209 


0.266 
0.275 
0.202 


0,139 
0.035 
—0.150 


—~0.37 
~—0,68 
—1,23 


1.74 
~—3.062 
— 3.380 


~2.619 
—2.08 
—1,83 


—1.70 
—1,60 
1.51 


1.40 
—1,320 
—1,225 


—1,148 
—1.091 
— 1,063 


—1.02 
10.00 1.005 
—1,00 


15.00 


0.018 
—~0.061 
~0.190 


—0.1695 
~0.275 
—O.416 


—0,285 
—0,410 
—0.550 


—0.504 
~0.007 
—0.730 


—~0,879 
— 1.068 
—1,325 


0.65 
0.70 
0.75 


0,80 
0,85 
0.90 


0,95 
0.98 
1,02 


—0.65 
—0.89 
—1.25 


0.72 
0,94 
~1.35 


~1,74 
—2,692 
— 2.888 


—1,.74 
—2,477 
—2.722 


1.740 
—2,252 
—2.344 


—2,308 
—1,91 
—1.71 


—2,195 
~ 1,840 
1.657 


—1.93 
1.65 
1.51 


1.05 
1.10 
1,15 


1.20 
1,25 
1,30 


1.40 
1,50 
1,70 


2.00 
2.50 
3.00 


~1.541 
~1.458 
—1,397 


—1.58 
—1.49 
—1,43 


—1.44 
—1.36 
1,32 


1,25 
1,20 
~1,15 


~1,310 —1,33 
1.252 


—1,179 


—1.10 
—1,06 
~1.04 


—1,019 
1,005 
1,002 


—1.014 
—1.003 
~1.00 


5.00 


value gives for the full width at half maximum of the 
g-state Wo= (2rc/w?)no=0.118 x.u. for all states of all 
atoms; whereas observed K-state widths, for example, 
vary from 0.70 x.u. (0.58 ev) for argon," 0.15 x.u. (8 ev) 
for silver,” to 0.118 x.u. (62 ev) for gold ; and observed 
L; widths are 4.6 x.u. (5.3 ev) for silver,” and 0.52 x.u. 
(8.7 ev) for gold." 

In general, Wo is less than the observed widths, and 
two reasons are presented to account for the difference: 
First, the classical oscillation may be prematurely 
interrupted by the filling of the g-electron vacancy by 
another electronic transition (either radiative or non- 
radiative), and, second, the energy position of the 
q state is broadened by splitting of the state into unre- 
solved multiplet states due to interactions between the 
q vacancy and outer electrons of the atom or neigh- 
boring atoms. The early interruption of the oscillation 
may properly be considered as contributing to 4, but 
not the splitting of the state. The splitting is probably 
negligible for K states for atoms Z $16 and for L states 
for ZS45, except for the transition elements ;'* and, of 


" L. G. Parratt, Phys. Rev. 56, 295 (1939), 

“LL. G. Parratt, Phys. Rev. 54, 99 (1938), 

’F, K. Richtmyer, Revs. Modern Phys. 9, 391 (1937). The 
K width for gold has not been directly measured; the value 62 ev 
is believed to be better than the value reported by Richtmyer. 

‘Previous discussions of the comparison of classical and ob- 
served widths have been in terms of emission lines; this is incor- 
rect. It is evident from the integrated form of Eq. (3), that 
{(=n,/w) refers to the width of the absorption edge or state. 

‘6 Widths of lines for transition elements have been measured 
for K lines; e.g., see Fig. 6 of L. G. Parratt, Phys. Rev. 50, 1 
(1936). 
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course, if the g electrons are near the outer part of the 
atom in a solid the splitting may be very large. 

The state width W, has not been measured for many 
q’s for many elements, but we may infer their values 
from measurements of emission line widths, making 
appropriate correction for the width of the final state, 
or by extrapolation from a nearby Z whose W, has been 
measured (the energy width may be taken as propor- 
tional to Z* if it is not much greater than Wo). Thus, for 
example, Wx for copper is about 0.30 x.u.; Wis, Win 
and W j11 for wolfram, 0.56, 0.27 and 0.40 x.u., respec- 
tively. Wy and Wy values are much larger because of 
non-radiative transitions. 

To arrive at the value of n, for use in the above dis- 
persion equations, we note that 49 « w*, and may become 
very large for w>>w,. For large w/w,, the “premature” 
death of the q state (filling by another process) is of no 
concern. For any w/w, and for any ratio ,/no, we may 
write approximately 


w,\"f W, 
se) 
w 0.118 


where W, is in x.u. 


(21) 


UNIVERSAL ANOMALOUS 
DISPERSION CURVES 


a2 O46 06 10 2D 40 60 0 


yo 
Fic. 1, The anomalous dispersion for any g shell of electrons 
for any atom is equal to Rel, 1) multiplied by the oscillator 
strength. Re(J,—1) may be taken from this curve for the appro- 
priate p, value where /, is the parameter in the distribution of 
7 oscillators C,A”«. Curves for five different p, values are 
shown. 
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ANOMALOUS DISPERSION AND SCATTERING 


Taste II. Powrertens calculations for copper K sagen 





gK Re(Js “i. 
—0, 005 
—0.014 
—0.016 
—0.017 
—0.019 
—0.020 
—0.022 
—0.025 
—0.029 
—0.033 
—0,.039 
—0.055 


0.514 
0.852 
0.910 
0.939 
0.980 
1,010 
1.041 
1.117 
1.202 
1.297 
1.404 
1.661 


Cu Ka; 
Ni Ka, 
Co Ka, 
Fe Ka, 
Cr Ka, 


1,789 


1.936 
2.290 


=1.379A 
Aui= 12 
Auu,ur= 13.15 
Aw = 160 


punt, = 5/2 
pu =5/2 


The only reliable method of knowing the relative 
effect of damping is to have the complete expressions 
and to make the necessary calculations. In the special 
cases of p values shown below, an effort has been made 
to separate the damping terms so that, with 9, known, 
their relative effects can be readily seen. 


SPECIAL CASES OF p VALUES 


For p (or a) equal to an integer, the integration for 
J, is readily carried out as already discussed. In this 
section we shall give examples for p=7/3, 5/2, and 
11/4. 

In the following formulas, 2nd and higher powers of 
¢ have been neglected compared to unity except where 
important, and the terms have been written in a form 
intended to make calculations easy. 


p=7/3 


For this case, n=2 and m=3. For |z| 21 


2a°*f 1 
Ref J,— 1); 3! =— zal In (. 
312 


vV3a T 5¢ 
+v3 ta-( I (:- ) 
2+a/ v3 v3 
tan-i( a sin}0 | 
1—a cos}@ 
=e n(- 1+5+6 
1— 2b cos}0+ =} 


b sin}@ 


v3b 5¢ 
—v3 tan-i( )+ tan™ (- )I 
2+6 3 1—b cos}@ 


l+a+@ :) 
1-22 cos}0-+a? 


For |z| $1 


Re[ J,—1}z/3!! = —— 


aus Re(Ju1 ~1) 


x= 
£u= 
gunu= 4 
gu = 20 


OF X-RAYS 


f—fo 

0.332 
—0.752 
— 1.390 
— 1,906 
— 3.337 
— 4.740 
— 3.255 
— 2.349 
— 1.932 
— 1.688 
— 1.513 
— 1,267 


eit Re(Jn, mi—1) 


0. 083 
0.156 
0.168 
0.175 
0.184 
0.190 
0.196 
0.213 
0.231 
0.251 
0.272 
0.321 


gM Re(Ju—!) ‘ fs 


0. 013 1,37 
0.026 3.16 
0.029 3.49 
0.030 3.77 
0.032 4.02 
0.034 38 0.51 
0.035 42 0.55 
0.039 51 0.62 
0.043 62.8 0.71 
0.048 76 0.80 
0.054 96.3 0.93 
0.068 150 1.23 
p= 8.936 
M = 63.57 


1,33 
1.5 


W«=0.30 x.u. 
Wi= 30 
Win.m= 6 
W 4 = 2000 

p=5/2 


For this case, n=3 and m=4. For |z| 21 


3a*{1 (1+a)? 
Re[ J,—1 ]s;2!= —— inf — 
412 1t1—2acos 1o+a? 
7¢ 7¢ a sin}é 
)- tan ( )}. (24) 
a 4 1—a cos}6 
For |z| $1, 


3 1 (1+6)? 
MPP creed Te Pct 
4b*12 1—2b cos 10+0? 


+2 tan 'a—r(1- 


7¢ b sinj@ 
—2 tan-'b+ tan-i(- =) |. as 
4 1—b cos}@ 


Note that in this case p=5/2, if damping is assumed 
to be zero, Eq. (1) or (7) can be integrated directly, 
since p is a half-integer.’ The value for 5, obtained from 
Eqs. (25) and (16), when ¢=0, is identical with the 
value reported by Williams.’ 


p=11/4 


For this case, n=7 and m=8. For |z| 21 


Rel J,— 


7a’ {1 (1+)? 
1 arya? nondipg —-| inf — ce at 
8 (2 Li—2a cos}0-+a? 


1 1+v2a+a’ 
nf 


)+2 tan™'a 


+ 
v2 1—v2a+a’ 


15¢ 
)-* cothe(1- - tant ) 
8 


15¢ a sin}@ 
— tan ( -) ; (26) 
= 1—a cos}é 


v2a 
+2 tan ( 
1— a?’ 
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Fic, 2. Comparison of calculated and measured scattering factors 
(at zero angle) for copper in the K region. 
"y > 
For {z| $1, 
(1+)? 


7 | 1 
n wea 2b 
8b7'2 L1—2b cos}0+0 


1 1+-v2b+0? 
+.- in )-2 tan lh 
v2 1—v2b+0? 


v2b 15¢ b sin}é 
—V2 tan ( )+ tan _ —.)|. (27) 
1—2? & 1—b cos}é 


In each of these cases the closed form of the sum has 
been used, but the open form may be the more con- 
venient except when x is between about 4 and 2 de- 
pending upon the desired accuracy. 


Ref J,— 1 )asya?! a 


UNIVERSAL ANOMALOUS DISPERSION CURVES 


By evaluation of the above equations, we see that 
the term ¢ is of the order of 2 10~ or less, sufficiently 
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Fic. 3. Comparison of calculated and measured scattering factors 
(at zero angle) for wolfram in the L region. 
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small that it can be neglected in all cases where \/A, 
differs from unity by more than 10~ (or 10~* in most 
cases). In general, no oscillator strength g, is meaning- 
fully known as well as one part in 10%, nor is the ratio 
\/A, meaningfully known as well as about one part in 
10* (because of the large intrinsic line width, and 
because of unresolved structure in the absorption edge). 
Thus, for practically all experimental problems in 
anomalous dispersion, we may write 


1 dh \2/m 7? dh \2/m 
Sof e)Q” om 
b6 N\A, 2m Ne 


(29) 


and 
cos(0/m) = 1— (¢?/2m?) =1, 


and introduce thereby a negiigible error, less than about 
0.2 percent. 

With damping neglected, Re(J,—1) is independent 
of the atomic number and of the particular electron 
shell, and depends upon only p,. Curves of Re(J,—1) 
vs X/, for various values of p, are therefore universal 
anomalous dispersion curves ; and if p, and g, are known, 
the magnitude of the anomalous dispersion for each 
q-shell of electrons in any atom can be readily deduced 
therefrom. The calculations for such curves are pre- 
sented in Table I for five different p, values, and the 
curves are shown in Fig. 1. Interpolation for an inter- 
mediate p, value is possible. 

If we wish numerical values of anomalous dispersion 
when A/A, is within 10~ or 10~° of unity, we must 
revert to the equations and retain the damping factor. 


CALCULATIONS 


For comparison with theoretical values, we shall use 
experimental measurements of f— fo for iron,'* copper'’ 
and for wolfram.'* The wavelengths used in these ex- 
periments are not sufficiently close to 4, to warrant 
inclusion of the damping factor. 

Table II lists calculations for copper. The f— fo 
values are compared with experiment in Fig. 2. The 
constants used in the calculations are given under the 
table. The calculated curve from Hénl’s theory for K 
electrons is also shown in the figure. 

(For comparison with the two L subgroups listed in 
Table II, we have also calculated g; Re(J,—1) for the 
L electrons as a single group with p,=7/3. The dif- 
ference ranges from 21 percent at 0.709A to 10 percent 
at 2.290A.) 

For the wavelengths of Table II, the largest ¢ value 
is {x=5.4X10~ at 0.709A, and smallest the is {x=0.40 
10-4 at 2.290A. 


16 R. Glocker and K. Schifer, Z. Physik 73, 289 (1931) and 86, 
738 (1933); and R. W. G. Wyckoff, Phys. Rev. 36, 1116 (1930). 
The corrected observed values of f are subtracted from the 
Thomas-Fermi fo= 17.3 for the (110) planes of Fe. 

17 A. A. Rusterholz, Z. Physik 82, 538 (1933). 

18 J, Brentano and A. Baxter, Z. Physik 89, 720 (1934). 
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TABLE III. Dispersion calculations for wolfram L region. 








Line A(A) 


d/Auu gx Re(Jx—1) git Re(Jii—1) gust Re(Jum—1) gui Re(Jiumi —1) gw Re(Ju—1) gw Re(Jn—1) pi/p fs 


Ihe 





Sn Ka, 
Ag Ka 


Rh Ka; 
Mo Ka, 
Zr Kay 
Th Lay 
Zn KB, 
Zn Ka; 
Cu Ka, 
FeKa; 
CrKa 


0.491 
0.560 


0.613 
0.709 


0.786 
0.956 


1,295 
1.435 


1.541 
1.936 


2.290 


0.086 
0.020 


—0,.049 
—0,239 


—0.466 
— 1.444 


— 1.889 
— 1.668 


— 1.573 
— 1,399 


— 1.332 


0.404 
0.461 


0.505 
0.584 


0.647 
0.788 


1.067 
1,182 


1.269 
1.595 


1.886 


— 1.284 
— 1.266 


— 1,259 
— 1,247 


— 1.236 
— 1.222 


—1,214 
—1.211 


— 1.209 
— 1,206 


— 1,204 


—0.052 
—0.156 


—0.266 
—0.536 


—0.851 
— 2.305 


—2.014 
— 1.833 


— 1.750 
—1.91 


— 1.529 


Ak= 0.179A 
Aui= 1.024 
Anu= 1.074 
Aum= 1.214 
Aw= 5.51 
Aw =56 


pe=11/4 
piur=7/3 
pun =5/2 
pun=5/2 
pu =5/2 
pu=5/2 


Table III lists calculations for wolfram, and com- 
parison with experiment is shown in Fig. 3. Again the 
constants used are given under the table. The L 
electrons are subdivided ; the M and N electrons are not. 
The oscillator strengths used here, as in the copper 
calculations, are selected on an arbitrary weighted 
average basis from theory and experiment,*:*” as are 
also the p, values. Since /2 is of minor importance, the 
electron shells are not subdivided for 8. 

For the wavelengths of Table III, the largest ¢ value 
is {w=15.5X10~ at 2.290A, the smallest is (21=2.5 
X10~ at 0.786A. 

For such cases as this one for wolfram, the magnitude 
of Re(Jx) is sometimes assumed to be zero and the 
normal dispersion reckoned as 6=A)*(Z—gx) of 
fo=Z—gx. Were this done, the f—/o scale of Fig. 3 
would be dropped by 1.2 units and the calculated curve 
would go above f— fo=0, as it does for the copper case. 

Wavelengths for both tables are taken from Cauchois 
and Hulubei.” 

So-called normal dispersion refers to a region of wave- 
lengths for which f—/fo is a constant; whether this 
constant is zero or gx (or gx+z, etc.) is not now im- 
portant. It is seen from the above calculations that the 
anomalous contributions from various electron shells, 
in addition to the particular shell whose A, is in the 
wavelength region under study, is rarely negligible— 


% The M-oscillator strength is, on one hand, less than the 
number of M-type electrons because of virtual transitions from 
outer shells, but, on the other hand, it is augmented by virtual 
transitions to inner shells. It is estimated that the increase is 
greater than the reduction for copper, and about equal for wolfram. 

*”Y. Cauchois and H. Hulubei, Longueurs d’Onde des Emissions 
X et des Discontinuites d’ Absorption X (Hermann and Company, 
Paris, 1947). For copper, Ax is taken as 1.379A, about 9 ev less 
energy than is reported in this reference, for the reason men- 
tioned in footnote 7 [also see Fig. 6 of W. W. Beeman and H. 
Friedman, Phys. Rev. 56, 392 (1939) ]. 


gx= 1.2 
gu= 14 
guu= 1.2 
gun= 2.4 
gu = 18 
gn=36 


0.234 
0.165 


0.082 \ ‘ 68 
—0.143 OS . 104 


—0.411 . , 137 
— 1.422 42: eS 238 


—5.128 d . 107 
— 3.904 d i 141 


—3.522 . 305 172 
— 2.948 ‘ AIS 303 


— 2.755 470 


36 3.98 0.150 
~0.178 


5.04 
6.01 —0.260 
—0.572 


7.94 
9.44 —1.052 
— 3.508 


13.49 
448 —8.045 
—6,218 


5.32 
6.05 —5,.513 
—4.245 


8.48 
11.12 —3.764 


p= 19.30 


Wu = 0.56 x.u. M= 183.92 


Wi =0.27 
W i111 =0.40 
Wu= 20 
W v= 1200 


there is practically no region of normal dispersion. This 
is illustrated in Fig. 4 for the entire region 0.1<’A<100A 
for copper. 


SUMMARY 


The distribution of “dispersion” oscillators in an 
atom can be written generally as the sum of » terms of 
the form C,,A?". This distribution appears in a complex 
integrand in the expression for x-ray dispersion (either 
for the refractive index or for the scattering factor). 
The general integration of any term of this distribution 
has been carried out. 

Damping of the oscillators has been retained in the 
integration, and the resulting equations allow ready 
evaluation of the numerical effect of damping. For prac- 
tically all of the dispersion region, the damping can be 
neglected with an error of less than 0.2 percent. Then, 
universal anomalous dispersion curves can be used to 
determine Re(J,—1) which, when multiplied by the 











<onath ame x iT 
CALCULATED | 
26— OISPERSION + 
for Copper \| 












































24 fi i4i4 +444} 


“e} | 1 itt 











+ 























| 


a (A) 


| 
+ 

| 

a 





Fic. 4. There is practically no region of normal dispersion when 


several electron shells are included in the calculations. 
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oscillator strength and summed over all q shells, gives 
easily and quickly the anomalous dispersion for any 
atom. 

Sample calculations for the K region of copper and 
for the L region of tungsten have been made, using in 
each case only one term in the oscillator distribution for 
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each g shell. Comparison with experiment shows less 
satisfactory agreement than with the previous less exact 
calculations. This disagreement is believed to be due to 
(a) the difficulties inherent in the experimental meas- 
urements, and (b) neglect of parts of the calculations 
in previous comparisons. 
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Studies of Atomic Self-Consistent Fields. II. Interpolation Problems* 


Per-OLov LéwpIn 
Physics Department, Massachusetts Institute of Technology, Cambridge, Massachusetts and 
Institute of Mechanics and Mathematical Physics, University of Uppsala, Uppsala, Sweden 
(Received November 27, 1953) 


By studying the self-consistent-field (SCF) functions tabulated in the literature, it is shown that a 
quantity, which for a hydrogenlike function would equal the atomic number Z, for SCF functions will 
represent a form of “effective nuclear charge” Ze, which for a series of consecutive atoms or ions appears 
to be an almost linear function of the atomic number, convenient for interpolation purposes. The positions 
and magnitudes of maxima and minima, nodes, derivatives in origin, eigenvalues, etc., are investigated by 
considering the corresponding ffective nuclear charges. It is important that the nodes may be interpolated 
separately, since the logarithm of an SCF function, divided by a polynomial having the same zero points 
as the function itself, may be used for interpolating SCF functions as a whole. This logarithm may also be 
used for defining a continuously varying effective charge Zers(r), which is convenient for interpolation 
purposes or for estimating fields with exchange from those without exchange. 


HE numerical work involved in each cycle of the 

integration of the Hartree-Fock equations for 
atomic self-consistent fields (SCF) with exchange by 
using the technique developed by Hartree! is quite 
large, and, in order to secure a rapid convergence of the 
process, it is therefore important to have as good 
“initial” functions as possible. For this purpose it is 
now possible to utilize the properties of already tabu- 
lated fields; Hartree has shown that rather good esti- 
mates of the initial functions could be obtained simply 
by interpolating their departures from properly scaled 
hydrogenlike wave functions. A function F(r) is here 
said to be obtained from another f(r) by change of a 
scale factor X, if 


(1) 


which transformation leaves the normalization integral 
invariant. 

Brown, Bartlett, and Dunn®* have shown that the 
SCF wave functions can be approximately transformed 
into each other by using scale factors A, which are ob- 
tained from the reciprocals of the positions of the 
maxima and minima of the tabulated functions and 
which appear to be almost linear functions of the atomic 


F(r)=d¥f (dr), 


* This work was supported in part by the U. S. Office of Naval 
Research, in part by the Swedish Natural Science Research 
Council, and in part by the Elizabeth Thompson Science Fund. 

! For a survey, see 1). R. Hartree, Repts. Progr. in Phys. 11, 
113 (1946), 

* Brown, Bartlett, and Dunn, Phys. Rev. 44, 296 (1933). 

5See also Hartree, reference 1, p. 126, Fig. 1, for another 
example. 


number Z. Hartree and Hartree‘ have used a similar 
idea for scaling the departure of the SCF functions with 
exchange from those without exchange. In a slightly 
modified form, the scaling method has recently been 
used also by Scherr® in Chicago. 

Using a somewhat different approach, Arnot and 
McLauchlan® and Manning and Millman’ have shown 
that, instead of the wave functions themselves, the 
effective nuclear charges associated with the SCF poten- 
tials may be used for interpolation purposes. On a 
large-scale basis, these total charges have recently been 
tabulated by Freeman® for all fields available. 

In the first paper of this series,’ it was shown that 
SCF wave functions could be interpolated (and to some 
extent extrapolated) with a surprisingly high accuracy 
by means of analytic expressions of Slater type. The 
purpose of the present paper is to investigate whether 
it is possible to carry out similar interpolations directly 
in the numerical tables of the functions involved, 
without the help of the analytic forms. We will first 
show the existence of some simple regularities for 
quantities like the positions and the magnitudes of 
maxima and minima, derivatives in origin, nodes, 


4D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A166, 450 (1938). 

§C. W. Scherr, J. Chem. Phys. 21, 1237, 1241 (1953). 

®F. L. Arnot and J. C. McLauchlan, Proc. Roy. Soc. (London) 
A146, 662 (1934). 

7M. F. Manning and J. Millman, Phys. Rev. 49, 848 (1936). 

8 A. J. Freeman, Phys. Rev. 91, 1410 (1953). 

*P. O. Léwdin, Phys. Rev. 90, 120 (1953), in the following 
referred to as Part I. 
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TABLE I. Properties of the hydrogenlike radial wave functions 
Snt(Z|r)=Z*NQni(p) exp(—p/2), expressed in the variable 
p=2Zr/n. The values of p» correspond to the maxima and minima; 
the positions r,, and the magnitudes f,, of these extreme values are 
given by the relations t%=¢»/Z and fm=d»Z*. The values of po 
correspond to the nodes. 


dn po 


0.73576 tee 
0.76393 0.22786 2 
5.23607 —0.43700 

4 0.44200 
0.74004 0.12179 





2 
3-5 
3+V5 
2/6 2? 4 
6V3 6p—6p?+p? 0.49336 
2.79063 4.18595 —0.19667 
8.71602 13.07403 0.31864 
4p*— p' 2 3 0.20025 4 


8 12 —0.31903 
9 0.32723 


1 p 
2v2 2p—p? 


1.26795 
4.73205 


6/6 





eigenvalues, etc., and we will then describe the general 
interpolation rule for the numerical wave functions 
themselves. 


I. INTERPOLATION PROPERTIES OF THE MAXIMA 
AND MINIMA, THE DERIVATIVES IN ORIGIN, THE 
NODES, AND THE ENERGY 4IGENVALUES 
OF THE SCF FUNCTIONS 


If (n,i,m) is a fixed triple of atomic quantum numbers, 
there is a close connection between the normalized 
radial wave function f,,(SCF|r) for a self-consistent 
field (SCF) with or without exchange and the corre- 
sponding hydrogen function /,.(H|r). With increasing 
atomic number Z, the attraction from the nucleus on 
an electron in the orbital (,/,m) will dominate entirely 
over the repulsion from the other electrons, and the 
function f,,(SCF|r) will therefore tend to be more and 
more hydrogenlike. In the limit, we obtain 


jim Z-4fni(SCF|r/Z)= fur(H|1). (2) 


A more rigorous proof" of this relation can be derived 


by considering the Hartree-Fock equations in greater 
detail. For large Z, we will therefore have 


Sni(SCF | 1) =Z4 fai(H|Zr)+(Z-)}, (3) 


where the remainder (Z~') can be expressed asymptoti- 
cally as a power series in Z~'. In a similar way, each 
characteristic SCF quantity can be expressed in the 
corresponding hydrogenlike quantity and a power series 
in Z~'. The explicit form of this asymptotic expansion 
may be useful in interpolation problems, where only one 
or two SCF data are available, but otherwise it seems 
to be simpler to use the numerical informations in a 
more direct way, as described below. 

As basic interpolation rule, we will here use the prin- 
ciple that a quantity, which for a hydrogenlike function 
equals the atomic number Z, for a series of SCF functions 
for consecutive atoms or ions will be an almost linearly 
varying function of the atomic number Z. The function 


T). R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A166, 450 (1938). 
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obtained in this way will be called the effective nuclear 
charge with respect to the SCF quantity under con- 
sideration and will be denoted by Z(SCF| ) plus a 
suffix indicating the quantity, which is investigated. 
Numerically, this function is very convenient for inter- 
polation purposes, and, physically, it will give us an 
idea of the effect of the screening of the electrons around 
the nucleus in the various atoms under consideration. 


(a) The Extreme Values 


In order to investigate, for instance, the properties of 
the maxima and minima of the SCF functions, we will 
start with considering the scaled hydrogenlike functions 
fni(Z|r) having the explicit form 


fur(Z | r) =Z'f,.(H | Zr) =Z'NQni(p) exp(— p/ 2), (4) 


where p=2Zr/n; N is a normalization constant, and 
Qn: is a polynomial in p of degree n, which is explicitly 
given for the lowest quantum numbers" in Table I. 
The numerical values p,, corresponding to the extreme 
values of f,:(Z|r), are obtained by solving the alegbraic 
equation Q(p)=2dQ(p)/dp. The positions r,, and the 
magnitudes /,, of the extreme values are then given by 


tm=Cn/Z, fm=dnZ', (5) 


where the coefficients c,, and d,, are listed in Table I, 
too. 

In investigating the numerically given SCF functions 
we should now, according to the analogy rule stated 
above, study the quantities 


Z(SCF|tm)=Cm/tm, Z(SCF|fm)=(fm/dm)*, (6) 


where the coefficients c,, and d,, are taken from Table I, 
whereas 7, and /,, have to be determined from the SCF 
functions under consideration. In order to compute rm 
with some accuracy from the numerical tables, one can 
utilize the behavior of “quotient series” of the same 
type as described in Part I. We will start from the 
assumption that, in the neighborhood of an extreme 
value belonging to the slope number Z in order from 
origin, the SCF function is of the form 


fni(SCF|r)=const r°e~*", p=l+L, (7) 
Taste II. Calculation of r» for the first maximum of /;,(r) for 
Cl- with exchange according to Eq. (12); = number of iterations. 


Given properties of the function fe. Solution of Eq. (12) 
r fu(r) Su/¥ q(r) k vm qu 


0.393 13.10 


1.243 
0.429 10.73 1.2435 
0.432 





0.03 
1.2214 


1.2413 
1.2644 


0.04 0.04596 


0.05 8.640 0.04589 1.2434 


0.06 0.04590 


0.410 


Extensive tables of hydrogenlike radial wave functions 
Rit=fat‘r are given in L. Pauling and E. B. Wilson, Introduction 
to Quantum Mechanics (McGraw-Hill Book Company, Inc., New 
York, 1935), p. 135. 
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TABLE III. Positions r,, and magnitudes /,, of maxima and minima for SCF functions with exchange for some Ne-like ions. 








Is 
fm 


Element Ym Tm 


2s) 232 


Im 


2p 


'm Tm 





0.10295 
0.09343 
0.08550 
0.07875 
0.07309 


Ne 
Na* 
Mg*? 
Al** 
Si** 


2.268 
2.382 
2.492 
2.598 
2.700 


0.08088 
0.07333 
0.06672 
0.06140 
0.05675 


0.6848 
0.6119 
0.5483 
0.4972 
0.4555 


1.087 
1.169 
1.246 
1.320 
1.390 


0.6342 
0.5478 
0.4833 
0.4310 
0.3893 


TABLE IV. Positions 7, and magnitudes f,, of maxima and minima for SCF functions with exchange for some A-like ions. 


Is 
Sm 


Z Element vm tm 


2s1 


fm 


Tm 





0.05992 
0.05651 
0.05351 
0.05083 


17 
18 
19 
20 


Cl 2.982 
A 3.069 
K* 3.157 
Ca‘? 3.240 


3s; 3s 


Z Element Ym fn Ym 


tm 


0.7427 
0.7722 
0.8035 
0.8341 


0.3636 
0.3412 
0.3196 
0.3014 


0.3033 
0.2825 
0.2637 
0.2477 


1.5188 
1.5805 
1.6407 
1.6979 


3s; 


Ym tw tn 


Tm 





0.2168 
0.2397 
0.2621 
0.2841 


0.04590 
0.04314 
0.04078 
0.03877 


17 
18 
19 
20 


cr 
A 
Kt 


Ca** 


0.3026 
0.2825 
0.2652 
0.2500 


0.4036 
0.4430 
0.4812 
0.5176 


0.8635 
0.9242 
0.9813 
1.036 





0.2430 
0.2247 
0.2099 
0.1961 


1.3021 
1.1767 
1.0851 
1.0010 


1.4825 
1.3010 
1.1641 
1.0527 


0.7340 
0.8208 
0.8933 
0.9578 


0.3712 
0.4180 
0.4622 








where a=a(r) is a function of r, which, in the actual 
computations, is found to be rather slowly varying. The 
extreme value is then situated in a point r=r,, satisfying 
the relation 


r= p/(a+ra’). (8) 


In order to determine the denominator without the 
explicit evaluation of the function a(r), we will intro- 
duce the auxiliary functions 


g(r) =fni(SCF|r)/r?, (9) 
qn(r) = g(r—h/2)/g(r+h/2). (10) 


The functions g,(r) are called the ‘quotient functions” 
associated with the interval 4, and a table for them is 
easily formed by taking the successive quotients 
between consecutive values of g(r) in equidistant points 
having the interval 4. Using a Taylor-series expansion 
of the exponent ra(r) in (7) and Eqs. (9) and (10), we 
obtain 


log .qn(r) =h(a+ra’)+h'(3a"+ral"’)/24+---. (11) 


For the SCF functions under consideration, we have 
found that the function g,(r) is so slowly varying that 
one may use linear interpolations, and, consequently, 
the higher terms in the expansion (11) may be neglected 
in comparison to the first term. By using (11), the rela- 
tion (8) may then be written in the form 


(12) 


From this equation, the position r=r,, may be deter- 
mined in a few steps by iteration by using only the 
quotient table. A typical example of the procedure is 
given in Table II. 

The magnitude f=/,, of the extreme value of the 


r= ph/logqi(r). 


SCF function is then given by fn=1m?g(tm), where 


11—-Tm rittm 
loses (rm) = logeg(rs)-+— — logan( : ). (13) 


Two isoelectronic series have been investigated in 
this way, namely some Ne-like ions (Ne, Nat, Mgt’, 
Al**, and Si*) and some A-like ions (Cl-, A, Kt, and 
Cat’), for which self-consistent-field functions with 
exchange are already available in the literature,’ 
calculated by D. R. and W. Hartree, and others. Tables 
III and IV contain the results of our computations of 
rm and f»; we note the existence of such regularities as 
make these tables directly suitable for interpolation 
purposes. The corresponding effective nuclear charges 
Z(SCF| ) with respect to r, and fm, calculated from 
Eqs. (6), are then given in Tables V and VI. These 
quantities may be written in the form 


Z(SCF |tm)=Z—S1, Z(SCF|fm)=Z—S2, (14) 


where the quantities s; and sz may be interpreted as the 
“shielding constants” with respect to the positions and 
the magnitudes of the extreme values, respectively. 
From the tables, we note that, at least for the inner 
electrons, the quantities s; and s2 are approximately 
constant for fixed quantum numbers (n/) in each series, 
but also that they differ appreciably from each other: 
51% 2. The last fact indicates a result of importance for 
understanding the special character of the SCF func- 
tions in comparison to the hydrogenlike functions. 


#2 The proper references to the original articles used in the cal- 
culations in this paper may be found in the extensive bibliography 
given by Hartree in our reference 1. However, the data for Ne 
and Al** are taken from our own SCF calculations (to be pub- 
lished). 
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TABLE V. Effective nuclear charges Z(SCF | ) for the positions r, and the magnitudes /,, of some Ne-like ions with exchange. 


Element 


Average difference: 


1 
Z (rm) 
9.713 
10.704 
11.696 
12.699 
13.683 
0.993 


Z( fm) 
9.502 
10.481 
11.472 
12.464 
13.471 
0.992 


Z (rm) 


9.445 


10.417 
11.450 
12.441 
13.461 

1.004 


251 
Z( fm) 


4.349 
5.188 
6.055 
6.979 
7.889 
0.885 


Z (rm) 


7.646 
8.557 
9.549 
10.531 
11.497 
0.963 


252 


10.122 


0.985 


Z (rm) 


6.307 


7.302 
8.277 
9.281 
10.276 


0.992 


Z( fm) 
4.771 


TABLE VI. Effective nuclear charges Z(SCF | ) for the positions r,, and the magnitudes /,, of some A-like ions with exchange. 


Element 
Cl 
A 
K + 
Carr 
Average difference : 


Element 
Cl 

A 

K + 
Ca** 


Average difference: 


Z(rm) 
16.122 
17.147 
18.147 
19.089 

0.989 


Z (rm) 
16.688 
17.695 
18.687 
19.673 

0.995 


351 


Z( fm) 
3.169 
3.873 
4.631 
5.441 
0.757 


Zi fm) 


16.426 
17.399 
18.411 
19.392 

0.989 


Z(rm) 


3s 


~ 13.832 


14.818 
15.783 
16.748 

0.972 


Z (rm) 
16.351 
17.401 
18.442 
19.368 

1.006 


2 
Z( fm) 


4.211 
5.074 
5.987 
6.943 


0.911 


In the first attempts to treat atomic wave functions, 
it was natural to consider them as hydrogenlike func- 
tions having an effective nuclear charge of the form 
(Z—s), where the single shielding constants s were 
determined, e.g., by the rules given by Slater." The 
results concerning the SCF functions, contained in 
Tables V and VI, show now that, in order to describe 
such a function around one of its extreme values, it is 
necessary to use ‘wo independent screening constants, 
$, and sa, and a relation of the form 


fni(SCF |r) = (Z—52)!NQni(p) exp(—p/2), 


15 
p=2(Z—s;)r/n, (15) 


which actually corresponds to Eq. (3) with part of the 
remainder taken into account. This formula gives the 
values of the SCF function under consideration only 
within a small range, and, in order to describe the same 
function around another extreme value or in another 
region, different values of s; and s, are necessary. We 
note that, if the values of s; and s,; would be kept 
constant from r=0 to r= ©, the resulting function (15) 
would no longer be properly normalized. 

As a typical example of the limited validity of formula 
(15), we have in Table VII listed the values of the 
right-hand side of this expression for the region around 
the maximum of f2, for Na* with exchange in com- 
parison to the actual values. If two effective nuclear 
charges Z; and Z2, taken from Table V, are used, the 
SCF function will be correctly represented in the 
maximum r=r,, and with the accuracy desired within 


8 J. C. Slater, Phys. Rev. 36, 57 (1930). 


251 


Z( fm) 


10.624 
11.485 
12.435 
13.400 

0.925 


Zitm) 


~ 10.040 


11.023 
12.049 
13.061 


1.007 


: Z( fm) 
7.344 


8.412 
9 484 
10.571 
1.076 


Z (rm) 
14.402 
15.344 
16.381 
17.371 

0.990 


Z( fm) 
12.990 
13.947 
14.903 
15.909 
0.973 


Z (tm) 


12.480 


93.352 
14.294 
15.296 

0.939 


Spi 

Z( fm) 
2.514 
3.456 
4.357 
5.312 
0.933 


~ 13.188 


Z (rm) 


14.160 
15.168 
16.146 

0.986 


Z (rm) 


8.094 


9.224 
10.309 
11.400 


1.102 


? , 
Z( fm) 


11.807 
12.786 
13.779 
14.756 


0.983 


Spa 
Z(fm) 


5.293 
6.619 
7.840 
9.073 


1.260 


a small interval (7,—0.05; rm+0.05) around this 
point, whereas the errors, e.g., in the interval (0; 
tm—0.05), will be appreciable and amount to as much 
as —0.070. However, if only one effective nuclear charge 
Ze is used, for instance the compromise value 
Z=(Z,Z.)', the position and the magnitude of the 
maximum show errors of about 0.05 and 0.070, respec- 
tively, whereas the errors in the interval (0; r,,) amount 
to as much as —0.110. The example shows that, even 
if two effective nuclear charges are used, it is desirable 
to have these quantities continuously varying in order to 
describe a SCF function with complete accuracy over 
a larger region. This idea will be further developed in 
Sec. IT. 

We have also investigated the interpolation properties 
of the extreme values of the SCF functions for a series 
of neutral atoms, namely C, N, and O. These atoms can 

TABLE VII. Approximate representation of the 2p function of 


Na* with exchange around its maximum according to Eq. (15) 
and Table V. 


Eq. (15) 
Compromise 


SCF 
Hartree- 
Hartree 


Eq. (15) 
Z;, =7.302 
Z2 =5.860 





0.000 
0.231 
0.578 
0.842 
0.997 
1.061 
1,061 
1.021 
0.956 
0.880 


0.799 


0.000 
0.183 
0.508 
0.793 
0.978 
1.061 
1.061 
1.002 
0.908 
0.798 





Z=(Z:2:)9 
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TABLE VIII. Positions r,,, magnitudes /,,, and the corresponding 
effective nuclear charges Z(SCF! ) for the maxima of the 2p 
functions of some neutral atoms, namely carbon ('D, B=0.04), 
nitrogen (?P, B=0), and oxygen (1S, B=0). 


Z(SCF |rm) Z(SCF | fe) 
3.276 2.605 
4.024 3.124 


4.779 3.637 
0.7515 0.516 


Element State 1m Sm 
1p 1.221 0.7134 


a 0.994 0.7813 
1S 0.837 0.8430 


Average difference : 











occur in several different states, characterized by 
Slater’s parameter 8, and we have here treated the 
actual or interpolated functions belonging to 8=0. The 
results for the 2 functions are given in Table VIII; 
again it is found that the linearily rule for the quantities 
Z(SCF|_ ) holds with a surprisingly high accuracy. The 
average differences in each series are now appreciably 
smaller than 1,000, as one could expect from physical 
reasons for a sequence of neutral atoms, since one outer 
electron with some shielding effects is added to the 
system when the nuclear charge is increased by one. 


(b) The Region Around r=0 


In order to investigate the SCF functions in greater 
detail in the neighborhood of the point r=0, we will 
again start from the hydrogenlike functions given in 
Table L The quantity /,,(Z|r)/r'* is nonvanishing for 
r=(, and, according to (4), we have 


. Sn(Z\r) Qni(2Zr/n) 
lim St N ZH bs iat SR AS 
r+) git yt 


(16) 


re0 


From this relation we can then solve the atomic number 
Z and obtain 


Z=[antfa(Z 1) /7 +1), 92! Gi+8), (17) 


where a; is a constant which for the lowest quantum 
numbers has the following values: 


(nl)= 1s 2s 2p 3s 3p 3d 


a@nt=0.5 V2 276 1.573 3.3756 20.25+/30. (18) 


According to the analogy rule, stated above, the corre- 
sponding quantities for the SCF functions will then 
represent the effective nuclear charges Z(SCF| ) with 
respect to the first nonvanishing derivative in origin, 
and, for the sake of simplicity, we will denote these 
quantities by the symbol K,:, introduced in Part I: 


Kw= Cantfnr(SCF | 1)/7**}, 2! G8), (19) 


In publishing the results of their calculations of self- 
consistent fields, Hartree and Hartree have usually 
given the value of f/,:(SCF|r)/r'*' for r=0, and the 
evaluation of K,, is then straightforward. In other 
cases, one has to study the function f,;(r)/r'* in the 


“J.C. Slater, Phys. Rev. 34, 1293 (1929). 
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neighborhood of r=0 and to extrapolate its value for 
r=0 by means of “quotient analysis” or logarithmic 
extrapolation. 

The results of our calculations of K,; for the CNO 
series, the Ne-like ions, and the A-like ions are con- 
densed in Table IX, where the upper values refer to 
fields with exchange and the lower to fields without 
exchange. From this table, we conclude that the effec- 
tive nuclear charge K,, with striking accuracy is a 
linear function of the atomic number Z, and that there- 
fore interpolations and extrapolations to neighboring 
atoms are possible as soon as two SCF data are avail- 
able; the existence of additional data will, of course, 
increase the accuracy. A table of X,, for the He-like 
ions was also given in Part I. 

According to (19), one can determine the first non- 
vanishing derivative in origin for a SCF function from 
the corresponding effective nuclear charge K,,; by the 
relation 

(H+) (SCF/0 
ical ee prea, 
(+1)! 
TaBLeE IX. Effective nuclear charges K,: for SCF functions 


belonging to the CNO series, the Ne series, and the A series. The 
upper values refer to fields with exchange, the lower to fields without 


exchange. 


(20) 








CNO series (SCF with exchange) 
Element State Ku Ka 


Z 

6 Cc 1D 5.760 4.115 
7 

8 





N sp 6.757 4.971 
O 1S 7.751 5.787 


Average difference : 0.996 0.836 





Ne series 
Element Ku Ku 





6.516 
7.403 


8.746 
10 9.136 


10.725 


11 Ae 


10.364 
10.160 


11.368 
11.176 
0.991 
0.932 


12.718 
12.737 


13.735 
13.743 
1.000 
0.999 


13 Al** 


14 Sit# 


Average difference : 





A series 
Zz Element Ku Kes Key 
14.301 14.163 
14.024 13.968 
15.284 15.150 


~ ‘46.701 
cI 16.722 
ss 17.690 


16.145 
15.946 


17,141 
16.925 
0.993 
0.986 


16.271 
15.979 


17.266 
16.955 


0.988 


18.698 
K* 18.712 


19.691 
19.706 
0.997 
0.995 


Ca** 


Average 
difference : 
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This is of particular importance in the calculations of 
self-consistent fields with exchange by solving the 
Hartree-Fock equations, since, in this case, it is desirable 
to have as good estimates as possible of the initial condi- 
tions in origin in order to obtain the solutions directly 
in correctly normalized form. The interpolation rule 
based on (19) may therefore be of value for SCF calcu- 
lations in the future. 

We may conclude that, in a close neighborhood of 
r=(), it is possible to describe a SCF function as a 
hydrogenlike function with Z.¢s=K,:. However, the 
range of validity of such a representation is rather short, 
as is shown by the example for /2, of Nat with exchange 
in Table X, where the function (4) is compared to the 
actual SCF function, given by Hartree and Hartree. 

Table [X gives also a comparison between the values 
of K,: for fields with and without exchange, and we 
note that, except for (3s), the inclusion of exchange 
corresponds to a slight increase of the effective nuclear 
charge, which confirms an earlier observation by 
Hartree. However, a much stronger tool for investigat- 
ing the influence of the inclusion of exchange will be 
described in a following section. 

In order to give a detailed description of the SCF 
functions in a longer range around r=0, one should 
investigate also the next derivative of order (/+2), 
writing the function in the form 

fni(SCF |r) = cuir! (1—ar+---). (21) 
By substituting this expression into the Hartree-Fock 
equations, one finds that a=Z/(/+1), where Z is the 
atomic number of the nucleus. This is a general result 
which is valid both for the hydrogenlike functions and 
the SCF functions. However, in their papers concerning 
self-consistent fields, Hartree and Hartree have usually 
given tables also of the quantities /,,/r’*' for the range 
around r=0, and by making a “quotient analysis” of 
this material, we have found that, in the nearest neigh- 
borhood of origin, the SCF functions are better ex- 
pressed under the form 


fni(SCF |r) = ciypare-. (22) 


TaBLe X. Comparison between the SCF function f2, for Na* 
with exchange, given by Hartree and Hartree, and the corre- 
sponding hydrogenlike function (4) with Z.¢;= K2, in the neigh- 
borhood of r=0, The numerical value of K2,=8.168 is taken 


Eq. (4) 


0.688 
1.029 
1.216 
1.263 
1.209 
1.094 
0.949 
0.799 
0.654 


Eq. (4) 


0.000 
0.004 
0.014 
0.031 
0.053 


0.110 
0.180 
0.259 
0.343 
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TABLE XI. Example of “quotient analysis” of the numerical 
given functions /,i(SCF|r)/r'*! for K*(3s) and (3p) wit 
exchange. 








fap/v? 
65.30 
62.28 
59.41 
56.68 
54.09 


r 


0.000 





0.005 
1.1032 


1.1058 


0,010 
0.015 
0.020 


1.1091 








TABLE XII. Quotients g,(0) for h=0.005 and corresponding 
effective nuclear charges Zo, defined by (24), for SCF functions of 
some A-like ions with exchange. 





Z Element Is 2s 2p 


cr 1.0885 1.0887 1.0427 
A 1.0941 1.0941 1.0462 
) sg 1.0997 1.0993 1.0488 
Ca** 1.1053 1.1049 1.0514 





17.767" 
17.913 
18.989 
19.879 


16.802 
18.028 
18.982 
19.858 


16.726 
17.986 18.066 
18.935 19.058 
19.951 20.050 


cl- 16.960 16.997 
A 17.986 
Kt 19.008 
Ca** 20,023 





* The SCF data for Cl~(3s) contain apparently some slight error. 


Here a=a(r) is constant or extremely slowly varying 
over the interval (0; 0.02) under consideration, as is 
shown by the example in Table XI. A comparison 
between (21) and (22) shows then that, for r=0, we 
should simply have 


a(0)=h“ log.qn(0) =Z/ (+1), (23) 


where Z is the atomic number of the nucleus, and gy is 
the quotient function defined by (10). 

Let us now consider the actual numerical material, 
given by Hartree and Hartree, from this point of view. 
The result of our quotient analysis for the A-like ions 
with exchange is condensed in Table XII, where we also 
have listed a quantity, 


Zo= (1+1)h“ log.gn (0), 


obtained from the Hartree-Hartree quotient. Except 
for the case of Cl-(3s), where the SCF data apparently 
contain some accidental error, the quantities Z» are 
all very close to the real atomic number Z, in agreement 
with (23). In the following, we may, therefore, simply 
get an approximate idea of the behavior of /,,.(SCF | r)r'*# 
by starting from the value of ci41, found from (20), and 
by using a quotient g,, given by the three-term formula 


Qr=1+hZ/ (+1) +H {AZ/(I+-1)}2, (25) 


for, e.g., h=0.005. We note that the values in the 
example in Table XIII are in excellent agreement with 
the SCF data given in Table XII. 


(24) 
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TasLe XIII, The quotient g,(0) for h=0,005 for the A-like 
ions according to the three-term formula (25). Compare the SCF 
data in Table XII. 


Zz l=@0 


1.0434 
1.0460 
1.0486 
1.0513 


17 1.0886 
18 1.0941 
19 1.0995 
20 1.1050 


Tasie XIV. Example of the procedure of evaluating the posi- 
tion ro of the node for the 2s function of Na* with exchange; ro‘ 
gives the successive approximations for ro in Aitken’s iteration 
scheme. 


Sua 
+0.215 
+-0.102 


—0.015 
—0.301 


0.198 053 
0.197 391 
0.197 500 


0.197 476 


0.197 913 0.197 45 


(c) The Nodes 


Another characteristic property of the SCF functions 
is the position ry of their eventual nodes. For the hydro- 
genlike functions, the nodes are given by the zero points 
py of the polynomials Q(p) in Table I; and by solving 
the atomic number Z, we obtain, therefore, Z= npo/2ro. 
According to the analogy rule, the corresponding effec- 
tive nuclear charges for the SCF functions are then 
defined by 


(26) 


The zero points ro of the numerically given SCF 
functions may be determined by solving the equation 
fnu(SCF|r)=0 by inverse interpolation, and, for this 
purpose, we have used the Aitken iteration scheme." 
An example of the procedure is given in Table XIV. 

The final results of our calculations of the nodes of 
of the 2s functions, associated with fields with and 
without exchange, are condensed in Table XV. We 
note that the linearity rule for Z(SCF|ro) holds with 
the same striking accuracy as before, and that therefore 
this auxiliary quantity is very convenient for inter- 
polation purposes. The nodes of the 3s and 3p functions 
have been evaluated only for the fields with exchange, 
and the results are given in Table XVI. 

Let us finally consider the possibility of expressing a 
SCF function in the form (15) in the neighborhood of a 
node. The quantity p is defined by p=2Z.@/n, but it 
is not @ priori evident that the value of Z,4; in the poly- 
nomial Q(p) is identical with the value of Zr in 
exp(—p/2), particularly not in the region around a 
zero point r=ro, where the former is sharply defined. 
In order to describe an SCF function in such a region, 
it may therefore be necessary to use three independent 
shielding factors in formula (15). In considering a single 


16 See, for instance, W. E. Milne, Numerical Calculus (Princeton 
University Press, Princeton, 1949), p. 69. 


Z(SCF | ro) = npo/2ro. 
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continuously varying scale factor, we will meet this 
problem again, since the nodes will be a little bit “out of 
scale” and lead to sudden discontinuities. 

In general, the nodes cause such complications in the 
interpolation problem as to make it highly desirable to 
transform them away. As we shall see in the next 
section, such a transformation can be carried out even 
for the numerically given SCF functions, if the nodes 
are evaluated with sufficient accuracy. The possibility 
of a separate interpolation of the nodes, based on (26), 
will in this way prove to be of essential importance for 
the solution of the interpolation problem for the func- 
tion as a whole. 


(d) The Energy Eigenvalues 


The “tails” of the SCF functions for large r may be 
interpolated simply by considering the outmost Slater 
exponential in the analytic expressions, described in 
Part I. This single exponential term is quickly found 
by a “quotient analysis” without evaluating the whole 
expression, and we note that the exponents satisfy the 


TABLE XV. The positions ro and the effective nuclear charges 
Z(SCF |ro) of 2s functions belonging to self-consistent fields with 
and without exchange. 





ro Z(SCF | re) 


Without With Without 
exchange exchange exchange 


2.4098 
3.3923 





With 
exchange 


State 
Z Element 8 value 


3 Li 0.829 96 
4 0.58957 0.679 76 
5 0.504 45 
6 C 0.375 41 
5 0.370 75 

7 . 0.318 15 
0.317 98 

0.276 36 

0.276 11 

0.275 54 

0.274 25 

0.272 53 





2.9422 
3.9647 


4.9944 


5.3275 
5.3945 
6.2863 
6.2897 
7.2369 
7.2435 
7.2585 
7.2926 
7.3386 


0.400 45 


6.8980 
6.9089 
6.9307 
6.9662 
7.8734 


0.289 94 
0.289 48 
0.288 57 
0.287 10 
0.254 02 

9.159 
10.129 
10.129 
11.102 
12.090 


0.218 36 
0.197 45 
0.197 45 
0.180 14 
0.165 42 


10.809 
11.795 
12.776 
12.779 
12.776 
15.741 


17.713 


0.185 03 
0.169 57 
0.156 54 
0.156 51 
0.156 54 
0.127 06 


13.068 
16.027 
17.000 
18.007 


0.153 04 
0.124 80 
0.117 65 
0.11107 0.11291 
0.106 91 18.707 

0.105 30 18.993 
0.071612 0.072302 27.928 27.662 


The positions ro and the effective nuclear charges Z(SCF |ro) 
for 2s functions of some heavier elements for self-consistent fields 
without exchange. 

Zz Element 





Z(SCF | ro) 


28.687 
29.625 
30.670 
31.628 
35.616 
53.559 
78.573 


0,056 155 
0.037 342 
0.025 454 
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TABLE XVI. The positions ro and the effective nuclear charges Z(SCF |ro) for 3s and 3p functions belonging to 
self-consistent fields with exchange. 














ro’ ro” 


3s 3p 


Z(SCF Ire’) Z(SCF Ire”) 





Element 

cr 0.121 60 0.554 99 
A 0.114 37 0.515 72 
Kt 0.108 00 0.481 89 
Ca‘ 0.102 33 0.451 62 


Cut 0.069 238 0.292 38 








linearity rule, whereas the coefficients satisfy Eq. (I, 7). 
Typical examples may be found in Part I. 

Another quantity characteristics for the asymptotic 
behavior is the eigenvalue parameter e¢,;. For hydrogen- 
like functions we would have ¢,;=Z?/n, and, for SCF 
functions, the corresponding effective nuclear charge is 
then defined by 


Z(SCF| €nt)=nv/ nt (27) 


Table XVII gives a survey of this quantity for some 
Ne-like and A-like ions, and we note that, for the outer 
electrons, the electronic shielding is so strong that the 
linearity rule for Z(SCF| ,:) holds only with a rather 
moderate accuracy as long as this quantity is com- 
paratively large, whereas there are considerable devia- 
tions from this rule when Z(SCF|«) tends to zero on 
the side of the negative ions. However, if only two SCF 
data are available, the interpolation based on (27) gives 
at least a first estimate of the eigenvalue parameter, and, 
in actual computations, we have found that this value 
might be just as good as, e.g., the approximate eigen- 
value obtained from the average value of the energy 
operator with respect to an interpolated SCF function. 

If three of more SCF data are available, it is usually 
simpler to carry out the interpolations directly in the 
quantity €,; itself, which is then considered as being a 
polynomial of at least the second degree in the atomic 
number Z. 

In our investigation of the SCF functions, we have 
found that the hydrogenlike behavior decreases when 
the point under consideration moves outwards from 
origin, which depends on the simple fact that the elec- 
tronic screening gets an increasing importance in com- 
parison to the nuclear attraction. The idea of the 
“effective nuclear charge’”’ must consequently lose some 
of its validity when it is applied to the asymptotic 
behavior, and it is therefore probable that a more 
detailed description of quantities like, e.g., the eigen- 
values can be given first after a closer investigation of 
the basic Hartree-Fock equations. 


II. INTERPOLATION OF SELF-CONSISTENT-FIELD 
WAVE FUNCTIONS 
In the previous section we have ‘investigated the 
interpolation of certain point properties of the SCF 
functions, and will now study the problem of the inter- 
polation of the SCF functions as a whole. Our different 


12.790 
13.763 
14.730 


15.641 
16.630 
17.610 
18.586 


0.488 69 
0.451 99 
0.420 42 


0.262 63 





attempts to treat this question have shown us that the 
eventual nodes in the SCF functions cause considerable 
complications in this connection, and we will therefore 
take advantage of the fact that these nodes may be 
interpolated separately by using (26). 

Let us start by dividing the function /,,(SCF!r) by 
a polynomial r!+!(r9’—1) (ro —1)- ++, where 70’, ro", «+ 
are the (n—/—1) zero points of the function itself; the 
quotient is nodeless and monotonously decreasing with 
increasing r. Let us also form a table of the quantity 


¢ni(SCF |r) 

=loge{ far(SCF | r)/r'* (r0’ —1) (ro —1r)- + +}. 
We observe that, except for the normalization constant, 
the quantity ¢,.(Z|r) for a hydrogenlike function is 
linear in rZ/n, and, according to the analogy rule, we 
may then consider ¢,:(SCF |r) as being the same linear 
function of rZ.4(r)/n: 


ni(SCF | r) =bn1(SCF |0)—rZees(r)/n. 


(28) 


(29) 


We postulate that the effective charge Z.4:(r) should be 
an almost linear function of the atomic number, con- 
venient for interpolation purposes. 


TABLE XVII. The effective nuclear charge Z(SCF |e,:) corre- 
sponding to the eigenvalue parameters ¢,; for some Ne-like and 
some A-like ions. 


Ne series, with exchange. 
Zz Element Is 2s 2p 


3.925 2.598 
4.960 3.796 
5.981 4.895 
7.019 5.985 
8.042 7.046 


1.029 1.112 





10 8.093 
11 I 9.026 
12 M g” 9.973 
13 Al** 10.94 
14 Si*# 11.90 


Average difference : 0.952 





A-series, upper aaiene walk exchange, lower values without exchange. 

Z Element Is 2s 2p 3s 

17 oa 14.46 9.049 7.846 
14.46 8.567 7.582 


15.40 9.930 8.752 


3.617 _ 
3.116 


4.795 





18 A 
5.947 
5.268 


7.072 
6.390 


9,693 
9.374 


10.65 
10.32 


10.85 
10.33 


11.79 
11.27 


16.36 
16.35 


17.32 
17.31 


19 Kt 
4.096 


5.814 
5.330 


0.953 0.914 0.935 1.152 1,393 
0.950 0.901 0.913 1.091 1.439 


20 Ca* 


Average 
difference : 
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The problem of interpolating an SCF function as a 
whole may now simply be solved by performing linear 
interpolations in the functions ¢n:(SCF|r) given by 
(28) for each r value under consideration, with an 
eventual renormalization of the first preliminary result 
as to the entire wave function. In order to test this 
rule, we have applied it to the series of A-like ions, 
where we have interpolated the SCF functions with 
exchange for K+ from the tabulated functions for Cl- 
and Ca** and compared them with the correct ones. The 
results in Table XVIII show that the errors for the 1s, 
2s, and 2p functions are hardly of the order +0.002, 
whereas the errors for the 3s and 3p functions are slightly 
larger. 

Let us now study in greater detail the continuously 
varying effective charge which, according to (29), is 
defined by the formula 


Zer(r)/n = {¢n.(SCF iO) —ni(SCF| r)}/r. (30) 


By using (20) and (22), we obtain 
21+-3 


log eK ni— log atnito'ro”’ ta 


“ 


éni(SCF|0) = (31) 


where all quantities in the right-hand member may be 
interpolated according to rules given in the previous 
section. We note, however, that the value of ¢,:(SCF|0) 
is in all events rather unimportant since it corresponds 
only to a normalization constant in the wave function, 
which can always be determined afterwards. If there 
is an uncertainty of Ado in the value of @n.(SCF!0), 
there will be a corresponding uncertainty of Ag@o/r in 
the quantity Z.¢(r)/n, which is particularly large in the 
vicinity of r=0. Using (22), (23), and (28), we obtain 
for the point r=0 in particular 


(32) 


Z 
Ze(0)/n= ar 
+1 ry! ro’ 


Taste XVIII. The error in the SCF functions for Kt with 
exchange obtained from the given functions for Cl- and Ca*® by 
linear interpolation in the auxiliary function (28). Unit=10™%. 


r 
interval Is 2p 3s 3p 





0.00 
+2 


+3 
—6 


0.02 
0.08 
0.30 
+4 
0.60 
1.20 


4.00 
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In addition to Z.(r), we have also studied the 

quantity 

wni(r) = Zett(r)/Zert(0). (33) 
This function is monotonously decreasing with in- 
creasing r from the value w(0)=1, and it describes, 
therefore, in a simple way some of the essential proper- 
ties of the SCF functions, particularly their deviations 
from the hydrogenlike form. Practically we have found 
that this function is very slowly varying with the atomic 
number and that the accuracy of the interpolations may 
be improved by performing them in w(r) instead of in 
Z.u(r) or in (28). In this way, the error in, for instance, 
the 3p function of K+ with exchange derived from CI- 
and Ca** may be reduced by about 50 percent in com- 
parison to the values given in Table XVIII. 

As an example, we have given the w functions for the 
series of Ne-like ions with exchange in Table XIX. The 
w functions for some A-like ions (Cl-, A, K+, Cat?) and 
Cu* with and without exchange have also been calcu- 
lated and are available on special request.'* The tables 
are all affected by small normalization constant uncer- 
tainties Ago/r of the type described above, and it is, 
therefore, remarkable that they still fit rather smoothly 
together in spite of the fact that the tables are given 
in their original form without being adjusted to each 
other. 

In the results for the A-like ions and Cut, one can 
observe another characteristic feature of the w func- 
tions, namely, that for an isoelectronic series the dif- 
ference between the two w functions for fields with and 
without exchange seems to be approximately the same 
function of r for all elements of the series. This property 
may be used for estimating wave functions with 
exchange from those without exchange in case only 
one field with exchange is known in the series. 

A comparison of the w functions for the 1s, 2s, and 
2p functions with exchange for the Ne-like and the 
A-like ions, respectively, shows further the effect of 
adding a complete outer electronic shell. 

Finally, with respect to the tables published here, we 
would like to emphasize that, in order to utilize the full 
accuracy of the given material and to avoid rounding-off 
errors, we have in general kept at least one figure more 
in the tables than is actually valid. This is particularly 
true for the “tails” of the wave functions. 

Up till now, several fields with exchange have been 
determined for atoms and ions up to Z=39(Cut*), 
whereas quite a few additional fields without exchange 
have been calculated up to Z=80 (Hg). However, 


16 Tables of the w functions for some A-like ions (Cl-, A, K*, 
Ca**) and Cu*, supplementary to this article, have been deposited 
as Document number 4222 with the ADI Auxiliary Publications 
Project, Photoduplication Service, Library of Congress, Washing- 
ton 25, D. C. A copy may be secured by citing the Document 
number and by remitting $1.25 for photoprints, or $1.25 for 35-mm 
microfilm. Advance payment is required. Make checks or money 
orders payable to: Chief, Photoduplication Service, Library of 
Congress. 
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TaBLe XIX. The characteristic functions w,:(r) for the SCF functions of some Ne-like ions with exchange. These uantities, de- 
fined by w(r)=Zess(r)/Zest(O), describe the relative decrease in the specific effective nuclear charge under consideration here. In addi- 
tion, the first nonvanishing derivative in origin, the position ro of the node of the 2s function, and the values of Z.(0) are tabulated 


for the calculation of the wave functions themselves. 


Ne 
1.0000 
0.9858 
0.9735 
0.9637 
0.9550 
0.9468 
0.9381 
0.9284 


60.76 
10 


Ne 
1.0000 
0.9553 
0.9161 
0.8831 
0.8571 
0.8333 
0.8123 
0.7928 
0.7749 
0.7585 
0.7431 
0.7288 
0.7157 


0.6917 
0.6708 
0.6522 
0.6358 
0.6214 
0.6083 
0.5959 
0.5857 
0.5754 
0.5659 
0.5583 


0 
dl 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 


wrt 
Soon 


 & ¢ 
- rh 


1s functions with exchange. 


Na* 


Meg*? 


Al** 





1.0000 
0.9851 
0.9730 
0.9631 
0.9542 
0.9452 
0.9351 
0.9239 


70.25 
11 


2s functions with exchange. 


Na* 


1.0000 
0.9531 
0.9128 
0.8830 
0.8559 
0.8323 
0.8109 
0.7918 
0.7742 
0.7581 
0.7434 
0.7297 
0.7173 


0.6948 
0.6756 
0.6588 
0.6445 
0.6311 
0.6191 
0.6090 
0.5992 
0.5900 
0.5829 
0.5730 


1.0000 
0.9851 
0.9732 
0.9632 
0.9537 
0.9442 
0.9335 
0.9287 


80.26 
12 


Mg*? 


1.0000 
0.9533 
0.9102 
0.8810 
0.8547 
0.8313 
0.810? 
0.7915 
0.7745 
0.7589 
0.7448 
0.7319 
0.7203 


0.6998 
0.6822 
0.6670 
0.6530 
0.6400 
0.6278 
0.6163 
0.6051 
0.5943 
0.5839 
0.5737 


1.0000 
0.9858 
0.9734 
0.9629 
0.9528 
0.9427 
0.9301 
0.9148 


90.77 
13 


Al‘? 


1.0000 


0.9533 
0.9134 
0.8824 
0.8558 
0.8325 
0.8121 
0.7937 
0.7774 
0.7627 
0.7495 
0.7375 
0.7269 


0.7081 
0.6921 
0.6794 
0.6677 
0.6577 
0.6490 
0.6414 
0.6348 
0.6275 
0.6237 
0.6184 


14 


sits 


1,000 


0.9533 
0.9122 
0.8817 
0.8556 
0.8328 
0.8129 
0.7953 
0.7798 
0.7659 
0.7537 
0.7427 
0.7326 


0.7159 
0.7016 
0.6890 
0.6781 
0.6685 
0.6599 
0.6520 
0.6446 
0.6377 
0.6312 
0.6245 





r Ne 


0.5443 
0.5352 


ro 0.21836 
fo’ 14.24 
Zo/2 5.4204 


3.6 
38 
40 


0.6709 


0.6439 
0.6203 
0.5992 
0.5808 
0.5643 
0.5492 
0.5362 
0.5240 
0.5129 
0.5030 
0.4935 
0.4852 
0.4776 
0.4697 


27.79 
5.0 


Smeae HK 


RIN ee 
Oe reowmdaLnN 


-_ +> 
S eo 


fo"/2 
Zo /2 


2s functions with exchange. 


Na* 


0.5588 
0.5552 


0.19745 
17.16 
5.9354 


Mg*? 


“0.5510 0.5656 0.5637 


0.5538 
0.5442 


0.18014 
20.24 
6.4488 


Al" 
0.6110 
0.6093 
0.6076 


0.16542 


23.60 
6.9548 


2p functions with exchange. 


0.8327 
0.8058 
0.7820 
0.7603 
0.7409 
0.7230 
0.7065 
0.6915 
0.6777 


0.6527 
0.6314 
0.6129 
0.5970 
0.5828 
0.5700 
0.5588 
0.5490 
0.5391 
0.5307 
0.5218 
0.5143 
0.5072 
0.5014 


38.92 
5.5 


Me*? 


Al‘ 


1.0000 
0.9447 
0.8989 
0.8630 
0.8330 
0.8067 
0.7832 
0.7626 
0.7437 
0.7268 
0.7114 
0.6975 
0.6847 


0.6624 
0.6436 
0.6271 
0.6136 
0.6014 
0.5904 
0.5806 
0.5721 
0.5648 


52.00 
6.0 


1.0000 
0.9445 
0.9008 
0.8648 
0.8352 
6.8094 
0.7870 
0.7672 
0.7494 
0.7337 
0.7193 
0.7066 
0.6950 


0.6749 
0.6581 
0.6443 
0.6319 
0.6214 
0.6122 
0.6041 
0.5967 
0.5904 
0.5851 
0.5784 
0.5737 
0.5675 


67.81 
6.5 


si*¢ 


0.6191 
0.6133 
0.6078 


0.15304 
27.10 
7.4658 


sim 


~ 1.0000 


0.9444 
0.8996 
0.8654 
0.8364 


85.80 
7.0 


there are also a rather large number of atoms and ions 
left out in the first treatment of the periodic system 
where the interpolation methods described here may 
prove to be useful. Further applications of the theory 
will be given in a later paper of this series. 

In conclusion, I should like to express my sincere 
gratitude to Professor John C. Slater for his generous 
support of my work and for the great hospitality I have 
enjoyed during my stay at Massachusetts Institute of 
Technology, where I also have had the advantage of 


many inspiring discussions with him and with the 
members of the Solid-State and Molecular Theory 
Group. 

I am further greatly indebted to Fil. Kand. Klaus 
Appel, Uppsala, for his skillful cooperation in leading 
the computational group, and to Miss U. Areskog, Miss 
K. Berger, B. Anderberg, A. Fréman, R. Nilsson, E. 
Tenerz, M. Tideman, and L. Wik for their kind assis- 
tance in carrying out the numerical computations 
involved in various parts of the work. 





PHYSICAL REVIEW 


VOLUME 94, 


NUMBER 6 JUNE 15, 1954 


Hyperfine Structure and Nuclear Moments of the Stable Bromine Isotopes* 


Joun Gorpon KING AND VINCENT JACCARINO 
Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received November 20, 1953) 


The hyperfine structure of the *Py state of atomic Br’ and Br*' has been investigated by the atomic-beam, 
magnetic-resonance method. The following values have been obtained for the nuclear magnetic dipole 
interaction constant, a, and the nuclear electric quadrupole interaction constant, b: 


a” = 884.810+0.003 Mc/sec, 


579 = — 384,878+-0.008 Mc/sec, 


a®! =953.770+0.003 Mc/sec, 


6%! = —321.516+0.008 Mc/sec. 


From these data, an upper limit of 0.0001 Mc/sec can be placed on the nuclear magnetic octupole inter- 
action constant, c. Applying the results of recent theoretical calculations by Sternheimer and Koster, 
the following values of the nuclear quadrupole moments were computed : 


Q” = (0.33+0.02) X10 cm?, 


Q* = (0,280.02) X10™* cm’. 


The ratios (a”/a*') and (b%/b") are in satisfactory agreement with the ratios (4”/u*!) and (egQ”/eqQ"), 


respectively, as measured by other methods. 


An experimental technique is given for combining many of the advantages of the “flop-out’’ resonance 
method with those of the “flop-in’’ resonance method in the analysis of complex spectra. 

Increased importance can be assigned to the hyperfine structure interaction constants of pairs of isotopes 
in view of the available information on the ground states of nuclei and on nuclear structure, and the fact 
that new methods exist for precise measurements of the ratio of nuclear moments. 


I, INTRODUCTION 


HE present work represents an extension of the 

study of the hyperfine structure of various 
halogen atoms by the atomic-beam method to the 
stable isotopes of bromine. Refinements in technique 
have made it possible to produce and detect a steady 
atomic beam of bromine. The analysis of the spectra of 
the two almost equally abundant isotopes (Br”= 50.6 
percent; Br*'=49.4 percent) is facilitated by using a 
mass spectrometer to separate one from the other in 
the negative ion beam from the surface ionization 
detector. 

Because of the similarity in theory and method of 
this experiment to that performed with the stable 
chlorine isotopes by Davis, Feld, Zabel, and Zacharias 
(DFZZ), it is suggested that the reader refer to the 
report of their work' whenever further amplification of 
our discussion is desired. A detailed description of 
methods for simplifying the study of hyperfine structure 
and for determining the sign of the nuclear moments 
is given. 

The atomic ground state of bromine is a *?y configuration. The 
energy difference between the *Py state and the *Py metastable 
state is 3685 wave numbers (1.105108 Mc/sec). (The inversion 
of the fine structure doublets in the halogens is a result of the 
fact that the valence electron is a “missing” electron.) As is 
known, and has been confirmed in this experiment, the nuclear 
spin I, of both isotopes is } in units of A. Thus, with J/=J =, 
the Zeeman effect of the hfs interaction of bromine is similar to 


that of the two isotopes of chlorine, a discussion of which is 
given in DFZZ. 


* This work was supported in part by the Signal Corps, the 
Air Materiel Command, and the U. S. Office of Naval Research. 

1 Davis, Feld, Zabel, and Zacharias (referred to as DFZZ), 
Phys. Rev. 76, 1076 (1949). 

2N. F. Ramsey in Experimental Nuclear Physics edited by E. 
Segr (John Wiley and Sons, Inc., New York, 1953), Vol. 1, 
Chap. 3, pp. 358-467. 


The Hamiltonian of the hfs interaction in a magnetic field H 
may be expressed as?: 


H=hal-J+hbQ.p+-hcOop+uo(gsJ-H+¢/1-H), (1) 
where 
I-J=(f(f+1) —j(+1) —i64+1) 7/2, (2) 
3U-JP+ 4D) ~iG6+) 5G+0 
4 2i(2i—1) j(2j—1) : 
The hfs interaction constants a and 6 for the case j=/+4 may 
be written as follows: 


(3) 


_ pe 2i(1+-1) “4 
a P aS iy , (4) 


é 21 
=—-~ ———(¢~4), 5 
. noes” (5) 


Where g;=—(m/M)(u/1), w being the nuclear magnetic 
moment in nuclear magnetons, Q is the nuclear electric quadrupule 
moment in units of 10° cm’, ¥=1.04 and R=1.05 are two 
relativistic correction factors,* and the other symbols have their 
usual meanings. (This choice of the diagonal form for the Hamil- 
tonian, that is, the assumption that the eigenvalues of J?, J,, I*, 
and J, are good quantum numbers, presupposes that the effects 
of neighboring electronic and nuclear levels on the ground state 
are small compared to the hfs interaction in the ground state, 
that is, in particular 


Efine structure (?Py**Py) > Ente(?P)). 


For /=j, multipole interactions of higher order than the 
magnetic octupole are forbidden. 

For atoms with /=J =}, the calculated hfs energy levels in an 
external magnetic field are plotted, for b=0, in Figs. 1(a) and 
1(b), where yu, is assumed positive and negative, respectively. 


Il. APPARATUS 


Since the apparatus used in this experiment is the 
same as that used in the chlorine experiments,'-*~* the 


3H. B. G. Casimir, On the Interaction Between Atomic Nuclei 
and Electrons (DeErven F. Bohn N. V., Haarlem, 1936). 

4 Davis, Nagle, and Zacharias, Phys. Rev. 76, 1068 (1949). 

5 V. Jaccarino and J. G. King, Phys. Rev. 83, 471 (1951). 

6 J. G. King and V. Jaccarino, Phys. Rev. 84, 852 (1951). 
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HFS AND .NUCLEAR MOMENTS OF STABLE Br 


papers describing the latter experiments may be con- 
sulted for general information not found in the de- 
scription of the modified details of the apparatus 
peculiar to the bromine experiment. 


A. Atomic Beam Source and Detector 


The microwave-discharge atom source that was used 
for chlorine was found adequate for bromine. Since, 
however, the needle valves or metallic leaks used to 
control the gas flow to the discharge in the case of 
chlorine operated erratically after exposure to bromine, 
the arrangement shown in Fig. 2 was adopted. The 
flow of bromine vapor was determined both by the 
vapor pressure of the liquid bromine in the reservoir, 
which was maintained at a constant temperature by a 
water bath with an adjustable thermostat, and by a 
fixed leak consisting of a 40-cm length of capillary into 
which a wire was inserted to reduce the cross-section 
area to 2X10 mm?; the entire leak was kept at 70°C 
to prevent condensation of the vapor. The ease with 
which bromine could be trapped anywhere in the 
system with dry ice eliminated the need for many 
troublesome valves. 

The consumption of liquid bromine was about 0.1 cc 
per hour. From this value and the measured detector 
ion currents, the detection efficiency of the hot tungsten 
ribbon for bromine was estimated to be 210~°, in 
agreement with previous results.’ 

It was later found that detection efficiencies more 
closely approaching unity could be achieved for the 
halogens by using a properly activated thoriated tung- 
sten ribbon. The low detection efficiency made it 
desirable to increase the sensitivity of the electrometer 
system (particularly since we intend to investigate the 
hyperfine structure of the *P; metastable state). 

To achieve greater electrometer sensitivity, an FP54 
electrometer in a conventional circuit was coupled by 
means of an amplifier to an L and N galvanometer of 
sensitivity 0.00014 wa/mm. Part of the increased sensi- 
tivity that results from the use of the amplifiers is 
sacrificed in an equalizer network that reduces the 
effective time constant of the system. 

With this arrangement the sensitivity and time 
constant could easily be adjusted so that changes in ion 
beam intensity comparable to the thermal fluctuations 
in the grid resistor of the FP54 could be observed. A 
simplified schematic of the system is given in Fig. 3. 
The batteries shown were continuously charged at a 
rate that maintained them near full charge. 


B. Generation and Measurement of Transition 
Frequencies 


The low-frequency AF=0 transitions were observed 
with General Radio 805-C signal generators below 50 


7H. H. Stroke, Massachusetts Institute of Technology, Mas- 
ter’s thesis, 1952 (unpublished). 
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Mc/sec. In the range from 2200 to 2600 Mc/sec, a 
707-B klystron was used with a set of simple cylindrical 
cavities chosen to cover each of the regions predicted 
from the low-frequency data in which it was necessary 
to search for high-frequency AF = +1 transitions. Two 
other AF=+1 transitions near 1300 Mc/sec were 
observed with a F4800 jamming transmitter using a 
2C39-A lighthouse tube. All these high-frequency oscil- 
lators were operated by batteries or by well-filtered 
power supplies to minimize the output signal width, 
which was in all cases less than 1 ke/sec. Adequate 
output was obtained from all oscillators when optimally 

















(b) 


Fic. 1. Calculated hfs energy level diagrams for atoms with 
I =J = (3/2)h in an external magnetic field H. In plotting both 
curves, the quadrupole interaction constant 6 has been set equal 
to zero. Figure 1(a) was plotted with wu; assumed positive, and 
Fig. 1(b) with w; assumed negative. The double arrows represent 
the normal AF =0 “low-frequency,” “flop-in” transitions; and 
the dashed arrows, the transitions observed as “flop-out on 
flop-in.” 





KING AND V. JACCARINO 


TO ATOM 
SOURCE 











Lge ~~» WELCH 


Ig 


oe 
Fic. 2. Bromine handling system: (1) Br reservoir, (2) drying 
agent, (3) constant temperature bath, (4) thermostat, (5) capillary 
leak, (6) and (7) leak heating bath and heater, (8) Br shut-off 
valve, (9) chlorine needle valve, (10), (11), and (12) chlorine 
system, (13) relay, (14) motor driver, pump, (15) ice bath, (16) 
heat exchanger coil. 
































matched to the transition field loop, although only the 
F4800 was capable of overflopping a transition. 

Preliminary measurements were made with a Card- 
well TS-175/U heterodyne wave meter, which was also 
used to prevent gross errors in making more precise 
measurements. Increased precision was obtained by 
using a General Radio 620-A heterodyne wave meter 
to produce a beat between the signal causing the 
transition and the nearest harmonic of a 120 Mc/sec, 
150 Mc/sec, or 180 Mc/sec signal generated by multi- 
plying the output of a stable 5-Mc/sec crystal, which 
was maintained within +1 cps of the 5-Mc/sec signal 
transmitted by WWYV. The total maximum error 
introduced by the frequency measuring techniques is 
less than one part in 10°. 


III. EXPERIMENTAL PROCEDURE 
A. Nuclear Spin 
From observations of the Zeeman effect of the hfs 
interaction in weak magnetic fields, the spin J for both 
bromine isotopes was determined. In weak fields the 
frequencies corresponding to transitions for which 
AF =0 may be expressed as 
v= gruoll/h, (6) 
where 


ge=((F Jest (F Dg VUS+1)). (7) 
Since gr<gy, 


ff+0D4+I704+D)—-iG+1) 
y= —g spol /h. 
2f(f+1) 


For the case of /=J the Zeeman frequencies are 
identical for all F levels. AF =O transitions at a given 
weak field were observed at the same frequency in both 
bromine isotopes and in chlorine, whence, since gy = 4/3 
and J=% for all halogens, the value of /=% for both 
Br” and Br* was immediately established. 


B. Determination of the HFS Intervals 


In order to observe transitions which satisfy the 
selection rule AF=0, Amp=+1, a further condition 
must be imposed on the value of the effective magnetic 
moment of the atom (m,) in the large fields (x>7) of 
the deflecting (A) and refocusing (B) magnets, de- 
pending on the relative orientation of the gradients of 
the two magnets. In these experiments the A and the 
B magnets have their gradients in the same direction, 
so that an atom arrives at the detector only if the sign 
of its effective moments is reversed by a transition in 
the intervening homogeneous field produced by the C 
magnet. Transitions can therefore be observed free of 
background due to atoms, except for that resulting 
from scattering. The background of molecules which 
have no net atomic magnetic moment, is conveniently 
removed by a stopping wire placed at the end of the 
B magnet. This is the “flop-in’”’ method first used by 
Zacharias on K®.* Alternatively the A and B magnets 
can have their gradients oppositely directed, so that 
all atoms reach the detector, except those whose 
effective magnetic moment changes sign or magnitude 
as a result of a transition in the C field. Transitions 
must, therefore, be observed as a small decrease of the 
total beam. This is the ‘‘flop-out” method. 

“Flop-in,” though preferable to “flop-out” when it 
is necessary to work with small or unsteady beams, 
does not allow as many transitions to be observed as 
can be observed with ‘‘flop-out,” because of the more 
stringent requirements that must be satisfied by the 
atoms in the A and B fields. For instance, in the case 
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Fic. 3. Electrometer system. The total increase in sensitivity 
resulting from the amplifiers shown is a factor of about 
100 partly due to improved matching to the galvanometer. An 
equalizer with an insertion loss of 10 is used to speed up the 
initial response of the galvanometer so that the presence of a 
transition may be more easily ascertained when the radio- 
frequency oscillator is turned on and off. 


8 J. R. Zacharias, Phys. Rev: 61, 270 (1942). 





HFS AND NUCLEAR 
of [=J=}, two transitions can be seen in “flop-in,” 
whereas six can be seen in “flop-out.” 

If two independent transition wires carrying rf 
currents of different frequency are used, both producing 
oscillating magnetic fields so oriented as to induce 
Amyr=-+1 transitions, most of the advantages of the 
“flop-out”” method may be realized in a “‘flop-in” 
apparatus. The two independent wires for inducing 
Amr = +1 transitions were placed on either side of the 
wire used for inducing Amr=O0 transitions as shown 
schematically in Fig. 4. As an illustration, consider the 
transition (F=3, mp=—1->F=3, mpe=-—2) as indi- 
cated in Fig. 1(a). 

If an rf current is passed through the wire labelled /; 
(see Fig. 4) at a frequency »,=E(3, —1<93, —2)/h, 
“flop-in”’ will be observed as an increase in the negative 
ion current from the detector. Now when a current of 
frequency = E(3, —2«+3, —3)/h is passed through 
the wire labelled fy with the current of frequency 
E(3, —1<+3, —2)/h still present in the wire /;, those 
atoms which were in the state (F=3, mp=—1, my=}) 
in the A magnet will be in the state (3, —1, 4) in 
the B magnet and will consequently not be refocused 
at the detector.’ The transitions induced by the current 
in fo will, therefore, be observed as a decrease of one 
half in the amount of “flop-in” initially observed. 
Reference to Fig. 1(a) shows that besides the two 
normal “‘flop-in” transitions, three additional “‘flop-out” 
transitions (shown in dashed lines) may be observed 
by this method. It is worth mentioning that the “flop- 
out on flop-in” method as described above corresponds 
selectively to observing either induced emission or 
absorption (but not to both) depending on the sign of 
the nuclear moment and the particular transition 
involved; further discussion of this point will be given 
in Sec. ITI-C. 

These “‘flop-out on flop-in” techniques are expected 
to be useful in investigating radioactive nuclides such 
as Br™ because they combine the high discrimination 
against background of normal “flop-in’’ techniques 
with some of the flexibility of “flop-out” techniques. 
Using a mass spectrometer as well, should compensate 
for the isotopic dilution characteristic of many such 
experiments. 

The “flop-out on flop-in” method is particularly 
valuable in the example given above since a relatively 
precise value of the zero field interval F=3«+F = 2," A, 
may be obtained by observing the frequency of the 
transition as a function of C field and using the exact 


® The quantum number m;, is not specified since (a) it is uniquely 
determined by m;=mr—my; (b) the physically important 
quantum number is m,, which determines the path of the atom 
in the high fields of the A and B magnets. 
%” The following notation will be used throughout for the zero 

field intervals: 

hfs intervals Symbol 

(F=3>F =2) A 

(F=2>F =1) r 

(F=1>F=0) 2. 
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Fic. 4. Radio-frequency transition wire system. The direction 
of the steady homogeneous field of the C magnet is indicated by 
H., and is perpendicular to the direction of the beam. The wires 
f; and fo generate oscillating field components in a direction 
perpendicular to that of H., whereas the middle wire generates 
components parallel to H,. 


expression : 


vo(3, —2¢+3, —3)=}4(1—y)ax—4A 
+[A*+ (i+y7)*7]}!, (9) 


where y = — (grm)/(g7M), x= (uogsH)/ha, and the other 
symbols have their usual meanings. 

The field is measured by observing the same transition 
in Cl**, for which the interaction constants are known, 
and by assuming that g,(Cl)=g,(Br). 

The relative complexity of the expressions for the 
various Am= +1 lines can be seen from the form of the 
solution of the general secular equation. The secular 
equation, for /=J= 3, factors into one-fourth-order 
determinant, and pairs of first-order, second-order and 
third-order determinants corresponding to the low field 
quantum number mr=0, +3, +2, +1, respectively. Only 
in the case of the transition (3, —2«+3, —3) can the 
transition frequency be expressed as a function of H 
and the zero field interval A in simple closed form so 
that a relatively accurate value of A can be calculated 
from the experimentally observed quantities. It is, 
therefore, not necessary to solve numerically the rather 
involved secular determinants as in the method of 
DFZZ. Evidently the present method can be used in 
general to simplify the prediction of the zero field 
intervals from low-frequency data, since a “flop-out”’ 
transition expressible by an equation of lower order 
than the equation for the normal “flop-in’”’ transition 
can always be found. 

The zero field interval (P=2<+F=1), I’, was esti- 
mated by observing the quadratic departure from the 
linear Zeeman effect of the three lines: 


v1(3, —1¢+3, —2) 
=4(1—y)ax+[(3/20)/A ](1+-)*a*x?, (10) 
v3(2, «+2, —1) 
=$(1—y)ax+[(1/5)/P— (1/20)/A](1+~7)*a*x*, (11) 


v4(2, —1¢+2, —2) 
=}(1—y)ax+[(3/5)/T — (3/20)/4](1+-)*a*x", (12) 
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TABLE I. a of various AF = +1 transitions observed in a weak magnetic field. 











Br” 
(2,0 01, 0) 
(2, 11, 1) 

2154.499 


Transitions used i (1, 00,0) 
1269.702 
a—b+100.8¢ 2a—b—50.4c 


Observed frequency (Mc/sec) 
corrected to x=0 
Theoretical splitting 








where the expressions represent the frequencies ex- 
panded to second order in the field parameter x, and 
the value of A obtained from Eq. (1) is used. A knowl- 
edge of the approximate values of the zero-field intervals 
facilitated finding the three corresponding AF= +1, 
Amy=0 transitions in each isotope. A transition wire 
which produced an oscillating magnetic field principally 
in the direction of the C field (see Fig. 4) was used. 
Since no “flop-in’”’ transition exists between the levels 
F=1 and F=0, the ingenious method of DFZZ was 
used, with slight modification. The “flop-in” transition 
(F=2, mp=), my=}-F=1, mp=0, my=—}) was 
induced by loop /;, and the transition (1, 0, 4, +0, 0, 3) 
induced by the z-component wire was observed as 
“flop-out” in a fashion completely analogous to the 
method described above in its application to AF=0 
transitions. 

The AF=+1, Am=0 transitions were observed in 
very weak fields (approximately 1 gauss) and, since 
these transitions are field independent to first order, 


10) 
(3,-1-2,-1) 
v;"*«3,5 MC/SEC 
l i l 


2269,.550 2269.570 
MC/SEC 





(2,0°-*1,0) 
(2,1 1,1) 








0 
2154470 


MC/SE 


1269680 1269,700 
l 





(1Oe--00) 
v7.0.5 MC/SEC 


Fic. 5. Representative resonance curves in Br”. These corre- 
spond to AF = +1 transitions as labeled. The field at which each 
transition was observed was calibrated by measuring a AF =0 
transition at the same time. The bottom curve was o avd as 
“flop-out” on the (2,1¢+1,0) “flop-in” transition. A galvanometer 
deflection of 1 cm corresponds to a collector ion current of 1.5 
X10™* ampere. 


(3, —1¢92, 1) 





~ (1,0€90,0) (2, 0-1, 0) 
(2, 1¢1, 1) 
1275.271 229.086 


a—b+100.8¢ 2a—b—S04¢ 3a+b+14.4c 


(3—1¢92—1) 


2269.552 2539.794 


3a+b+ 14.4¢ 





the natural line widths were obtained. Correction of 
each of the measured frequencies to zero field was 
made as described in DFZZ. The results are summarized 
in Table I. A full resonance curve was obtained for 
each transition as a precautionary measure in inter- 
preting the results. Representative “flop-in” and “‘flop- 
out on flop-in” curves are shown in Fig. 5. Several of 
the narrow field-independent transitions exhibited 
structure similar to that observed and interpreted by 
Hughes, Tucker, Rhoderick, and Weinreich in their 
work with atomic helium." It was found possible to 
enhance or eliminate the structure observed in the 
bromine transitions by changing the strength of the 
oscillating field and the range of velocities of the 
observed atoms, but in all cases the center of the 
structure was unshifted in frequency as predicted by 
the Majorana theory."-” 


C. Determination of the Sign of the Nuclear 
Magnetic Moments 


The hfs energy level diagrams for /=J/= 3 appear 
in Figs. 1(a) and 1(b), respectively, for positive and 
negative nuclear moments. The important differences 
between these two diagrams are that the order of the 
hfs level is inverted with respect to energy and that all 
magnetic quantum numbers are reversed in sign. For 
purposes of this discussion the interaction of the nuclear 
magnetic moment with the external field can be neg- 
lected since us<Kyo. Since the path followed by atoms 
in a given state in the strong fields of the A and B 
magnets depends on the direction of the gradient of the 
magnetic fields and the sign of the effective moment 
(e.g., atoms with m,>0O are deflected toward weaker 
fields), atoms in a given m, state may be removed from 
the observed beam by inserting an obstacle, at the exit 
of the B magnet, that extends outward from the center 
of the beam as indicated in Fig. 6. 
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Fic. 6. Atom paths drawn exaggerated to illustrate how the 
sign of a nuclear moment was determined as described in Sec. 
ITIC of the text. 


u Hughes, Tucker, Rhoderick, and Weinreich, Phys. Rev. 91, 


828 (1953) 
2 FE. Majorana, Nuovo cimento 9, 43 (1932). 





HFS AND NUCLEAR MOMENTS OF STABLE Br 


The method used here to determine the sign of the 
nuclear moment requires only the observation of rela- 
tively low-frequency AF=0 transitions. Consider the 
one observable AF =0, “‘flop-in”’ transition in the F=3 
level. Depending on the sign of the nuclear magnetic 
moment, this transition is {3, —1, }<+3, —2, —4} for 
positive moment, and {3, 1, —4, <3, 2, }} for negative 
moment, as can be seen from Figs. 1(a) and 1(b). 
There are, in addition, the corresponding transitions 
{3, —2, —4, 3, —3, —4)}, (ur>0), or {3, 2, }3, 3, 3), 
(ur<0), observable as “flop-out on flop-in” as previ- 
ously described. 

The AF=0, “‘flop-in” transition was reduced to half 
its maximum value by inserting the obstacle from the 
low B field side of the beam, so that no atoms with 
m,>0O in the B magnet reach the detector. Now to 
determine whether the remaining atoms were in the 
state (3, —2, —4) or in the state (3, 1, —4), the fre- 
quency corresponding to the AF=0, “‘flop-out”’ transi- 
tion was introduced in the wire, whereupon the re- 
maining “‘flop-in’’ disappeared. The atoms were there- 
fore in the state (3, —2, —4), and it may be concluded 
that diagram 1(a) applies and the nuclear magnetic 
moment is positive. With the obstacle on the high B 
field side of the center of the beam, no “‘flop-out” was 
observed. Had the nuclear magnetic moment been 
negative, the same effects would have been observed 
with the obstacle on the high B field side of the beam. 


IV. RESULTS 
A. The Interaction Constants 


From the measured intervals given in Table I the 
following values for the interaction constants may be 


calculated : 
a,” = 884.810+0.003 Mc/sec, 


by"*= 384.878+0.008 Mc/sec, 
cy 0.0001 Mc/sec, 
a;*'=953.770+0.003 Mc/sec, 
by*'= 321.516+0.008 Mc/sec, 
cy" 0.0001 Mc/sec. 


Thus, as in all previous atomic beam hfs experiments, 
the observed nuclear-electron interaction may be de- 
scribed, to a high degree of accuracy, in terms of only 
two electromagnetic interaction parameters. This is 
not unexpected, since a simple theory predicts that the 
nuclear magnetic octupole moment should be, in order 
of magnitude (ao/Rx)*~10* as small as the nuclear 
magnetic dipole moment. 


B. The Ratio of the Magnetic Dipole 
Interaction Constants 


From the data above the ratio a,*'/a,;” may be 
calculated. This ratio can be compared with the ratios, 
given in Table II, of the nuclear magnetic dipole 
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TaBLe II. Ratios of the nuclear magnetic dipole interactions. 








Method 


Ratio 





Nuclear resonance in 
NaBr\ 


LiBr | solution* u™/u” = 1.0778+0.0003 


Nuclear resonance in 
NaBr solution” 

Nuclear resonance in 
NaBr solution® 

Atomic beam magnetic 
resonance 


pw /u™ = 1.0777540.00005 
p/p" = 1.07796+0.00002 
ay"'/ay” = 1.077938+-0.000020 








*R. V. Pound, Phys. Rev. 72, 1273 (1947). 

> R. E. Sheriff and D. Williams, Phys. Rev. 82, 651 (1951). 

© H. E. Walchli, Oak Ridge National Laboratory Report ORNL-1469, 
1953 (unpublished), pp. 36 and 37. See reference WL 52-5 to unpublished 
work of H. E. Walchli. 

4 This paper. 


moments as measured by nuclear resonance techniques. 
Two of the values listed agree within the experimental 
uncertainties with the value reported here. The result 
of Sheriff and Williams, however, disagrees by 18 parts 
in 10°. Since the electronic wave function density for a 
P, electron at the position of the nucleus is extremely 
small and the two bromine isotopes have similar g; 
values, the magnetic hyperfine structure anomaly to be 
expected in this case is far smaller than the above 
discrepancy (certainly less than 1 part in 10°)." Pro- 
fessor Williams has pointed out" that if an error in 
sideband identification in the measurements of Sheriff 
and Williams had been made, the necessary correction 
would bring their result into agreement with those 
listed in Table II. Otherwise, it is difficult to reconcile 
these results. 


C. The Ratio of the Electric Quadrupole 
Interaction Constants 


In a similar fashion, the ratio b,”/b;*' may be com- 
pared with the ratio of the electric quadrupole moments 
as observed by pure nuclear quadrupole resonance in 
solids. (See Table III.) Since both methods are capable 
of great precision and are free from molecular binding 
effects, the agreement of these results, unique in the 
comparison of the quadrupole interaction ratios for two 
isotopes, indicates that the hfs interaction is well 
understood. 


TABLE III. Ratios of the nuclear electric quadrupole interactions. 


Method Ratio 


y¥/ySt = 1.1968-4-0,0002 
Q7/Q* = 1.1977-0.0008 
Q”/Q* = 1.19707 +0.00003 





Quadrupole resonance in Br2* 

Molecular beams (KBr)” 

Microwave spectroscopy® 
(average of 10 values taken 
with 6 compounds) 


Atomic beam magnetic resonance b?9 /b*! = 1.19707 + 0.00003 


*H. G. Dehmelt, Z. Physik 130, 480 (1951). 

» Fabricand, Carlson, Lee, and Rabi, Phys. Rev. 91, 1403 (1953). 
¢ A. L. Schawlow (private communication). 

4 This paper. 


A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 
4 T). R. Williams (private communication). 
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Tas.e IV. Nuclear electric quadrupole moments (in units of 10~* cm’). 
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Method Br” 


Uncorrected 


Values 
With Sternheimer correction4 
Br Br? Brtt 





Microwave spectroscopy* 

Quadrupole resonance in Br.” 

Atomic beam magnetic resonance*® 
(1) calculated from Eq. (13) 
(2) calculated from Eqs. (5) and (14) 


0.31 
0.30 


* Gordy, Simmons, and Smith, Phys. Rev. 74, 243 (1948), 
+H. G. Dehmelt, Z. Physik 130, 480 (1951). 
¢ This paper. 


0.322+0.019 
0.296+0.018 


0.26 0.32 0.27 
0.25 0.31 0.26 


0.280+0.017 
0.257+0.016 


0.335+0.020 
0.308+0.018 


0.269+0.016 
0.24740.015 


4 The results of Sternheimer (see reference 16) indicate that the correction should be applied to the values of Q obtained by these methods. 


D. The Nuclear Electric Quadrupole Moments 


From the values of by, a;, 4, and J, Q may be calcu- 
lated using the method of DFZZ, where it is assumed 
only that the angular and radial parts of the wave 
functions for the electron are separable, and that (r~*) 
is the same in the electric quadrupole and magnetic 
dipole interactions. (Because the excited atomic states 
of the halogens are different from those of the gallium 
family it is possible, as it was not in the case of gallium,'® 
to neglect the effects of configuration interaction in 
obtaining Q to the desired accuracy, which is limited 
by the relativistic corrections which are known to 
approximately one percent). The magnitude of Q must 
however be corrected for the polarization of the inner 
electron core by the nuclear quadrupole moment. This 
correction has been evaluated by Sternheimer in several 
articles.’ The result may be expressed as 


QO = — (8/3) (uo/e)?(m/M) (u/1) (S/R) (b/a)C, (13) 


where C=1.040 is the Sternheimer correction and 
$/R=0.99 is a relativistic correction. 

It should be noted that the sign of the nuclear 
magnetic moment previously confirmed to be positive 
(see Sec. III C) enters in determining the sign of Q. 

An independent method for calculating the quadru- 
pole moments utilizes the fact that (r~*) may be evalu- 
ated from the fine structure separation 6 by using the 


Tape V. The anomalous spin gyromagnetic ratio of the 
the Ps; electron in bromine. 


4G. F. Koster, M.I.T. Doctoral thesis (1951); Phys. Rev. 


86, 148 (1952). 
‘6 R. Sternheimer, Phys. Rev. 84, 244 (1951); 86, 316 (1952). 


relation 
5= (po?/he)Z,(21+1) H (r-). (14) 


For the effective value of the nuclear charge Z;, the 
result of recent work of Smith and Barnes!’ for p 
electrons is used to write Z;=Z—n, n being the radial 
quantum number. // here isa relativistic correction factor 
tabulated by Casimir.’ Using the above relation and 
Eq. (5), the Q’s have been calculated and are listed in 
Table IV for comparison with the values obtained by 
the aforementioned method. The agreement is good 
and indicates the apparent validity of quadrupole 
moment calculation by either method in the case of 
the halogens. Considering the accuracy of the experi- 
ments and the detail of the theory, we believe that 
+6 percent represents an upper limit for the uncertainty 
in these moments, 


E. The Anomalous Spin Gyromagnetic Ratio 
of the P;,. Electron in Bromine 

The ratio g,(Br)/g,(Cl) may be determined from 
measurements of the transition (3, —2«+3, —3) in each 
element in the same magnetic field, once the interaction 
constants are known. As can be seen in Table V, the 
gy's are similar in bromine and chlorine, the accuracy 
of the determinations being severely limited by the 
broadening of the transitions caused by the inhomo- 
geneity of the C-field. From a previous investigation of 
the gy’s in the /=$ and J=}$ states in chlorine,'* and 
setting g.=1, the value of gs listed in Table V for the 
P, electron in bromine was obtained. 
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Mu-mesonic x-rays, fast electron scattering, and electronic spectra each depend on the nuclear charge 
distribution p(r) in different ways. Adjoining theoretical analyses of observations on these different phe- 
nomena may therefore bracket an acceptable set of functional descriptions for p(r). The present paper reports 
the dependence of the u-mesonic x-ray spectrum of Pb on the extent and shape of the nuclear charge density. 
For several functional families representing conceivable forms for p(r) we have obtained the resultant 
Coulomb potentials and have solved “exactly” by electronic computation the relativistic equations to yield 
the first four levels (15, 2S, and 2P) and transition energies for mu mesons bound in the field of the lead 
nucleus. The next two levels (3D) have been found by perturbation theory. Effects omitted from the calcu- 
lations have been examined and theoretical uncertainties estimated for each level. These results permit 
adjustment of the effective electric radius R, for each form of p(r) to agree with known x-ray measurements 
of the 2P-1S transitions. Calculations completed for neighboring values of R permit interpolation to 
improved values when more precise measurements are made and when small corrections of the raw data for 
electrodynamic and special coupling effects have been carried through. The doublet splitting of the 2P 
levels offers an independent measure of R, as well as a check on the possible existence of an anomalous muon 
magnetic moment. In contrast, the 3D-+2P and 2S-»2P transition energies are insensitivie to R but suf- 
ficiently sensitive to the shape of the charge distribution, so that accurate measurements of the transition 
energies between the six lowest muon ievels in the heavy nuclides will be able to provide information on 
both the electrical radius and the shape of nuclear electrification, independently of indications from the other 
phenomena mentioned above. 


I. INTRODUCTION tribution. If this transition energy is the most reliable 
single datum that we have on the nuclear charge dis- 
tribution, it can reasonably be used to delimit somewhat 
the set of all possible charge distributions. For example, 
for any assumed shape of distribution, the mu-mesonic 
transition energy can be used as a constraint to yield a 
radial extent, or range of the distribution. Other effects 


can then be investigated using this limited set of charge 


NUMBER of sources of evidence now give a 

strong indication that the electromagnetic radii 
of heavy nuclei are at least 15 percent smaller than the 
previously assumed values of (1.4 to 1.5)X10~"A'8 
cm.! The only contrary evidence comes from the study 
by Schawlow and Townes? of the effect of the finite size 
of the nucleus on the electronic x-ray fine structure. 


The disagreement between this and other sources of 
evidence has not been explained, but may be due to 
radiative corrections to the pz electronic level. In 
view of the rather convincing evidence for the smaller 
size of the nuclear proton distribution, it is of interest 
to know whether the charge distribution is also altered 
in shape from our previous ideas of a nearly uniform 
density. (By shape we here mean the shape of the curve 
of nuclear proton density vs radius, and not the geo- 
metric shape of the nucleus.) In the present paper we 
show that the mu-mesonic x-ray transitions can provide 
a valuable tool in the determination of the shape of the 
charge distribution within the nucleus*—both alone 
and in conjunction with other sources of evidence. 
Among known experimental results which depend on 
the charge distribution in the nucleus, the 2P-1S 
mu-mesonic transition energy‘ probably provides most 
unambiguously a single parameter of the charge dis- 


* On leave from Vanderbilt University, Nashville, Tennessee. 

t Joint program of the U. S. Office of Naval Research and the 
U. S. Atomic Energy Commission. 

‘ F, Bitter and H. Feshbach, Phys. Rev. 92, 837 (1953). 

2 A. L. Schawlow and C. H. Townes, Science 115, 284 (1952). 

3 J. A. Wheeler, Revs. Modern Phys. 21, 133 (1949) ; Phys. Rev. 
92, 812 (1953). 

‘V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953). 


distributions. 

In the present paper, we generate a set of charge 
distributions for the Pb nucleus more or less covering 
the range of reasonable shapes, limited by the require- 
ment that for each the 2P3,.—1S transition energy for 
the mu meson is 6.00 Mev. In order to allow for future 
corrections to the measured transition energy, to the 
mu-meson mass, or to the theoretical interpretation, we 
evaluate the lowest mu-meson levels in fact for each 
assumed shape at several ranges in the vicinity of the 
range which yields the transition energy of 6 Mev. 

In practice, a two or three parameter family of charge 
distributions can rather thoroughly cover the field of 
reasonable possibilities. Hence, the mu-mesonic 2P—1S 
datum (for Pb, say) can reduce the set to a one or two 
parameter family. Other effects, which also depend on 
the nuclear charge distribution, but in a different way, 
can then be considered to delimit the field further and 
in principle to give a rather complete picture of the 
charge distribution. Some of these effects, which have 
received previous theoretical treatment, or which do 


5 L. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 (1953). 
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succeeding paper.® It is shown that in fact in the present 
state of our knowledge they cast very little additional 
light on the question of the shape of the charge dis- 


tribution. 
Effects, which at present require exact numerical 


calculation, are 


A. 3D-—»2P and 2S—+2P mu-mesonic transitions.’ 
B. Very high energy electron scattering.” 


The first of these we consider in the present paper. The 
second contains in principle a great deal of information 
and has received considerable attention already.’~* The 
freedom of choice of nuclear radius, however, has led to 
a great freedom in shapes” of charge distributions which 
can fit the data.’ A principal utility of the present cal- 
culations may be providing a constraint on the radius 
for each shape of charge distribution and thereby in 
narrowing the field of shapes which can fit the electron 
scattering data. Detailed calculations of the electron 
scattering with the mu-meson-restricted charge dis- 
tributions are now in progress. 

Specifically, the results of the present calculations are 
values of the binding energy of the negative mu-meson 
in the lowest four states (1S, 2P12, 2P3/2, 2.S) in the 
field of the Pb nucleus, for a variety of assumed shapes 
of the nuclear charge distribution, and for a number of 
radii (or ranges) for each shape. The mu-mesonic wave 
functions are also obtained. The energies of the next 
two states (3D4/2, 3D5/2) are obtained for the exponen- 
tial distribution by perturbation theory, and are scaled 
to other shapes and sizes of charge distribution with an 
accuracy of about 1 kev. The main features of the 
pattern which emerges are the following: (1) The radius 
of a uniform charge distribution yielding a 2P3.—>1S 
transition energy of 6.00 Mev is 6.94 10-" cm=1.17 
<10-" A'/* cm, in agreement with Fitch and Rain- 
water and Cooper and Henley.® The decay length of an 
exponential charge distribution yielding the same 
transition energy is 1.7810-" cm=0.300X10-" A!” 
cm. (2) The rate of variation of transition energies with 
nuclear size is very different for different transitions, 
and is summarized in Table I. (3) The absolute values 
of the meson binding energies are very insensitive to 
change of shape of the nuclear charge distribution for 
fixed 2Ps.-1S transition energy. (4) The 3D-+2S and 
2S—>2P transitions are more sensitive to shape of charge 
distribution than to nuclear size and could be utilized 
to advantage to yield an indication of the shape of the 
nuclear charge distribution. For fixed 2P 3,218 transi- 
tion energy, the 3D-+2P energies vary by about 5 
percent and the 2S—»2P energies by about 15 percent 


*K. W. Ford and D. L. Hill, succeeding paper [Phys. Rev. 94, 
1630 (1954) }. 

7 Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 (1953). 

8 |,. I, Schiff, Phys. Rev. 92, 988 (1953). 

® Yennie, Wilson, and Ravenhall, Phys. Rev. 92, 1325 (1953). 

More recent analysis [R. Hofstadter, Phys. Rev. 94, 773 (T) 
(1954) ] gives evidence of a charge distribution not greatly differ- 
ent from uniform. 
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between the uniform and exponential charge distribu- 
tions. (5) The 2P doublet splitting is sensitive to nuclear 
size, and therefore provides an independent check on 
the nuclear radius (or a way to check for the existence 
of an anomalous magnetic moment of the muon). For 
2P 3215S energy = 6.00 Mev, the fine structure splitting 
is predicted to be 176 kev for the exponential charge 
distribution, 186 kev for the uniform charge distribu- 
tion, and to lie between these figures for all other calcu- 
lated distributions. 


II. QUALITATIVE DESCRIPTION AND ESTIMATED 
PERTURBATIONS 


In a first-order perturbation approximation, in which 
Dirac wave functions are used, the finite extension of 
the nucleus raises the mu-mesonic 1S state energy 
above its point-nucleus value by an amount propor- 
tional to 


4 
(7?) y= — foveyr*tdr, 
Z 


ve 


where p(r) is the nuclear charge density, and 
o=[1—(aZ)?}'?, 


Z being the nuclear charge and a= 137.038 being the 
fine structure constant. The 2S and higher S-state 
energies are raised, in proportion to the same integral 
with successively smaller coefficients. The 2P 1/2 energy 
is raised, in proportion to the same integral, with coef- 
ficient small compared to that for the 2S state; the 2P 3/2 
energy is unchanged (to first order). Hence, for light 
nuclei, where the perturbation approximation is valid 
(and for which 1), all of the properties of the mu- 
mesonic x-ray spectrum are determined by the value of 
(r*)», the mean square radius integrated over the 
nuclear charge distribution.'*.* 

For heavy nuclei, the effect of the finite size of the 
nucleus on the mu-mesonic levels is large and exact 


TABLE I. Sensitivity of energies to nulcear size. The numbers, 
a;, in the table are percent changes in energies for a 1 percent 
increase in the radial parameter of the charge distribution in the 
vicinity of the “true” radius; i.e., a;=[(y/E) (dE/dy));. 








Exponential 
distribution 


—0.492 
—0.268 
—0.185 
—0,144 
—0.027 
—0.011 


Uniform 
Energy distribution 


1S —0.514 
2S —0,297 
2Pi/2 —0,158 
2P 3/2 —0.112 
3Dsi2 —0.006 
3D5y2 —0.002 


2Py2 1S 
2P sn 1S 
28—2P i. 
2S—2P; 2 
3Ds2 ~2P, 2 
3Dai2—2P; 2 —0,21 
3D32-2P 2 —0,.29 
Ap —1.3 
Ap 


—0.74 
—0.75 
+0.10 
+0.36 
—0.26 
—0.25 
—0.32 
—1.3 


—0.81 
—0.82 
+0.25 
+0.54 
—0.21 























calculation is required (Part I1]). The transition energy 
becomes relatively less sensitive to the extent of the 
charge distribution. We find for Pb that the shift of the 
1S state energy from the point nucleus value varies 
approximately as (r°-*), rather than (7°7)4,=(r'*)y. 

Possible uncertainties in the theoretical interpreta- 
tion of the transition energies, most of which have 
already been considered by others, are here summarized, 
with comments. Quantitative estimates of the effects 
of these various perturbations on the calculated energies 
are summarized in Table ITT. 

(a) A nonelectromagnetic meson-nucleon interaction. 
There is evidence that this interaction has approxi- 
mately the same strength as the electron-nucleon beta 
decay interaction." If so, it shifts the energy levels by 
less than 1 ev and is completely negligible.® 

(b) Anomalous magnetic moment of mu meson. The 
electrodynamic contribution to the anomalous moment 
should have the same small relative value as for the 
electron (a/2m), and increase the calculated 2P doublet 
splitting by less than 1 kev, a negligible. effect. The 
nucleonic (pion field) contribution should be even 
much smaller because of the very small muon-nucleon 
interaction. If a sizable anomaly exists, however, only 
the 2P fine structure splitting would be appreciably 
affected.’ It would of course be of great interest to look 
for such an effect. 

(c) Vacuum polarization—the Uehling effect. As 
pointed out by Cooper and Henley® and by Corben,” 
the polarization of the vacuum by electron pairs pro- 
duces an appreciable shift in the calculated, mu-mesonic 
energy levels. Because, for the levels calculated, the 
meson lies well within the distance of an electron 
Compton wavelength from the nucleus, it is a good ap- 
proximation to use the limiting form of the vacuum 
polarization potential given by Schwinger” for ri... 
For a heavy nucleus this perturbing potential is, to first 
order in aZ, 


V »(r) = (2a/3m) Vo(r)[ U(r) — (5/6)], (1) 
where Vo(r) is the unperturbed electrostatic potential* 


Ve(r)= f [r—r'|“"p(v)d(vol’); (2) 


I(r) is defined by 


1 Ir—r’|\ ofr’) 
Ur) =—— } | (: -d(vol’); 
e 774 "hy Alee| wee 


XK, is the reduced electron Compton wavelength; and 
+=1.781. The quantity 1(r) is slowly varying over the 
region occupied by the mu meson, and we make the 
simplifying assumption of replacing /(r) by a constant. 

u FE, Amaldi and G. Fidecaro, Phys. Rev. 81, 339 (1951); J. M. 
Kennedy, Phys. Rev. 87, 953 (1952). 


2H. C. Corben, Phys. Rev. 94, 787(A) (1954). 
18 J. Schwinger, Phys. Rev. 75, 651 (1949). 
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TABLE II. Factors in the polarization energy shift, Eq. (4). The 
coefficient C is equal] to an approximate mean value of the quantity 
(2a/3)[U(r)—5/6]. The average potential energy, (Vo), was 
calculated for the two distributions with 2P32.-—1S energy = 6.00 
Mev. 





Uniform Exponential 
Level S (Vo (Vo) 
1S 0.00404 — 15.63 Mev — 15.68 Mev 
2S 0.00297 —6.27 —6.42 
2Pin 0.00356 —9.25 — 8.85 
2Pan 0.00346 —8.76 —8.41 
3Dai2 0.002 (0) —4.6 —4.6 
3Ds5i2 —4.3 —4.3 


0.002 (0) 





For rR (the nuclear radius), and with the assumption 
of a uniform charge density, l1(r)Slog(A./yR)+4. 
For r>R, l(r)=log(A./yr). We choose as an appropriate 
mean value for the 15 state, l=log(A./yR)= 3.44, and 
for the 2S and 2P states smaller numbers, 2.75 and 
3.10, respectively. For the 3D states, / is taken crudely 
to be 2.1. Then the energy shift due to the vacuum 
polarization is 

(4) 


Values of the coefficients C and of the mean values of 
the potentials, (Vo), for the exponential and for the 
uniform distribution, are given in Table II. The energy 
shifts AE, are included in Table III, and are estimated 
to be accurate to within 5 percent for the S and P 
states, 15 percent for the D states [the principal uncer- 
tainty arising in the choice of I(r) ]. This error does not 
include the uncertainty in the magnitude of higher 
order corrections, which have been ignored. Since aZ 
is not small compared to 1, higher order radiative 
effects may be appreciable. They have, however, been 
assumed negligible in Table ITI. 

(d) Other radiative effects. Electrodynamic effects 
other than vacuum polarization by electrons arise from 
the coupling of the meson to the radiation field, and are 
consequently very much smaller in magnitude than the 
Uehling effect. Since the meson reduced Compton wave- 
length is substantially smaller than the radii of the 
meson orbits considered, a crude but presently adequate 
estimate for the other radiative effects (including the 
effect of the anomalous moment) can be made by 
utilizing the same approximations employed for the 
Lamb shift in hydrogen. One thereby obtains an esti- 
mated shift of order 1 kev for the 15 state and somewhat 
less for the 2S and 2P states. 

(e) Nuclear polarization effect. The nuclear polariza- 
tion effect has been estimated crudely by Cooper and 
Henley® for the 1S state by using closure over both 
nuclear and meson states with an average energy de- 
nominator of 20 Mev. Their result is AE= —60 kev. 
Laking and Kohn" report an estimate of —16+8 kev 
for the same effect. We have not attempted to improve 
on these estimates and include in Table III what is 


AE,= C( Vo). 


4 W. Lakin and W. Kohn, Phys. Rev. 94, 787 (1954). 
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Tasve III. Summary of perturbations to calculated mu-mesonic energies. Those perturbations are included whose effect is estimated 





to be greater than 1 kev. Indicated uncertainties are, in all cases, intended to be upper limits to the error, rather than probable errors. 





1S 28 2Pi/2 


Estimated energy shifts in kev 
2P air 3D 2P—1S 2S -—+2P 3D-—2P 





. Vacuum polarization 
, Other radiative effects 
. Nuclear polarization 
. Mass of muon 
. Discrete charge 
Total 


~6345 —19+2 —32+43 
2+2 O+1 

— 50+40 —8+8 

0+25 O+12 
0+10 O+2 

—110+85 —27+25 


—7+7 


0+2 


probably a generous estimate for the uncertainty in the 
effect on the 1S state. The 2S state is also lowered by 
the nuclear polarization effect, by a lesser amount. 
Roughly, the ratio of 2S to 1S energy shift is equal to 
the ratio of 2S and 1S meson densities within the 
nucleus, or about 1/6. Using the same crude method to 
estimate the polarization effect on the 2P states, we find 
AE(2P 1j2)/AEQAS)=1/7, AE(2P42)/AE(AS)=1/12, 
and AE(3D) negligible (less than 1 kev). 

(f) Mass of muon. In the vicinity of the “true’”’ radius, 
the calculated energies may be written 


(E/me*)~(r0/Ky)*, 


where m and X, are the mass and reduced Compton 
wavelength of the muon. For fixed radial constant, 
therefore, 

E~m"™, 


Values of the exponent a for the binding energies and 
transition energies are given in Table I. The 2P-1S 
transitions are insensitive to meson mass. At somewhat 
larger radii, a+1 is even closer to zero.*> We have 
chosen m= 207.0m,'* and placed arbitrary limits of 
error of +1m, on this value in order to determine 
the uncertainties given in Table ITI. 

(g) Nuclear quadrupole moment. For a zero-spin 
nucleus, a nuclear deformation changes slightly the 
effective shape of the nuclear charge distribution,'*® and 
in particular extends the mean radius fractionally by 
about (3/5)a’, where a is a deformation parameter 
defined by 

R= Rf 1+aP2(cos6) }. 


For a nucleus with nonzero spin, the center of gravity 
of the hyperfine structure pattern reacts in the same 
way to the effective rounding of the edge of the charge 
distribution and the slight extension of the nucleus. 
(Wheeler® has considered quadrupole hyperfine pat- 
terns.) Some nuclei may have values of @ as great as 
0.25 but a probable upper limit for Pb”? is 0.05. Since 
for Pb the 1S energy varies roughly as R~*, an upper 
limit for the quadrupole energy shift for the 1S state of 
Pb”? is about 5 kev. Pb”* is expected to have no quad- 
rupole effect (although the zero point surface vibration 


16 Smith, Birnbaum, and Barkas, Phys. Rev. 91, 765 (1953). 
16 Wilets, Hill, and Ford, Phys. Rev. 91, 1488 (1953). 


—0.6+0.5 
0+20 


—40+32 


+22+5 
0+1 
+545 
0+11 
0+2 
+27+25 


+3248 

—2+3 
+45+40 

0+5 
0+10 
+75+65 


—30+43 +1245 
0.30.5 
—444 
0+20 
0+2 “* 
—34430 —9+13 


—9+43 


0+10 


+7425 








will act in the same way to extend" slightly the charge 
distribution). 

(h) Granularity of nuclear charge. Cooper and Henley® 
estimate the effect of the discrete charge distribution 
on the 1S state of Pb to be less than 10 kev. We have 
not attempted to improve on this estimate. The effect 
on the 2S and 2P levels will be smaller than the 1S 
effect by a factor of 5 to 10. 

(i) Electron shielding. The number of K electrons 
within a radius of three nuclear radii is about 0.9X 10~. 
If the total electron charge in the same volume is 
generously taken to be ten times this number, the total 
fractional effect of electrons on the potential seen by the 
mesons is about 10~°, and may be ignored. 

The relevant perturbations are summarized in Table 
III. We conclude that the 2P-+1S transition energies 
can be calculated to within about 65 kev, and the 
3D—2P and 2S—>2P transitions to within about 25 kev. 
Since the 2P1/2 and 2P3,2 states are similarly perturbed 
by most effects, the uncertainty in the determination 
of the 2P doublet splitting is only about 5 kev. As is 
discussed in Part IV, these uncertainties are small 
enough that the possibility exists to determine in a 
certain sense the shape as well as the size of the nuclear 
charge distribution from the low mu-mesonic transitions 
alone. 

There is strong reason to believe, therefore, that the 
mu meson is a probe particle sensitive to the extent of 
the nuclear charge distribution but relatively free of 
uncertainty in theoretical interpretation of transition 
energies.’ As a nucleus to probe, Pb appears ideal, and 
we have restricted our calculations to this element. It 
has the greatest spacing of low-lying levels among the 
heavy nuclei, which serves to minimize the nuclear 
polarization effect. Its ground-state deformation is 
small. It has been already investigated with mu mesons‘ 
and with high energy electrons’ and its isotope shift 
has been measured'* and analyzed.’® It is an experi- 
mentally convenient substance with which to work. It 
has only the disadvantage of possessing several iso- 
topes. For future precise determinations of the mu- 
mesonic 2P fine structure splitting, for example, Au or 
separated Pb®* would be preferable. 

‘7D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 

18 Brix, von Buttlar, Houtermans, and Kopfermann, Z. Physik 
133, 192 (1952); other references there. 


'? P. Brix and H. Kopfermann, Festschr. Akad. Wiss., Géttingen, 
Math.-Physik KI. 17 (1951); Phys. Rev. 85, 1050 (1952). 











Ill. EXACT CALCULATIONS 
Dimensionless Formulation 


We consider families of charge distributions of the 
form 
x=r/ro. 


p(r)=pofx(x), (5) 


Here py is the central charge density, f,(0)=1; A repre- 
sents any number of parameters used to define the 
shape of the distribution, and ro, the range parameter, 
defines the radial extent of the distribution. We define 
the functionals of f: 


1y(a)= f Sf (x)x*dx ; (6) 
0 

I(x) =C1(e)}* f T,(x)x*dx. (7) 

0 

Then the normalizing condition is 

Aare pol ( ©) = Ze, (8) 

and the electrostatic potential is 
V= id (Ze/ro) J; (x). (9) 


We further define the dimensionless energy «= E/mce’, 
where m=mu-meson mass=207m,, and the dimen- 
sionless range parameter, y=7o/A,, where A,=h/mce 
=reduced Compton wavelength of the mu meson. 
Then the radial equations for the Dirac particle in a 
central field”? become 


dG/dx= — (k/x)G+[y(e+1)+aZJ;(x) ]F, 

dF /dx= (k/x)F—[y(e—1)+aZJ;(x) 1G, 
where F/x and G/x are the two components of the wave 
function and & is the angular quantum number. For the 


six levels considered, k= —1(1S and 2S), +1(2P1/2), 
—2(2Py2), +2(3Dy2), and —3(3Dy/2). 


(10) 


Families of Charge Distributions 


In order to cover the landscape of possible charge 
distributions, we have considered several members of 
each of four families of distributions. 


Family I 


n 


f.(x)= a/n) f x"e*dx=>, Pre n=(),1,2---. (11) 


k=0 k! 
For n=0, this is an exponential, for n=1, a modified 
exponential (name used by Schiff*). As n—, f ap- 
proaches a square distribution, but the high-n members 
of the family are not feasible for calculation. 

For this and the succeeding families, the charge nor- 
malization integral I;(* ) [Eq. (6) ] and the dimension- 
less potential J;(x) [Eq. (7)] are given in Appendix I, 

*™L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, New York, 1949), p. 319. 








MU-MESONIC X-RAYS 


Family II 
1 1—}e-n"e*, x Sn 
(a) f.(x)=— | 
1—4e" hene™?, x>n 
O<¢n¢l, (12) 


As n varies from 0 to 1, f varies from an exponential 
toward a shape roughly Gaussian in appearance. 


OF hie pe a 
) Sn(x de" dene), x21 
1on< @. (13) 


As n varies from 1 to infinity, f varies from a shape 
roughly Gaussian in appearance to a square shape 
(uniform distribution). Families Hla and IIb form a 
single connected family (being identical at m=1), but 
are distinguished in order that the range parameter fo 
may have a close relation to the size of the nucleus. For 
family Ila, the relevant distance is the decay length for 
x>n. For family IIb, the relevant distance is the inter- 
val out to the point where the distribution begins to fall 
exponentially. 
Family III 


sinhsx/sx ;1—4e-""-, x <1 


ne (xX) = , 
f x21 


fy 1—4e" he e-D), 


n2>1,n>s. (14) 


This family is a generalization of family IIb and 
includes shapes peaked at the edge of the nucleus 
instead of at the center. It leads to complicated for- 
mulas, but is worth examining to discover if previous 
ideas about a slight depression of central charge den- 
sity”-*-!6 relative to the outer part of the nucleus must 
be discarded. 
Family IV 


This family is made of various separate simple dis- 
tributions, some of which are special cases of the 
previous three families. 


A. Exponential : f=e", (15) 
B. Modified exponential: f= (1+ x)e~*, (16) 
C. Gaussian: f=exp(—2’), (17) 
D. Modified Gaussian: f=(1+2) exp(—x*), (18) 
E. Square: f=1,x<1;f=0,x>1. (19) 


Another distribution of interest for Pb is that derived 
theoretically by Gombas” from a statistical treatment: 


: fa=(1+0.152")* exp(—2x*). (20) 


#1 EF. Wigner, Bicentennial Symposium, University of Pennsyl- 
vania, 1940 (unpublished). 

2 E. Feenberg, Phys. Rev. 59, 593 (1941). 

%W. J. Swiatecki, Proc. Phys. Soc. (London) A63, 1208 (1950). 
aa a Acta Phys. Acad. Sci. Hung. 1, 329 (1952) and 2, 

3 (1952). 
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Fic. 1. Binding energies, transition energies, and 2P doublet 
splitting for the uniform charge distribution. Energies are given 
in Mev, assuming a meson mass of 207.0m,, and are plotted vs y, 
the nuclear radius in units of the meson reduced Compton wave- 
length. The 3D levels were calculated by perturbation theory. The 
vertica) dashed lines indicate the radius for which 2Ps32.-1S 
energy equals 6.00 Mev. 


This distribution is approximately represented by inter- 
mediate members of families I and IT. 


Solution for Energy Levels 


With the aid of one of the Los Alamos I.B.M. Type- 
701 electronic computers, and of its staff,?*> we have 
solved the radial equations (6) for various charge 
distributions /(«) and various range parameters y. For 
each choice of shape [ f(x) ] and size (y), the equations 
have been solved by successive trials with ¢, the 
energy, as the eigenvalue. Some remarks on the nu- 
merical procedure are contained in an appendix. The 
energy values obtained are accurate to about 10~* Mev. 


FOR 
RANGE 
7*0,953 


apis ($89) 
es~er [788] 


49+ 0 176 
—y- 


Fic. 2. Binding energies, transition energies, and 2P doublet 
splitting for the exponential charge distribution, plotted in the 
same way as Fig. 1. Graphs for shapes of charge distribution inter- 
mediate between uniform and exponential are qualitatively the 
same as Figs. 1 and 2. 


% We express our + ag ge in particular, to Mr. Richard 
G, Clow and to Mr. John T. Mann for their valuable assistance on 
several occasions in operation of the computer. 


HILL AND 


K. W. FORD 

The wave functions and energy values were found for 
the four lowest states. For each shape, the energy 
eigenvalues have been found for several ranges such 
that the experimental 2P3,.—15S transition energy of 6 
Mev is bracketed, with calculations extending to transi- 
tion energies 20 percent greater and 20 percent smaller 
than 6 Mev. 

The 3D levels have been calculated by perturbation 
theory, since the finite nucleus effect on these levels is 
small, The first order energy shifts away from the 
Dirac point nucleus values were calculated for the 
exponential charge distribution at the radius giving a 
2P32-1S transition energy of 6.00 Mev. The rate of 
variation of the energy shift with radius was found at 
the same point. At this radius, the 3D5/2 state is shifted 
by 14.9 kev and the shift varies as ro°'**. The 3Ds5,2 state 
is shifted by 5.7 kev and the shift varies as ro‘. The 
energy shifts for the uniform distribution were found 
by assuming that the shift varies roughly as (r*), for 
different shapes of charge distribution. This crude ap- 
proximation is adequate because the shifts for the uni- 
form distribution are so small—3+-1 kev for the 3D3,2 
state and 1+0.5 kev for the 3D5,z state. Although the 
3D levels are insensitive to the extent of the nuclear 
charge, the 3D-2P transition does probe the nucleus 
in an important way. The 3->2P transition should be 
strong. There is doubt whether the 2S—>2P transition 
will be observable, due to the small occupation of the 
2S state. 


IV. RESULTS 


In Figs. 1 and 2, sample energy level results for Pb 
are presented graphically. For each assumed shape of 
charge distribution, the lowest six energy levels are 
plotted as a function of the range parameter y. The 
energies are given in Mev, assuming a mu-meson mass 
of 207.0 electron masses.'® Since only E/me* is deter- 
mined by the solutions, the energies may be readily (but 
not linearly) scaled for a possible correction to the 
mu-meson mass. The dimensionless range parameter y 
is equal to the range parameter ro divided by A,, the 
reduced Compton wavelength of the mu meson, 1.8665 
x<10-" cm for the assumed mass of 207.0m., and in- ’ 
cluding a reduced mass correction. 

The binding energies given in Figs. 1 and 2 and all 
other exactly calculated energies are presented tabularly 
in Table IV. The lowest four energies and transition 
energies are summarized in Table V for fixed 2P3;.—1S 
transition energy. In Table VI are given the 3D energies 
and transitions, subject to the same condition, for the 
uniform and exponential distributions. The 3D-—2P 
transition energies for intermediate shapes may readily 
be interpolated, since the major variation comes from 
the P states. 

It is of fundamental interest to know whether the 2P 
doublet splitting and the 3D-+2P and 2S—2P energies, 
taken together with the 2P-+1S energies, can provide 
information on the shape of the charge distribution. 














MU-MESONIC X-RAYS 


efined by Eqs. (5) 








Range Binding energies in Mev 
Shape parameter 
parameter a 1S 28 2Pij2 2P us 
Family I 
n=(0 0.7000 12.114 3.914 4.913 4.668 
0.8000 11.416 3.790 4.823 4.608 
0.9000 10.802 3.679 4.732 4.543 
— 0.9529 10.504 3.624 4.684 4.508 
1.0000 10.257 3.577 4.641 4.475 
1.1000 9.769 3.485 4.552 4.405 
1.2000 9.330 3.399 4.465 4.334 
1.3000 8.932 3.320 4.379 ; 





n=6 





0.5600 
0.6400 
0.7200 
0.7577 
0.8000 
0.8800 
0.9600 
1.0400 


0.4667 
0.5333 
0.6000 
0.6289 
0.6667 
0.7333 
0.8000 
0.8667 


0.4000 
0.4571 
0.5143 
0.5376 
0.5714 
0.6286 
0.6857 
0.7429 


0.3500 
0.4000 
0.4500 
0.4695 
0.5000 
0.5500 
0.6000 
0.6500 


0.2800 
0.3200 
0.3600 
0.3746 
0.4000 
0.4400 
0.4800 
0.5200 


2.8000" 
3.2000 
3.6000 
3.7159 
4.0000 
4.4000 











12.117 
11.413 
10.792 
10.525 
10.242 
9.749 
9.305 
8.904 


12.122 
11.412 
10.788 
10.539 
10.233 
9.737 
9,290 
8.886 


12.126 
11.413 
10.785 
10.550 
10.228 
9.729 
9.280 
8.874 


12.130 
11.414 
10.784 
10.558 
10.224 
9.724 
9.273 
8.865 


12.136 
11.417 
10.783 
10.570 
10.220 

9.717 

9.264 

8.854 
12.177 
11.442 
10.793 
10.619 
10.217 
9.701 
9.237 





n=0.5 


11.965 
10.800 
10.500 
9.861 
9.085 
8.433 
7.876 
7.394 











3.908 
3.783 
3.669 
3.620 
3.567 
3.473 
3.386 
3.306 


3.905 
3.778 
3.663 
3.616 
3.559 
3.465 
3.377 
3.297 


3,902 
3.774 
3.659 
3.615 
3.554 
3.458 
3.371 
3.289 


3.900 
3.771 
3.655 
3.613 
3.550 
3.454 
3.365 
3.284 


3.898 
3.767 
3.650 
3.610 
3.544 
3.447 
3.358 
3.275 


3.888 
3.752 
3.630 
3.596 
3.518 
3.417 
3.323 


Family II 


3.888 
3.678 
3.623 
3.502 
3.351 
3.218 
3.100 
2.993 











4.927 
4.838 
4.749 
4.706 
4.659 
4.571 
4.484 
4.399 


4.936 
4.849 
4.761 
4.722 
4.672 
4.585 
4.498 
4.413 


4.944 
4.857 
4.770 
4.734 
4.682 
4.595 
4.509 
4.424 


4.949 
4.863 
4.777 
4.743 
4.690 
4.603 
4.517 
4.433 


4.957 
4.873 
4.787 
4.755 
4.701 
4.615 
4.529 
4.445 


4.991 
4.913 
4.833 
4.809 
4.752 
4.670 
4.588 


4.895 
4.731 
4.683 
4.570 
4.413 
4.263 
4.120 
3.985 


patalletala 
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* For uniform distribution (nm = #) y =R/Kc. 





Shape 


parameter 


n=1 


n=10 


5.3 








Range 
parameter 
Y 


0.7700 
0.8800 
0.9480 
0.9900 
1,1000 
1.2100 
1.3200 


1.2000 
1.4000 
1.6000 
1.7976 
1.8000 
2.0000 
2.2000 
2.4000 


1.9600 
2.2400 
2.8071 
3.0801 
3.30601 
3.6401 
3.9201 


2.4500 
2.8000 
3.1500 
3.5000 
3.5147 
3.8500 
4.2000 
4.5500 
4.9000 


Same as 


y 


1.4400 


1.6800 
1.9200 
2.1144 
2.1600 
2.4000 
2.6400 
2.8800 
1.9600 
2.2400 
2.5200 
2.6791 
2.8000 
3.0800 
3.3600 
3.6400 


2.4500 
2.8000 
3.1500 
3.2628 


0.6600 





through (19). 


Taste IV. All exactly calculated binding energies. The lines prefaced by arrows have in common a 2P3,.-15S transition 
energy of 6.00 Mev. Families I through IV are d 










Binding energies in Mev 


1s 
Family II 
12.397 
11.592 
10.894 
10.507 
10.283 
9.744 
9.263 
8.832 





2S 


3.963 
3.821 
3.695 
3.623 
3.582 
3.479 
3.385 
3.299 





12.647 4.002 
11.837 3.859 
11.133 3.732 
10.522 3.620 
10.515 3.618 
9.9676 3.515 
9.4791 3.420 
9.0401 = 3.333 
12.499 3.963 
11.782 3.834 
10.568 3.609 
10.074 3.515 
9.616 3.426 
9.200 3.343 
8.821 3.266 
12.584 3.966 
11.855 3.833 
11.209 3.713 
10.632 3.604 
10.609 3.599 
10.115 3.504 
9.647 3.412 
9,223 3.327 
8.836 3.248 
Family I. 
Family II 
is 2S 
12.568 3.984 
11.752 3.840 
11.044 3.711 
10.534 3.616 
10.422 3.594 
9.872 3.489 
9.381 3.392 
8.940 3.304 
12.260 3.918 
11.539 3.788 
10.903 3.670 
10.574 3.608 
10.338 3.563 
9.831 3.465 
9.375 3.374 








2Py2 


4.947 
4.848 
4.747 
4.686 
4.648 
4.549 
4.453 
4.359 


4.983 
4.890 
4.796 
4.703 
4.702 
4.608 
4.516 
4.426 


4.993 
4.915 
4.753 
4.675 
4.595 
4.516 
4.438 


5.024 
4.952 
4.877 
4.801 
4.798 
4.725 
4.648 
4.508 
4.495 


2P is 
4.980 
4.887 
4.793 
4.716 
4.698 
4.604 
4.512 
4.421 


4.971 
4.889 
4.806 
4.759 
4.723 
4.640 
4.557 
4.475 


4.981 
4.901 
4.819 
4.792 
4.736 
4.653 
4.570 
4.488 





2Pa2 


4.713 
4.656 
4.5920 
4.537 
4.524 
4.452 
4.379 
4.304 


4.714 
4.665 
4.610 
4.577 
4.551 
4.488 
4.423 






4.726 
4.679 
4.626 
4.607 
4.567 
4.506 
4441 
4.374 
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TABLE IV.—Continued. 











: Range Binding energies in Mev Range Binding energies in Mev 
Shape parameter ; : Shape parameter 
parameter Y is 28 2P 2 2Py2 parameter Y 1s 2S 2Py2 2Pus 


Family III Family III 


8 2 2.4000 12.112 3.882 4.975 4.723 | 12 2 2.4500 12.402 3.930 5.011 4.745 
2.7000 11.467 3.763 4.904 4.681 2.8000 11.669 3.796 4.936 4.703 
3.0000 10.891 3.655 4.832 4.634 3.1500 11.021 3.674 4.859 4.655 
3.1614 10.605 3.001 4.793 4.608 3.3904 10.617 3.597 4.806 
3.3000 10.372 3.556 4.759 4.584 3.5000 10.443 3.564 4.781 
3.6000 9.903 3.464 4.685 4.530 3.8500 9.926 3.463 4.702 
3.9060 9.476 3.380 4.612 4.474 4.2000 9.459 3.370 4.624 
4.2000 9,086 3.301 4.539 4.416 4.5500 9.036 3,284 4.545 








2.2400 12.065 3874 4969 4.719 Pamily 
2.5600 11.335 3.739 4887 4.670 
2.8800 10692 3.617 4803 4.615 1S 
a oor ae 4.791 4.006 | Gaussian 12.211 3.934 4.967 
3.2000 10.120 3.507 4.719 4.555 . 
3.5200 9610 3406 4.634 4.491 11.496 863.807 = 4.884 
3.8400 9150 3.314 4.550 4.425 10.865 3.692 4.800 
10.573 3.638 4.757 


2.4500 12.512 3.951 5.020 4.749 10.305 3.588 4.716 
2.8000 11.780 3.817 4.947 4.709 9.803 3.493 4.631 
3.1500 11.133 3,696 4.872 4.663 9.351 3.406 4.547 
3.4616 10.615 3.598 4.804 4.618 

3.5000 10555 3.586 4.796 4612 ss 5s ee 
3.8500 10.037 3.485 4.718 4.557 
4.2000 9.569 3.393 4.641 4.499 : 
4.5500 9.145 3.307 4.564 4.438 | Modified 

Gaussian 1.4700 12.396 
2.4500 12.448 3.939 5.015 4.747 1.6800 11.677 
2.8000 11.715 3.805 4.941 4.706 1.8900 11.041 
3.1500 11.067 3.684 4.865 4.659 : 2.0560 10.588 
3.4200 10.616 3.598 4.805 4.619 2.1000 10.475 
3.5000 10490 3.573 4.787 4.607 23100 9.967 
3.8500 9.972 3.472 4.709 4.551 7.5200 9 509 
4.2000 9.505 3.379 4.631 4.491 - ote 
4.5500 9.081 3.293 4.553 4.430 9.094 


28 2Piy2 











TaBLe V. Summary of exactly calculated energies at radii chosen to yield 2P32~-+1S energy =6.00 Mev. The indices m and s designate 
the shape of the charge distribution. The range parameter measures the size. All energies in Mev. 


Y 1S Ss 2P a2 2Paa iS 2Pin iS 2S-—+2P a/2 28 —+2P 1; 


Family | 
0.9529 10.504 3.61 4.684 4.508 5.997 5.821 0.884 1.060 
0.7577 10.525 3. 4.706 4.529 5.997 5.819 0.909 1.086 
0.6289 10.540 3. 4.722 4.543 5.997 5.818 0.926 1.105 
0.5376 10.551 3.615 4.734 4.554 5.997 5.817 0.939 1.119 
0.4695 10.559 . 4.743 4.562 5.997 5.816 0.949 1.130 
0.3746 10.570 3. 4.755 4.574 5.997 5.815 0.963 1.145 
3.7159 10.620 = 4.809 4.623 5.997 5.810 1.027 1.213 


Family II 
0.9536 10.500 x 4.683 4.507 5.993 5.817 0.884 1.060 
0.9480 10.507 J 4.685 4.509 5.998 5.822 0.886 1.062 
1.7976 10.522 3. 4.703 4.525 5.997 5.819 0.906 1.083 
2.8071 10.568 609 4.753 4.572 5.997 5.815 0.962 1.144 
3.5147 10.609 é 4.798 4.613 5.811 1.013 1,199 


Family II 


4.716 4.537 0.922 1.101 0.179 
4.759 4.577 5.998 0.969 1.151 0.182 
4.792 4.608 5.997 1.007 1.192 0.185 
4.792 4.607 1.007 1.192 0.185 
4.791 4.606 5.996 1,006 1,191 0.185 
4.804 4.618 5.997 1.020 1.206 0.186 
4.805 4.619 5.997 1.021 1.207 0.186 
4.806 4.620 5.997 1.022 1.208 0,186 


an 
— 
wn 


2.1144 10.534 
2.6791 10.574 
3.1614 10.605 
3.2628 10.603 
2.9276 10.602 
3.4616 10.615 
3.4200 10.616 
3.3904 10.617 


Ne We th bh “ 
cs 


So SY es Gs Gn 
a 


aun 
—] 


Family IV 
4.758 4.576 5.997 0.938 1.119 0.181 


1.132 0.182 


w 
2 
& 


Gaussian 2.4714 10.573 


Modified 
Gaussian 2.0560 10.588 4.774 4.591 5,997 0.949 

















TaBLE VI. 3D binding energies and transition energies for 
uniform and exponential distributions, with radii chosen as in 
Table V. Energies in Mev. 























3Dija— 
2Py 


2.353 
2.456 


3Din 
2Py Ap 


2.529 0.036 
2.642 0.034 






3Dsj2> 
2Py2 


2.389 
2.499 






4 3Day2 


2.155 
2.167 

















« 2.124 











Figures 3 and 4 present the 3D-—+2P and 2S—2P transi- 
tion energies and the 3D and 2P doublet splitting as a 

i function of a suitable shape parameter for families I 

and II, subject to the restriction that the 2Ps.—1S 
transition energy is 6.0 Mev. Future experiments may 
of course alter the value of the 2P3;.--1S energy, in 
which case interpolation in Table III would be required, 
but for illustrative purposes, it is adequate to take 
6.00 Mev for this transition energy and to investigate 
to what extent the other transitions among the low 

. states may reveal more about the nuclear charge dis- 
tribution. 

j Table III indicates that a calculated 2P4).—-1S 

transition energy of 5.997 Mev corresponds to an 
observed transition energy of 6.072+0.065 Mev. Con- 
versely, a measured energy of 6.07 Mev corresponds to 
a calculated energy of 6.00+0.07 Mev, which implies 
an uncertainty in the determination of the radial 
constant for any shape of charge distribution of about 
1.3 percent. (It is assumed that the uncertainty in the 
experimental measurement is small compared to the 65 
kev theoretical uncertainty.) Table I shows the relative 










































Fic. 3. Energies vs shape of charge distribution for family I, 
limited by the condition 2P3;21S energy = 6.00 Mev. (a) Binding 
energies of four lowest states. (b) 2S-+2P transition energies 
and 2P doublet splitting. (c) 3D-+2P transition energies, 3D 
doublet splitting, and range parameter y. The quantities are 
H plotted vs an arbitrarily chosen shape parameter, 3/(n+3), which 
runs from 0 (uniform distribution) to 1 (exponential distribution). 
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Fic. 4. Energies and radii vs shape of charge distribution for 
family II limited by the condition 2P3;.->1S energy = 6.00 Mev. 
(a) Binding energies of four lowest states. (b) 2S-+2P transition 
energies and 2P doublet splitting. (c) 3D-+2P transition energies, 
3D doublet splitting, and range parameter y. The quantities are 
plotted vs an arbitrarily chosen shape parameter, n*/(n?+-16), 
which runs from 1 (uniform distribution) to 0 (exponential dis- 
tribution). 









sensitivity of the various measurable energies to a 
change of nuclear radius. For the present example, we 
assume a distribution intermediate between uniform 
and exponential. Then the 1.3 percent uncertainty in 
radius implies uncertainties of about 0.22 percent in 
the 3D-—+2P3,2 transition, 0.60 percent in the 2S—>2P 3/2 
transition, and 0.26 percent in the 2S—+2P 1/2 transition. 
To these uncertainties must be added the (larger) 
theoretical uncertainty of about 25 kev from Table III. 
Finally then, the 3D-+2P transition energies are pre- 




























































Fic. 5. “Equivalent” charge distributions for family I, for each 
of which the 2P3;;—15S transition energy =6.00 Mev. The hori- 
zontal scale is in units of the meson reduced Compton wave- 
length, Ay. The vertical scale is in number of protons per X,*. The 
range parameters for these distributions are given in Table IV 
and plotted in Fig. 3. 
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Fic, 6. “Equivalent” charge distributions for families II and 
ITI, for each of which the 2P 4,215 transition energy = 6.00 Mev. 
The horizontal scale is in units of the meson reduced Compton 
wavelength, X,. The vertical scale in number of protons per X,’. 
The range parameters for these distributions are given in Table iv 
and plotted in Fig. 4. 


dictable to within about 1.2 percent, and the 2S—+2P 
energies to about 3 percent, for any assumed shape of 
charge distribution from an experimental 2P4;2—1S 
energy measured to within a few tens of kev. The sensi- 
tivity of these transition energies to change of shape is 
considerably greater, however (see Figs. 3 and 4 and 
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Tables V and VI). The change from uniform to ex- 
ponential changes the 3D-+2P energies by about 4.5 
percent and the 2S—»2P energies by about 15 percent. 
It therefore appears that a knowledge of these mesonic 
transition energies could throw considerable light on 
the shape of the nuclear charge distribution. 

The 2P doublet splitting, on the other hand, is 
sensitive both to the radius and to the shape of the 
charge distribution. A 1.3 percent uncertainty in the 
radius introduces about a 1.6 percent uncertainty in the 
2P doublet splitting, while the change of shape from 
uniform to exponential alters the 2P doublet splitting 
by about 10 kev or 5.5 percent. The determination of 
the 2P doublet splitting,”® e.g., via the 3D-—+2P transi- 
tions, would be most useful in providing an independent 
sensitive measurement of the nuclear radius and check- 
ing for the possible existence of an anomalous muon 
magnetic moment. The 3D doublet splitting, although 
small (~40 kev), is sensitive to the shape of the charge 
distribution (Fig. 3). Its determination would provide 
another useful datum on which to base a firm picture 
of the nuclear charge distribution. 

Figures 5 and 6 show the set of equivalent charge dis- 
tributions for which the 2P3;.—1S transition energy is 
6.00 Mev. Figure 7 shows the corresponding equivalent 
potentials for the extreme case of uniform and ex- 
ponential distributions. Sample normalized wave func- 
tions are shown in Fig. 8 for the uniform distribution. 
The wave functions vary little from one distribution to 
another, as is illustrated by the differences between 
uniform and exponential wave functions shown in part 
(c) of Fig. 8. Additional detailed numerical results are 
available from the authors. 

The sensitivity of the transition energies to the dis- 
tribution of nuclear charge may be seen in a more 


%, 


Fic. 7. “Equivalent” potentials for the uniform and exponential 
charge distributions, for each of which the 2Ps/21S transition 
energy =6.00 Mev. (a) Potential of uniform distribution, with 
nuclear radius indicated by dashed line. (b) Potential of exponen- 
tial distribution. Vertical scale in Mev, assuming a meson mass of 
207.0m,. Horizontal scale in units of meson reduced Compton 
wavelength, A,. Corresponding charge distributions given in Figs. 
5 and 6. 


% Preliminary measurements [J. Rainwater, Phys. Rev. 94, 
773(T) (1954) | indicate a 2P doublet splitting of 0.18 Mev. 


































Fic. 8. Normalized wave functions. The horizontal scale is in 
units of the meson reduced Compton wavelength, X,. The nor- 
malization is: (1/Ay)fo*(F?+G)dr=1. (a) Wave functions for 15 
and 2S states, uniform charge distribution, radius R=3.716d,. 
j (b) Wave functions for 2P states, same charge distribution. (c) 
hd Comparison of 1S state wave functions for the “equivalent” 
uniform and exponential potentials illustrated in Fig. 7. The dif- 
ferences AF = Fynit—Fexp and AG=Gynit—Gexp are plotted. 


° pictorial way by using perturbation theory to examine 
the effect of changes in the charge distribution away 
from the uniform distribution with “correct” radius. If 
the altered charge distribution is punir+4dp(r), the energy 
shift of the mth level is 


AE,,= +4n f Um(r)ép(r)r'dr, 
0 







(21) 





where 2,,(7), the effective potential due to mu meson in 
the mth state (adjusted to zero at the origin), is given by 






sats) —4er(é/h) f y*dy f (Fet+Gu2dx, (2) 
0 0 
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assuming F,,’+G,,? to be normalized as in the caption 
of Fig. 8. The change of the transition energies may 
then be expressed as single integrals over the change of 
charge density: 


AEwn= { Smn(r)[6p(r)/Ze 4rd. (23) 


The quantity by which S,,, is multiplied in this ex- 
pression is the fractional change of charge at the radius 
r; and S,,», with the dimensions of energy, is given by 


Sinn= —Ze(Vm—Vn). (24) 


Figure 9 shows the weighting functions S,,, for the 
2P32—- 1S, the 3D—2P 3/2, the 3D 2P 32, and the 
2S—>2P3/2 transitions. The normalized functions shown 
in Fig. 8 have been used to evaluate 25, vos, and top; 
sp has been neglected in comparison with vp. For light 
nuclei, the weighting functions have the radial depend- 
ence: S(2P—1S)~—?r’, S(3D-2P32)~—r. For Pb, 
the peripheral charge is weighted relatively less in rela- 
tion to the central charge than for light nuclei. 


$(2s->2R,,) 


$(30->2R,,) 













Fic. 9. The sensitivity of transition energies to distribution of 
nuclear charge is defined by the functions Smn of Eqs. (22)—(24) 
and plotted here for four transitions. Entering into the caiculation 
of Smn are the expressions for u-meson density 

P(r) = 44 (PyP+Gn?). 


When the normalized exact solutions for uniform nuclear charge 
were fitted to polynomials valid in the neighborhood of the 
nucleus, the results were, in terms of the dimensionless distance 


&= r/Xy, 
10P (1S) = 140.712+ 10.218— 24.91 + 5.20¢°—0.32¢8, 
10°P (2P 1/2) = 6,5652+- 1.1946-+ 3.657 — 1.138£*+0.086¢*, 
10°P (2P 5/2) = 3.423 &+-0.243 £5 — 0.537 £*-+-0.108£7 — 0.007 £8, 
10°P (2S) =72.342+-3.122— 16.60&+-3.97£* —0.27¢*. 


Inspection of Fig. 8 indicates that the above plotted sensitivities 
would not markedly change if derived for nuclear charge distribu- 
tions other than uniform. 























DD. Lo EEL 


Vv. CONCLUSION 


For light elements, the mu-mesonic transition energies 
determine only (r’), the average value of r* over the 
nuclear charge distribution.’ This is the same quantity 
that is determined at low Z by most other effects 
sensitive to the extent of the nuclear charge distribution. 

For heavy elements, the mu-mesonic spectrum is de- 
pendent upon the shape as well as the extent of the 
nuclear charge distribution. The present calculations 
for Pb serve two functions. (1) They provide predictions 
of the mu-meson spectrum for various charge distribu- 
tions which may be compared with future, more precise, 
experiments on the mu-mesonic transition energies. The 
calculations, combined with other considerations on 
perturbations and uncertainties in the interpretation, 
indicate that the mu-mesonic transitions alone can 
provide a reasonable idea of the shape as well as the size 
of the nuclear charge distribution. (2) They limit the 
set of possible charge distributions which may be 
applied to the interpretation of other nuclear charge- 
sensitive experiments, if the vaiue of the 2P-1S 
transition energy is used as a constraint. Some con- 
siderations of this use are given in the succeeding paper. 
More especially, these calculations should help in inter- 
preting the high energy electron scattering experi- 
ments.’ In order to test their utility in this regard, exact 
calculations of the scattering of very high energy elec- 
trons from the conceivable Pb nuclei considered here 
are now in progress. 

The numerical results here reported were obtained 
with one of the Los Alamos I.B.M. Type 701 com- 
puters, in the use of which we have benefited from the 
experience of members of Los Alamos Group T-1, who 
have developed a number of standard programs em- 
ployed in the present work. 

Stimulating discussions with Professor John A. 
Wheeler of Princeton University contributed much to 
the initial formulation of these studies. We have 
profited also from conversations with Professor Rain- 
water and Dr. Cooper of Columbia University. 


APPENDIX I. SOME INTEGRALS OVER THE 
ASSUMED CHARGE DISTRIBUTION 


The normalization integral /;(~ ), defined by Eq. (6), 
and the dimensionless potential function J;(x), defined 
by Eq. (7), are here given for the various charge dis- 
tribution functions, f(x), defined in Part III. 


Family I 
T;(%)=4(n-+-1)(n+-2)(n+-3), 
xt 


1 n 
Ji(x)=-(1-—e*) —e?* F hy—, 
x k= =! 


ati k 


ane k+1 


jn(n+1)—}(k—-1)k 


(n+1)(n-+2)(n+3) 
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Family Ila 


e+ 2n+ 4n' 
1 0) =; 


1—-e™ 


1 1 l—e 1 
Iy(a)=| 1+ e— eter(— +¢)|/ 
ee x 2 


X (e-"+ 2n+ 4n'), 
1 er *[(1/2)+4) 
J;(x)= Liat aif: 4) 
x "4+ 2n-+ be 
Family IIb 


I,(2)=e-™-+-2n-+ $n8/n(1—he-"), 


1—e”™* 1 
J;(x)= [+ se ot _(- + em) |/ 
n> n? nx 2 


‘2 <-e 
( +—+— }, 


3 2 


x<N; 


“<1; 


1 1 n 
J;(x)= ~er-m( +2) [lent ant bn, x> 1. 
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x 


Family III 


I,(@)=—— 
akg me 


1 [! coshs— sinhs 


3 
(n *—s%)s coshs+ (n?-+s*) sinhs ne~ 
—s?)? ‘ 
n* sinhsx 


— coshs+ - 
Di s?(n?— 5?) (W—s*)? x s*x 
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sede 
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x<1; 
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J (xz) =--—— —+—[2ns coshsx 
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+ (n*+-s*) sinhsx], x>1; 


where 
= (1—$e")I,(@). 


Family IV 
A. Exponential: 
T,(@)=2, 


1 ae 
Jy(a)=-—e+(-+-). 
x a 2 
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B. Modified Exponential: 
I;(#)=8, 
i 5 2 
+-+-] 
8 8 


x 


1 
J (x) 2 ae | 


x 
C. Gaussian: 
I;(2)=}y/n, 


| af 1 
J;(x)= -— f exp(—2*)dz=-— erfx. 
0 x 


xr 
D. Modified Gaussian: 
I;(2)=§a/m, 
1 


J s(x) =~— erfx——— exp(— x’). 
x 5\/r 


E. Square (uniform): 
T;( # ) = 5, 
J;(x)=1/x, x>4, 


J,(x)=§-—42, x<1. 


APPENDIX II. REMARKS ON NUMERICAL METHOD 


A Runge-Kutta method of integration is used to 
solve Eqs. (10), with a constant interval size of two- 
tenths of the meson reduced Compton wavelength, A,, 
or about (1/19) of the “correct”? nuclear radius, as 
defined for the uniform charge model, except very close 
to the origin, where the first four intervals are yy, }, 
1, and 4 of the normal interval. The integrations are 
begun at r=X,/80 with the asymptotic solutions of Eq. 
(10): 


G= Ast, 

2k+1 | 
“yto+eZJ,(0) 
G= Bx, 


k>0; 
F 





aZJ ;(0)+7(e—1) 
poneenapinreinnineier Ol. 
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Here A and B are arbitrary constants. Each trial 
solution is extended to whatever radius is required to 
determine whether the trial eigenvalue is too high or 
too low. If the initial values of G are taken positive for 
the 1S and 2P states and negative for the 25 state, 
common criteria for high or low e may be applied to all 
four states: (a) if G exceeds a previously chosen large 
number, Gmax, or if dG/dr passes from negative to 
positive while G>0, then ¢ is too small (binding energy 
too large) ; (b) if G passes fron positive to negative, then 
¢ is too large. The initial trial binding energy for the 1S 
state was one-half of the central potential. The initial 
trial binding energy for the 2S and 2P states was one- 
half of the binding energy of the 1S state. Trial solutions 
were repeated for each assumed size and shape until 
the apparent eigenvalues had converged to one part 
in 2'1.2X10°. Some experimentation with interval 
size indicated that for the interval above described the 
accuracy of the eigenvalues was also one part in 10°. 

For each shape of charge distribution, a number of 
values of the range parameter y were used which led to 
2Ps2-15S energies of 6.00 Mev+ 20 percent. The initial 
value of y was chosen such that the distribution in 
question had a mean value of r? approximately equal to 
that previously found for the uniform distribution.*® 
Succeeding values of y were chosen automatically by 
the machine, and a final value of y was chosen by inter- 
polating parabolically among the previous values for 
that range which would yield a 2P3,.->1S energy of 
6.00 Mev. The final energies calculated with this inter- 
polated y and the earlier interpolated energies agreed 
to about 1 kev, so that parabolic interpolation among 
the values of Table IV may be carried out with high 
accuracy. 

The sequence of calculations was made automatic 
throughout the sizes and shapes of interest within each 
family. Listings are available of the potentials, and of 
the wave functions for the “correct” range, of each 
shape. Each line of Table IV represents about five 
minutes of automatic calculation, 
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Nonuniform Nuclear Charge Distributions and Measurements 
of Nuclear Electrical Radius* 
Kennetu W. Forp, Indiana University, Bloomington, Indiana 
AND 


Hitt,t University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received March 8, 1954) 


Davin L. 


The dependence of three long wavelength electronic effects and of the nuclear Coulomb energy on the size 
and shape of the electrical charge distribution in heavy nuclei is examined. We note that the x-ray fine 
structure effect and the isotope shift effect measure the volume integral of r?” weighted by the nuclear charge 
density. [o= {1— (aZ)*}#]. An earlier result of Feshbach—that medium-energy electron scattering measures 
the similarly weighted mean value of r*—is derived more simply. For these electronic effects, therefore, 
exact calculations for one shape of charge distribution may easily be scaled to other shapes. The nuclear 
Coulomb energy has no such simple dependence, but measures very roughly the weighted mean value 
of ° *—nearly the same quantity as measured by the 2P-+1S mu-mesonic transition in heavy nuclei. 

The nuclear Coulomb energy sheds no light on the shape of the nuclear charge distribution because of its 
inherent insensitivity to change of shape. The x-ray fine structure, and the atomic isotope shift, cannot give 
detailed information about the nuclear charge distribution because of uncertainty in the magnitude of 
radiative corrections, and of nuclear compressibility, respectively. Medium-energy electron scattering 
results, coupled with mu-mesonic x-ray results, will in principle be able to delineate shapes. Present evidence 
from this source suggests a charge distribution nearly uniform or somewhat peaked toward the edge of 


the nucleus. 


I, INTRODUCTION 


N the preceding paper' a set of conceivable charge 

distributions for the Pb nucleus was derived, limited 
by the requirement that for each the mu-mesonic 
2Pyr18S transition energy has the observed value of 
6.0 Mev.’ In the present paper this set of charge distri- 
butions is used to calculate the contribution of the 
finite extent of the nuclear charge to the following 
phenomena :* 


1, Electronic x-ray fine structure.‘ 

2. Atomic isotope shift.°~7 

3. “Medium” energy (5-40 Mev) electron scattering.® 
4. Nuclear Coulomb energy.** 


These effects have in common that their dependence on 
the nuclear charge distribution is rather easily calculable 
[in contrast to the mu-mesonic bound state energies'?* 
and the “high” energy (250 Mev) electron scat- 
tering*"']. They also have in common, however, that 
their ured of theoretical interpretation or their 
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precision of measurement is less than the certainty or 
precision of the mu-mesonic transition energies. 

We therefore adopt the mu-mesonic transition energy 
(2P 3215S) as a fixed constant and find the dependence 
of the other phenomena on the shape of the nuclear 
charge distribution. The relative results are not at all 
sensitive to the particular choice of 6.0 Mev for the 
mu-mesonic transition energy. We discuss qualitatively 
some effects other than the finite extension of the 
nucleus which may contribute significantly to these 
phenomena, but we add no new insight into the detailed 
quantitative interpretation of these phenomena. It is 
the limited aim of this paper to demonstrate the de- 
pendence of these effects on the shape of the nuclear 
charge distribution, and to show to what extent a non- 
uniform charge distribution might explain the apparent 
discrepancies in values of nuclear radii found from 
different sources. 

It is found that values of nuclear radii deduced from 
these sources should not differ among themselves by 
more than about 10 percent. Discrepancies considerably 
greater than this now exist, and exceed the uncertainties 
in the experimental data.’ Only the electron scattering 


” This conclusion is somewhat at variance with that of Bitter 
and Feshbach in their recent report (reference 6) on nuclear radii. 
Since our work overlaps theirs to some extent, we mention here 
several points of difference. We find that the sage shift for 
heavy nuclei depends on a weighted integral of 7°? =-\~1. rather 
than r*. Their Fig. 1 consequently overestimates the effect of an 
altered radius on the isotope shift. Further we conclude that 
nuclear compressibility is important for isotope shifts and intro- 
duces a correction of about 25+15 percent in the derived radius. 
In spite of the contrary evidence from the x-ray fine structure, 
we agree with the general conclusion that the weight of evidence 
favors a nuclear electrical radius substantially smaller than the 
previously accepted 1.4-1.5X 10-A"8 cm. 
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can be used at present to get an idea of the shape of 
the nuclear charge distribution. 


Il. THEORY OF EFFECTS OF EXTENDED 
NUCLEAR CHARGE 


1. Electronic X-Ray Fine Structure 


Schawlow and Townes‘ fit the experimental electronic 
2p fine structure splitting among the heavy elements by 
adding to the point-nucleus formula of Christy and 
Keller a correction term for the displacement of the 
2pi/2 level by the finite extent of the nucleus. The 
2ps/2 level is displaced negligibly by comparison. The 
2p1/2 displacement is upward (diminishing the doublet 
splitting) and arises mainly from the finite value of the 
small component of the 2,2 wave function at the 
origin. 

Although first-order perturbation theory is inadequate 
to give the magnitude of the energy shift, the interesting 
result of a number of exact calculations is that the 
correct dependence on the size and shape of the nuclear 
charge distribution is the same as given by the per- 
turbation formula. According to first-order perturbation 
theory, the energy shift of the 21/2 level may be 
written : 


aki=a f py (r)V. (r)r’dr, (1) 
0 


where py(r) is the nuclear charge density (assumed 
spherically symmetric) and V,(r) is the potential due 
to the (unperturbed) 1/2 electron, normalized to be 
zero at the origin. The unperturbed electronic charge 
density is given by 

p. (1) =~ (e/r*) (Fe +G:?), (2) 
where Fy and Gp» are the small and large components of 


the point nucleus solution of the radial Dirac equation, 
with the normalization, 


4dr f (Fe+G?)dr= 1. (3) 
0 


In the vicinity of the nucleus, 
pe (1) = — Aer’, 
where A is a normalization constant, and 
o=[1—(Z/137)*}}; 
and 
V. (r) =[49Ae/20(20+1) |r. (5) 


Then the perturbation energy shift, Eq. (1), takes the 
form 
AE, =[49ZeA/20(20+1) Kr”). (6) 


Thus the property of the charge distribution determined 


3 R. F. Christy and J. M. Keller, Phys. Rev. 61, 147 (1942). 
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by experiment is the average value of r*’, defined by 
(7?) = (Ze)! f r*py (r)4ar'dr, (7) 
0 


In spite of the small value of the energy shift, the 
perturbing potential is large and the modification of 
the wave function within the nucleus is large. A number 
of authors®'*"? have considered the required modifi- 
cation in the perturbation formulas (1) or (6). Formula 
(1) is clearly an upper limit to the shift because the elec- 
tronic charge density p,“(r), Eq. (2), is larger every- 
where in the nucleus than the true charge density, 


pe(r) = — (e/r*) (F?+G*). (8) 


Here F and G are the exact solutions of the Dirac equa- 
tions in the correctly modified field [also normalized as 
in (3) ]. If the argument is applied in reverse by regard- 
ing the modified field as unperturbed, and the point- 
nucleus field as the perturbed field, then it is similarly 
clear that replacing p.(r) by p,.(r), and V.(r) by 
V.(r), (V°V.= —4np, |, in Eq. (1), leads to a lower limit 
on the energy shift. These obvious remarks are inserted 
in order to make reasonable the nearly exact formula 
of Broch.'® Broch’s formula is equivalent to the use in 
Eq. (1) of an effective electronic potential V,*(r) 
satisfying 

VV 8 (r) = —4p.8(r), (9) 
with 


po® (r) = — (e/r*) (FoF +GG). 


Broch’s result is in error only by a factor 


(10) 


4dr f (FoF +GoG)dr, 


which is extremely close to 1 because of the very small 
fraction of the electronic charge which is within the 
nucleus. 

The correct energy shift due to the finite extent of 
the nucleus at Z= 82 is about 0.75 times the shift given 
by Eq. (6). The significant result of a number of exact 
calculations, for the present discussion, is that this 
correction factor is very nearly independent of the shape 
and size, R, of the nucleus. For potentials within the 
nucleus as widely different as zero (Broch'®), —Ze’/R, 
and (—Ze*/R)[(3/2)—4(7/R)*] (Crawford and Schaw- 
low'*), the correction factor varies by only 4 percent. 
The exact results therefore are well represented by the 
form of Eq. (6): 


AE= ¢(Z)(7")m. (11) 


For any shape and size of nuclear charge distribution, 


4 J. Rosenthal and G. Breit, Phys. Rev. 41, 459 (1932). 

‘6 FE. K. Broch, Arch. Math. Naturvidenskab. 48, 25 (1945). 

16M. F. Crawford and A. L. Schawlow, Phys. Rev. 76, 1310 
(1949). 

17P, Brix and H. Kopfermann, Festschr. Akad. Wiss. Gétt- 
ingen, Math.-Phys. KI. 17 (1951); Phys. Rev. 85, 1050 (1952). 
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the energy shift depends on the charge distribution only 
through the quantity (r*”), defined by (7). The relation 
(11) appears to be equally valid for p42 and 51/2 states 
and is confirmed by recent exact calculations of Hum- 
bach® and of Schawlow and Townes.‘ Humbach ex- 
amined distributions ranging from charge concentrated 
at center of nucleus to charge in a shell at edge of 
nucleus. His results are in good agreement with the 
relation (11). For example, at Z=80 he finds the shift 
for a shell of charge to be greater than the shift for 
uniform charge of the same radius by a factor 1.51. 
The ratio of (r’’),, for these two distributions is 1.54. 
For the same two distributions, Schawlow and Townes 
give the ratio of the py shifts over the range Z= 70 to 
90 to be 11.2/7.32== 1.53. For these distributions, the 
ratios of (r°*), are (1/3)(3+20)=1.57 at Z=70, 1.54 at 
Z=80, and 1.50 at Z=90. For comparison, the ratio 
of (r*) for the distributions is 1.67. 

The useful relation (11) can be understood in part by 
noting that, for any given shape of charge distribution, 
the true charge density, Eq. (8), at the origin varies 
approximately as R*”~*. Thus the energy shift for the 
upper and lower limiting perturbation formulas and for 
the exact formula varies with nuclear size as R” for 
any shape of charge distribution. No simple argument 
has been found, however, to show that indeed the exact 
shift varies as (r*’),, from one shape to another. 


2. Atomic Isotope Shift 


The theoretical work referred to in the preceding 
section was directed mainly toward the explanation of 
the electronic isotope shift, but was equally applicable 
to the directly measured 21,2 shift. That part of the 
isotope shift (presumed to be the major part) arising 
from the nuclear volume effect is just the difference in 
the energy shifts (usually of an s electron) between 
isotopes of the same element. In order to see the de- 
pendence of the shift on the nuclear charge distribution, 
it is adequate to work from Eq. (11). The isotope shift 
is then 


(12) 


If the shape of the charge distribution is the same for 
both isotopes, that is if 


5AE= 9(Z)5(r") m. 


(13) 


and if the function f(x) is the same for both isotopes, 
then (12) becomes 


bAE= AE{ 206r, ro]. 


pn (7) = pof(r/r0), 


(14) 


If, moreover, the nuclear size increases regularly as A’, 
then 

5ro/t9=5A/3A, (15) 
and 


bAE= (20/3A) ¢(Z)(r")m, (16) 


having the same dependence on the nuclear charge dis- 
tribution as the direct shift AZ. Equation (16) is in- 
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correct for at least two reasons.’ Nuclear deformation 
invalidates the assumption of a constant functional 
form f(x) for the charge distribution and has a large 
effect. Nuclear compressibility invalidates the assump- 
tion of an A'* law of radius and may also have a rather 
large effect. The first can be adequately corrected for 
and the second, which can be only roughly guessed, 
should not markedly affect the proportionality of 
5AE to (r*”). Thus after correction for nuclear deforma- 
tion, the isotope shift, like the direct shift, is propor- 
tional to (7?) yy. 


3. Medium-Energy Electron Scattering 


Feshbach'* has studied the dependence of ‘“‘medium”’ 
energy electron scattering on the form of the nuclear 
charge distribution. “Medium” energy is defined by the 
conditions (a) electron energy>>rest energy and (b) elec- 
tron wavelength>>nuclear radius, and therefore com- 
prises for heavy nuclei about the range 5 to 40 Mev. 
Feshbach’s results are that in this region only the s-wave 
phase shift is important in the deviation from Coulomb 
scattering, and that this phase shift depends only on the 
mean value of r* over the charge distribution, i.e., on 


(n= (Ze f r’pn (r)4ar'dr. (17) 


We give here a simpler derivation of the latter result, 
which makes more evident its limits of validity. The 
radial Dirac equations in a central field are: 


(dF /dt)— (k/t)F + (e—1—U)G=0, 
(dG/dé)+ (k/§)G— (e+1—U)F=0, 


in which ¢ and U are the total energy and the potential 
energy in units of mc’, — is the radius in units of h/mce, 
and k, the angular quantum number, is + (j+1/2) for 
j=l¥1/2 (the negative of Feshbach’s k). Equations 
(18) may be reduced to a single integral equation for 
the ratio F/G: either'® 


(18) 


f 
(F/G)= -e f [(e-1—U) 


+ (e+1—U)(F/G)*]t*dt, k<0, (19) 


or 


g 
(G/F)=€ om | [(e—1—U) (G/F)? 
0 
+ (e+1—U) ]e*dé, 


k>0. (20) 


Since the contribution of the &th partial wave to the 
scattering is determined™® only by the ratio F/G at 


18H. Feshbach, Phys. Rev. 84, 1206 (1951). 

'® Here the upper limit of integration is chosen to be less than 
the first node of G (for k<0), or less than the first node of F 
(for k>O). See the asymptotic expressions in Appendix II of 
reference 1. 

*” George Parzen, Phys. Rev. 80, 355 (1950). 
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some radius =a beyond which the potential is pure 
Coulomb, it follows that distributions which are equiva- 
lent for scattering must have equal values of the in- 
tegrals 


° e+1-U/F \? 
f roy —(-) Jen, k<0; (21) 

, «—1—U\G 
or 


° e—-1-—U/sG\? 
f (e+1— u| i+! (-) Jerae, k>0. (22) 
0 «+1—U\F 

These exact expressions go over to the equivalent in- 
tegrals of Feshbach for the s1;2(k=—1) and py2(k=1) 
phase shifts if the second terms in the square brackets 
are negligible compared to 1. [Two integrations by 
parts then convert (21) and (22) to (17).] For electron 
kinetic energy within the nucleus great compared to mc’, 
(e+1—U)/(eF1—U)=1; and for electron wavelength 
great compared to nuclear size, F/G (or G/F)<1 for 
k<0 (or k>O) at all positions in and near the nucleus. 
For e—U=120 within the nucleus (e.g., 40-Mev elec- 
trons on Pb), the second term in square brackets con- 
tributes only a few percent to the integrals (21) and 
(22). So long as only the || =1 partial waves are im- 
portant, therefore, it is an excellent approximation to 
say that the electron scattering measures (r*),. Higher 
partial waves of course measure higher moments of the 
charge distribution. The evident reason that bound 
state Si, and p12 energy shifts measure (r’),,, while 
Sy2 and py. electron scattering measure (r*)y, is that 
the former depends on F?+G?, while the latter depends 
only on the ratio F/G. 

It is to be noted that at small angles the electron 
scattering in the Born approximation also depends only 
on (r*),,. The Born approximation is proportional to the 
square of a form factor: 


= (Zo) f py (r)[singr/gr \4er'dr, (23) 
0 


where g is the momentum change of the electron divided 

by fA. At small angles (small qg), this form factor is 

given approximately by: 
F’=1—(1/6)q(r")w, 


with (r*),, defined by (17). 


(24) 


4. Nuclear Coulomb Energy 


In the absence of correlations among proton positions 
in the nucleus, the nuclear Coulomb energy is 


E,=[(Z-1)/2Z] f pv(r)Vw(r)d(wol), (25) 


where V y(r) is the electrostatic potential which satisfies 


VV n= —A4npn, (26) 
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and approaches —Ze/r outside the nucleus at large r. 
The Coulomb energy depends on the charge distribution 
in a more complicated way than do the other three 
effects discussed above. Since the integral on the right 
of (22) contains the product py(r)py(r’), the Coulomb 
energy cannot be expressed in terms of a single integral 
over the charge distribution. For any given shape of 
charge distribution, the Coulomb energy varies in- 
versely as the radial extent of the distribution. For 
different distributions, intermediate in shape between 
uniform and exponential and having the same Coulomb 
energy, (r°:*), is roughly constant. 


Ill. DEPENDENCE ON SHAPE OF CHARGE 
DISTRIBUTION 


A convenient way to discuss the effect of changing 
the shape of the nuclear charge distribution is in terms 
of an equivalent radius of a uniform distribution. That 
is, if different experimental effects are interpreted in 
terms of a uniform distribution, a radius will be found 
for each, which we call the equivalent radius, R,,. In 
case the distribution is in fact uniform, the R,,’s should 
be the same for all effects and equal to the nuclear 
radius. Otherwise they will differ. 

1. Charge distributions which are equivalent for 
isotope shift and x-ray fine structure have equal values 
of (r**) [Eq. (7)]. In order to treat the same set of 
functional forms for the charge distribution as con- 
sidered in the preceding paper' (I), we turn to the 
dimensionless formulation introduced there. We intro- 
duce the new functional of the charge distribution /, 


Kylo;)= f sera. (27) 
0 
Then 
(7°) w=ri"K (a; ©)/1,(2), (28) 
where J;(«) is defined by I, (6). For a uniform distri- 
bution, 


(9°*) y= R*[3/(20+-3) ]. (29) 
Equating (28) and (29), one gets for the equivalent 
radius relevant to this first set of phenomena, 


2a+3 K;(e; «) 1/2¢ 
ekbioats - | To (30) 


l) = ae 


i. eer 


Expressions for K;(o; «) are given in an appendix to 
this paper, and expressions for J;(*) in an appendix 
to I. 

2. Medium energy electron scattering (5-40 Mev) 
measures approximately (r*),. The equivalent radii for 
charge distributions having equal values of (r*), are 


given by: 
5 K,(1; )}} 
R | pee 4 Te - Yo, 


oq”) = — (31) 
3 1;(#) 


which follows immediately from (30). 
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Fic, 1, Equivalent electrical radii of Pb for several nuclear 
charge-sensitive effects plotted vs an arbitrarily chosen shape 
parameter for family I of charge distributions. The right scale 
is Ro= Ry/A** in units of 10™" cm. (a) Radii determined from 
medium energy electron scattering. (b) Radii determined from 
x-ray fine structure effect and isotope shift. (c) Radii determined 
from nuclear Coulomb energy. Horizontal dashed line gives radii 
determined from mu-mesonic 2P-+1S transition, to which the 
other curves are normalized. 


3. For charge distributions possessing the same 
Coulomb energy, the integral 
“ 
ir f py (r) Vn (r)r*dr (32) 
0 
is constant. We introduce the corresponding dimension- 
less integral 


L(«)= f f(x) J,(x)a2de, (33) 
0 

J;(x) is the dimensionless potential defined by I, (7). 

Then the Coulomb energy is 


E,=}4Z(Z—1)eroLLy(@ )/T;(@)]. 
For a uniform distribution, 
E,= (3/5)Z(Z—1)é& Ro. (35) 


Therefore the equivalent radius for Coulomb energy is 


defined by 
Reg = (6/5)[T;(@ )/Ly( ©) Wo. 


Expressions for L;() are given in the appendix. 
Figures 1 and 2 show these three equivalent radii 
plotted as a function of a suitable shape parameter for 
charge distribution families I and II, subject to the 
condition that the mu-mesonic 2P3/. 1S transition 
energy is a constant, 6.0 Mev. Z is taken to be 82. The 
left edge of each graph corresponds to the uniform dis- 
tribution, the right, to the exponential. To make clear 


(34) 


(36) 
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the meaning of these curves, we suppose for illustration 
that the Pb nucleus has an exponential charge distri- 
bution. If then the phenomena here considered are all 
interpreted exactly on the assumption of a uniform 
distribution, and the calculated radii put in the form 
R=R,A"*, one should conclude from the electronic 
x-ray fine structure and isotope shift” that the nucleus 
has Ro= 1.28 10~-" cm; from the mu-mesonic 2P—1S 
transition that Ro=1.1710-" cm; from the Coulomb 
energy that Ro=1.15X10~" cm; and from the medium 
energy electron scattering that Ro= 1.34 10-" cm. For 
small changes of the normalizing value 1.17 10~" cm 
from the mu-meson experiment. the relative position of 
the curves is not appreciably altered. 

The apparent qualitative features of Figs. 1 and 2 
are: (a) The Coulomb energy is very insensitive to 
change of shape of the charge distribution. (b) The 
equivalent radii deduced from electronic x-ray data, 
isotope shift, and electron scattering are never smaller 
than that deduced from mu-mesonic transitions (excep- 
tion: a distribution both peaked toward the edge of the 
nucleus and with a very rapid fall-off beyond the peak). 
(c) Radii deduced in these different ways should not 
differ by more than about 10 percent for any reasonable 
shape of charge distribution. The numbers plotted in 
Figs. 1 and 2 are given in Table I. 

IV. COMPARISON WITH EXPERIMENT AND 
DISCUSSION 


1. X-Ray Fine Structure 
R.. deduced from x-ray data by Schawlow and 
Townes‘ is 1.77 10~'%A'/* cm, with an assigned prob- 
nm 


°_ ? | 9.36 
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Fic. 2. Equivalent electrical radii for Pb for family II charge 
distributions. Labelling and significance of curves same as in 
Fig. 1. 
*tTt is assumed for the moment that corrections for radiative 
effects and nuclear compressibility are known and included. 
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able error of 15 percent. This figure is to be contrasted 
with the much lower prediction from Figs. 1 and 2 of 
(1.17 to 1.29)10-%A"*, In discussing this and suc- 
ceeding discrepancies, we retain the idea that the Ro of 
1.17 10~* cm determined by the mu-mesonic experi- 
ment is accurate. (We note, however, that the mean Ry 
for elements near Pb might be slightly larger than this 
value because of the closed shell structure and negligible 
deformation of the Pb”* nucleus.) That part of the 2p 
fine structure which is taken to be due to the finite 
extent of the nucleus is distinguished from the remainder 
by its greater Z dependence. Hence any large con- 
tributing error is to be sought in an effect with similar 
Z dependence, that is, an effect which depends on the 
p12 electron density at the nucleus. One such effect is 
nuclear polarization. This effect, however, should act in 
the direction opposite to the finite volume effect and 
thereby increase the nuclear radius discrepancy. The 
effect has in any case been estimated to be small.” 
The Lamb shift probably provides the major uncer- 
tainty in p12 energy shift. A part of the radiative correc- 
tion may be attributed to an anomalous electron mag- 
netic moment, which has been already included by 
Schawlow and Townes. The remainder of the radiative 
correction has its source in virtual events occurring 
within an electron Compton wavelength of the nucleus. 
This part of the Lamb shift has a Z dependence stronger 
than the leading term in the fine structure splitting, 
but weaker than the nuclear volume effect. In the 
absence of any detailed analysis of the Lamb shift in 
heavy elements, it is tempting to suspect that this 
effect may account for the large radius deduced by 
Schawlow and Townes.”* 


2. Isotope Shift 


If one corrects for nuclear deformation,’ but ignores 
nuclear compressibility, one may deduce from the com- 
prehensive data of Brix and Kopfermann"” a “‘spheri- 
cally symmetric, incompressible” radius of heavy nuclei 
given by 0.92 10~'*A'/* cm, with a probable error of 
about 10 percent. This value is smaller than that given 
in reference 6 because of the assumption used there 
that isotope shift effect ~.R*. The effect of a finite com- 
pressibility is to increase this number. If the nuclear 
radius varies as A'/* along the line of stable elements, 
the addition of neutrons only to a nucleus will increase 
the radius fractionally by’ 


y[6A/3A ], 


where y is a number less than 1.0. The equivalent 
nuclear radius will then be greater than that deduced 
on the incompressible assumption by a factor (y)~'/’. 


(37) 


# Breit, Arfken, and Clendenin, Phys. Rev. 78, 390 (1950). 

% The possible significance of the radiative corrections to the 
pia level has also been mentioned by N. M. Kroll, Phys. Rev. 
94, Ps la (1954) and C. H. Townes, Phys. Rev. 94, 773(T) 
(1954). 
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Taste I. Equivalent radii for nonuniform charge distributions 
(near Z=82). R=radius of uniform distribution. ro= radial con- 
stant of distribution yielding same 2P3;:+1S mu-mesonic transi- 
tion energy as uniform distribution. Ra = electrical radius 
determined by experiment which measures (r?%)4y. Reg® = elec- 
trical radius determined by experiment which measures (r*),y. 
Req = electrical radius determined by nuclear Coulomb energy. 








Shape 
parameter R 


Reg /R Re®/R 


Reg®/R 





Family I 
1.147 
1.117 
1.097 
1.083 
1.072 
1.057 
1.000 


0.985 
0.994 


1.099 
1.079 
1.065 
1.055 
1.048 
1.038 
1.000 


Family II 


n=0 same as Family I 

n=0.5 0.2567 1.101 
n=1.0 0.2551 1.098 
n=2.0 0.4839 1.083 
n=4.0 0.7554 1.041 
n= 10.0 0.9459 1.006 
n= © same as Family I 


0.2564 
0.2039 
0.1693 
0.1447 
0.1264 
0.1008 
1.0000 


n=0 
n=1 
n=2 
n=3 
n=4 
n=6 
n= 2 


1,148 
1.145 
1.124 
1.062 
1.011 


Family IV 


same as n=0 

same as n=1, Family I 
0.6651 1.032 
0.5533 1.021 
same as n= 2 


exp. 
mod. exp. 
Gaussian 
mod, Gauss. 
uniform 


1,052 
1.035 


Values of y are given in Table III of reference 7. At 
Z= 80, Feenberg’s estimate* of nuclear compressibility 
(Eo’’= 100A mc*) leads to y= 0.683, and therefore to an 
isotope shift equivalent radius of Ro=1.16X10~* cm. 
The near agreement with the predicted Ry (1.17 to 
1.29X10-) is fortuitous. There is an uncertainty of 
10 percent from the correction for nuclear deformation, 
and a change in the compressibility by 50 percent alters 
the radius by about 15 percent. The isotope shift does 
not provide at present an accurate way to measure 
nuclear radii, owing primarily to the uncertainty in 
nuclear compressibility. To the extent that the heavy 
element Lamb shift is a function of Z only and inde- 
pendent of the precise distribution of protons in the 
nucleus, the isotope shift will be unaffected by radiative 
corrections to the energy levels. 


3. Electron Scattering 


Bitter and Feshbach*® analyze the experiments of 
Lyman ef al.’ and quote results of Raka ef al.”* on 
electrical radii deduced from medium energy electron 
scattering. For several heavy elements, values of Ro 
from (1.03 to 1.2)10~ cm are obtained. These are 
lower than predicted by the mu-mesonic experiment. 
According to Figs. 1 and 2, the radius deduced from elec- 


™ E. Feenberg, Revs. Modern Phys. 19, 239 (1947). 
* Lyman, Hanson, and Scott, Phys. Rev. 84, 626 (1951). 
*¢ Hammer, Raka, and Pidd, Phys. Rev: 90, 341 (1953). 
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TaBLe II. Summary of radial measurements for Pb. Predicted 
electrical radii based on 2P3;.-+1S mu-mesonic transition energy 
of 6.0 Mev. Uncertainties in predicted and measured values dis- 
cussed in text, 





Rom Re/A' (units 107 cm) 
Predicted 
Measured 
Uniform 


Uni Expo 
form  nential 





1. X-ray fine structure 1.17 1.29 1,77 
2. Isotope shift 1.17 1,29 no compressi- 
bility 0.92 
standard com- 
pressibility 1.16 


3. Medium energy 1.03-1.2 


Electron scattering 
4. Coulomb energy 


tron scattering should not be less than 1.17 10-'4A'/4 
cm for distributions with maximum charge density at 
r=(), and could be as large as about 1.3K10~%A"/3, 
The electron scattering results, therefore, although not 
yet of high accuracy, are suggestive of a charge distri- 
bution nearly uniform or even peaked at the edge of 
the nucleus. 


4. Coulomb Energy 


Charge distributions for Pb which are equivalent for 
the mu-mesonic transition are also approximately 
equivalent for Coulomb energy. In the realm of reason- 
abie shapes, both measure approximately (r°-*),,. Proton 
correlation effects, important at low Z, are probably 
negligible for heavy elements.* But at high Z, there is 
no direct way to measure Coulomb energy. The balance 
of Coulomb repulsion vs effective surface tension, as 
deduced from fission thresholds?’ or collective rotational 
states of nuclei,”® provides only a crude value for the 
Coulomb energy. The best measure of Coulomb energy 
in heavy elements is the semiempirical mass formula. 
A new determination of Coulomb energy from. this 
source,”® translated to equivalent radius by Bitter and 
Feshbach,*® gives Ro=1.2310~" cm, in rather good 
agreement with the prediction of (1.16 to 1.18) 10~" 
cm—especially since the latter figure applies to Pb only, 
for which the mu-meson determined radius is somewhat 
smaller than the trend from other elements would imply. 

The nuclear electrical radius data discussed here are 
summarized in Table II. 


V. CONCLUSION 


If one adopts the mu-mesonic 2P3.->1S transition 
energy as an accurate constraint on the nuclear charge 
distribution, then: (a) the electrical radius deduced 
from x-ray fine structure is considerably larger than can 
be explained by a change of shape of the nuclear charge 
distribution; (b) the electrical radius deduced from 
atomic isotope shift can be brought into agreement with 


71), L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 

*% A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

* A. E. S. Green and N. A. Engler, Phys. Rev. 91, 40 (1953). 
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any reasonable shape of charge distribution, but is 
uncertain by about 25 percent owing to uncertainty in 
the magnitude of nuclear compressibility; (c) the elec- 
trical radius deduced from medium-energy electron 
scattering is inconsistent with a strong central peaking 
of the charge density, and is even suggestive of a peak- 
ing at the edge of the nucleus; (d) the electrical radius 
deduced from Coulomb energy is only a few percent too 
large. The major uncertainty in the x-ray effect is the 
radiative corrections. The electronic 21/2 shift may 
provide a better way of measuring the heavy-element 
Lamb shift than of measuring the electrical size of the 
nucleus. Similarly, the isotope shift provides a better 
way of measuring nuclear compressibility than of 
measuring nuclear electrical radius. No major uncer- 
tainties in the electron scattering effect or in the nuclear 
Coulomb energy are known, and these two measure- 
ments of nuclear electrical radius are not in serious dis- 
agreement with the mu-meson determined electrical 
radius. The Coulomb energy is a check of consistency 
on the nuclear electrical size, but can cast no additional 
light on the shape of the charge distribution. A refine- 
ment in the scattering effect to a point where the error 
in the electrical radial determination is less than about 
3 percent will make possibie a definite conclusion about 
the shape of the charge distribution or will else reveal 
a discrepancy in the mu-meson and electron determined 
electrical radii. 


APPENDIX: SOME INTEGRALS 


We list here the integrals K;(0; ©) and L,;() de- 
fined by Eqs. (27) and (33). The weighted mean value 
of r** over the nuclear charge distribution is propor- 
tional to K,; the nuclear Coulomb energy is propor- 
tional to Ly. The families of charge distribution con- 
sidered are defined in I.' 


Family I 
K,(a; ©) =I (20+4+n)/[n!(20+3)] 


n+ 2 n+3\—! 
won()-(Y' 
2 3 
1\ 2"+2 2n+7 
s=(n+1)(;) ( ) 
2 n 


X((n+4)F(—n—1, 6; +8; —1) 


n+ 5 
—(n+2)F(—n, 65048; 4-4 ‘ ) 


1\2"*? 2n+6 
-o+a() (CY) 
2 n 


X((2n+7)F(—n—1, 6;n+7; —1) 
— (2n+4)F(—n, 6;n+7; —1)]. 
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Family Ila (n< 1) 
aaa “ n2ot5+2k 
-en"— -|, 
2 Sal 


K;(a; ~)=- a= 
(a; ©) ae 


Ly( 2%) = { (2/15)n5+ (2/3)n*+ (5/4)n?—2n 
+ (21/8)+e-"(n?— 2) — (5/16)e-*"} / 
{ (1—4$e-")[e-" + 2n+ (1/3)n*}}. 
Family IIb (n>1) 


[Ky(o; ©) jinm= (1/n?**)(Ky(0; ©) Jira, 
[L;(©) Jim= (1/n*)CL;(@ ) Jere. 
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DISTRIBUTION 
Family IV 
Exponential 
K;(a; ©) =P (20+3), 
Modified Exponential 
K,(a; ©) = (2e+4)I'(20+3), 
Gaussian 
K,(a; ~)=$0' (0+ (3/2)), 
Modified Gaussian 
K;(o; ©) =} (0+ (5/2) (+ (3/2)), 
L;( 2) = (83/80)2-"”. 


Lj(o)=§. 


L,(@) = 63/32. 


Lj(«@) = 2-#, 


Uniform 


K;(a; ~)=(1/20+3), L;(o)=§. 
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Search for Anomalous Positively Charged Particles from P*** 
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PHYSICAL 


With a small §-ray spectrometer of unique design, the electrically charged emanations of radioactive P® 
have been analyzed in an attempt to verify evidence found by others of the emission of positively charged 
particles in concentrations of the order of 10~* to 10~* per 8 decay. The ratio of the yield of positively 
charged particles to that of negatively charged particles in the momentum interval Hp=700 to 2700 gauss 
cm was found to be less than 8X10~*. This ratio is about 100 times smaller than earlier determinations in 
the same momentum interval obtained with cloud chambers and small spectrometers, but agrees in order of 
magnitude with a previous result obtained with an ordinary-sized spectrometer. The hypothesis that the 
anomalous “positive particles” in question are unstable and detectable only at short distances from the 
source would account for a low positive-particle yield measured with an ordinary spectrometer but cannot 
account for the disparity between the present results and those arrived at repeatedly with cloud chambers 
and other “short path length” detectors. It appears that the previously reported “positive particle” ratios 
in the range 10~* to 10™ arise from spurious background effects. 


INTRODUCTION 

HEN a 6 emitter is placed in a magnetic cloud 
chamber there appear among the tracks which 
ostensibly emanate from the source a certain small 
fraction which exhibit a sense of curvature character- 
istic of positively charged particles. Tracks of this 
nature have been observed in studies of such diverse 
substances as RaA, RaC, RaE, Th(C+C”), UX, and 
P*.! In some cases** the positive particle yields (per 
8 decay) from the same substance as determined with 
different source and chamber geometries have differed 
by several orders of magnitude, but to the best of our 
knowledge the lowest yield observed in any cloud 
“Supported in part by the joint program of the U. S. Office 

of Naval Research and the U. S$. Atomic Energy Commission. 
1As the present paper concerns only P® and as extensive 
bibliographies relating to the other substances listed have been 
given elsewhere (see, e.g., reference 2) we omit references to 


the latter. 
2 L. Smith and G. Groetzinger, Phys. Rev. 70, 96 (1946). 
3G. Groetzinger and F. Ribe, Phys. Rev. 87, 1003 (1952). 


chamber study is 10~* “positives” per 8 decay. In every 
cloud chamber investigation the “positive” yield has 
exceeded by at least one order of magnitude that ex- 
pected from positrons created in the source by electrons 
(electron pair-production), source bremsstrahlung or 
nuclear ¥ rays. 

Some investigators have chosen to regard the “posi- 
tives’ as a completely spurious phenomenon attribu- 
table to one or more of the following effects: (1) elec- 
trons scattered from the walls back to the source, 
(2) electrons returning to the source after traversing a 
complete circle partially out of view, (3) electrons 
emerging from the source and being multiply scattered 
so as to assume a reversed curvature. Others have 
examined the spurious effects in more or less detail and 
have concluded that the “positive” tracks are really 
produced by positively charged particles—either posi- 
trons or some light particle distinct from the positron, 

In recent years several cloud-chamber investiga- 
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Cross-sectional diagram of spectrometer showing G-M 
counters C, source S, and lead absorber Pb. 
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tions’ of P® (no nuclear y rays) have given “positive- 
particle” yields between 10~* and 10~*. Of these studies 
perhaps the most thorough from the point of view of 
attention to spurious effects is that of Groetzinger and 
Ribe.’ These investigators observed 2.9 10~* positive 
particles per 6 decay and felt that the “positives” 
could not be explained by any of the effects enumerated 
above. An unsuccessful attempt to detect the particles 
in question with an ordinary 8 ray spectrometer’ (upper 
limit 1.3 10~° positives per 8 decay) led Groetzinger 
and Kahn® to suggest that the particles observed in the 
cloud chamber might be unstable and have so short a 
half-life that they would be difficult to detect in instru- 
ments (such as ordinary spectrometers) with distances 
greater than a few cm between source and detector. 
Groetzinger and Kahn® and also Yuasa® have sought to 
detect the “positives” with specially built small-sized 
spectrometers, and have arrived at yields of the same 
order of magnitude as given by the cloud chambers. 
The former investigators utilized an unevacuated 180° 
spectrometer with a 4-cm path length and an emulsion 
detector and the latter used an evacuated 180° instru- 
ment with a 7-cm path length and a G-M counter 
detector. 

This communication describes an attempt to verify 
the last-mentioned results with a small spectrometer 
designed with particular care to eliminate some of the 
background effects which could give rise to an erroneous 
“positive-particle” indication. 


APPARATUS 


Two cross-sectional views of the spectrometer are 
shown in Fig. 1. The instrument is made of a brass 
cylinder with an internal annular channel. Around the 
annulus are spaced a series of five G-M counters so 
arranged that particles which start at the source S and 
pass completely around the channel traverse the sensi- 
tive volume of each counter. The channel has a central 
radius of curvature of 1.35 cm and a rectangular cross 
section measuring 0.16 cm by 1.59 cm. The distance 


*T. Pi and C, Chao, Phys. Rev. 72, 639 (1947). 

6 J, Barlow and F. Rogers, Phys. Rev. 74, 700 (1948). 

*T. Yuasa, Compt. rend. 234, 619 (1952). 

7K, Bainbridge (report on Harwell Conference), Nature 160, 
492 (1947). 

8G. Groetzinger and D. Kahn, Phys. Rev. 80, 108 (1950). 


along the channel between the source and the last 
counter C; is 6 cm. Rectangular cavities between ad- 
jacent pairs of counters serve to break up the con- 
tinuity of the channel walls and thus reduce the proba- 
bility that an electron which once impinges upon the 
wall can completely traverse the channel. The open 
space formed by the channel and counters is sealed at 
one end by a permanent plug and at the other end by a 
Pb block with an “0” ring gasket. The P® source’ was 
evaporated into a small ;-in. thick Al boat which 
nested into the Pb block, exposing the bare source 
directly to the channel. 

The entire instrument was filled with a self-quenching 
G-M counter gas mixture (90 percent argon, 10 percent 
butane) at a total pressure of 5 cm Hg. In traversing 
the 6-cm path length around the channel, a particle 
encounters no windows of solid material and is required 
to penetrate only 0.7 mg/cm’ of gas. 

The lead blocks bebind the source and in the center 
of the spectrometer cylinder partially shield the counters 
from the source bremsstrahlung so as to minimize the 
probability of accidental coincidences and reduce the 
production in Cs of photoelectrons which might traverse 
the channel in the backward direction and give spurious 
positive-particle counts. 

The instrument was mounted in a magnetic field 
variable from 0 to 2000 gauss supplied by an electro- 
magnet with 2.5-in. diameter pole faces spaced 2.5-in. 
apart. The field was measured by means of a ballistic 
galvanometer and flip-coil and was essentially uniform 
over the volume of the spectrometer. 


PROCEDURE 


The detection of fivefold coincidences between all of 
the circumferential G-M counters was originally con- 
ceived as a method of obtaining good suppression of 
cosmic-ray background and of insuring that only par- 
ticles which completely traversed the channel would be 
counted. While the former objective was satisfactorily 
met by the original arrangement, there existed a weak 
tendency for adjacent counters to discharge one another 
by photoelectric interaction. Measurements of the cross- 
triggering probabilities between C; and Cy, and C, 
and C; (about 10~ in each case) implied that an electron 
which traversed counters C;, C2, C3, and not C4, Cs 
could give rise to a fivefold coincidence with probability 
of about 10~*. While this effect introduced practically 
no distortion into the 8 spectrum, it led to excessive 
“nositive-particle” yields in preliminary experiments. 

After several unsuccessful attempts to eliminate the 
interactions between adjacent counters, it was decided 
to perform the experiment with twofold coincidences 
between counters C; and Cs and to use an anticoin- 
cidence tray of G-M counters placed directly above the 
instrument as a means of rejecting cosmic-ray counts. 
This tray had a solid sensitive area measuring 4 in. by 


® PO, in weak HCl. Procured from the U. S. Atomic Energy 
Commission, Isotope Division, Oak Ridge, Tennessee. 





POSITIVELY CHARGED 
8 in. and was centered 3 inches above the central axis 
of the spectrometer. In this location the tray overlapped 
considerably the solid angle defined by counters C; 
and C's, and was very effective in reducing cosmic-ray 
background. 


EXPERIMENTAL RESULTS 


The results of principal interest are shown in Fig. 2. 
Anticoincidence rates measured with the field oriented 
to favor the detection of 8 particles from the source are 
indicated by the (—) curve, and rates with correspond- 
ing fields of the opposite polarity are indicated by the 
(+) curve. The data were obtained over a period of 
approximately 10 days and were corrected for decay of 
the P* source during the period. Within the statistical 
uncertainties the (+) rates are independent of field 
strength. 

The cosmic-ray background anticoincidence rate, 
measured with the source rerioved, was approximately 
5X10~ min™, or about one-tenth of the average rate 
represented by the (+) points. Accidental coincidences 
and false anticoincidences caused by the ‘‘dead-time”’ 
of the anticoincidence tray were negligible in all experi- 
ments described herein. 

Subsidiary experiments were performed to seek a 
correlation between the recorded (+) rates and the 
rate at which counter 5 was discharged by P® brems- 
strahlung. It was discovered that an additional P® 
source placed between the two Pb blocks behind the 
regular source increased the (+) anticoincidence rate 
in about the same proportion as the bremsstrahlung 
rate of counter five at several different (+) field- 
settings above 400 gauss. This suggested that many of 
the observed (+) counts (at least 50 percent on the 
basis of rather crude statistics) were caused by brems- 
strahlung-produced secondary electrons which were re- 
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Fic. 2. Measured anticoincidence rates with P® source. The 
(—) curve was obtained with the magnetic field polarity favoring 
the passage through the spectrometer of negatively charged par- 
ticles, and the (+) curve with the opposite field polarity. 
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TABLE I. Efficiency of counter C; vs Hp. 


2350 2580 
045 O41 


Hp 
Efficiency of Cs 


1870 
0.49 


2120 
0.45 


1370 
0.57 


1630 
0.56 


1090 
0.65 


820 
0.72 


TABLE IT. Calculated fraction of 8 rays removed from the channel 
by multiple scatterings vs Hp. 


Hp 


Fraction removed 


3000 
0.37 


2500 
0.43 


2000 
0.52 


1000 
0.75 


1500 
0.65 


750 
0.92 


leased in counter 5 and traversed the channel in the 
backward direction to counter 3. Even without cor- 
recting the (+) data for this and other possible spurious 
effects which tend to enlarge the (+) rates, the (+) to 
(—) ratios in the interval Hp=700 to 2700 gauss cm 
are considerably smaller than expected from the cloud- 
chamber results and the prior small-spectrometer data. 

Because of the low pressure of the gas mixture and 
the short path length of the 8 rays through>the G-M 
counters, particles which traversed the channel were 
not counted with 100 percent efficiency. The efficiency 
of counter C; was determined by taking the ratio of 
the threefold coincidence rate (C3, C4, Cs) to the two- 
fold rate (C4, Cs) at several different (—) field settings. 
The results of these measurements, given in Table I, 
are affected only to the extent of about one percent by 
adjacent-counter interactions. 

The variation of the counting efficiency over the Hp 
range investigated together with the scattering intro- 
duced by the gas and the finite thickness of the source 
render the (—) curve in Fig. 2 only a crude approxi- 
mation to the true 8 spectrum of P*®. A rough estimate 
of the multiple scattering loss as a function of Hp has 
been made by calculating the probability that a ray 
leaving the source with the proper direction and mo- 
mentum to allow traversal of the center of the channel 
under the influence of the magnetic field alone will, 
owing to the presence of the gas, be scattered so as to 
miss the entrance slit of counter Cs. The results of this 
calculation, based upon empirical scattering data for 
argon” and a theoretical estimate of the (relatively 
small) contribution of the butane to the scattering, is 
shown in Table II. 

The measured 8 spectrum corrected for: (1) the effi- 
ciency variation of counters C; and C, (the efficiency of 
Cs is assumed identical to that of C3; because of the 
similar geometries of the two counters), (2) the multiple- 
scattering loss as approximated above, and (3) the 
linear variation of the AHp acceptance interval as a 
function of Hp yields the dashed curve shown in Fig. 3. 
Comparison with the true spectrum of P®” as measured 
by Agnew" indicates fairly good agreement above 
Hp= 1200, but considerable departure at low momenta 
where the scattering calculation is least accurate and 


‘© Groetzinger, Berger, and Ribe, Phys. Rev. 77, 584 (1952), 
' H. Agnew, Phys. Rev. 77, 655 (1950). 
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Fic, 3, Comparison of on 8 spectrum of P® (after cor- 
rections noted in text) with the more precise spectrum of Agnew 
(reference 11). 


where the form of the spectrum is most sensitive to the 
thickness of the source and the nature of the source 
backing. 


DISCUSSION 


Since electrons and positrons of the same momentum 
are scattered similarly (if anything, positrons are some- 
what less strongly scattered), the curves of Fig. 2 give 
directly at each Hp value an upper limit to the ratio 
of positrons to electrons emitted from the source. This 
ratio varies from 1.6X10~* at Hp=700 gauss cm to 
210~* at Hp=2700 gauss cm. 

At Hp=1600 gauss cm the (+) to (—) ratio is 
3X10~*, while the corresponding value measured by 
Groetzinger and Kahn* with a small (unevacuated) 
spectrometer is 8X10~‘. For particles with Hp>700 
gauss cm, the cloud-chamber data of Groetzinger and 
Ribe’ indicate an over-all positive-particle to negative- 
particle ratio of ~210~‘. If one breaks down the 
“positive-particle’ spectrum of the aforementioned 
authors into momentum-intervals and assumes that the 
cloud-chamber electron spectrum is the same as that 
measured with a 6-ray spectrograph, it is found that 
the positive-to-negative ratio in each of the Hp in- 
tervals 700-1400, 1400-2100, and 2100-2800 gauss 
cm exceeds the corresponding value measured with the 
present instrument by a factor of about 100. (Most of 
the “positive” tracks observed in the cloud chamber 
investigation’ are included in the Hp intervals selected 
for comparison.) 

The small spectrograph measurements of Yuasa® 
(250-2500 gauss cm) yield positive-to-negative ratios 
which are in agreement with the cloud-chamber data 
of the same author and also in rough agreement with 
the results of Groetzinger and Ribe. 

If one chooses to adopt the point of view that the 
larger upper limits given by other investigators for the 
positive-particle yield from P® reflect the presence of a 
real positively charged particle and not just a spurious 
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effect, one must at the same time endow the particle 
with properties which might cause it to escape detection 
in the present instrument. One may propose, for ex- 
ample, that the particle is much more strongly scattered 
or has a much lower specific ionization than an electron 
of the same momentum. Although the existing data on 
multiple-scattering of the cloud chamber “positives’’” 
are of somewhat limited statistical accuracy, it seems 
safe to say that the rms scattering angle of the positives 
in a given distance is not more than twice that of elec- 
trons of the same Hp. If one assumes a factor of 2 for 
the sake of argument, it can be shown that the “posi- 
tives” should not be suppressed in their passage through 
the instrument by more than a factor of 2 over the 
calculated electron suppression. The multiple scattering 
effect does not, therefore, seem adequate to explain the 
discrepancy between the present results and the cloud- 
chamber results. 

The effect of specific ionization upon the detection 
efficiency of the instrument may be investigated by the 
use of an experimentally verified theoretical expression 
for the efficiency of a G-M counter as a function of the 
average number of primary-ionization events per in- 
cident-particle traversal.” From this expression, one 
finds that a specific ionization less than } that of an 
electron of the same Hp must be attributed to the 
“positive” particle in question in order that its detection 
efficiency be suppressed by the amount required to 
explain the factor of discrepancy with the earlier results. 
Although there has been no detailed investigation of the 
ionization of the cloud chamber “‘positives”’ relative to 
electrons, if a ratio as high as 1 to 4 existed, it could 
hardly have escaped notice, for even electron tracks are 
quite thin and difficult to photograph clearly. 

It is difficult to conceive of any factors other than 
those discussed above which could prevent the present 
instrument from detecting the positive particles if they 
exist. Certainly, the path length between the source 
and the last counter (C5) is short enough to allow de- 
tection of the “positives” on the same efficiency basis 
as the cloud chamber, insofar as the instability hypothe- 
sized by Groetzinger and Kahn‘ is concerned. 

In view of the negative evidence presented here, the 
author feels that the alleged “positive particles” from 
P® in concentrations of the order of 10~‘ or greater 
must be the result of some sort of spurious background 
effect which has not been properly accounted for in 
the earlier experiments. 
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Gamma Rays from Cu due to Neutron Inelastic Scattering* 
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Monoenergetic neutrons from the H?(d,n)He reaction were used to bombard a Cu scatterer in the form 
of a ring surrounding a gamma-ray spectrometer. An analysis of the gamma spectrum obtained by subtract- 
ing the background counting rate from the counting rate with the Cu scatterer in place yields gamma rays 
with energies of 0.965, 1.110, 1.67, 1.91, 2.42, and 2.58 Mev. 





ONOENERGETIC neutrons from the H?(d,n)He* 
reaction were used to bombard a Cu scatterer 
in the form of a ring surrounding a gamma-ray spec- 
trometer. The deuterons were accelerated by the 
University of Kentucky 120-kv accelerator.' The gamma 
rays, resulting from the de-excitation of the Cu nuclei 
excited by inelastic scattering of the neutrons, were 
detected in a spectrometer consisting of a NalI(TI) 
crystal mounted on a Du Mont 6292 photomultiplier 
tube. No shielding was used between the neutron 
source and the Nal crystal. A BF; counter was used to 
monitor the neutron flux. 

The pulses from the photomultiplier were analyzed 
with a single-channel differential pulse-height analyzer. 
Gamma rays from Na” (0.511 and 1.28 Mev) and 
Cs'*7 (0.661 Mev) were used to calibrate the spec- 
trometer. The spectrometer had a resolution of 10 per- 
cent as measured for the 0.661-Mev gamma from Cs"*’. 

The gamma spectrum obtained by subtracting the 
background counting rate from the counting rate with 
the Cu scatterer in place is shown in Fig. 1. The 
gamma spectrum for the different energy regions is 
shown in Fig. 2, indicating the longer counting time 
that was necessary for the higher-energy regions. 

As shown in the figures, there are gamma rays with 
energies of 0.965, 1.110, 1.67, 1.91, and 2.42 Mev, and 
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Fic. 1. The gamma-ray spectrum from a Cu scatterer. The 
ordinate has been normalized with respect to the BF; monitor 


counter. 
* Sponsored by the Office of Ordnance Research, U. S. Army. 
1 Lafferty, Biggerstaff, Kern, and Hahn, Phys. Rev. 91, 223 
(1953). 


TABLE I. Comparison of energy assignments 
All energies are in Mey. 
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Refer 
ence 2 


0.900 


This 
paper 
0.965 
1.110 
1.67 
1.91 
2.42 
2.58 


1.12 1.1 
1.49 


1.1, 
1.47 1.5. 


1.89 
2.2 2.19 


2.60 


a probable gamma ray at 2.58 Mev (the photoelectric 
peak for the 2.58-Mev gamma ray occurs at A in 
Fig. 2, the Compton at B, and the pair at D). The pair 
peak of the 1.91-Mev gamma ray and the Compton for 
the 1.110-Mev gamma ray are obscured by the 0.965- 
Mev photoelectric peak. The estimated probable error 
of these energy assignments is two or three percent. 

The comparison of these results with those of other 
investigators?’ is shown in Table I. 

The energies listed in references 2, 3, and 4 were 
found by investigation of radioactive decay; those 
listed in references 5, 6, and 7 are from neutron in- 
elastic scattering. 
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Fic. 2. The gamma-ray spectrum from a Cu scatterer shown 
in greater detail. The probable errors for region I are of the order 
of magnitude of the points of the curve. The channel width in 
region I was 0.022 Mev and in regions II, III, and IV 0.044 Mev. 
The ordinates have been normalized with respect to the BF; 
monitor counter. P refers to photoelectric peak; C to Compton 
edge; PR to pair peak. A, B, and D explained in the text. 
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( 5 Grace, Beghian, Preston, and Halban, Phys. Rev. 82, 969 
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* Scherrer, Smith, Allison, and Faust, Phys. Rev. 91, 768 (1953). 
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Study of the Isobaric Triplet Mg** — Al** —Si**t 


RayMonp K. SHELINE AND Noau R., Jounson, Chemistry Department, Florida State University, Tallahassee, Florida 
AND 
P. R. Bet, R. C. Davis, Ano F. K. McGowan, Physics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received January 18, 1954) 


The nuclide Mg* has been produced by betatron irradiation and cyclotron bombardments in the following 
reactions: Si®(y,2p)Mg* and Mg**(a,2p)Mg*. It is a 21.34-0.2 hour B~ emitter (Emax =0.418+0.01 Mev, 
log ft=4.30). Mg decays to A!* with which it is in secular equilibrium. Milking experiments indicate 
that the Al** daughter has a 2.3-min half-life, and confirm the mass assignment of Mg**. Gamma-ray spectra 
of the Mg**—Al** secular equilibrium mixture indicate gamma rays of the following energies in Mev 
(intensities in parentheses) : 1.76924-0.01 (0.98), 1.346+0.01 (0.70), 0.949+-0.01 (0.29), 0.4002-0.01 (0.31), 
0.0319+-0.001 (0.96), The 1.769-Mev gamma results from the decay of Al**. Coincidence measurements 
show that the 1.346-, the 0.949-, and the 0.400-Mev gammas are each in coincidence with the 0.0319-Mev 
gamma, and that the 0.949- and 0.400-Mev gammas are in coincidence with each other. Delay coincidence 
measurements between the 1.346-Mev gamma and the 0.0319-Mev gamma indicate that the half-life of 
the latter is <210™ sec. This information together with the a*.,=0.032+0.066 indicates that the 
0,0319-Mev gamma is an M1 transition as predicted if the ground-state doublet of Al* is a j—j doublet. 
A complete decay scheme for the isobaric triplet, Mg**—Al**—Si®, is proposed. All spins and parities of 
ground and excited states are assigned. Assuming 9, mass of 27.985818+-0.000043 amu for Si*, the mass 
of Al is 27.990809-+-0.000045 and the mass of Mg* is 27.992738+-0.000047. On the basis of an empirical 
scheme of nuclear systematics the energy available for decay and the half-lives of the following nuclei are 
discussed: Si*, Ne*, O”. A test for j7—j doublets is proposed. This test indicates that the ground state 
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doublets of Al** and P® are true j—j doublets, whereas the first excited state doublet of Al* is not. 





I. INTRODUCTION 


N G** is a recently discovered'? isotope with a 


considerable tracer usefulness because its half- 
life is so much longer than any other magnesium activ- 
ity. Since its discovery a number of other studies of its 
various nuclear properties have been published. In 
particular, Marquez‘ has studied the beta spectra for 
the Mg**— Al" isotopic pair. Both were found to have 
“allowed” shapes. In addition, Jones and Kohman‘ 
have produced the isotope by bombarding silicon with 
high-energy protons. Wapstra and Veenendaal® have 
studied the 31-kev gamma ray in an attempt to deduce 
its multipole order and character. Iwersen, Koski, and 
Rasetti® have produced this isotope in a pile by bom- 
barding a Mg—Li alloy. The reaction is Mg**(t,p)Mg**. 
Finally, a tentative decay scheme for the isotope has 
been reported.’ 

It has now been possible to obtain relative intensities 
for all the gamma-ray transitions, definite evidence on 
the spin and parity change in the 31-kev gamma-ray 
transition, and a tentative assignment of the spin of 
all the excited states of Al’* arising from the decay of 
Mg”. It is the purpose of this paper to report on these 
new experimental data and to give the details of the 
previous experimental evidence presented.':’ 

t This research was partially supported under a contract 
between The Florida State University and the U. S. Atomic 
Energy Commission. 

1 R. K, Sheline and N. R. Johnson, Phys. Rev. 89, 520 (1953). 
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‘L. Marquez, Phys. Rev. 90, 330 (1953). 

‘J. W. Jones and T. P. Kohman, Phys. Rev. 90, 495 (1953). 

6A. H. Wapstra and A. L. Veenendaal, Phys. Rev. 91, 426 
<a Koski, and Rasetti, Phys. Rev. 91, 1229 (1953). 

7R. K. Sheline and N. R. Johnson, Phys. Rev. 90, 325 (1953). 


In a chart of the nuclides, the isotopes Si*, Mg**, 
Ne”, and 0” are an alpha particle apart in a sequence 
immediately below stable S**. Each of these nuclei 
has two neutrons in excess of stability. At first glance 
one might believe, in spite of their even-even character, 
that these nuclei would be short lived, for they all lie 
further from the line of stability than the short-lived 
nuclei with one less neutron, Si*', Mg’, Ne”, and O”. 

On the other hand, Suess* by an analysis of masses in 
this region of the chart of nuclides, felt there was a 
distinct possibility that Si® and perhaps Mg** would 
prove to be stable. A careful radiochemical search for 
stable Si*® has been performed by Turkevich and 
Tompkins’ with negative results. However, one is led 
to the conclusion from the mass data that there is at 
most a small amount of energy available for transition 
in the decay. An additional compelling reason for 
expecting long half-lives is the spin and parity change 
expected in these decays. Both S* and Si® have spin 
and parity assignment of 0+. The decay of P®, on the 
other hand, is known to have a relatively high /t 
value because of its /-forbidden character. Therefore, 
one may expect a similarly high /¢ value and a consider- 
ably longer half-life for the /-forbidden Si decay. The 
transition between ground states of the isobaric 
couple Al**—Si?* is second forbidden. Therefore, one 
expects the transition between the ground states of 
Mg” and Al** to be second forbidden with a correspond- 
ingly longer half-life. In a similar manner, one would 
expect Ne” to have a forbidden transition to the ground 
state of Na™. Also O” could beta decay to the ground 


® H. Suess (private communication). 
* A. Turkevich and A. Tompkins, Phys. Rev. 90, 247 (1953). 
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state of F* only by an /-forbidden transition. On the 
basis of these considerations, an attempt to produce one 
or more of these isotopes through cyclotron and 
betatron bombardments seemed justified. The logical 
choice to produce an activity long enough lived to be 
observed after the bombarded sample was air mailed 
hundreds of miles seemed to lie between Mg” and Si®. 
It was felt that Si lay so close to the line of stability 
that it might be extremely long lived and therefore 
difficult to observe. Accordingly we decide to look first 
for Mg**. A betatron bombardment of ordinary elemen- 
tal silicon was attempted with the University of 
Chicago betatron. First experiments were done with 
detecting equipment at the site of the betatron in an 
attempt to observe a possible short-lived activity. 
These results were negative, and therefore bombard- 
ments of longer duration were attempted both with 
the betatron at the University of Chicago and with 
the cyclotron of the University of California. 


II. BOMBARDMENTS, CHEMICAL SEPARATION 
PROCEDURES, AND HALF-LIFE 


In order to look for a very short-lived activity for 
Mg**, a sample of elemental silicon in granular form 
was counted in place immediately after turning off the 
betatron beam. This sample in cylindrical form was 
mounted directly in the beam of the betatron in such a 
way that the axis of the cylinder was the axis of the 
beam. A Geiger tube shielded with 6 inches of lead 
was placed parallel to it, and 2 inches from the beam 
center. The betatron and Geiger tube were controlled 
by a motor-driven timing switch, and a brush recorder 
was used to record counts. The entire apparatus has 
previously been described.”° In this way it was possible 
to irradiate samples for 3 seconds and then count them 
within milliseconds after the beam was turned off for a 
period of 5 seconds. If a Mg” activity in the region from 
(0.02 second to several minutes were to be produced in 
this bombardment, it should have been observed. 
Only the region from 2 to 9 minutes and the region of 
5 to 7 seconds are obscured by other known activities 
to be expected in the silicon betatron bombardment. 
Using a “rabbit” to transport the silicon sample 
quickly after irradiation and using the traditional 
Geiger tube counting setup, the longer half-life region 
from 9 minutes to 5 hours was explored. The region of 
2.6 hours was obscured by the Si" activity. The results 
from both of these experiments were negative. There- 
fore it was assumed that the half-life of Mg** did not 
fall in the region 0.02 second to 5 hours, with the pos- 
sible exception of those regions obscured by other 
activities produced in the bombardment. 

With this evidence in mind a long betatron bombard- 
ment of silicon was undertaken. The expected nuclear 
reaction was Si*(y,2p)Mg”. A sample of elemental 
granular silicon containing total impurities of less than 
0.01 percent was obtained from the Institute of Metals 


”R. K. Sheline, Phys. Rev. 87, 557 (1952). 
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Fic. 1. Mg" half-life determinations from betatron and 
cyclotron bombardments. 


of the University of Chicago. It was irradiated for 8 
hours in the gamma spectrum of the 100-Mev Univer- 
sity of Chicago betatron. After dissolving the sample 
in hot concentrated sodium hydroxide, 15 mg of carrier 
magnesium chloride was added. Neutralization with 
HC! precipitated silicic acid. The slurry was then 
evaporated to dryness and warm distilled water added. 
The SiO, was filtered and the filtrate buffered with 
ammonium chloride and made slightly ammoniacal. 
The addition of 1 gram of primary ammonium phos- 
phate precipitated magnesium ammonium phosphate. 
This precipitation was repeated twice to insure high 
purity. After transferring the precipitate to a planchet 
and drying, it was counted in a Geiger-Mueller counter. 
Counts were taken through only 3 half-lives due to the 
low specific activity. The resulting decay showed a 
single half-life of 21.7+1.0 hours (Fig. 1). 

After this initial success, it seemed advisable to 
attempt a cross bombardment to confirm the observa- 
tion of this new activity. The cross bombardment 
chosen was Mg**(a,2p)Mg*. 

A disk of magnesium of ordinary isotopic composition 
1 and ;°s inches in diameter and 0.1 inch thick was 
bombarded for ten hours in an external beam of 
39-Mev alpha particles of the University of California 
60-inch cyclotron. The beam covered a one-inch by 
one-half-inch rectangular area on the disk and pen- 
etrated to a depth of ~0.0373 inch. Except for the 
area of beam penetration, the disk was coated with 
Krylon plastic spray. By means of a carefully timed 
procedure, approximately 0.013 inch of the active 
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portion was dissolved in 30 ml of 1:10 HCl. In this 
manner a higher specific activity was obtained. Four 
milligrams of NaCl were added to the solution as 
holdback carrier. After buffering the solution with 
NH,CI and making it ammoniacal, the magnesium was 
precipitated as magnesium ammonium phosphate by 
the addition of 15 ml of 1 molar primary ammonium 
phosphate. This precipitation was repeated four times 
to assure a minimum of impurity. Several samples 
were transferred to planchets, dried, and counted in 
Geiger-Mueller counters. The half-life for this bombard- 
ment was 21.3+0.2 hours over a decay curve covering 
8.6 half-lives. The experimental data are shown in 
Fig. 1. 

Jones and Kohman‘ have reported a half-life of 
22.1+0.3 hours which differs significantly from our 
value. In additional bombardments we have repeated 
our half-life measurements, and find that 21.340.2 


960 1000 1100 1200 

hours represents accurately all of our determinations. 
These additional bombardments were also used to 
study methods of producing the highest possible 
specific activity utilizing an isotopic target. Through 
the use of a 5-hour internal beam bombardment, it 
was possible to produce an initial magnesium activity 
of approximately 3.5X10° counts per minute per 
milligram of magnesium utilizing the technique of 
dissolving the active part of the target only. In sum- 
mary, these experiments indicated the existence of a 
new 21.3-hour magnesium activity. 


III. GAMMA-RAY SPECTRA, ABSORPTION 
MEASUREMENTS, AND MASS NUMBER 
ASSIGNMENT 


Gamma-ray spectra of this new magnesium isotope 
were obtained using a sweep-type differential and 
integral discriminator similar to the one described by 


TABLE I. Gamma-ray energies and intensities of Mg®* and Al" in secular equilibrium with each other. 


These data are obtained from small crystal (14 in.—1 in.) spectra only. 





Gamma rays y! 


Run 1 ~A.03* 

Run 2 0.0316+0.001 
Run 3 0.03224-0.001 
Average 0.0319-+-0.001 


0.40 +0.02 
0.40 +0.01 
0.40 +0.01 
0.40 +0.01 


Gamma rays y! y2 


Energies in Mev 
v6 


1.35 +0.02 
1.340+0.01 
1.347+0.01 
1.346+0.01 


0.95 +0.02 
0.940+-0.01 
0.958+0.01 
0.949+0.01 


1.78 +0.02 
1.766+0.01 
1.760+0.01 
1.769+0.01 


Intensities 
¥3 ys ys 





~ Run i 0.30 +0.03 
Run 2 0.319+0.03 
Average 0.309+0.03 


Undetermined 
0.962 +0.05 
0.962 +0.05 


0.28 +£0.03 0.71 +0.05 1.00 +0.05 
0.292-+.0.03 0.681-+.0.05 0.964-4.0.05 
0.286-4-0.03 0.696-4.0.05 0.982-40.08 














* Not used in computing average. ; 
+ Intensity measurements were not determined in Run 3. 


* Intensity measurements based on 17.0 percent of the 1.78-Mev gamma ray in the photopeak. 
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Fairstein." In later bombardments the 20-channel 
pulse analyzer of Kelley, Bell, and Goss" was used to 
obtain the gamma-ray spectra. A typical gamma-ray 
spectrum is shown in Fig. 2. Several different deter- 
minations of the gamma rays, together with their 
energies and relative intensities, are listed in Table I. 
The relative intensities were obtained by correcting 
the areas in the photopeaks to account for the Compton 
distributions and by correcting for the geometry and 
efficiencies of the sodium iodide crystal. In addition, a 
correction was made for the absorption of the 30-kev 
gamma ray in the aluminum of the equipment. Jones 
and Kohman‘ found evidence for several gamma rays 
with energies extending to at least 2.5 Mev. A very 
careful search was made for these higher-energy 
gamma rays and we are able to say that gamma rays 
of energy greater than 2 Mev have an intensity less 
than one one-thousandth that of the 1.78-Mev gamma 
ray listed in Table I. The existence of these additional 
gamma rays in the spectra of Jones and Kohman may 
indicate contamination of their sample with a corre- 
sponding discrepancy in half-life. 

Absorption measurements on the new magnesium 
activity shown in Fig. 3 indicate 2 betas, one of approxi- 
mately 3 Mev, and the other of 0.40+0.06 Mev. 
The actual absorption measurements on the 0.40-Mev 
beta do not in themselves indicate as large an experi- 
mental error as that noted. However, the inaccuracy 
resulting from subtracting the 3-Mev beta determines 
the high error. Both the 1.78-Mev gamma listed in 
Table I, and the approximately 3-Mev 8~ observed in 
the absorption measurements agree almost perfectly 
with the nuclear data available for Al**. Any Al’* 
produced in the initial bombardment would not be 
present in the Mg** for two reasons. Its half-life is so 
short (2.3 min) that it would be dead at the time 
these separations were run. Also the chemical separation 
described in Sec. II would have separated it from the 
magnesium. Accordingly it is assumed that if Al** is 
present it grows in as the daughter from the parent 
Mg’*. Such a supposition is easy to test through 
“milking” experiments. 

A sample of the active magnesium ammonium phos- 
phate was dissolved in HCl. This solution was made 
strongly basic with NaOH, causing the precipitation of 
Mg(OH):. The precipitate was dissolved in HCI and 
AICl; carrier was added. After buffering with NH,Cl 
the solution was made ammoniacal, resulting in the 
precipitation of aluminum hydroxide. The aluminum 
hydroxide was centrifuged, washed with a solution of 
NH,C! and NH,OH, and centrifuged again. The 
procedure beginning with the dissolving of Mg(OH)2 
was carried out in a lusteroid tube. The tube was cut 
away just above the surface of the precipitate and the 
section containing the sample was mounted and 

1 E. Fairstein, Rev. Sci. Instr. 22, 76 (1951). 


Kelley, Bell, and Goss, Oak Ridge National Laboratory 
Report ORNL-1278, December 20, 1951 (unpublished), p. 27. 
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Fic. 3. Low-energy region of absorption curve of Mg* and 
AFP* in secular equilibrium. 


placed in a Geiger-Mueller counter. Four minutes 
elapsed from the time of the first precipitation of the 
Al(OH); until the first count was taken. The decay 
curve shown in Fig. 4 consists of a 2.3-minute activity 
which drops off after 6 half-lives into a 21.3-hour 


background attributed to adsorbed Mg”*. 
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Fic. 4. The decay of the AP* daughter milked from Mg”. 
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Fic. 5. A large crystal spectrum of Mg” in secular equilibrium 
with Al** used in coincidence determinations. 


The presence of an Al** daughter with a 2.3-minute 
half-life, approximately 3-Mev 8-, and a 1.78-Mev 
gamma in secular equilibrium with this new magnesium 
activity, is extremely strong evidence for its assignment 
as Mg”*. 

The additional evidence from cross bombardments 
and nuclear systematics makes the Mg** mass assign- 
ment certain. Marquez*® has measured the maximum #- 
energy of Mg’* to be 0.418+0,010 Mev using a doubie 
magnetic lens beta-ray spectrometer. We accept his 
energy measurements for the Mg** and Al** betas 
rather than those of this study resulting from absorption 
measurements because of their greater accuracy.* The 
energies, half-lives, log ft values, and degrees of forbid- 
denness of both Mg** and Al** are shown in Table IT. 


IV. LARGE CRYSTAL SPECTRA, COINCIDENCE 
SPECTRA, AND DELAY COINCIDENCE 
MEASUREMENTS 


Gamma-ray spectra were obtained using a 43-inch 
thallium activated sodium iodide crystal with a well 
into which the sample was inserted. One of these 
spectra is shown in Fig. 5, In such large crystals there is 
a much greater probability than in small crystals, 
of observing the coincident sum peaks of gamma rays 


* Nole added in proof.—Since this article was submitted for 
publication a more accurate measurement of the maximum energy 
of the Mg** beta ray has been obtained by Olsen and O’Kelley, 
Phys. Rev. 93, 1125 (1954), They report Emax=0.459+0,002, 
log /t= 4.45. This difference in energy in no way affects the con- 
clusions reached in this article. However it puts the ground state 
of Mg** 6.484 Mev above the ground state of Si** with a conse- 
quent change of the mass of Mg* to 27.9927822-0.000046. 
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emitted in coincidence. A comparison of the large 
crystal spectra and that obtained with a small crystal 
with the source outside the crystal shows which gamma 
rays are in coincidence. Figure 5 when compared with 
Fig. 2 shows quite definitely a decreased intensity of 
the 0.400- and 0.949-Mev photopeaks together with a 
corresponding increase in the 1.346-Mev photopeak. 
The 0.949-Mev gamma line is almost invisible since when 
a 0.949-Mev gamma ray is detected, the probability 
that the 0.400-Mev gamma ray (coincident with it) will 
escape, is quite small. On the other hand, when a 0.400- 
Mev gamma ray is detected, the probability of escape of 
the 0.949-Mev gamma is not as small. No line is ob- 
served at a pulse height corresponding to 2.7 Mev, show- 
ing that the 0.400-0.949 Mev cascade is not in coinci- 
dence with the 1.346-Mev gamma ray. The interpreta- 
tion that the 0.400- and 0.949-Mev gamma rays are in 
coincidence seems unequivocal. Coincidence informa- 
tion on the 0.0319-Mev gamma ray using large crystal 
spectra is somewhat more difficuit to obtain. Two large 
crystal spectra were obtained in which the Mg®* was 
surrounded by brass. In this case the majority of the 
0,0319-Mev gamma rays did not get into the crystal. 
In several other large crystal spectra an aluminum 
activity holder was used which allowed the majority 
of the 0.0319-Mev gamma rays to get into the crystal. 
These spectra are summarized in Table III. y.’ and 
v4’ refer to the energies when the activity is surrounded 
by aluminum, whereas 72 and ‘4 refer to the energies 
when surrounded by brass. The pertinent pieces of 
information in Table II are: (a) Both ye’ and y,’ have 
a higher energy than y2 and 4. (b) This difference in 
energies between 2’, v4’ and 2, y4 is very close to the 
energy of 7; (0.0319 Mev). (c) Surrounding the sample 
with either aluminum or brass makes no difference in 
the energy of ys. This information is interpreted as 
follows: y; is in coincidence with y2 and 4. Therefore 
when the activity is surrounded by aluminum through 
which y; can penetrate, the sum peaks are observed, 
namely 2’ and 74’. These are slightly higher in energy 
than when the activity is surrounded by brass through 
which 7; cannot pass. The effect of the metal holder on 
the activity is not appreciable, as indicated by the fact 
that the Al** ys is exactly the same in both measure- 
ments. The comparison of the aluminum and brass 
differences of y, and 5 indicates again a discrepancy of 
0.03 Mev, just the energy of ;. Since it has previously 
been shown that 72 and ¥; are in coincidence, and that 


TABLE IT. Data on the B~ decays of Mg” and Al’**. 


Half-life 
(min) 
1278 
2.3* 


Degree of 
forbiddenness 


Allowed 
Allowed” 


Energy max 
of 8~ (Mev) 


Mg? 0.418 
AP 2.865 


Isotope log ft 


~ 4.30 
4.92" 





* There is some indication from half-life measurements in milking 
experiments that Al** has a slightly shorter half-life and correspondingly 
smaller log ft value. 

b These values are from H. T. Motz and D. E. Alburger, Phys. Rev. 86, 
165 (1952), 
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yi and 2 are in coincidence, a coincidence may be 
inferred between 7; and 73. 

As a check on the coincidences between the 0.0319- 
Mev gamma ray and the 0.40- and 0.949-Mev gamma 
rays, a coincidence spectrum was obtained. One counter 
of the coincidence setup was set so as to accept only the 
0.0319-Mev gamma rays. The other detector was used 
to monitor the region from 0.2 to 1.0 Mev. The spectrum 
so obtained is shown in Fig. 6. 

It is noteworthy that it is almost identical with the 
ordinary spectrum from 0.2 to 1.0 Mev. This coincidence 
spectrum indicates definitely that the 0.0319-gamma 
ray is in coincidence both with the 0.400- and 0.949- 
Mev gamma rays. In the case of the 0.949-Mev gamma 
ray, this could only be inferred indirectly from the large 
crystal work. 

The 0.0319-Mev gamma ray results from an excited 
state of Al** which is so near the ground state that 
there is a distinct possibility that it might be metastable. 
Accordingly, delay coincidence measurements were 
made utilizing a delay coincidence scintillation spec- 
trometer previously described.” In this case the delay 
coincidence scintillation spectrometer employed sodium- 
iodide thallium activated crystals with Type 5819 
multiplier tubes as detectors. Coincidence measure- 
ments between the 1.346-Mev gamma ray and the 
0.0319-Mev ray were made. In Fig. 7 (curve 2) the 
number of coincidences is plotted as a function of 
delay time for a sample of Mg®*. The slope of curve 2 
indicates a half-life <2.27X10~ sec. Without a change 
in the apparatus, a resolution curve for prompt coin- 
cidences was obtained between the 1.28-Mev gamma 
ray of Na™, and the 0.032-Mev electron pulses from the 
Compton distribution of positron annihilation with 
which the 1.28-Mev gamma is in prompt coincidence. 

The half-life so observed is slightly shorter than in 
the case of Mg’*. (See Fig. 7, curve 1.) However, the 
difference is so small that it is possible to say that the 


TABLE III. Gamma-ray energies in Mev as determined from 
large crystal spectra in which the activities were surrounded by 
aluminum or brass. 


Activity s 
surrounded Energy in Mev 
by aluminum ¥2'* a2 el ve ye ya’ 
Run 1 0.400 1.345 1.740 0.395 
Run 2 0.401 1.356 1.755 0.399 
Run 3 tee 1.350 1.750 0.400 
Run 4 1.350 1.735 0.385 


Average 1.350 1.745 0.392 





0.4005 
Fv. Energy in Mev 

by brass 72 vs 7s ys~¥ 
0.375 1.315 1.745 0.430 
0.390 1.325 1.745 0.420 


0.382 1.320 1.745 0.425 


Run 5 
Run 6 


Average 








* The primes on gamma rays 2 and 4 indicate that the sample was sur 
rounded by aluminum rather than brass; y2' = (y2 +71), ye @ (pat. 


‘3 F. K. McGowan, Phys. Rev. 79, 404 (1950). 


M g?#—Alt#—Sit8 














100 200 300 400 
PULSE HEIGHT 


Fic. 6. A coincidence spectrum of Mg* in secular equilibrium 
with AP’, with one counter of the coincidence set so as to accept 
only the 0.0319-Mev gamma rays, while the other detector is 
used to monitor the region of 0.2 to 1.0 Mev. 


half-life of the 0.0319-Mev excited state of Al’* is less 
than 2X10~ sec. Althcugh no metastable state of 
measurable half-life was observed in these experiments 
definite existence of the coincidence between the 1.35- 
Mev gamma and the 0.032-Mev gamma is indicated. 


V. DECAY SCHEME OF Mg* AND THE MASSES 
OF Al** AND Mg* 


The decay scheme for Mg** must involve an energy 
level scheme in Al** which will permit the following: 
(1) coincidences between the 1.346, 0.949, 0.400-Mev 
gammas, and the 0.0319-Mev gamma; (2) a coincidence 
between the 0.949-Mev gamma and 0.400-Mev gamma; 
(3) no coincidences between either the 0.949-Mev or 
the 0.400-Mev gammas and the 1.346-Mev gamma; 
(4) very similar intensities in the 0,944- and 0.400-Mev 
gammas; (5) an intensity for the 0.0319-Mev gamma 
which is approximately equal to the sum of the intensity 
of the 1.346-Mev gamma and either the 0.949- or the 
0.400-Mev gammas; (6) a single Mg”* beta ray. Such a 
decay scheme is shown in Fig. 8(a). The level scheme 
for Al** is almost identical with that derived by Enge, 
Buechner, and Sperduto™ from a magnetic analysis of 
the Al?’(d,p)Al’* reaction. There is one important 
exception. They report a level at 1.015 Mev for which 
we find no evidence in the decay of Mg”*. Because of its 
large intensity in the Al*’(d,p)Al** work, there can be 
little doubt of its existence. However, after a careful 
search for this level with enough resolution to observe 
it, we must conclude that it is not populated in the 
Mg” decay. 

In order to assign spins and parities to the various 
states of Al", it is first advisable to establish the nature 
of the 0.0319-Mev gamma transition. A delay coin- 
cidence measurement of the half-life of the 0.0319-Mev 
state indicates that it is less than 2X10~* sec. From 
this measurement one may immediately conclude that 


4 Enge, Buechner, and Sperduto, Phys. Rev. 88, 963 (1952). 
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Fic. 7. The number of delayed coincidences as a function 
of delay time. 


it is a dipole transition. Quadrupole or higher pole 
transitions of this energy would be expected to have 
much longer half-lives. It is then necessary to choose 
between M1 and £1 transitions. One sensitive method 
of distinguishing between these two transitions would 
be to observe the internal conversion coefficient. Smith 
and Anderson"® have failed to observe internal conver- 
sion electrons, putting an upper limit on a*,,, <2. 
By observing the intensity of the 0.0319-Mev gamma 
ray relative to the other gamma rays in the Mg” decay, 
Wapstra and Veenendaal® set an a*,,,=0.30+0.20, 
but were not able to draw a definite conclusion as to 
the nature of the transition. The results presented in 
Table I together with that part of the decay scheme 
indicated in Fig. 8(a) determine a value of a*,x,,= 0.032 
+ 0,066 for the 0.0319-Mev gamma ray. 

Although relativistic K-shell internal conversion 
coefficients for Z,< 150 kev are not yet available, there 
is a method for obtaining extrapolated values of the 
coefficients at low energies. The ratio of the relativistic 
coefficients'® to the nonrelativistic coefficients'’ is 
plotted for E, < 150 kev, and the ratio is extrapolated 
to one at zero electron energy.'* Low-energy K-shell 
conversion coefficients for electric radiation are obtained 
by multiplying the nonrelativistic values by a correction 
factor from the ratio plot. Similarly, for magnetic 


16 R. D. Smith and R. A. Anderson, Nature 168, 429 (1951). 

‘6 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 
79 (1951). 

17M. H. Hebb and E. Nelson, Phys. Rev. 58, 486 (1940). 

18 P, Axel and R. F. Goodrich, U. S. Office of Naval Research 
Report (unpublished). 
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radiation, extrapolated coefficients are obtained by 
multiplying the extrapolated coefficient for electric 
radiation by a correction factor from a plot of Bi1/a; 
extrapolated to zero electron energy. 

The values obtained for these extrapolations indicate 
a;*=0.31, ao =10.8, 8:*<0.1. The value for 6:~ is 
very uncertain because the extrapolated ratio of 6,* 
to a2* is not known at very low energies. Fortunately 
the experimental data discriminate clearly against an 
internal conversion coefficient of 0.31. Therefore by: 
elimination one is led to the conclusion that the 0.0319- 
Mev-gamma ray is an M1 transition. Since the spin 
and parity of the even-even Mg** nucleus must be 0+, 
the allowed beta decay to the 1.375-Mev level ‘deter- 
mines its assignment as either 0+, or 1+. The ground 
state of Al** with a (d;)~'s, configuration should be 3+ 
according to the rules of Nordheim.'® Furthermore, 
no other assignment for the ground state is completely 
consistent with the decay to the first excited state of 
Si**, and with the gamma and beta decay energies 
and intensities of the Mg** decay. The 0.0319-Mev 
excited state which goes to the 3+ ground state via an 
M1 transition must be 2+ rather than 4+, since it 
is populated by the 0+ or 1+ 1.375-Mev level, pre- 
ferentially in comparison to the ground state. Finally 
the 0.978-Mev level must be 1—, 2—, or 2+ so that it 
can compete with the (2+-) 0.031-Mev level for gamma 
rays, yet not be populated by the Mg” beta decay. 
The various possible combinations of these spin 
possibilities together with the type of gamma-ray 
transitions which these combinations of spins determine 
are indicated in Figs. 8(b), (c), (d), (e), and (f). The 
measured ratio of the intensity of the 1.346-Mev 
gamma ray to the 0.400-Mev gamma ray is 2.25. By 
using the Weisskopf” formula it is possible to compute 
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Fic. 8. Various possible assignments of Al** energy levels, 
spins, and parities. (a) indicates the correct energy level assign- 
ment. (b), (c), (d), (e), and (f) indicate various possible spin 
and parity assignments. The numbers in the boxes above (b), 
(c), Fa), (e), and (f) indicate the ratios of the intensities of the 
1.346-Mev gamma to the 0.400-Mev gamma, calculated using 
the Weisskopf formula for each set of proposed parities and spins, 


”L. W. Nordheim, Phys. Rev. 78, 294 (1950). 
” V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 
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the theoretical ratio of intensities of the 1.346 Mev 
gamma to the 0.400-Mev gamma for the various 
combinations of spins. They are indicated in the boxes 
above the Figs. 8(b), (c), (d), (e), (f). Case (c) comes 
considerably closer than any of the others to predicting 
the experimental value. This would probably be a 
cleancut decision for 2—, or 1— for the 0.978-Mev 
level except for the experiments of Holt and Marsham.”! 

In their investigation of (d,p) stripping reactions on 
Al?’ they observe an angular distribution of the un- 
resolved proton groups going to the 0.0319-Mev and 
ground-state levels in which /,=0. This indicates 
J=2+ and/or 3+ for the ground state doublet, 
which agrees with the results obtained here from the 
Mg** decay. However, Holt and Marsham* obtain an 
angular distribution of the unresolved proton groups 
going to the 0.978- and 1.015-Mev levels which could 
be fitted by a combination of about 10 percent of /,=0 
and about 90 percent /,,=2. Since the 0.978-Mev level 
populated in the Mg** decay is produced in much less 
intensity in the (d,p) stripping reaction than the 1.015- 
Mev level, according to the work of Enge, Buechner, 
and Sperduto," it is concluded that the 0.978-Mev 
level is responsible for the 10 percent /,=0 angular 
distribution in the experiments of Holt and Marsham. 
Therefore, the spin and parity of the 0.978-Mev level 
should be 2+ or 3+. Since the Weisskopf formula is 
known to err by a large factor at times, and since the 
2+ state is the second choice from the calculation of 
the ratio of gamma-ray intensities (see Fig. 8), the 
most probable assignment of the 0.978-Mev level is 2+. 
However, because of the calculations using the Weiss- 
kopf formula, an assignment as 2— or 1— is not 
completely ruled out and is indicated in the parentheses. 

The first excited state of Si** would be expected to be 
2+.” The entire decay scheme for the isobaric triplet 
Mg*s— Al**— Si** is shown in Fig. 9. 


Mg” ai” si” 





son 
Fic. 9. Decay scheme for the isobaric triplet Mg*—Al*—Si**, 


~ J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 249 (1953). 
2M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
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TABLE IV. Energetic relationship between certain isobaric triplets. 


Energy 

differences of 
first couple 

as indicated 

by the Fermi- Prediction 
Weistcker of 
equation half-lives 


Prediction* of 
first couple 
energy 
differences 
Isobaric triplets in Mev 


—3.2 
—2.3 
—1.3 
—0.02 
+1.6 


S$ — Css Ars (—0.97) 
Si®— P®— S® 

Mg**— Al?*— Si** 

Ne*— Na*— Mg™ 

O”— F®— Ne* 


700+ 500 years 
(21.3 hours) 
short 

very short 


* Values in parentheses are known and not predictions. 


The masses of Al?’ and Mg”* have been calculated on 
the basis of the decay scheme shown in Fig. 9. Masses 
of 27.985810+0.000080," 27.985792+0.000032," and 
27.985825+0.000016" have been reported for Si**. 
A weighted mean gives a value of 27.985818+0,.000043. 
Using the weighted mean, an energy transition of 
4.647+0.0014 Mev, and 931.1527 as the conversion 
factor, gives 27.990809+-0.000045 as the mass of Al’*, 
An energy of 1.796+0.014 Mev is involved in the decay 
of Mg** to the ground state of Al**. From this the mass of 
Mg** is determined as 27.992738+0.000047.TT 


VI. DISCUSSION 


The search for Mg** was undertaken on the assump- 
tion that O”, Ne*, Mg**, and Si®, whose decays are 
forbidden, might be sufficiently long-lived to serve as 
tracers. Its discovery has given new impetus to the 
search for the remaining isotopes of this group. 

These unknown activities, together with other known 
activities and stable isobars, form the isobaric triplets 
shown in Table IV. 

The energy differences between the second couples 
of the triplets (e.g., C’*— A®, and P®—S*), are known, 
whereas in general the energy differences between the 
first couples (e.g., Si®—P® and Ne*—Na™) are un- 
known. The energy differences between second couples 
can be plotted against mass number and then the energy 
coordinate changed to the energy differences between 
first couples. Only the decay energy of Mg** and the 
mass difference between Cl** and S** can be used to 
define the first-couple energy differences coordinate. 
However, this is sufficient to predict energy differences 
for the rest of the first couples as shown in Table IV. 
It is interesting to note the comparison of the energies 
predicted using the method described and those pre- 
dicted by the Fermi-Weisicker equation. In general, 
the Fermi-Weisicker equation predicts too little 
energy for the first couple by two or more Mev. Except 


*H. E. Duckworth and R. S. Preston, Phys. Rev. 79, 402 
(1950). 

*H. Ewald, Z. Naturforsch. 6a, 293 (1951). 

2% K. Ogata and H. Matsuda, Phys. Rev. 89, 27 (1953). 

26 J. W. M. Dumond and E. R. Cohen, Phys. Rev. 82, 555 
(1951). 

tt See Note added in proof, p. 1646. 





1650 SHELINE, JOHNSON, 
for S*—Cl* and O”—F™, the Fermi-Weisdcker 
equation also predicts the wrong direction for the decay. 

Unfortunately, since nothing is known about the 
decay scheme, it is not possible to predict half-lives for 
Ne* and O”. Since both Na™ and F” have a number of 
excited states into which Ne™* and O” can decay, it is 
probable that they will be short-lived in spite of the 
forbiddenness of their ground-state transitions. It should 
be stated that the one-particle shell model predicts 
even greater forbiddenness for the first several transi- 
tions from O” to excited states of F” than to the ground 
state. Therefore, because of the very great usefulness 
of a long-lived oxygen isotope, it would seem worth while 
to look for this isotope on the slim possibility that all 
energetically available transitions are forbidden. Si* 
has such a small amount of energy available for decay 
that it must either decay into the ground state or to 
the 77-kev state of P® described by Van Patter et al.’ 
If one accepts the explanation of Inglis** for this ground- 
state doublet together with the accepted spin and 
parity assignment of the P® ground state as 1+, then 
the 77-kev excited state should have a spin of 2+. 
Such an assignment of the doublet suggests that the 
Si® decay should go to the ground state of P® rather 
than to the 77-kev state. Since Si” goes to the P® 
ground state by a change of a dy neutron into an s; 
proton, and P® goes to the ground state of S* by exactly 
the same type of change, it is probable that the log /t 
value for these two beta decays would be very nearly 
the same. Using the log ft value of 7.9 for the P® decay 
together with the 0.12 Mev of energy predicted for the 
Si” decay, a half-life of 7004-500 years for Si* is 
calculated. The large error is due to the large un- 
certainty in the energy. 

Attempts to produce Si® by successive (n,7) reactions 
in the pile and by the reaction Si®(a,2p)Si® produced 
very small amounts of a long-lived activity. More 
recently, Lindner” has produced Si* by high-energy 
proton spallation of chloride. He observed a simple 


TABLE V. Tests for j—j doublets. 


Relative® 
intensity 
of levels 


Spin and 
parity of 
levels 


Energy of 
levels in 
Mev 


imeneity j-4 
QJ +1) doublet 


14.3 


Designation 
of doublet 


AF ground- 0,000 3+ 100 

state doublet 0.0319 2+ 69 13.8 

AF* first ex- 0.967 2+(2—,1—) 4.56 0,9(1.5) N 

cited doublet 1.015 >2 38.0 (5.44.2, “%° 
3.6) 


Yes 


P® ground- 0,000 1+ 


1,0 3. 
state doublet 0.077 2+ 3. 


1.76 ; Yes 








* These numbers have meaning only for a given doublet but not for 
comparisons between doublets. 

> Intensities for the P® ground-state doublet were determined for 1.8- 
Mev bombarding deuterons; for 2.0-Mev deuterons the agreement is not 
quite as good. 


7 Van Patter, Endt, Sperduto, and Buechner, Phys. Rev. 86, 
502 (1952). 

1. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

* M. Lindner, Phys. Rev. 91, 642 (1953). 
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beta decay of 0.10-Mev maximum energy and a 700- 
year half-life. The very close agreement between his 
experiments and the calculations presented here seems 
to justify them in spite of their empirical nature. 

The implications of an M1 type transition from the 
31-kev state to the ground state of Al** are of consider- 
able interest in addition to their worth in helping with 
spin assignments in the decay scheme. 

According to Inglis,”* the ground-state doublet of 
Al’* arises from neutron-proton j—j coupling. The d; 
proton hole couples with the s, neutron. The splitting 
between the J=2 and J=3 levels is small because it is 
caused by a small term in the spin exchange operator. 
If these one-particle shell model arguments are correct, 
one would expect the 31.9-kev transition to be a 
magnetic dipole. The confirmation of this prediction by 
the experimental results presented here is gratifying. 

In addition, Inglis suggests that the excited state 
doublet observed by Enge ef al.‘ may be the result of 
the excitation of the odd proton from the d, orbital to 
the d; orbital. This leaves the spin of the s neutron to be 
oriented so that two states of J=1+ and 2+ are 
possibilities. The evidence presented here discriminates 
strongly against this interpretation. No population of 
the higher energy level of this doublet is observed from 
the decay of Mg**. This is very strange if the interpreta- 
tion of Inglis were correct. There are other indications 
that the excited state doublet is different from the 
ground-state doublet. The yield of the proton groups 
in the excited doublet is in the ratio 4.6 to 38.0, as 
observed by Enge et al.,'4 at 90° and 2.1-Mev bombard- 
ing energy. The proton groups going to the ground 
state and 31.9-kev level were in the ratio 100 to 69. 
Holt and Marsham” observed an angular distribution 
of the unresolved proton groups going to the excited 
doublet which can be fitted by a combination of 
l,=0 and /,,=2. This result indicates that one of these 
two levels has J=2+ or 34-, while the other has 
J=0+, 14+, 2+, 34+, 4+, or 5+. 


Vil. A TEST FOR j—j DOUBLETS 


Since each component of the j—7 doublet is captured 
into the same configuration, the relative intensities 
of the doublet should be the same if each intensity is 
divided by the statistical factor (2/+1). The experi- 
mental results of Enge et al.,"* Holt and Marsham,” 
Van Patter ef al.,”” together with those of this research 
provide the data to apply this test to three doublets. 
In Table V this test is applied to the ground- and first 
excited-state doublets of Al** and to the ground-state 
doublet of P®. On the basis of this test, the ground-state 
doublets of Al** and P® are j—j doublets, whereas the 
first excited-state doublet of Al** is not. There was a 
considerable qualitative indication (see Sec. VI) that 
the ground state of Al** was a j—j doublet, whereas 
the first excited state was not. The success of this 
quantitative test in verifying the conclusions about 
these doublets is not only gratifying but is an indication 








ISOBARIC 


that the test itself is a simple precise way of determining 
the nature of these doublets. 
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Systematics of Photoproton Reactions* 


E. V. Wetnstock AND J. HALPERN 
University of Pennsylvania, Philadelphia, Pennsylvania 
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The photoproton yields from the elements Ta, Pt, Pb, W, and Au have been determined for betatron 
bremsstrahlung bombardment at 22-Mev peak energy by the use of zinc sulfide detectors and a 40-ysec 
betatron pulse duration. The yields, as measured in photoprotons per mole per_roentgen, are as follows: 
Ta, 5.7X10'; Pt, 2.9X10'; Pb, 5.8 10*; W, 5.2 10*; and Au, 1.910*. These values, along with previous 
determinations, permit a study of general behavior of photoprvton yields for al! Z values throughout the 
periodic table. Comparisons with calculations based on the evaporation model show good agreement with 
experimental trends up to a Z of 50, after which the measured yields are too high by factors ranging from 
10 to 10*. Calculations based on the direct photoelectric process give better agreement. 


INTRODUCTION 


N a systematic study of the proton yields from 

elements bombarded with bremsstrahlung radiation 
of moderate energy, almost all previous investigations 
have been limited to elements of either low or medium 
atomic number.'~> With the exception of cerium and 
bismuth, reported by Toms and Stephens, the elements 
studied have been confined to the region below a Z 
of 50. The present paper describes the measurement 
of photoproton yields from the elements tantalum, 
tungsten, platinum, gold, and lead. With these additions 
the systematics of yields as a function of Z is fairly 
complete except for a gap between a Z of 50 and 73. 
It now becomes possible to explore the general trend 
of the results with the proposed mechanisms for 
photonuclear reactions. 

The twenty elements previously reported by this 
laboratory! were studied with betatron bremsstrahlung 
of 23.5-Mev maximum energy. Diven and Almy used 
20.8 Mev, Butler and Almy 22.5 Mev, and Toms and 
Stephens 22.5 Mev for magnesium and 24 Mev for 
indium, cerium, and bismuth. The present work 
employed 22-Mev bremsstrahlung and the photo- 
protons were directly detected, as previously, with 
the use of zinc sulfide scintillators. 


* Supported in part by the U.S. Air Research and Development 
Command and the joint program of the U. S. Office of Naval 
Research and the U. $. Atomic Energy Commission. 
1A. K. Mann and J. Halpern, Phys. Rev. 82, 733 (1951). 
2B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 
3W. A. Butler and G. M. Almy, Phys. Rev. 91, 58 (1953). 
4M. E. Toms and W. E. Stephens, Phys. Rev. 82, 709 (1951). 
5M. E. Toms and W. E. Stephens, Phys. Rev. 92, 362 (1953). 


APPARATUS AND PROCEDURE 


The experimental apparatus is essentially the same 
as that described in detail in reference 1. Briefly, a 
strongly collimated bremsstrahlung beam of maximum 
energy 22 Mev strikes the target, consisting of a thin 
sheet of the element under investigation, placed at 
an angle of 60 degrees with respect to two identical 
ZnS scintillators diametrically opposite each other. 
The detectors are kept fixed at an angle of 90 degrees 
to the photon beam and subtend an angle of 10 degrees 
at the target. After passing through the target, the 
photon beam strikes a 2-g/cm? tantalum target con- 
tained in a neutron detection assembly, and the 
number of neutrons from the Ta(y,n) reaction is used to 
monitor the bremsstrahlung intensity. Additional 
monitoring makes use of an ionization chamber and 
current integrator, which in turn are calibrated in 
terms of a Victoreen r thimble imbedded in 4 cm of 
Lucite. 

The scintillation pulses from the ZnS screens are 
detected with the use of 5819 photomultiplier tubes 
feeding model-100 amplifiers with 1-ysec delay line 
clipping and into ten-channel integral pulse-height 
analyzers. For high-Z targets, the combination of low 
proton yield and large light particle scattering makes 
discrimination against light particle pileup critical, 
and with a one-microsecond betatron pulse duration 
the beam intensity must be reduced prohibitively to 
achieve sufficient discrimination for the proton pulses. 
It was this, in fact, which limited the previous study 
to elements with a Z below 50. By the use of tech- 





WEINSTOCK AND 


Taste I. Target characteristics and yield data. 


J. HALPERN 














Target 
thickness 
(mg/cm?) 


Percent 
abundance 


Reso- 
nance 
peak 


Predicted 
yield 
(evap.) 


Measured 
yield (pro- 
energy tons/mole/r) 


(yp) 
threshold 
(Mev) 


Percent 
error 





Tantalum 181 100 124 
Tungsten 7 136 
180 ; 
182 
183 
184 
186 


Element Z A 


Platinum 
190 
192 
194 
195 
196 
198 
Gold 197 
Lead 
204 
206 
207 
208 


niques similar to those reported by Keegan,® the 
betatron pulse duration was lengthened to 40 micro- 
seconds for the work reported herein, whereupon 
discrimination against pileup was unambiguous as 
indicated by the integral bias curve for tantalum shown 
in Fig. 1. Also included in the figure are a curve repre- 
senting the background obtained without a target 
in the scattering chamber, and the net curve with 
background subtracted. These data were taken with a 
photon beam intensity of 5.9 roentgen per minute 
at the target, whereupon the net useful proton counting 
rate was 0.2 counts per minute for a tantalum target of 
124-mg/cm* thickness, as obtained by extrapolation 
of{the net curve to zero bias. 

Targets were in the form of foils of commercial 
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Fic. 1. Integral bias curves for a 124-mg/cm? tantalum target. 

Net count is obtained by subtracting background curve from 
target curve and extrapolating to zero bias. 





*T. J. Keegan, Rev. Sci. Instr. 24, 472 (1953). 


14.1 5.7108 30 1.610" 
1.210? 


14.1 5.2 108 31 


6.17 


6.62 
7.08 
7.30 
7.52 
7.96 
2.9X 10* 
6.16 
6.59 
7.01 


1.9 104 
5.8X 104 


purity and natural isotopic composition. The low 
proton yield required the use of thick targets as listed 
in Table I, which necessitated a large target absorption 
correction calculated as outlined in reference 1. The 
calculated corrections increased the observed yield 
values by a factor of 2.5. 

Since measurements were made only at one angle, 
total yields were computed from the known geometry 
of the apparatus assuming spherical symmetry for 
the proton angular distributions. Although angular 
distribution data for heavy elements are sparse,*:’* 
it is not believed that errors greater than 25 percent 
can enter as a result of the assumption of isotropy. 

The possibility existed that some or all of the protons 
observed might arise from (,p) reactions induced in 
the target by fast neutrons in the photon beam or 
present as background at the target position. Conse- 
quently it was deemed necessary to measure the fast 
neutron flux intercepted by the targets making use 
of the Lucite-zinc-sulfide fast neutron detector de- 
veloped by Hornyak.’ By further expansion of the 
betatron pulse duration to 100 microseconds and 
reduction of the photon beam intensity by a factor 
of 3000, it was possible to place the neutron detector 
in the direct betatron beam without excessive pileup. 
By calibration of the neutron detector efficiency using 
a radium-beryllium neutron source of known strength, 
and using reported (,p) cross sections,'° it was possible 
to show that any contribution to the measured proton 
yields from fast neutron reactions could not exceed 
a few percent at the most. 


7 Mann, Halpern, and Rothman, Phys. Rev. 87, 146 (1952). 

®M. M. Hoffman and A. G. W. Cameron, Phys. Rev. 92, 1184 
(1953). 

9 W. F. Hornyak, Rev. Sci. Instr. 23, 264 (1952). 

” B. L. Cohen, Phys. Rev. 81, 184 (1951). 
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SYSTEMATICS OF PHOTOPROTON REACTIONS 


RESULTS AND DISCUSSION 


The corrected absolute yield values are listed in 
Table I and plotted against Z in Fig. 2. The errors 
shown are those due to counting statistics as a result 
of the low yields inherent in heavy element photo- 
proton emission. Also shown in the figure are all 
previous yield measurements made under comparable 
conditions. Included are the yields of Mann and 
Halpern taken using the method of this paper, and 
the photographically detected photoproton yields of 
Butler and Almy (B & A), Diven and Almy (D & A), 
and Toms and Stephens (T & S). 

In a comparison of the data with the theories for 
photonuclear reactions we will be concerned with the 
general trends of the yields as opposed to individual 
fluctuations of neighboring elements. With increasing 
Z, the yields rise to a maximum at nickel (Z=28) 
and then drop rapidly until a Z of 50, whereupon they 
show a much slower drop at high Z values. An attempt 
will now be made to understand these trends on the 
basis of the evaporation model of nuclear reactions 
with corrections for the direct photoelectric ejection 
of a proton in the region of high Z, where this mecha- 
nism becomes relatively more important. 

Following Weisskopf," the (y,p) cross section is: 


a(y,p)=a(y)Gp. (1) 


Here o(y) is the y-ray absorption cross section 
and G, the branching ratio, given by 


Gp=F,/XrF , (2) 


where the summation is extended over all particles 
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Fic. 2. Summary of published photoproton yield data. Un- 
labeled points are those of Mann and Halpern; crosses are data 
from Diven and Almy (D & A), Butler and Almy (B & A), and 
Toms and Stephens (T & S); points labeled only with chemical 
symbols are those obtained in the present work. The solid curve 
is the yield vs Z as predicted by the calculations described in the 
text. 


"J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 340-374. 
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that can be emitted in the reaction, and 


2M, ¢max 
Fy=——f €0-b(€)W(€max— €)deE. (3) 
h? J, 


M, is the mass of the emitted particle, € its energy 
upon emission, and é€max the maximum value that ¢ 
can assume (given in the present case by hw—Sy, 
where S, is the energy with which particle 6 is bound to 
the compound nucleus); o,5 is the cross section for 
formation of the compound nucleus by particle 4, 
and w is the density of energy levels of the residual 
nucleus. 

The photoproton yield per mole per roentgen is then 


EB 
Y >= of o(y,p)N (E,,Fa)dE, 
Eth 


Eg F, 
-of a(y)——-N (Ey,Es)dEy, (4) 
E 


y 
th aol’ b 


where N(E,,Es) is the bremsstrahlung distribution 
at the energy E, when the betatron energy is Eg; Ex 
is the threshold for the reaction, and a represents 
Avogadro’s number. 

A calculation of the proton yields therefore requires 
a knowledge of the energy dependence of the total 
absorption cross section for each element; and data 
for the various quantities that are contained in the 
F’s, i.e., the particle binding energies, and capture 
cross sections and the level densities. Sufficient ap- 
proximations to these quantities are available so that 
one can compute the order of magnitude of proton 
yields to be expected for the various Z values. 

In computing the branching ratios, the assumption 
was first made that particle emission other than proton 
and neutron could be neglected. Except in the special 
case of copper, where a sizable deuteron emission has 
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Fic. 4. Absorption yield as a function of Z. 
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been reported,’ both barrier considerations and experi- 
ment rule out deuteron, triton, and alpha particle 
competition. Thus the branching ratio becomes simply 
G,=F,/(F,+F,). Evaluation of the F functions 
involves €y..x, and thus the particle binding energies 
as well as the energies at which the photons are ab- 
sorbed, Binding energies were computed from the mass 
formula," and smooth curves were drawn through the 
values plotted as a function of Z. Since the photon 
absorption exhibits a resonance behavior, the peak 
position of the resonance as found from the systematic 
study of photoneutron reactions’ was used for the 
photon energies. This approximation removed the 
branching ratios from the integral in Eq. (4) for the 
proton yield values. 

F values have been plotted by Feld ef al.,!* with the 
assumption of exponential level densities for the residual 
nuclei. There is a further dependence on the nuclear 
radius which was chosen to be 1.3X10-"A! cm for 
these evaluations. The resulting plot of the branching 
ratios as a function of Z is shown in Fig. 3. 

There remains, then, the evaluation of the integral 
of the product of the absorption cross section and the 
bremsstrahlung distribution. The assumption of a 
narrow absorption resonance was again made through 
utilization of the bremsstrahlung intensity at the peak 
of the cross section vs energy curves. For the integrated 
cross section, the values predicted by Levinger and 


"P. R. Byerly and W. E. Stephens, Phys. Rev. 83, 54 (1951) 

') N, Metropolis and G. Reitwiesner, ‘Table of Atomic Masses,’ 
Los Alamos Scientific Laboratory Report NP-1980, 1950 (un- 
published). 

4 Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953). 

'®R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 

© Feld, Feshbach, Goldberger, and Weisskopf, U. S. Atomic 
Energy Commission Report NYO-632 (unpublished). 
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Bethe'’ from the dipole sum rules were inserted. The 
fraction of exchange in the neutron-proton interaction 
was assumed to be 0.5. The resultant absorption per 
mole per roentgen is plotted in Fig. 4 as a function 
of Z. 

Since the absorption per mole per roentgen is an 
increasing function of Z and the branching ratio a 
decreasing function, the product of the two (represent- 
ing the proton yield per mole per roentgen) will exhibit 
a peak as shown by the solid curve drawn through the 
measured values of Fig. 2. The peak occurs at Z=23, 
and between a Z of 28 and 50 the experimental points 
are in excellent agreement in absolute magnitude. 

Even for the region below a Z of 28, the discrepancies 
with the above rough calculations is not serious especi- 
ally in view of the fact that the level densities should 
depart radically from those assumed, the binding 
energies show large fluctuations, and it is known that 
the proton and neutron integrated cross sections up 
to 22 Mev do not add up to the predictions of the 
sum rules.'® 

The discrepancies, however, in the high-Z region are 
more serious as illustrated by the measured and 
predicted values listed in Table I. Observed yields are 
higher than those calculated by factors which get as 
large as three orders of magnitude, the agreement 
becoming progressively worse with increasing Z. Thus, 
even on the basis of such rough calculations, it is safe 
to say that the evaporation model as usually formulated 
is inadequate to explain the photoproton yields for 
elements of high atomic number. 

As shown by Toms and Stephens® for the element 
bismuth, a considerable portion of the photoproton 
yield can be accounted for on the basis of the direct 
photoelectric emission of a proton without the forma- 
tion of a compound nucleus. Using the formulation of 
Courant,'* they found that the observed yields were 
within a factor of four of those predicted by this 
mechanism. We have performed a similar computation 
for tantalum and find the observed yields too high 
by a factor of ten. This is not serious, for as pointed 
out by Courant, a factor of 10 could easily be found in 
the calculations by modifying the assumptions regarding 
particle correlations in the nucleus and the shape of 
the nuclear potential. There is also a substantial 
quadrupole yield from the heavy elements,’® and this 
could modify the proton energy distributions sufficiently 
to enhance the direct yield. 

7 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 


18 E, D. Courant, Phys. Rev. 82, 703 (1951). 
" Halpern, Nathans, and Mann, Phys. Rev. 88, 679 (1952). 
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The Born approximation treatment of the (d,p) reaction is modified so as to eliminate integrations over 
the interior of the target nucleus where the distortion of the incident wave is most severe. This treatment 
yields the S, T. Butler result when certain additional physical assumptions are made. An approximate 
expression for the (7,p) cross section is given in which (a) the Coulomb interaction js taken into account, 
(b) the effects due to the interaction of the deuterons and the protons with the target nucleus are expressed 
in terms of the boundary conditions for the wave functions of these particles at the nuclear surface, and 
(c) the effects arising from the fact that the mass of the target nucleus is not infinite are not entirely ne- 
glected. The methods presented can be used to get the corresponding result for the (d,n) reaction. 


HERE are two approximate treatments of the 
(d,p) reaction that currently have been of 
interest. One is the boundary condition matching treat- 
ment introduced by Butler' an1 the othe: is the Born 
approximation treatment.? When the Coulomb inter- 
action and the interaction between the proton and the 
residual nucleus are neglected, the boundary condition 
matching treatment gives a simple analytic expression 
for the (d,p) cross section which agrees surprisingly 
well with experiment. This result has proved to be a 
useful tool for determining the spins and parities of 
nuclear states. However, when the effects mentioned 
above are not neglected, the boundary condition match- 
ing cross section involves integrals which are very 
difficult to evaluate. 

On the other hand, the Born approximation (d,p) 
cross section is not much more complicated when the 
Coulomb interaction and the interaction betweea 
liberated particle and the target nucleus are taken into 
account. It is also a simple matter to include the effects 
due to the scattering of the incident deuteron beam in 
the Born approximation treatment. However, the Born 
approximation involves replacing the true wave function 
describing the interaction of a beam of deuterons with 
the target nucleus V by the wave function for the unper- 
turbed incident beam W. This is a very dubious 
approximation since there must be considerable dis- 
tortion of the wave function inside and near the target 
nucleus. 

We demonstrate below that the interior of the target 
nucleus can be eliminated from the Born approximation 
calculation. This cuts out the region where the distor- 
tion of the incident wave is most severe so that replacing 
Vv by ¥ in the modified treatment may not be a bad 
approximation. 

* Supported in part by the joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission. 

'S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 
F. L, Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953). 

*A. B. Bhatia e al., Phil. Mag. 43, 485 (1952); R. Huby, 
Nature 166, 552 (1950); Proc. Roy. Soc. (London) A215, 385 
(1952); P. B. Daitsch and J. B. French, Phys. Rev. 87, 900 


(1952); N. Austern, Phys. Rev. 89, 318 (1953); E. Gerjuoy, 
Phys. Rev. 91, 645 (1953). 


Elimination of the interior of the target nucleus from 
the treatment introduces a set of parameters which may 
be approximately identified with the scattering ampli- 
tudes for free particles interacting with the residual 
nucleus. If one assumes that the liberated particles do 
not interact with the residual nucleus and sets these 
amplitudes equal to zero, neglects the Coulomb inter- 
action, and assumes the #-p interaction to have zero 
range, then our (d,p) cross section reduces to the 
boundary condition matching expression for the (d,p) 
cross section. 

We will discuss the (d,p) process only, but the exten- 
sion of the discussion to the (d,m) process is straight- 
forward. 


II. GENERAL EXPRESSION FOR THE (d,p) 
CROSS SECTION 


To simplify the following discussion we will neglect 
the Coulomb interaction, assume all the particles under 
discussion have zero spin, and assume that the mass of 
the target nucleus is infinite. These approximations will 
be removed in Sec. [V of this paper. 

Our object is to calculate the cross section for a deu- 
teron to interact with a target nucleus to yield a final 
state in which the neutron is captured by the target 
nucleus with (negative) energy Ey=h’Ky?/2M and 
the proton emerges with asymptotic momentum AKp. 
Ky and Kp are related by the conservation of energy 


WK v2 WK p* 


=F, (1) 


of 
2M 2M 


where E is the kinetic energy of the incident deuteron 
minus its binding energy. Consequently, all protons 
liberated with asymptotic momentum AKp must be 
associated with neutrons captured with energy h’K y*/ 
2M. Thus our problem is simply to calculate the flux 
of protons liberated with asymptotic momentum /AKp. 

Let V(é,ty,tp) be the wave function describing the 
interaction of a beam of deuterons with the target 
nucleus. ry and rp are the coordinates of the neutron 
and proton, respectively, measured from the center of 
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mass of the target nucleus. The coordinates of the A 
nucleons making up the target nucleus are lumped 
together in the symbol £. Let 


¥/(E,ty) = Do im 0y'™ (Er) Vi" (On) 


be the wave function for the residual nucleus. Then the 
wave function for the protons liberated as a result of 
neutrons being captured into the state y, is 


iote)= f drwdeys*v (2) 


for large rp. The current per unit solid angle of these 
protons for large rp is 


h Saat, ue 
F, (Kp) = (ir 
2Mi Orp 


so that the (d,p) cross section is 


F, (Kp) 
o(K,)= > ; 
f J 


g is the current density of the incident deuteron beam 
and the sum over f includes all states of the residual 
nucleus having energy E,. We choose our normalization 
so that the asymptotic form of the incident deuteron 
beam is the plane wave, 


W = x(|rp—ry| )’,(€) explLiKy-4(rp+ry)]. (5) 


Therefore 
j= h Kp ‘Mp (6) 
and 


Mp 
o(Kp)=—— > F,(Kp). (7) 


inp f 


The wave function ¥ is a solution of the Schrédinger 
equation, 

(Hit+Twt+Tpt+Vint+Viet+Vwp—E)¥=0, (8) 
where //; is the Hamiltonian operator for the target 
nucleus, 7 is the kinetic energy operator, and V,; is 
the operator for the energy of interaction of particles 
i and j. Expand W in terms of the complete set of 
eigenfunctions of the operator 7;+7y+Vry. 


WV (é,ry,tp) => fi(re)yilé,ry), (9) 
where the sum is understood to include an integral over 


the continuum of unbound states. Combining Eqs. (8) 
and (9) gives the Schrédinger equation for f;: 


WK, 
(Tr )inter) — f arvdey,CV we Vip |W 
2M 


= —>°(f| Vvet+ Vip|i)f (tp) 


= —Vrpf;(rp). 
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This is just the form of the (A+2)-nucleon Schrédinger 
equation we would use to discuss the scattering of free 
protons by the residual nucleus. 

Using the Green’s function for the operator 7p 
—(h’K,p*/2M), we can transform Eq. (10) into an 
integral equation: 


M e'Kpitp r| 
f(t) =-—— | dtep——Vrf, (tp) 
2rh? | fp—?T 
(11) 


M e'Kpirp r 
8 me f dredryae— 
2rh? ifp—r 


Incorporated into Eq. (11) is the asymptotic boundary 
condition that all the liberated protons are outgoing at 
infinity. Now substituting Eq. (11) into Eq. (7) gives 


v/*(VnetVip. 


MM)Kp 
(ny Kp 


o (Kp) 


| 
E| f drrdrydte iKp-rp 
f 

Xv"*LVvet+Vip |. (12) 


Replacing V in Eq. (12) by ¥°, the wave function for 
the incident beam of deuterons, gives the Born approxi- 
mation result for the (d,p) cross section. As long as the 
cross section for interaction with the target nucleus is 
small, ¥° should be a fair approximation to ¥ outside 
the range of V;p and V;y. However, inside the target 
nucleus the wave function must be considerably dis- 
torted so that the Born approximation breaks down. 
Even if one believed the Born approximation, one 
would not be able to evaluate the stripping cross section 
because the form of yw, inside the target nucleus is not 
known. 

We propose to modify the Born approximation treat- 
ment by eliminating (to a good approximatien) the 
troublesome range of integration in favor of a set of 
parameters involving the logarithmic derivative of f, 
at the nuclear surface. 

First we analyze f, into a sum of spherical harmonics: 


fir(re) => fer (re)Vi™ (Op). (13) 


LM 
Introducing this expansion into Eq. (11) gives 


2K pM 


from (nr) = 


J dre ju Kerc)hs (Kory) 
XVr-™ Op) V ppf;(rp), 


(14) 
where 

tp rp<r rp Yp>r 

'o= | and 

r r<rp r 


">= . 
r>rp 


In this expression j, represents the spherical Bessel 
function and h;“ represents the spherical Hankel func- 





THEORY OF 


tion of the first kind. Now for r>R, Eq. (14) may be 
written 

2K pM 
fre u(r)= 


f drpji(Kpre hy (Kprs) 
R 


ih? 


XV i-™ Op) Vert (te)—Lyemhit™ (Ker), (15) 
where J; does not depend on r. Jy, can be expressed 
in terms of the first term on the right of the above 
equation and the logarithmic derivative of fyi at 
r=R. This can be accomplished by means of the 
Schrédinger equation and Green’s theorem. However, 
it is simpler to take the logarithmic derivative of both 
sides of Eq. (15), set r=R, and solve for J;,4. The 
result is 

2KpM 


© 
Tyum=Byim* re J drph, (xprp) ¥ .-™ (6p) 
ih? R 


XVeris(rp), (16) 
where 


0 0 
ju(Kpr)— ji(Ker)- 
Cc 


or 


logfriw(r) 
or 

i) a : 
hy (Kpr)— hy (Kpr)— logtsim(r) 
or rR 


(17) 








| Or 


Using Eq. (15) instead of Eq. (11) in Eq. (7) gives 
us an alternate expression for the (d,p) cross section: 


MM pKp 
a(Kp ee os >| Az|?, 
(29)*A'Kp / 


Ay= f drat f drp&*(Kp,rp) 
R 


Xv/* (Ew) Veet Vip |W 
-f drp&*(Kp,rp) V ef; (rp), 
R 


where 


&*(Kp,rp) =e iKp-tP_ 4p : 3% 1 LY," (@xp) 
L.M 
XV Op)Byiu*ht” (Kprp) 
(19) 
=49 > iV ,™ (Oxp)V.~™ (6p) 


L.M 
XCjr(Kpre)—Byiru*hy (Kprp) }. 


Associated with the target nucleus and the residual 
nucleus are characteristic radii R; and Ry such that 
V pp=0 for rp>R, and Vrp=0 for re>Rpe. We wish to 
choose R no smaller than R; so that V;p drops out of 
the stripping amplitude. We would like to choose R as 
large as possible since the difference between V and W 


(d,p) 
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tends to decrease as we move away from the targe: 
nucleus, and we intend to replace V by something like 
eventually. However, we cannot choose R>Rrp, 
since then our expression for the scattering amplitude 
A, becomes simply f;(R) which is of no use to us. We 
will find that the choice R= R; is most convenient. 
The elimination of Vrp by choosing R= R; leads to 
the opportunity for an important simplification of the 
scattering amplitude A,. With V;p absent, the integrand 
is proportional to V vp. The short range of V yp and the 
fact that rp>R;, cuts down the contribution to the 
integral due to the range 0<ry< Ry. In fact, assuming 
Vwp to have zero range, as is often done, completely 
removes the interior of the target nucleus from the 
ranges of the integrations over ry and rp. Thus we have 
to a good approximation eliminated the interior of the 
target nucleus by introducing the parameters ;: 4". 


Ill. INTERPRETATION OF THE PARAMETERS (,;.* 


We have seen that f,(rp) satisfies the Schrédinger 
equation for a proton interacting with the residual 
nucleus. However we cannot immediately conclude that 
[(0/dr) logfyra(r) Jer is the logarithmic derivative ap- 
propriate to the scattering of free protons out of an 
incident beam by the residual nucleus. First of all Ry, 
is smaller than the radius of the residual nucleus and 
secondly the boundary conditions for the two problems 
are not obviously the same. 

Actually the difference between R; and Ry cannot be 
very great. Taking Ry= NA! and Re=N(A+1)! gives 


Rr—Rr 1 


on m (20) 
Rr 3(A+1) 


so that 
Re—R,~0.026R,p; 


Re—R,~0.012Rp; 
Re—R,=0.006R-¢. 


for carbon, 
for aluminum, 


for iron, 


Since the logarithmic derivative of fy, must be con- 
tinuous, we expect that its value must be essentially 
the same at R; as at Rp. 

In order for the boundary conditions for fr: (rp) at 
rp=R, to be that same as those for free incident 
protons, all the protons represented by f, must originate 
at values of rp greater than Ry. 

Because of the large extension of the deuteron and its 
small binding energy, the deuteron bond must be 
broken as soon as one member interacts with the target 
nucleus. In this process the other member of the deu- 
teron is left free just outside the surface of the residual 
nucleus. Thus we can picture two sequences for the 
(d,p) process. (a) The neutron interacts with the target 
nucleus to form the residual nucleus leaving the proton 
outside. (b) The proton interacts with the ‘arget 
nucleus leaving the neutron free outside. The neutron 
is subsequently captured by the proton + target 
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nucleus system and following this the proton is ejected 
to leave the residual nucleus. Sequence (a) is called 
stripping. Clearly sequence (b) is much less probable 
than sequence (a). Sequence (a) is a one-step process 
while sequence (b) is a three-step process. The one step 
of (a) is equally as probable as the first step of (b). 
Taking the Coulomb interaction into account will tend 
to favor the one step of (a) over the first step of (b). 
But then the probability for each of the two succeeding 
steps of sequence (b) is much less than one. We conclude 
that sequence (b) is of little importance for the (d,p) 
reaction. Thus almost all the protons are liberated 
outside rp= R;. This is our reason for choosing rp= Ry. 

Assuming that all the protons are liberated outside 
the target nucleus allows us to identify [(0/dr) 
Xlogfsna(r) Jer with the logarithmic derivative appro- 
priate for free protons incident on the residual nucleus. 
From what we have just said this assumption is equiva- 
lent to neglecting the contribution of compound nucleus 
formation to the (d,p) reaction. The extent to which 
[(0/dr) logfyim(r) |er can be identified with the loga- 
rithmic derivative for incident free protons is a measure 
of the importance of stripping for the (d,p) reaction. 

We have shown that although R, is smaller than R,, 
the difference between them is very small so that the 
logarithmic derivative of fy, at Ry is very nearly the 
same as the logarithmic derivative at Rr. We have also 
shown that practically all the protons produced in the 
(d,p) process are liberated outside rp= R;. Consequently 
the logarithmic derivative of fy, at re=Ry is essen- 
tially the same as the logarithmic derivative appropriate 
to the interaction of free protons incident on the re- 
sidual nucleus. 

The value of the logarithmic derivative of fyzm is 
given by the particular theory of nuclear reactions we 
choose to employ. For example, we may assume that the 
surface of the residual nucleus presents an inpenetrable 
barrier to the liberated protons. This was done by J. 
Horowitz and A. M. L. Messiah [J. phys. radium 14, 
695 (1953) |. Alternatively, we may use the continuum 
theory of nuclear reactions*® to estimate the logarithmic 
derivatives. According to this theory, we should write 


-¢ [1+iKR, | 

7a) - . (21) 
or RI R; 

where 


K=(K((+Kp’)!, Ko~1X10-"% cm". 


or K pr 





| or Kpr 


oF (np,Kpr) Fr(npe,Kpr) 0 


O Hi(np,Kpr) Hi(np,Kpr) 0 
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Equation (17) now becomes 


ji(K pR1) 
Byim* = ———-— 
hy (K pR1) 


R; (0/dr) logjz(Kpr)+ 1+iKR, 


x{|— ich - | i ae 
R1(0/dr) logh,™ (Kpr)+1+iKRy Jar 


If one supposes that the liberated protons have no 
interaction with the residual nucleus, one sets By, 4*=0. 
It will be shown below that this assumption leads to 
the boundary condition matching result for the (d,p) 
cross section. 


IV. EFFECTS DUE TO SPIN, THE COULOMB 
INTERACTION, AND THE FINITE MASS 
OF THE TARGET NUCLEUS 


The derivation of the previous sections can be carried 
out without neglecting the effects listed above. We will 
not give the details of the calculation, but we will 
merely state the results. For this purpose we write Eq. 
(18) for the (d,p) cross section in the following form: 


Pe : 
cain ->|> V1 B,'™|?, 


a (23) 
2rh®RKp f tm 


a(Kp)= 


where 
nD y* (Er vy) 
Bym= f arvae f dtp ——Vi-"(6y) 
RI ,'™* (R7) 
x &* (Kp, re) Vive+ Vie, 
WR 


‘. lp’ (Rz)|2, 
2M 


vi= 


o,'"(R1) = f deve Ow Ro), 
;(¢)=the wave function for the target nucleus. 


To take the Coulomb interaction into account, one 
merely replaces the proton wave functions by their 
Coulomb analogs. Thus the function &*(Kp,rp) is 
replaced by 


&*(Kp,rp) =44 > t LY “(@xp)V 1, M(@p) 
Fi (np,K pre) —Bim“*H 1 (np,K prp) 


sto L(9P) - 
Xe ; 


K prp 


(26) 


where 


logfyrar(r) 
K pr or 


logfyra(r) 





Kpr or r= RI 


‘J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), p. 340. 
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np=ZeEM /WK p, 
o1.(np)=arg{l'(L+1+inp)}, 
Hx(n,p) =F 1 (n,p) — iG (n,p). 


F,, and G, are defined as the regular and irregular 
solutions of the differential equation 


a? 2n L(L+1) 
|—+1- ——— |] Petmoro. 
dp* p p* 


They are normalized so that they have the asymptotic 
forms 
F 1(n,p)—sin[p—n In2Qo—}La+o,(n) |, 


Gz(n,p)—cosl_p—n In2e—4.Lar+or(n) |, 


in the limit as p=. 
The effect of taking the finiteness of the mass of the 
target nucleus into account is to 


(a) introduce the factor 
(1+Mp/M,)"(14+M/M,)"(14+M/(M+M,) }° 


into the expression for the cross section, 

(b) replace rp by op=rp—tyM/(M+M,) in the 
argument of &* and as the variable of integration in 
B,'™, and 

(c) replace Vyp+Vip by 
+Ze(1/rp—1 /pp) in B,'™. 


Vwp+AV =Vyet+V ip 


For M;=«, AV makes no contribution to B,'™. For 
finite M; the contribution of AV to B,'" cannot be very 
large since while pp ranges from R; to ~ the fact that 
y,'™ describes a bound state of the residual nucleus 
means that ry is restricted to a relatively small region 
around the origin. It follows that rp—opry/(A+1) 
is small and consequently AV must be negligible over 
practically the entire range of integration. 

Let J be the spin of the target nucleus, and let J be 
the spin of the residual nucleus. Taking the conserva- 
tion of angular momentum and parity into account 
gives in place of Eq. (23) 


M’M pK p (2I+1)y: 


- |B lim 2 
Qnth®R 1K p tm 2(20+1)(214+1) 


(27) 


a(Kp)= 


The primed summation symbol is used to indicate that 
the sum over / is restricted to the range ||J—J|—}4| 
</<I+J+4, | being restricted to even integers or odd 
integers depending on the change of parity. This simple 
result is the consequence of the assumption that 
AV is not spin dependent and the assumption that it 
is a good approximation to replace V by a wave function 
having the same spin dependence as the incident deu- 
teron beam. 


(d,p) 
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V. THE (d,p) CROSS SECTION 


We conclude that the expression which should be 
compared with experiment is 


(1+M/(M+M)}" 


MpM* 
(1+M/M7)(1+Mp/M;,) (2%)*h*R; 


a(Kp)= 


(2J +1) Kp ¥ vi 


| Bym|2, (28) 


(27+1) Kp tm 241 


where 


x y,/'™* (ern) 
Bjm= farvae f dop VY; "(6w) 
RI p;'™* (Rr) 


x &*(Kp,op)[Vvp+AV N, (29) 
J=spin of the residual nucleus, 7=spin of the target 
nucleus, and y,;=the reduced width of the level into 
which the neutron is captured. The sum over / is re- 
stricted as in Eq. (27). If the level into which the 
neutron is captured is characterized by a definite value 
of / as well as definite values of J and parity, then only 
those terms in Eq. (28) corresponding to that value of 
/ are to be retained. 

To evaluate B,'™ we introduce the following approxi- 
mations. AV is neglected so that the effects due to the 
finite mass of the target nucleus are only partially 
taken into account. The (unknown) terms in W repre- 
senting the dissociation and distortion of deuterons are 
dropped. That is to say, V is approximated by the ex- 
pression Ve.m.(}(tv+rp))-x(te—tv)7(£), where x is 
the normalized wave function for the internal motion of 
an unperturbed deuteron, ; is the wave function for the 
target nucleus, and W,..,. describes the motion of the 
centers of mass of the incident and scattered deuterons. 
For Ve. we write 


WVo.m.(R)= 49 Y iV -™ (Oxy) Vi™ Oaye** 


L,M 


Fi (no, K p®)—6 LA 1 (np, K p®) 
Kp 


(30) 


’ 


where R= (rp+ry)/2. Lastly, Vwp is approximated by 
the zero range potential. This last step is the source of 
two important simplifications. First of all, the interior of 
the target nucleus is completely eliminated from the 
range of integration. Thus, since ry is now restricted 
to a range in B,'™ where it is always greater than Ry, 
y,'™ can be replaced by 7(£)hi" (Kyrw). 

Secondly, our six-dimensional integral is reduced to 
a three-dimensional integral. In this three-dimensional 
integral the integration over angles can be performed 
leaving an expression for B,'™ which is a sum of one- : 
dimensional integrals. 
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The result of these approximations is 
h? (82a)! 


B,/'"= —— : f dxV;-"(0,) 
M | Kw)\* “Riki +M/My) 


) om (Koa 


hy (ix) x 
x & (Ki, 
hy (t| Kw| Rr) . 1+M/M, 


(31) 
4rh?(14-M /M7){2a(21+-1)}! ; 
=— —~> P,'™\ (cosdxp) 
M|\Ky|KpKp ba 
x?" exp(—iLor(np)+ox(qv) 0 ra! fia! 


where 


Ip!" 


(ee) 
mee rat (L+| ml)! 
x (LA00| LAO) (LAm0| LAI), 
hy (ix) 
ae LF x(np,ax) 
iX ) 
1+M/M, 
—6,H\(np,ax) \LF 1(npjbx) — Bim *H L(np,bx) J, 
Kp 
——, 
|Ky| 


Kp 
|Ky|(14+M/M1). 


) == 


X= R1| Ky} (1+M M;), 
ZeM(M;+M) 
p= ’ 
h®Kp(M,;+2M) 
ZeM pM, 
p= , 
h’K p(M1+M)p) 


o1,(n) =argl'(1+L+in), 
H1(n,p) =F 1(n,p) —iGi(n,p), 
F _(n,p) =the regular radia] Coulomb function, 
G1(y,p) = the irregular radial Coulomb function, 
h,“ (x) = the spherical Hankel function, 
h’c?/M = binding energy of the deuteron, 
M =the nucleon mass, 
M p= the deuteron mass, 
M =the target nucleus mass, 
R,= the radius of the target nucleus, 
hKpy=asymptotic momentum of the incident deu- 
terons relative to the center of mass, 
hKp=asymptotic momentum of the liberated 
protons relative to the center of mass, 
WKy*(M+M,)/2MM,=energy of the captured neu- 
tron, 
(LAmO0| LAlm) =the Clebsch-Gordan coefficient. 
Kp, Kp, Ky, and a are related by the conservation of 
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energy by 

WK y(M+M,) WK? (M1+2M) 

—?2MM, 2M (Mi4M) 
WK p? (M1+Mp) 


2Mp M, 


Bim™ is defined after Eq. (26). 
Setting Z=0, Bim°*=0, and 5,=0 causes Eq. (31) 
to have the form 


h? (82a)! “ 
B,'™= —- f drY ,-"(0,) 
Mh, (KwRy1) YR: 4+M/Mp 


Kp 
XK hy (K yr) exp|i( Ko — )-+} (34) 
1+M/M, 


Carrying out the integration over angles gives 


4arh?i'imol2a(2l+-1)}) 
| drr* 
Ri(i+M/M)1) 


B/*= nme 
Mh, (KyR1) 


hi (Kyr)ji(xr), (35) 
where x=Kp—Kp[l1+(M/M,)}' and dno is the 
Kronecker delta symbol. The radial integral can be 
performed to give 


4mhi'b mol 2a(2!+-1) } a 
B,'"=- || Jilxr) 
M (K y?— x’) é 


or 
0 

— fi(xr)— ogh’(K || . (36) 
5 r=Ri(1+M/M1) 


or 


By means of the conservation of energy the denominator 
is changed: 


2hi'b mol 2a(2i+1) }! re) 
B,'*= ——— {| Jilar) 
M (ce? +k,’) i; 


or 


0 
— ji(xr)- logh’ (Kw |} . hee 
J} r=Ri(14+M/M1) 


or 


where ki=K»—4Kp. This expression ‘is the boundary 
condition matching scattering amplitude when V yp is 
assumed to have zero range. 

We see that Eq. (31) gives a spherical harmonic 
expansion of B,'™ of the form 


B/'*= Y 1 P,! wey (cos#)>"» d { un fia. 


The fact that A,;,'" is proportional to (LA0O| LXO) 
limits the sum over A to the values \=/+L, /+L—2, 
1+L—4, ---, |L—I|. So for each value of L we must 
evaluate no more than /+1 radial integrals. For cases 
where the energy of the incident deuterons is about 15 
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Mev, the sum over L can be broken off at L~ 15 without 
introducing great error. For smaller incident energies 
the range of L that is important is correspondingly 
smaller. 

Since h;) (ix) contains the factor e~* we will usually 
introduce an error of about 1 percent if we replace the 
upper limit of infinity for the radial integrations by 
X[1+ (4.6/X)]. X generally has values in the neighbor- 
hood of 4, so we see that the important range of inte- 
gration for the radial integrals is fromm about r=R to 
about r=2R. 

The radial integrals appear to be suited to numerical 
evaluation. However, since the radial Coulomb func- 
tions are not adequately tabulated for this problem, 
the evaluation of these integrals will have to be done 
with an automatic computer or by means of some 
approximate method. 


VI. AN ALTERNATE DERIVATION 


We present here an alternate treatment of the (d,p) 
process. While this treatment leads fo a result very 
similar to that given above, the approximations made 
are somewhat different and the final result is related 
very directly to the boundary condition matching 
result. 

Again we neglect the Coulomb interaction, assume 
that all particles have zero spin, and assume that the 
mass of the target nucleus is infinite for the sake of 
simplicity. Let {(Kp,rp) be the wave function describing 
the motion of the liberated protons with asymptotic 
momentum /Kp. For large rp the outgoing part of f has 
the same form as the outgoing part of e**’-'?. The (d,p) 
cross section is proportional to the rate at which deu- 
terons are broken up to liberate protons with wave 
function {(Kp,rp) 

Assume f is a member of a complete set of ortho- 
normal functions. Then the wave function for the A+1 
nucleons associated with the proton in the state 
f(Kp,rp) is 


¥(Ke,g,tw) = f drof*(Ke,te)¥(&,tw,tr). (38) 


The rate at which protons are liberated into state 
{(Kp,rp) is just equal to the rate at which the nucleons 
described by ¥(Kp,é,ryv) are forming residual nuclei. 
This is just the net flux of neutrons into the target 
nucleus predicted by y: 
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In terms of J the (d,p) cross section is 


K p+ 
o(Kr)= f dKo,(K), 
K 


Cp - 
P22 


» Mp 
o,(K) =—J (K) = ——K?/ (K). 
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The integration is over a resonance due to a level in the 
residual nucleus. 

Equation (40) would provide an exact expression for 
the (d,p) cross section except for the fact that we must 
assume f is a member of a complete set of functions. 
This means that the interaction between the preton 
and the residual nucleus is assumed to be elastic so that 
it can be represented by a real potential function 
V rp(rp). This assumption rules out the possibility for 
compound nucleus formation so that the (d,p) process 
is pictured in this treatment as going entirely by strip- 
ping. 

To evaluate Eq. (40) for the cross section we proceed 
as before. Namely, we write the integral equation for 
v(Kp,£,ry), eliminate the interior of the target nucleus, 
and substitute the result into Eq. (40). 

First we define [(Kp,rp) to be the solution of 


WK, 
(T+ V »>p—-— )FRr,tr)=0, (41) 
2M 


which is the time reflection of the wave function for a 
beam of protons incident with momentum —/Kp on 
the scattering center V rp. Let &;(£) be the orthonormal 
regular solutions of 


(H,— E,)®,(&) =0. 


Then we expand the wave function V(é,ty,rp) as 
follows: 


¥(Gstvotr) = f dK (6 tw Ke) (Koyte) 


dKpo,'"(Kp,rw) 
x Vy" (On)®;(E)f (Ke, tp). 


Introducing this expansion into Eq. (8) gives the 
Schrédinger equation for ¢,'": 
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By means of the Green’s function for Ty“ — Ey; we 
get the integral equation for ¢;'": 
2KyiM 
- J drnderdg (Kner) 
ih? 
hi (Kw a>) Vie On) H* (E) 
x f*(Kp,re)[Vve+Viet+Vin— Vee, 


r 1>TN 
<= 
'N 


Equation (44) contains the asymptotic boundary con- 
dition that all the liberated neutrons at infinity are 
outgoing. 

Let Vrw=0 for ry>R. Proceeding as before we 
eliminate the contribution to ¢,'" due to the range of 
integration 0<ry <R by introducing the logarithmic 
derivative of ¢;'" at ry=R. 
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For r= R, Eq. (45) becomes 
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Substituting the expansion of ¥(,rw,Kp) contained 
in Eq. (42) into Eq. (40) and using Eq. (46) gives 
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The (d,p) cross section due to a level of the residual 
nucleus results from integrating 7, over the correspond- 
ing resonance. To represent such a resonance we assume 
that for values of Kp near Kp’, the 


[a logd:!™(Kp,r)/dr Jr 
for one value of i, say i= f, become very nearly equal 


to [8 logh,” (Ky)/dr]r. In this energy region we can 
write 
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or 
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We substitute Eq. (48) into Eq. (47), integrate 
o,(Kp)dKp over a narrow range, and let [-0. The 
result is 


L vy| By |?. (49) 
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Taking spin, the Coulomb interaction, and the finite 
mass of the target nucleus into account changes this to 
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Equation (50) is identical with Eq. (28) except for a 
factor of (2mr)* due to the difference in normalization 
between f and & and except for the difference in the 
definitions of B and B. 

Let us assume that V;p can be approximated by a 
potential function V;p(rp). Then we would expect that 
Vip is very nearly the same function of rp as V pp is of 
pp. It follows that the contribution of 
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to B,' is small and tends to vanish as Mr. Upon 
dropping AV we see that the range of integration 
0< pp <R(1+M/M;) will make a negligible contribu- 
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f** is the wave function describing the scattering of 
protons of momentum —/Kp by the potential Vrp(pp). 
Hence the 6, are the scattering amplitudes for free 
protons incident on Vrp. Thus if V rp is a good approxi- 
mation to V rp, then f* is a good approximation to &* 
defined in Eq. (26). 

Setting AV=0, Vywp=the zero range potential, and 
V=V, ».x®, causes B;'™ to be essentially equal to B,'™ 
defined in Eq. (31) when Vrp=V rp. This derivation 
of Eq. (31) is not so satisfactory as our previous 
derivation since we are forced in the present derivation 
to replace Vp by a real potential function of pp and 
the contribution of AV is not so obviously small as the 
contribution of AV. However in the present derivation 
the interpretation of 8* is unambiguous and agrees 
with our previous interpretation of 8. y,; on the other 
hand can only approximately be identified with the 
reduced width of the level of the captured neutron in 
the residual nucleus. 

The present derivation is also of interest because it 
is connected directly with the general boundary con- 
dition matching result. To demonstrate this we assume 
that Vep= Vip and Z=0. Then Eq. (51) becomes 
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tion to B,'™ because of the short range of V yp so let us 
drop this range of integration. Since pp is now always 
greater than R in V,'™, the form of f*(Kp,gp) is 


(52) 
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Now set Y=”, the wave function for the incident beam 
of deuterons and the target nucleus. But by Eq. (44) 
the transform of ¥°, 


¢°'™(Kp,ry) = J dendean vV -™ (Ov) f* (Kp,pp)®,* (2), 


is the solution of the integral equation 


pom =5 7A Im (W). (54) 


Therefore 
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which is the general form of the boundary condition 
matching result. 
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Certain magnetic interaction data (static magnetic moments and “forbidden” magnetic dipole transi- 
tions) are interpreted on the basis of a modified shell model of odd-even nuclei. The nuclear wave function 
is assumed to be primarily an equally weighted admixture of states formed from all possible odd-particle 
configurations within the odd-particle open shell of the Mayer-Jensen shell model. These configurations are 
coupled in a prescribed manner so as to give the total angular momentum and parity of the nucleus. The 
agreement with the data represents a considerable improvement over the Mayer-Jensen model. 


I. INTRODUCTION 


HE independent-particle shell model of Mayer' 

and Haxel, Jensen, and Suess? has been remark- 
ably successful in accounting for the angular momenta 
and parities of the low states of odd-even nuclei. How- 
ever, there are many reasons to believe that nuclear 
wave functions are not accurately described by the 
model, that they contain important mixtures of terms 
other than that one suggested by the shell model. 
Evidence for this belief comes from almost any datum 
depending on the detailed structure of the wave func- 
tion, the magnetic and quadrupole moments, the rates 
of isomeric transitions,’ the reduced widths for neutron 
reactions,‘ and so on. When consideration is given to 
the way in which the shell model is to be modified to 
yield better wave functions, it is natural to start with 
modifications that change the model only slightly. 
Various modifications have been considered® in attempts 
to account for the data but none of the models seems 
to give an unambiguous account of the deviations of the 
nuclear magnetic moments from the Schmidt lines or 
the rate of the forbidden M1 transitions.* It has been 
suggested’ that these effects can be ascribed to meson 
exchange currents, but Ross has presented arguments 
against this as a reasonable explanation of the devia- 
tions from the Schmidt lines. 

Certain regularities in the behavior of the magnetic 
moment deviations suggest that the deviations of the 
wave function from the shell model primarily involve 
the sharing of angular momentum among several of the 
nucleons of odd type in the odd-even nuclei. This 
would mean that pairs of odd-type nucleons are not 
always coupled to zero angular momentum, but that 
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‘T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 

5 See E. Feenberg, Ann. Rev. Nuclear Sci. 1, 43 (1952). 

*R. G. Sachs and M. Ross, Phys. Rev. 84, 379 (1951). 

7H. Miyazawa, Progr. Theoret. Phys. Japan 6, 263 (1951); A. 
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the wave function contains terms in which three or 
more nucleons have their 7 values combined to form 
the total nuclear spin. 

The regularities in question were first pointed out by 
Schawlow and Townes.* They called attention to the 
fact that the relative deviation from the Schmidt lines 
of the moment of an odd-evenr nucleus having an odd 
number Z of protons is about the same as that of the 
odd-even nucleus having Z neutrons, if the two (con- 
jugate) nuclei have the same spin. This suggests some 
sort of mirror property of the moments of conjugate 
nuclei despite the fact that the numbers and configura- 
tions of even-type nucleons in the two nuclei are quite 
different. However such a mirroring might be expected 
to occur as long as the even-type nucleons do not share 
in the total angular momentum of the nucleus. 

The simplest modification of the Mayer-Jensen 
model which would seem to be consistent with the 
mirror property would be to assume that the even-type 
nucleons are all coupled to zero angular momentum 
(without reference to detailed configurations) but that 
various combinations of the angular momenta of the 
odd-type nucleons contribute to the wave function. It 
seems reasonable to assume not only that states in 
which the angular momenta of pairs of odd-type nu- 
cleons are coupled to values different from zero con- 
tribute to the wave function, but that contributions 
also arise from all possible odd-nucleon configurations 
which can be formed within the shell structure of the 
Mayer-Jensen model. 

This modification of the shell model is quite different 
from the various forms of the collective model® because 
no distinction is made between the even-type and odd- 
type nucleons in that model insofar as admixed terms 
in the wave functions are concerned. It is hard to see 
how the collective model can account for the mirror 
property in a natural way. However, it is possible that 
admixtures of both types must be considered, and that 
the collective motion makes only a small contribution 
to the magnetic moment but a large contribution to the 
quadrupole moment. 

The modification of the shell model considered here 


8 A. L. Schawlow and C. H. Townes, Phys. Rev. 82, 268 (1951); 
J. P. Davidson, Phys. Rev. 85, 432 (1952). 
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MODIFIED SHELL 
involves the admixing of states’ in which all but the 
last of the odd-type nucleons are coupled to angular 
momentum 2, since the evidence from even-even nuclei 
indicates” that this should be the energetically favored 
configuration. Furthermore, the angular momentum 2 
states are assumed to be formed by even numbers of 
odd-type nucleons in equivalent states (having the 
same, ”, j, and / quantum numbers). Many parameters 
are thereby introduced into the wave function and 
they can be adjusted to fit almost any magnetic moment. 
To reduce the ambiguity in the results it is assumed 
that every one of the possible configurations, of the 
type considered, contributes equally to the wave func- 
tion and that interference terms in the magnetic 
moment average to zero. The resulting model will be 
referred to as the statistical shell model. It should not be 
considered as a model of a single nucleus but, instead, 
as a model giving the average behavior of a large group 
of nuclei having the same spin and the same unfilled 
shells of the Mayer-Jensen type. Thus, the average of 
the magnetic moments of nuclei in such a group is to 
be compared with the moment calculated by the statis- 
tical shell model. Fluctuations from one nucleus to 
another within the group are to be accounted for by 
deviations from the statistical form of the wave function. 

The above described model is applied here with some 
success to calculation of the magnetic moments and to 
calculation of the rates of forbidden M1 transitions. A 
deviation from the model to allow for some sharing of 
the angular momentum by even-type nucleons is also 
considered. Indications are that deviations of this kind 
are largest for the heavy nuclei. 


Il. THE MIRROR PROPERTY 


When comparing the experimentally observed mag- 
netic moments of odd-even nuclei to the Schmidt lines, 
it is important to provide a scale in terms of which 
deviations can be measured. The following quantities 
provide an especially convenient measure of the devia- 
tions from the Schmidt lines: 


(la) 
(1b) 


A?= (ps” — Mexp?)/ (up }), 
A” _ (we — exp”) /pn, 


where A? and A® refer to odd-proton nuclei and odd- 
neutron nuclei, respectively, u,” is the Schmidt value 
for the magnetic moment of the odd-proton nucleus, 
u,” is the Schmidt value for the magnetic moment of 
the odd-neutron nucleus, exp” and pexp” are the experi- 
mental magnetic moments of the corresponding nuclei 
and w., 4, are the neutron and proton moments. The 
quantities A’ and A” will be referred to simply as 
“deviations” in the following discussion. 


* Similar, but more restricted, wave functions have been used 
to study nuclear magnetic moments. A. de-Shalit, Phys. Rev. 90, 
83 (1953); Minoru Umezawa, Progr. Theoret. Phys. Japan 8, 
509 (1952). 

%” Gertrude Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 
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OF ODD-EVEN NUCLEI 





Odd proton dewations 
Odd neutron deviations. 
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Fic. 1. The magnetic moment deviations of odd-even nuclei as 
a function of the number of the odd numbered nucleons. Twice 
the spin J of the nucleus is indicated beside each magnetic moment 
deviation. 


The experimental magnetic moment deviations, as 
determined by Eqs. (1a) and (1b), are pletted" in Fig. 1 
as a function of the number of odd particles in the odd- 
even nucleus. Odd-proton magnetic moment deviations 
are indicated by dots while odd-neutron magnetic 
moments are indicated by crosses. The total angular 
momentum / is written besides the indicated deviation. 
The Schmidt values are such that deviations inside the 
I=L+4 Schmidt line are positive (for both odd proton 
and odd neutron nuclei), while deviations inside the 
I= L—} Schmidt lines are negative. Except for those 
nuclei with y=1, 7, and 113 odd nucleons, all the devi- 
ations plotted in Fig. 1 represent deviations inside the 
appropriate Schmidt line. 

A number of systematic features of the magnetic 
moments are suggested by Fig. 1, and the one in which 
we are interested concerns those fifteen values of v 
(excluding v=1 since these deviations are generally 
believed to be due to meson exchange currents) for 
which experimental deviations are recorded for both 
odd-proton and odd-neutron nuclei having the same v 
and the same angular momentum / (conjugate pairs). 
The pairs (or in some cases, triplets) are boxed off'? in 
Fig. 1. It is seen that the deviations for the odd-proton 
and odd-neutron nuclei with the same v and 7 are 
generally close to each other.® 

The close correlation of the majority of the conjugate 
pairs (or triplets) seems to indicate the mirror property 
discussed in the Introduction. Other, but less direct, 
evidence for such a mirror property is given by the near 
equality of the magnetic moment deviations for odd- 
proton and odd-neutron nuelci with the same J whose 


4 The experimental magnetic moments used to obtain this plot 
are from an unpublished compilation of nuclear moment data by 
Harold E. Walchii. 

The measured odd-neutron magnetic moments for »=31 
(26Fe*’) and v=33 (ssNi™) are quoted aS pexp~0 [P. F. A. 
Klinkenberg, Revs. Modern Phys. 24, 63 (1952)] with a fairly 
large error possible. The conjugate pair with »=33 is boxed off 
because of the good correlation of the deviations, while the con- 
jugate triplet with »=31 is not indicated because of the poor 
correlation. This procedure is highly arbitrary 
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v values differ by two, four, or six. Many such cases are 
found distributed throughout Fig. 1. The addition of 
two, four, or six odd-type particles does not appear, 
in these cases, to affect seriously the magnetic moment 
deviations.” These additional particles can be con- 
sidered as filling subshells in such a way as to leave 
unchanged the distribution of angular momentum 
among the various possible values, for example, by 
coupling the additional pair of nucleons to angular 
momentum zero, Then the mirror property of the mag- 
netic moments is retained even though the number of 
odd protons is different from the number of odd neu- 
trons because four particles (in general any possible 
even number of particles) in equivalent states (same j 
and 1) coupled to J=2 cannot be distinguished, with 
respect to any effect on the static magnetic moments, 
from two particles in equivalent states coupled to J = 2. 

The experimentally observed correlations of the 
conjugate pairs can be understood in terms of two con- 
ditions which are consistent with, but much more 
general than, the shell model. One of these is that only 
the odd nucleons carry the total angular momentum of 
the nucleons, the other, that the odd-nucleon wave 
functions satisfy a mirror condition. When the angular 
momentum / is assumed to be distributed only among 
the odd particles, the magnetic moment deviations as 
defined by Eqs. (1a) and (1b) are 


e(1)2I 
+1 
21 


AP —Wi (P), Ur opr" (P)), (2a) 


AN = (J) 
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ahs 


, —W(N), Swen (N)), (2b) 


where y,'(P) and W;'(V) are the wave functions of the 
odd protons of the odd-proton nucleus and of the odd 
neutrons of the odd-neutron nucleus respectively, and 
e(j)=+1 for j=/+}4; e(j)=—1 for j=/—}. L is the 
orbital angular momentum that would be ascribed to 
the single odd nucleon on the basis of the nearest 
Schmidt line. If the wave functions yj’ (P) and yy! (NV) 
are the same when the number of protons is equal to 
the number of neutrons, then 


Wi (P), Sp opr (P))= Wr (N), Sw ow" (N)). 
This leads to the result 


AP= A”, 


(3) 


Therefore, the experimentally observed correlations of 
the magnetic moment deviations can be understood by 
assuming that the even particles do not share the angu- 
lar momentum / and that the odd-particle states are 
described by very similar wave functions. 

The fact that the experimental deviations do not 
exactly satisfy Eq. (4) is not very surprising. Because 


4% In many instances there is also an additional increase in the 
number of even particles. 
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the configurations of even-type nucleons are quite 
different, the wave functions of the odd nucleons cannot 
be expected to be just the same in the conjugate nuclei. 
Furthermore, any sharing of the nuclear angular 
momentum by the even nucleons would invalidate Eq. 
(4), even though the effect may be small if the even 
particle wave function is selected in just the right way. 
The point of view taken here is that the dominant con- 
tribution to admixtures in the wave function satisfy the 
conditions required for exact mirroring. 


III. NUCLEAR MOMENTS 


One advantage of a model in which just one kind of 
nucleon contributes to the angular momentum is that 
the calculation of the magnetic moment becomes very 
simple. For an odd-proton nucleus of total angular 
momentum / in which an even number of equivalent 
protons are coupled to an angular momentum 2, and 
which are in turn coupled to a final odd proton, the 
moment is 
e(j’)27 


P= I+( -1|= 3 
r sities °° 2% 


e(j) <) 
2I+-1 2I’+1 


XE mj’, 2, 1, Ij’, 2, 1—m, mf (5) 


where uy is the proton moment, 7 and / are the total 
and orbital angular momenta of the equivalent protons 
(in an unfilled shell) which are coupled to angular 
momentum 2, and 7’ and I’ are the corresponding angu- 
lar momenta of the final odd proton. The quantities 
(j’, 2, 1, I| 7’, 2, [—m, m) are the usual Clebsch-Gordan 
coefficients for the coupling of angular momenta 7’ and 
2 to form angular momentum / (with magnetic quantum 
number J). For an odd-neutron nucleus the corre- 
sponding result is 


e(j’)2I e(j) e(j’) 
eran 5a DD) 
2I’+1 21+1 2/'+1 
xd m|(j’, 2, LS 2, I—m, ml (6) 


If the odd number of odd nucleons differs by more 
than one from a magic number there are a number of 
values that can be assigned to j, / and 7’, I’ without 
removing a nucleon from the last (open) shell. If the 
moment (5) or (6) is calculated for each one of the 
possible assignments it is found that in by far the larger 
number of cases the resulting moment lies inside the 
corresponding Schmidt line. This result is interesting 
because the fact that nearly every observed magnetic 
moment lies between the Schmidt lines has always 
seemed mysterious. The present model, in which each 
of the possible assignments of j, /, and j’, and J’ values 
is given equal weight, is bound to lead to agreement 
with this qualitative fact. 
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It is useful to calculate contributions to the magnetic 
moment which arise when the even-type nucleons con- 
tribute to the nuclear angular momentum, because 
some insight into deviations from the statistical shell 
model may thereby be obtained. For the sake of sim- 
plicity, consideration is limited to that odd-nucleon 
configuration suggested by the Mayer-Jensen model. 
The even nucleons (in equivalent states) are coupled to 
angular momentum 2. The resulting magnetic moments 


are 
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where j and / are now characteristic of the equivalent 
nucleons in the open shell of the even type which are 
coupled to an odd-type particle having a total angular 
momentum J = 1+}. 


IV. THE STATISTICAL SHELL MODEL 

The average magnetic moment of a class of nuclei 
having the same spin and the same open shells is now 
to be calculated by averaging the moments given by 
Eq. (5) or Eq. (6) over each of the possible’ j, / and 
j', Vv values. Equal weight is given to each such state 
and to the shell-model state. As we have remarked 
before, interference terms between the different con- 
figurations are neglected because their signs are ex- 
pected to be as often negative as positive so their net 
contribution to the average should be small. 

Although this statistical model is not expected to 
apply directly to any one nucleus, it is of some interest 
to note that in many cases the deviations of individual 
nuclei from the average behavior is not very great. It 
can be seen in Fig. 1 that the observed moments of 
nuclei in the same class do tend to lie close together. 
A striking example of this behavior is offered by the 
I=7/2 nuclei between n=51 and n=57. The discrep- 

4 When the shell is closed or one less or one more than closed, 
there is some ambiguity as to which configurations should be used 
in admixtures. In this work two particles are assumed to be 
promoted out of the closed or nearly closed shell (into equivalent 
states and usually coupled to zero), and the configurations of the 
now opened shell are used for admixture. In some cases, when 
there is one particle more than a closed shell, the closed shell is 
treated as still closed even though two particles have been pro- 
moted to what is then treated as the unfilled shell. This procedure 
is completely arbitrary. 

Furthermore, for the very lightest nuclei admixtures of states 
from the next higher shell were also included in order to have 
enough states to speak meaningfully of a statistical shell model. 
In any event the statistical shell model prescription would not be 
expected to be really applicable for these very light nuclei. 
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ancy between n=71 and n=73 may be ascribed to the 
fact that the open shell of even nucleons is different in 
those two cases. This would mean, of course, that con- 
tributions to the moments of individual nuclei do arise 
from the even nucleons. To take some account of this 
possibility a second theoretical value of the moment is 
obtained below by including all contributions of the 
type Eq. (7) or Eq. (8) in the average. Each such term 
corresponding to each possible (7,/) value, is given equal 
weight with the other contributions in this case. This 
procedure is very arbitrary, but it serves to give some 
idea of the importance of even nucleon contributions to 
the moment. One point may be made in its favor: the 
deviations from the mirror property introduced in this 
way are quite small. 

To compare the results of the model with the ob- 
served moments, eighty-five odd-even nuclei with 
measured magnetic moments and spins have been com- 
bined into 15 odd-proton-even-neutron classes and 1% 
odd-neutron-even-proton classes. These classes are indi- 
cated in Table I and in Table II, respectively. The total 
angular momentum / is indicated in the first column 
while the usually assigned shell-model state is given in 
the second column. The third and fourth columns 
indicate the unfilled neutron shell and proton shell 
respectively (the unfilled shell is indicated by the two 
closed shell numbers which constitute its upper and 
lower bounds). The fifth column gives the number of 
nuclei in the particular class being considered. The sixth 
column gives the average experimental magnetic 
moment, exp’ (av) OF exp” (av), of the nuclei in the 
class. The seventh column gives the calculated magnetic 
moment 4” or 41", obtained by considering admixtures 
of only odd-particle configurations in the statistical 
shell model, while the eighth column gives the calcu- 
lated magnetic moment, y2” or we” obtained from con- 
sidering all possible admixtures in the statistical shell 
model. The ninth column gives the average of the ab- 
solute value of the magnetic moment deviations A” or 
A” for the nuclei in a given class which are to be com- 
pared to the deviations from the statistical shell model 
magnetic moments. The next two columns give the 
absolute deviations of the average experimental mag- 
netic moments, pexp’(av) OF exp” (av), from py”, and 
2’, ue” where these absolute deviations are defined as: 
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TABLE I. Magnetic moment deviations of odd-proton nuclear classes. 








Shell 
model 
I state 


No. of 


N shell P shell nuclei Mexp” (av) 


Averaged 
aP 








50-82 

82-126 
2-8 
8-20 

20-50 
Pare 20-50 
dsia 82-126 
dia 8-20 
Soin 20-50 
ds2 82-126 
Sin 20-50 
81/2 50-82 
£7/2 82-126 
£o/2 50- 82 
hos 82-126 


20-50 
50-82 
2-8 

8-20 

8-20 
20-50 
50-82 

8-20 
20-50 
50-82 
20-50 
50-82 
50-82 
20-50 


—0.123 
1.620 
2.689 
1.520 
0.430 
2.219 
0.165 
3.641 
2.411 
3.058 
4.851 
2.681 
2.667 
5.613 
4.082 


Pisa 
Sia 
Pare 
diya 
dsj2 


0.062 
0.512 
0.481 
0.608 
0.133 
0.686 
0.017 
0.502 
0.676 
0.757 
0.411 
0.421 
0.415 
0.515 











In Table ILI the weighted averages (av A”), (5y"), (62”), 
(av A), (6:"), and (6.%) of Table I and Table II are 
given. In the averaging process the weight for each 
class is given by the number of nuclei in the class. This 
procedure seems called for by the statistical nature of 
the theory. Thus, the average magnetic moment of a 
class which contains a large number of nuclei would be 
expected to agree with the theoretical magnetic moment 
on the statistical model better than that of a class 
composed of one or two nuclei. Individual differences 
in the ground states of nuclei within a class would be 
expected to average to zero if there is a sufficiently 
large number of nuclei in the class. A weighted average 
emphasizes this expectation. 

Besides the simple weighted averages, Table III also 
gives the weighted averages of the = L+4 and /=L—} 
classes separately. When the averages (61”), (62”) and 
(6:"), (62) are compared to the appropriate averaged 
deviations from the Schmidt lines (av A”) and (av A”), 
it is seen that the statistical shell model gives a much 
better fit to the magnetic moment data than the 


Mayer-Jensen shell model. Thus in the best case, 
involving 26 nuclei, the J=L+4 odd-proton nuclei 
have (6;”)=0.020, i.e., an average deviation of the 
theoretical magnetic moments from the experimental 
magnetic moments of approximately 0.04 nuclear mag- 
netons. This is to be compared to the average deviation 
from the Schmidt lines of (av A”’)=0.555, i.e., over 1 
nuclear magneton. The surprisingly good agreement in 
this case is probably fortuitous. 

The moments of the / = 1+} nuclei are seen to be in 
generally better agreement with the statistical shell 
model than with the Mayer-Jensen model. There is 
also some improvement for the 7=—}4 nuclei, but 
that is not so striking. 

These averages, while quite significant, obscure some 
interesting features found in the body of Table I and 
and Table II. First, there is the fact that the variation 
of the average magnetic moments for classes with the 
same J and parity, but different unfilled shells, is in 
large measure predicted by the statistical shell model 
magnetic moments, e.g., the ps2 and dsjz classes in 


TABLE II. Magnetic moment deviations of odd-neutron nuclear classes. 








Shell 
model 
state 


No. of 


N shell P shell nuclei exp” (av) 


Average 
AY 











0.702 
—0.555 
—0.700 
) 0.421 
—1.177 

0.643 
—0.5 

0.825 
—0.613 

0.876 
— 0.828 
—0.66 
— 1.104 
—0.713 
— 1.035 


2-8 

8-20 
50-82 
50-82 ¢ 
2-8 

8-20 

20-50 
50-82 3 
50-82 


2-8 
8-20 
50-82 
82-126 
2-8 
8-20 
20-50 
days 50-82 
Para 82-126 
Sore 28-50* 
dsia 50-82 
Seva 82-126 
frie 20-50 
fais 82-126 
20-50 


Piss 
Si/a 

Si/a 

pia 
Para 
dye 
Pasa 


20-50 
50-82 
20-50 
50-82 
20-50 


2 


1 
1 
ta) 
1 
1 
1 
1 
20-50 1 
3 
1 
4 
2 


Sore 


0.034 
0.710 
0.634 
0.113 
0.385 
0.264 
0.739 
0.169 
0.680 
0.257 
0.567 
1.060 
0.423 
0.627 
0.459 


—0.928 —0.903 








* The fra shell model level has been treated as a closed shell in thie case in order to obtain satisfactory agreement. 
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Table I and the 3/2 classes in Table II. Furthermore 
the 6, generally represent a better fit for the smaller 
unfilled shells (lighter nuclei), while the 6, represent a 
better fit for the larger unfilled shells (heavier nuclei), 
ie., odd-particle admixtures alone give better agree- 
ment for lighter nuclei, while both odd-particle admix- 
tures and even-particle admixtures give better agree- 
ment for heavier nuclei. 

Agreement for nuclei in many classes could be im- 
proved by eliminating a few admixed states or by a 
judicious weighting of the admixed states, a weighting 
based on considerations of the shell model. However, 
such a detailed treatment does not seem warranted, 
since the theory is already rather arbitrary. The im- 
proved agreement by use of the statistical shell model 
with the experimental magnetic moments seems to 
indicate that a fairly large number of admixed states 
may be necessary to give an adequate description of 
the ground states of complex nuclei. 


V. “FORBIDDEN” MAGNETIC DIPOLE TRANSITIONS 


Graham and Bell'® have measured the lifetimes of sev- 
eral isomeric magnetic dipole (M1) radiative transitions 


TABLE III. Weighted averages of magnetic moment deviations. 








(81?) (82”) (av 4%) (a) 


0.167 0.121 0.454 
0.020 0.076 0.590 
0.348 0.159 0.215 


(av AP) 
All nuclei 0.485 
IT=L+4 0.555 
I=L—-4 0.383 


(62%) 
0.169 
0.178 
0.152 


0.169 
0.158 
0.187 








which should be forbidden on the basis of the Mayer- 
Jensen shell model. The measured lifetimes of these 
transitions were found to be comparable to the lifetimes 
of allowed M1 transitions. The experimental lifetimes of 
the forbidden transitions indicate that either the ground 
state and excited state are not adequately described by 
the Mayer-Jensen shell model or the magnetic moment 
operator has terms in addition to the ordinary magnetic 
moment operator, e.g., exchange magnetic moment 
operators, which are not subject to the selection rule 
AL=0, as is the ordinary magnetic moment operator. 
The latter point of view was that considered by Sachs 
and Ross.*° 

The investigation in Sec. IV of the magnetic moment 
deviations indicated that the Mayer-Jensen shell model 
may be quite inadequate in the description of the 
ground states of complex nuclei. If this is the case, 
then the excited states are probably also composed of 
admixtures somewhat similar to those of the ground 
states. The statistical shell model, used in the last 
section to account for the static magnetic moment 
deviations, will be investigated in this section as a 
possible explanation for the “forbidden” M1 radiative 
transitions. However, it should be kept in mind that 


16 R, L. Graham and R. E. Bell, Can. J. Phys. 31, 377 (1953). 
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the actual cause of the forbidden M1 transitions is 
probably a rather complicated combination of exchange 
moments and admixtures of states rather than a single 
one of the two. 

The M1 radiative transition probability is given by 
the expression 


—(<)(=) (F 
oY 2I'+1) \hcd Nom —) 


KEY LD |Wr™'u-ypr™)|? (11) 
M,M’ 


1.68 10” 
= ee lvl sec 


where £, is the photon energy of the radiative transition 
in units of mc’, I’ and M’ are the total angular mo- 
mentum and zs component of the total angular mo- 
mentum of the initial (excited) state cf the nucleus in 
the transition, J and M are the total angular momentum 
and s component of the total angular momentum of the 


TaBLe IV. Half-lives, assignments, and matrix elements 
for M1 transitions. 


Ty Spins 
(sec) I (wit 


Prue parr 
Pisa par 


Nucleus (kev) 


Li’? 7 
Fe®’ 14 
Te 

Te 

Xe™ 

Cs'* 

Cs 

Pm" 


(5.2+1.7)x10-" 

(1.1107) 10 
(1.940.3)« 10°” 0.21 die Sin 
(1.58+0.15)«10-* 18 dia S12 
(4.842.0)x10°" 2.0 Sia dae 
(6.0+0.4)« 10"* 21 ds/2 R12 
(2.8+0.8)x 10°" 0.1 dsi2 1/2 
(2.44+0.08) 10° 2.2 s+ den 





53.308 
0.031 
0.223 
0.157 
0.137 
0.031 
0.072 
0.083 





final (ground) state of the nucleus, u is an arbitrary 
unit vector which will be taken as the z axis in further 
calculations, y is the appropriate magnetic moment 
operator which will be assumed to be the ordinary 
magnetic moment operator in all further work in this 


section, and 
Iyl= F |dr™, w-wh 


The experimental data and the experimental values 
for |y|? are given in Table IV. In determining the 
experimental values of |y|* from measured half-lives 
(T1y2 in the third column of Table IV), the following 
relation between the transition probability and half-life 
is used : 

w,(1+a)= (In2)/T 2, 


where a is the total conversion coefficient. 

All the nuclei listed in Table IV, with the exception 
of Li’ and Fe*’, provide examples of the “forbidden” 
transitions. The value of |y|* varies from ~0.22 to 
~0.03 for the forbidden transitions. These values are 
smaller than the predicted value for | y|? for allowed 
transitions by a factor of approximately 50 to 150 (| y|? 


(12) 
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Taste V. Comparison of observed and calculated matrix ele- 
ments for M1 transitions. Experimental and theoretical values of 
the magnetic moments of the nuclei are also given for comparison, 








N N’ 
—1.913 —0.736 —1.050 7 20 
~—1.913 —0.887 —1.050 7 20 
1.148 0.708 0.593 20 7 
1.715 2.577 2.952 16 20 
1.715 2.727 2.952 16 20 


[Plexp? 


0.223 
0.157 
0.137 
0.031 
0.072 


Nucleus fe exp peom 








differs by a factor of 7 to 13). The experimental values 
of |y|? for the allowed transitions in Li’ and Fe*’ are 
larger than predicted in the first instance and smaller 
in the second. It is interesting to note that the experi- 
mental | y|* for Fe*’, a supposedly allowed transition, 
is equal to the smallest experimental value of | y|? for 
the “forbidden” transitions.'® It should also be noted 
that the magnetic moment deviation of Fe*"(u..~~0) 
is very large on the basis of the assumed p32 ground 
state. 

The nuclei involved in the measured “forbidden” 
magnetic dipole radiative transitions are of two types. 
The odd neutron nuclei 52:Te™, 52Te'®, and Xe 
involve transitions between states having total angular 
momentum 3/2 and 1/2 (dys and S12 states according 
to the Mayer-Jensen shell model) while the odd proton 
nuclei’? 55Cs™ and ssCs"® involve transitions between 
states having total angular momentum 5/2 and 7/2 
(dsj2 and gz/2 states according to the Mayer-Jensen shell 
model). All the nuclei are in the statistical shell model 
classes of 50-82 even particles and 50-82 odd particles. 

Table V gives the value of |y|* calculated on the 
basis of the statistical shell model including even- 
particle admixtures (| ws») as well as the experimental 
value of | w|?(|w| exp”). In the calculation of | p| sm? the 
prescription for choosing admixtures for the excited 
state is just the same as the prescription for obtaining 
the ground state. Also indicated in the table is y, the 
Schmidt value of the magnetic moment, pexp the experi- 
mental value of the magnetic moment, jisem the statis- 
tical shell model magnetic moment, and N and N’ the 
total number of states (including the shell model states) 
admixed in the ground state and excited state respec- 
tively. 

1% 1t is quite possible that the assignment for Fe’ given by 
Graham and Bell (/:/2-*fs2) is incorrect. On the basis of the 
Mayer-Jensen shell model and the observed magnetic moments 
the transition may actually be / 2a, i.e., a “forbidden” M1 


transition. 
17 4, Pm"? will not be considered in detail because there has been 


no definite assignment of Mayer-Jensen shell model states for this 
nucleus. However, the results for this case are probably very 
similar to those obtained for the Cs isotopes. 
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It is seen that the values of ,,,, represent a better fit 
to the experimental magnetic moments sex, than do 
the Schmidt magnetic moments y,. The theoretical 
values of | w| sem? are larger than the corresponding ex- 
perimental values | | exp’. The agreement is quite good 
for the odd-neutron isotopes while the agreement is 
poor for the odd-proton isotopes. The poorest agreement 
(for Cs) gives | w| som?/|B| exp? ~10 or |p| som/|B| exp~3. 

However, the fact that the theoretical values of 
|ulsem? are larger than |plex,? is satisfying, since 
almost any reasonable modification of the statistical 
shell model would tend to make | w|..»? smaller. Thus 
any additional mixing of even-particle states or of the 
shell-model state results in a decrease in the value of 
| w| sem’. 

It is interesting to note that on the basis of the statis- 
tical shell model the value of |y|* for supposedly 
allowed magnetic dipole transitions would be expected 
to be of the same order of magnitude as for the ‘‘for- 
bidden” transitions. This would explain the rather 
small experimental value'® of | u/* found for Fe®’. The 
large value of | w|? found for Li’ can probably be attrib- 
uted to the fact that the statistical shell model would 
not be expected to apply to so light a nucleus. 


VI. CONCLUSION 


The statistical shell model appears to offer at least 
a partial explanation of two anomalous features of 
magnetic dipole phenomena as interpreted by the 
Mayer-Jensen shell model. First, the deviations of the 
static magnetic moments of odd-even nuclei are in large 
measure predicted by means of the statistical shell 
model. Then, the supposedly forbidden magnetic dipole 
radiative transitions are found to be allowed by the 
statistical shell model and the theoretical values of the 
transition probability are of the same order of magni- 
tude as the experimentally determined values. The sta- 
tistical shell model is undoubtedly an oversimplification 
of the true physical situation, but the success of this 
comparatively simple model indicates that the Mayer- 
Jensen shell model probably gives a rather poor de- 
scription of the ground-state wave function of complex 
nuclei. The great success of the Mayer-Jensen model in 
predicting spins and parities does not necessarily 
justify the assumption that it also gives an adequate 
representation of the dynamical features of complex 
nuclei. 

The author wishes to express his appreciation to Dr. 
R. G. Sachs for his suggestions and helpful discussions 
related to this investigation and to Mr. Harold Almond 
for his aid in many of the calculations. 
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Magnetic Internal Compton Coefficients in the Born Approximation* 
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The absolute and relative probabilities of a nuclear transition in which there is a simultaneous ejection 
of a K electron and emission of a gamma ray has been calculated quantum-mechanically for the case in which 
the virtual radiation field is a 24 magnetic multipole. The process will be referred to as an internal Compton 
effect. The Born approximation has been used and hence the calculations are expected to be valid only if 
the nuclear charge Z is small and the nuclear energy level separation large. The ratio of the number of con 
tinuous energy gamma rays to the number of discrete energy K electrons is independent of the nuclear 
matrix element and decreases as Z or as L increases. This is true for any energy range and any angular range 
of the continuous energy gamma rays, where the angles are measured with respect to the coincident con 
tinuous energy K electron. The angular distribution is most sensitive to L for comparable electron and 
gamma-ray energies and for large angular separation. These conclusions are not much affected by inclusion 
of the L shell. In the limit of small gamma-ray energies, the results reduce to those predicted by semiclassical 


theory. 


I. INTRODUCTION 


HE transition of a nucleus to a lower state of the 

same nucleus by the emission of 4 gamma ray or 
by the ejectrion of an orbital electron, i.e., internal con- 
version, is very well known. Another possible mode of 
decay is the simultaneous emission of a gamma ray 
and ejection of an orbital electron; the electron and the 
nucleus exchange a virtual photon and the electron 
emits a real gamma ray. This process bears the same 
relationship to the Compton effect as internal pair 
production does to pair production, and will be re- 
ferred to as the internal Compton effect. In the same 
sense, internal conversion is often referred to as the 
internal photoeffect. In all of these cases, the essential 
distinction between the internal and the external 
process is the presence of a virtual rather than a real 
photon. 

The relative probability of the internal Compton 
effect is quite small and thus far the effect has been 
detected! only in the case of Ba’™™.? One should, never- 
theless, have some quantitative estimate of its prob- 
ability if only in order to be able to correct for the 
contributions due to this event in measurements of the 
internal conversion coefficient, or the angular correla- 
tion between a gamma ray and a beta particle emitted 
in cascade, or the angular correlation between a gamma 
ray and an internally converted electron emitted in 
cascade. In these latter cases the distinction between 
the process under consideration and the internal 
Compton effect can also be made by energy measure- 
ments, but this is often quite difficult. 

The probability of an internal Compton transition 
was considered previously by Cooper and Morrison* 

*One of the authors (L.S.) was partially supported by the 
U. S. Atomic Energy Commission. 

1H. B. Brown and R. Stump, Phys. Rev. 90, 1061 (1953). 

* The present calculation cannot be expected to be valid for 
ra See L. Spruch and G. Goertzel, Phys. Rev. 93, 642 
+E. P. Cooper and P. Morrison, Phys. Rev. 57, 862 (1940). 


We would like to thank Dr. J. Levinger for calling our attention 
to this article. 


who refer to the process as internal scattering. The cal- 
culation was limited to high-energy electric dipole 
tiansitions and is not valid over the entire range of 
permissible electron energies. Angular correlation be- 
tween the electron and the photon was not considered. 

A similar process, inner bremsstrahlung, i.e., photon 
production accompanying charged particle transforma- 
tions, has been studied in the past in connection with 
nuclear 8 decay,*® K capture,®’ charged meson pro- 
duction in high-energy nuclear collisions,** the decay 
of charged » mesons,"*:"' and yu decay.'*-" 


Il. NOTATION 


Wo, Wns, Wo, and Wy are the initial and final nuclear 
and electronic wave functions, respectively. 

(pop), (Z,P), (¢,q), and (ko,k) are the energy-momen- 
tum four-vectors of the electron in the intermediate 
state, the electron in the final state, the real photon, 
and the virtual photon, respectively. 

E,y=energy of the electron in the ground state. 

W = energy given up by the nucleus. 

AE and AEx«(e+y) are the total width and the K shell 
internal Compton width, respectively, of the initial 
nuclear energy level. 


Q=P+4q. 

6 is the angle between P and q. 

p=cosé. 
E'=E— Pu. 

‘J. K. Knipp and G. E. Uhlenbeck, Physica 3, 425 (1936); 
F. Bloch, Phys. Rev. 50, 272 (1936). 

5C.S. W. Chang and D. L. Falkoff, Phys. Rev. 76, 365 (1949). 

5® Madansky, Lipps, Bolgiano, and Berlin, Phys. Rev. 84, 596 
(1951). 

*P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 

1J. M. Jauch, Oak Ridge National Laboratory Report ORNL- 
1102, 1951 (unpublished). 

*S. Mayakawa and S. Tomonaga, Progr. Theoret 
(Japan) 2, 161 (1947). 

*L. I. Schiff, Phys. Rev. 76, 89 (1949), 

” H. Primakoff, Phys. Rev. 84, 1255 (1951). 

"T, Eguchi, Phys. Rev. 85, 943 (1952). 

21. B. Feer, Phys. Rev. 75, 731 (1949). 

8 A. Lenard, Phys. Rev. 90, 968 (1953). 


Phys. 


1671 





1672 SPRUCH 

a= fine structure constant. 

Z= nuclear charge. 

§ =[ (—W2)?-+ (2mWaZ)? J, 

K,", K,, and 6, are the propagation kernels of an 
electron in a potential V, a free electron, and a 
photon, respectively. 


K,(trfs) = (6/1604) f (p—m)-! exp(—4p-Ens)dpd po 


6,[ (fte— 1s)? ]= — (1 4m) f exp(—dE-Yo5)f*d*kdkp. 


M, and M, are the matrix elements corresponding to 
the two possible Feynman diagrams for an internal 
Compton transition. 

J, mo, J;, my, and L, M are the angular momentum 
quantum numbers of the initial and final nuclear 
states and of the virtual radiation field, respec- 
tively. 

Aiu™ and Bia” are the magnetic vector potentials 
of the radiation field multipoles which interact 
with the nucleus and electron, respectively. 

M w(L,mo,m;,M) is a nuclear matrix element. 

| M w(L)|* is proportional to a sum of squares of nuclear 
matrix elements. 


I= f exp(- iQ +x) By w(™ (Wx)e~™*7 "dx. 


(F; G)=2(F-1)(G-D, for arbitrary F and G. 

R, is a radial integral. 

K and L refer to the respective shells, 

x is the absolute probability of an internal Compton 
transition. 

Rx«(L; 41,92; 8) and Rx«(L; q1,¢2) are magnetic internal 
Compton transition rates. 

Br(L; 91,92; 9) and Bx(L; q1,¢2) are magnetic internal 
Compton coefficients. 

@x(L) is a magnetic internal conversion rate. 

Bx(L) is a magnetic internal conversion coefficient. 

[nm ]= (m,mo,n;) represents a set of unit vectors fixed in 
space. 


Ill. MATRIX ELEMENTS 


We take as our initial state one in which the nucleus 
is in an excited state with angular momentum J» and 
the K shell is filled. We want to find the absolute and 
relative probabilities that after some time the nucleus 
is in a lower energy state with angular momentum J, 
and that either K electron has been ejected and a coin- 
cident gamma ray has been emitted. We also want 
to find the energy distribution of these gamma rays 
and their angular correlation with respect to the elec- 
trons. It will be assumed that in the absence of orbital 
electrons the gamma ray emitted in the transition is 
a pure 2” magnetic multipole. The angular momentum 
projections of the initial and final nuclear states, mo and 
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m,, and the projection of the spin of the electron, are 
defined with respect to the axis m; of the set of unit 
vectors m;, Mz, n; fixed in space and denoted by [n]. 

The probability ®x that at some much later time 
this internal Compton process will have taken place 
is given by 


Gmm f 8|MitMs|*Qny ®°PEdEqdqdwdlw,, (1) 


where 


$= (2J + 1) mod mp SoS Sp. (2) 


$ represents the average over the initial state and the 
sum over the final state angular momentum projections 
of the nucleus, the sum over the initial and the final 
electron spin projections, and the sum over the states of 
polarization of the gamma ray. The matrix elements 
M, and M, follow immediately" from the Feynman 
diagrams 1 and 2 drawn in Fig. 1. 
M, is given by 


M,= <6 [busters AK, "(X7,05)V Muu 


X50 (Ye— 1s)" Wvo(LeWo(Xs)d*tsd'ted*x7, (3) 


where 
A(t7)=S,e(2r/q) he 4-4), (4) 


The S, represent the states of polarization of the real 
photon. We substitute in the explicit expressions for 4, 
and use the relationships 


otk: (x6 x5) 


ffs fo 
ko?—k-k 


e'l kol 265 
ef —¢~ *kotssdky (5) 


X65 


where 5 = | Xs—Xs5|, and ywy¥.=An8(1—en-a@). By our 
assumption as to the nature of the nuclear states, 


(1— ay: a)e*! #0165 (4,,)—! (6) 


can be replaced by that portion of it which is propor- 
tional to the interactions of the nucleus and of the 


NUCLEUS 


J 
ELECTRON ELECTRON 


NUCLEUS 


CASE (I) CASE (2) 
Fic. 1, Feynman diagrams for an internal Compton transition. 
“ We follow rather closely the methods and notation of Feyn- 
man, with some slight notational modifications as introduced by 
Baranger, Bethe, and Feynman. We use the normalization 
u'lu= 1. R. P. Feynman, Phys. Rev. 76, 749, 769 (1949); Baranger, 
Bethe, and Feynman, Phys. Rev. 92, 482 (1953), see in particular 
reference 8. 
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electron with a magnetic 2” pole, that is, by"® 


2m*i | ko| "Law: Aru*™ (| Ro! x6) | 
X Ce: Bru (| Rol xs) ], (7) 
where 
M=m.—my, 
Ara™ (| ko] x6) = N jx (| Rol xe)iLV 1.0 (x6,[m ]}), (8) 
Bia™ (| o| xs) = NAL (| hol xo)tLVrr(xs,[m]), (9) 
N=({2/[eL(L+1)]}}!| bol. 


Y,m(x,[m)]) is a spherical harmonic whose polar angles 
are those of the vector x with respect to the set of fixed 
axes [mn]. The spherical Bessel function, jz, and the 
spherical Hankel function of the first kind, 4,“, are 
defined as in Schiff.'* In the above replacement, the 
quite negligible contribution due to those cases in which 
the orbital electron is ejected from within the nucleus 
has been ignored. 

Since the initial state of the nucleus has a width 
AE (which is proportional to its initial rate of de- 
cay by any process whatever), we can write (see 
Appendix ITT) 


(10) 


eo 
f eite(—ka-WHiSE) df, = jf’, 
0 


where 


f'=(—ko—-W+idE)“. (11) 


We now have 
M,= re [ My! (L,ynoympM) | ko| “WD, (r7)A (r7) 


x K4.°(f7,¥s)Ba . Biw\™ ( | ko| X5)e" ikots 
Xo(rs) f’d*red*trdho, 


where we have defined a nuclear matrix element, 


My’ (L,mo,m;,M) = [ve (xe)Bvan: Ara*™ (| ko| Xs) 
XK Wo (xe)d*xz. (13) 


At this point we make a number of approximations 
which should be valid when the nuclear charge is small, 
and when the energy given up by the nucleus, W, is 
of the order of or larger than m. 


(1) It is assumed that the electron in the intermediate 
state is free, i.e., Ky’ is replaced by Ky. 

(2) It is assumed that the electron in the final state 
is free, i.e., 


Wy (22) = Py (xr) ue? 8 Bt) 
where P= (E?—m’)!, 


(14) 


16N. Tralli and G. Goertzel, Phys. Rev. 83, 399 (1951). See 


Appendix A. 
LL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949). 
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(3) The small components of the electron ground 
state are neglected and the Dirac large components are 
replaced by the Schrédinger components, i.e., 


Wo(¥s) = Wo(Xs)e~ 14959) (maZ) le mae *Kotey,, (15) 


where 


uo'=(1,0,0,0) or (0,1,0,0). (16) 


The neglect of the small components, unlike the first 
two approximations, does not greatly simplify the cal- 
culation. It is done since it is consistent with these 
approximations, where terms in aZ have already been 
neglected. The replacement of Dirac large components 
by Schrédinger components gives rise to an error of order 
(aZ)?. 

(4) The binding energy of the electron in the ground 
state, which is of course proportional to m(aZ)’, is 
neglected with respect to its rest energy, i.e., Ep is 
replaced by m. 

With these approximations it is a trivial matter 
to carry through the integrations over f, fs, ko, po, Xz, 
and p, in the given order. We then find 


M = in*e®2'(maZ)§(qiW)-" {M wn (L,mo,m;,M)(E’)'T), 
(17) 


where 
T= (us'a-SCW+a-Q Ja: Ing), 
Q=P+4q, 


(18) 


(19) 
[= f exp(—1Q-x)Biau'™ (Wx)e-™*?"d*x, (20) 


(21) 
(22) 


Ek! = E— Py, 
f=(—W-—m+E+q+idk£)" 
M w(L,mo,m;,M) 


és f Jn (Xs)Byaw-Aru®™(WxewolXe)@xs. (23) 


In arriving at the above result, we have made use of 
the fact that 7,5, represents a rea] photon so that 


YS» _ Ba ‘ S, 


we have used Suo= uo, and we have dropped the sub- 
script 5 on xs in the expression for I. We have further 
replaced (E+q—m) by W in all terms other than f, 
which is permissible due to the form of f, as we shall 
see later. 

Proceeding in the same manner, but making the 
further approximation that Fourier momentum com- 
ponents of the ground state of order m can be neg- 
lected (see Appendix IV), we find for M, 


M.= in’e?24(maZ)§(qiW)' {M w(L,mo,my,M mT 2, (24) 


where 


T2= (usta I g+a-q ja: Su). (25) 
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Performing sums in the usual way, we find 
SoS Sey|Mi+Me|? 
8rte*(maZ)*| My (L,mo,m,,M)|?| f|? 
= —~- ——H, (26) 
gw*E 


where 
H=(£’)*|1/ PE’ +WP*(1—y’)] 
+ (mE’)“(|1|°gP*(u?—1)—m(q; q)+9(P; P) 
— Pu Re(P; q) }+ (q/m*)[|1|*gZ+Re(P;q)], (27) 


where Re denotes the real part, and where, for arbi- 
trary vectors F and G, 

(F; G)=2(F-D(G-D. 
In the above expressions, the M in My(L,mo,m;,M) and 
in the expressions of the form (F; G) represents mo— my. 
It is permissible, however, to consider M arbitrary and 


to sum over M, for only the one value mo— my, will con- 
tribute. If we now define |Mw(L)|? by the relation 


(2Jo+1) 1S" mod_my| M yv(L,mo,my,M) |? 
=|My(L)|*, 


| Mw(L)|? is independent of M and we obtain 


(28) 


(29) 


e*(maZ)*| Mw (L)\* 
x= —_—_—— 
8r?W? 


x fol /l*P Cut yd Bg day (30) 


IV. RESULTS 


It can be seen from the results derived in the ap- 
pendices that the only angular dependence of the inte- 
grand of @x is the dependence upon yw. The angular 
integrations thus reduce to 


1 
f. . ‘dw dlw,= (4) (22) f ** dp. 
—1 


Further, for any slowly varying function of EZ, g(Z), 
we have, ignoring terms in (AZ)/(W—q), 


(31) 


f e@israr 


“i f e(E)C(—-W—m+E-+9) (AE) Hae 


=g(W+m—q)r(AE). (32) 
@x can now be expressed in the form AEx«(e+~7)/AE, 
where AEx (e+) is that part of the width of the initial 
state which is due to the probability of decay via a 
K-shell internal Compton transition. Since an initial 
transition rate is given by twice the corresponding 
width, the initial transition rate for an internal Compton 
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process in which the gamma ray has an energy between 
qi: and gz and in which either K electron has been 


ejected is given by 
Rx(L; 91,92) = 164e*(maZ)*| My (L)|?(2L+1) 


1 
q2 
x f ay f dug?P|Rr1\?, (33) 
a1 af 


where 
K= (E’)-*(WP*(1—p)+ PE’) 
— (mE')[gP*(1—y*) (mgt P+ Pqu)Q*] 
+ (q/m*)[qE’— P*g?(i—u*)Q*], (34) 
(35) 
(36) 


(37) 


E=W+m—q, 
| Ri|*= (1/W*) (P/W)4s, 
F=[(Q*—W?)*+ (2mWeZ)?}*. 


Use has been made of the results derived in the ap- 
pendices. As in the notation for internal conversion, the 
dependence of the rate upon W and Z has been sup- 
pressed. A transition rate Rx(L; 9,92; 8) per unit solid 
angle for an angle @ between the electron and the gamma 
ray can also be defined. 

While in principle measurements can be made in 
which the lower limit g; approaches zero, the calculated 
rate diverges in this limit. There is no need, however, 
to modify the calculations so as to properly eliminate 
this infrared catastrophe, for experimentally it would 
be difficult to distinguish a very low-energy internal 
Compton gamma ray in coincidence with a continuous 
energy electron from an x-ray of comparable energy in 
coincidence with an “ordinary” internally converted 
electron with the maximum possible energy. The ex- 
perimental procedure would then be to measure only 
those gamma rays above some minimum energy q,, 
which is above the maximum x-ray energy for the given 
nucleus. It is to be noted that in a calculation of the 
energy imparted to the continuous gamma rays, the 
extra factor of q in the integrand automatically elimi- 
nates the infrared catastrophe. This energy calculation 
would probably be fairly accurate even though the 
number of very low-energy gamma rays is of course 
incorrectly given. 

While the upper limits qg, can be set equal to the 
true maximum W without any divergence, the calcu- 
lations are not valid in this energy region for the elec- 
tron energy is then so small that the Born approxima- 
tion cannot be used. 

To the same Born approximation, the transition 
rate for the internal conversion of either K electron is 
given by"? 


Gx (L) = 82m (aZ)*(2L+1) 


x | My(L)|2(W+2m)"+4(W)-4-82, (38) 


'7§. M. Dancoff and P. Morrison, Phys. Rev. 55, 122 (1939). 
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The coefficient of |My(L)|? is of course known ex- 
actly,'* but the calculation of the probability of an 
internal Compton process relative to that of an internal 
conversion process will probably be more reliable if the 
inexact &x«(L) is used, for it then involves approxima- 
tions quite similar to those used in the evaluation of 
Rx(L; 41,92) and Rx(L; q1,¢2;6). In any event, the 
calculated relative probability will only be reliable in 
those regions for which the difference between the Born 
approximation and exact internal conversion rate is 
not too great. 

The ratios, 


Br(L; 41,92) =Rx(L; 91,92)/Rx(L), (39) 


and 
Br(L; 91,92; 0) =Rx(L; 91,92; 9)/Rx(L), (40) 


will be referred to as the total and differential magnetic 
K-shell internal Compton coefficients, respectively, for 
a multipole of order L. The latter coefficient, for ex- 
ample, represents the ratio of the number of gamma 
rays emitted with energies between gq; and g2 per unit 
solid angle at an angle @ with respect to the coincident K 
electron to the number of discrete energy K electrons 
in the case of a 2” magnetic multipole. The letter B is 
chosen in analogy with the magnetic internal conversion 
coefficient 8. From their definitions, it follows that 


Br (L > 91592; 0) 
e*m* 
~ PW + 2m) "+4 





f dyes, (41) 


and 


1 
Bx(L; 91,92) = 29 f Bx(L; 91,92;9)du. (42) 
1 


The corresponding quantities for the ZL shell follow 
immediately if, as is consistent with our previous ap- 
proximations, we neglect the 2 contribution and the 
small components of the 2s electrons, and approximate 
the spatial dependence of the large components by the 
Schrédinger components with terms proportional to aZ 
neglected, in which case 


W2,.(",Z)=Y,(",Z/2). 


The L-shell coefficients therefore follow from the K-shell 
coefficients by the replacement of Z by (Z/2). However, 
Bx(L; 41,92; 9) is roughly independent of Z except in 
the neighborhood of Q=W where the dependence of 
§ upon Z is essential. If this region is then not included 
in the measurement, it follows, since 


Bx(L)~88,(L), 


(43) 


(44) 
that 


Bry (Lj 91,92; 0) = (8/9) Br(L; 91,92; 9) 


+ (1/9) Bi(L; 91,92; 0) ~ Br(L; 91,92; 9). (45) 


18 oom erepes Spinrad, Harr, and Strong, Phys. Rev. 76; 
1883 (194! 
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8, (L; 0.1,04;0) 








Fic. 2. Bx(L; 0.1, 0.4; 6) is the ratio of the number of gamma 
rays emitted per unit solid angle with energies between 0.1 me* 
and 0.4 mc to the number of discrete energy K electrons. The 
nucleus, of charge Z= 20, makes a transition corresponding to a 
2/ magnetic multipole of energy 1.29 mc’. @ is the angle between 
the photon and the coincident K electron. 


Although the Z-shell maximum is four times that of the 
K shell, the factor (1/9) and the occurrence of the 
maxima in the same region cause this last relation to be 
approximately valid even when the region Q=W is 
included. Obviously, to the same degree of validity, 
there exists the similar relation 


Bryi(L; 91,92) * Br(L; 91,92). 


The expression for Bx(L;0.1,0.4; 6) has been inte- 
grated numerically for one set of values of Z, W, qi 
and qs. The results are shown in Fig. 2. The effect of a 
change in Z for these energies can be seen by a com- 
parison with the results previously reported for Ba®’™.? 
For 6=0° or 180° K reduces to the very simple form 


KH (0=0° or 180°) = 2Eg?/m’. (46) 


The Bx(L; 41,92; 9) can then be readily calculated for 
these angles. 
As qg-0, it is found that 


Bx(hdabandudadcaied 
K 459,94 9%) 4? (1—Bu)? q 





(47) 


where 


B= P/E. 


This is precisely the result derived semiclassically by 
Wang Chang and Falkoff" for the case of the inner 
bremsstrahlung associated with 8 decay, where it was 
shown to arise from the instantaneous acceleration of 
the electron. The relationship also follows quite gen- 
erally,” in the limit as aZ and the photon energy ap- 
proach zero, on comparing the squared matrix element 
for an arbitrary graph with one obtained from it by 


See reference 5. Note that our coefficient is defined per unit 


solid angle. 
® See reference 13 and R. Jost, Phys. Rev. 72, 815 (1947). 
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inserting into an external spinor line an external photon 
line. 
V. DISCUSSION 


Ignoring any small trends in | My(L)|? with increas- 
ing Z, the Z dependence of the internal Compton transi- 
tion rate is contained in the factors Z* and §. If the 
measurements do not include the region Q= W, the Z 
dependence of § can be neglected and the rate exhibits 
a Z* dependence. If they include only the region Q~ W, 
§ has a maximum at Q=W which shows a (1/2?) 
dependence while the width of the maximum has a Z 
dependence; the integral is then proportional to (1/Z) 
and the rate has a Z* dependence. The L dependence of 
the rate, for those values of Z that are allowed by the 
selection rules, is determined essentially by the strong 
L dependence of |My(L)|?, which decreases sharply 
with increasing L. This dependence cannot be offset 
by the factor (2L+1)(Q?/W?)” since for W of the 
order of or greater than m, for which the calculations 
are valid, (0?/W*) cannot be more than about 3, the 
value it assumes for W=m, q~0. 

The Z dependence of the internal Compton coeffi- 
cients is contained in the factor ¥. Therefore, unlike the 
internal conversion coefficients, they decrease as Z 
increases, However, Bx(L; q1,92; 9) will be relatively 
independent of Z except in the region Q=W, Their L 
dependence is contained in the factor 


[0*/(W2+2Wm) }-. 


Since the argument within the square brackets is less 
than or equal to one, they decrease as L increases, again 
unlike the internal conversion coefficients. The ZL de- 
pendence of Bx(L; 41,92; 8) will be strongest for large 
angles 0, due to the factor Q*”. If @ and ge are small, 
Bx(L; 41,92; 9) will be relatively insensitive to L. 
Because the Born approximation was used, the results 
can be expected to be valid only if maZ/P<1. A similar 
requirement holds for the intermediate states. For the 
Feynman diagrams 1 and 2, we have p=Q and p= —4q, 
respectively. These relations follow from conservation of 
momentum at the real photon junction. The calculation 
of M, is valid then only if maZ/Q<«1; however, if 
Q=0, almost all of the small contribution (the total 
contribution vanishes at Q=0) comes from |M-2|*. This 
can be seen by an analysis of 3C, whose three terms 
originate in |M,|*, the cross term, and | M,2|?, respec- 


tively, for, as 0-0, 


P—W (W+2m) -3(m+W)>, 
P(1—p2)0-21. 


Similarly, the calculation of M2 is valid only if maZ/q<1 ; 
however, if g~0, almost all of the contribution comes 
from | M,|*. Another possible criterion is that the calcu- 
lations will be valid only for those values of Z and W 
for which the Born approximation calculations of the 
Bx(L) are valid. On the one hand, the Bx(L; q1,92; 4) 
can be expected to be more reliable than the 8x(Z), 
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since the former involve the ratio of two calculations in 
which similar approximations have been made. On the 
other hand, the Bx(L; q:,92;8) refer to a more com- 
plicated process involving intermediate states which are 
also treated by the Born approximation. 

The ratio of continuous gamma rays to discrete 
gamma rays is given by 

Br(L; 91,92; 9)Bx(L). 

(This ratio, rather than the one chosen, might well have 
been called the internal Compton coefficient.) In this 
case, the exact 8«x(L) should be used. 

Calculations of the electrical internal Compton coeffi- 
cients are in progress. (See also reference 3.) 

We would like to thank Miss Pearl Ehrlich for per- 
forming the numerical calculations. 


APPENDIX I 
Evaluation of > |/|* and of >> v(F; G) 


The integral I is defined by Eqs. (9) and (20). If we 
define 


(Ly|L]|LM) by LY z(x,[n)) 


- >.Y 1,(x,[n)) (Ly| L| LM), 
and note that 


exp(—iQ-x) 
= 4r> 4, pt si i) '71(Qx) VY, (Q,[n]) y;,” (x,[n]), 


we may write 
I= (320/(L(L+1)]}*4(—i) "WRiLY irw(Q[n)), 


where 


R= f hr (Wx) 71 (Qx)e-™*2*x2dx. (A-1) 
0 


Consider now the dyadic D defined by 
D=YaM(LYiu(Q{n)) ILYi(Q,[n)) }. 


Since 

(Lo|L|LM)*=(LM|L| Zo), 
and since L connects only states with the same L, the 
expression becomes 


D= ><. ¥, eV 1(Q,[n]}) 
X (Lv|L| LM) (LM |L| Lo) ¥z.*(Q,[n)) 


= D> ¥ 1-(Q,[n)) (Ly| LL| Ia) Yu (Q,[n)). 


The basis [mn] affects the terms in the sum only in de- 
termining the projections v and o; since » and o are 
summed over, D is independent of the basis. It is con- 
venient to choose a basis [u ]= (u;,U2,u3) in which uy; 
is in the direction of Q. The polar angle is then 0 and D 
reduces to 
D= | ¥10(0,) |*(Z0| LL| £0) 
= (2L+1)/(4r)(L0|LL| LO). 


The dyadic is then invariant under a rotation about uy 
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and is symmetric in the first and second unit vectors. 
It must then be possible to write 


(L0| LL] LO) = a(uju;+ use) + bugs. 


Lus¥ 10(Q,[u}) =0, 
the coefficient 6 vanishes. Taking the spur of both sides 
gives L(L+1)=2a, and thus 
D= L(L+1)(2L+1) (1/8) (uyu;+ueue). 
From the definition of D, it follows that 


¥ wl T]2=(32"/CL(L+1)]) W2|R,|? Spur D 
=8(2L+1)W?2|Rz|?, 


Since 


and that 


Cu(F; G)=250 u(F-D(-G) 
= {64n/[L(L+1)])W2| Ri |"F-D-G 
= 8W2(2L+1)|Rz|*{(F-G) 
~0-*(F-Q)(G-Q)], 


In particular 


Xu(q; 4)=Liau(P; P)=—Xw Re(P; q) 
=8W2(2L-+1)| Ry |2P%g(1—w2) 0, 


APPENDIX II 
Evaluation of | R,|? 


|Rx|?, where Rz is given by Eq. (A-1), must be 
evaluated. As is consistent with our previous approxi- 
mations, correction terms in aZ are to be neglected. 
If O¥W (i.e., if Q is not approximately equal to W), 
the exponential then simply serves as a convergence 
factor, i.e., 
Ri(Q4#W) =Lim(Z-0)Rz, 


where the limiting process must be performed after the 
integration. This latter expression is equivalent to 


Lim(Z—0) f jr(Qx)hi™ (W'x)a2dx, 


where W’=W-+-imaZx. In this form the integral can 
readily be performed, and we find 


|Ri(Q¥#W)|?= (1/W*) (Q°/W?)*(?— W?)>. 


This approximation is obviously not valid for Q=W. 
Since the integrand is bounded, the divergence at O= W 
must be due to the infinite range of integration. It is 
then sufficient for our purposes, in the neighborhood of 
Q=W, to replace jz, and hk,“ by their asymptotic 
forms, in which case the integration is trivial. Neglect- 
ing correction terms in aZ, and replacing Q by W in 
some terms, we find { 


|Ri(Q=W) |*= (1/W2)[ (?— W?)*+ (2mWaZ)?}". 
A form which is applicable over the entire range is then 
| Ri]? (1/W*) (?/W*)"[ (Q?— W?)?-+ (2mWaZ)?}". 
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It is to be noted that the radial integral Rx arises in 
internal conversion in the Born approximation with Q 
replaced by P’, the momentum of the ejected electron. 
Unlike Q, the momentum P” has a definite value, 
namely, 


P’ =((W+m)*—m"}'#W. 


The situation corresponding to Q= W therefore does not 
exist in internal conversion. The physical meaning of 
this difference is that in the internal Compton process, 
as opposed to internal conversion, the virtual photon 
can conserve energy even in the Born approximation. 


APPENDIX III 


The decay factor exp(—AEv,) is justified by the 
realization that the amplitudes of the states that we are 
interested in, namely, those which arise via an internal 
Compton transition, satisfy a set of differential equa- 
tions in which they are coupled to the initial state but 
not to one another. The specification of the time de- 
pendence of the amplitude of the initial state then de- 
termines the time dependence of all of the other ampli- 
tudes. The use of the decay factor could have been 
avoided in a number of ways. One method would be the 
usual one of analyzing the time dependence of the initial 
state amplitude only for infinitesimal times after ¢=0. 
Another method would be the determination of the 
energy shift of the initial state by the use of Feynman 
diagrams in which the initial and final states involve the 
nucleus in its excited state and the K electron in its 
ground state and the intermediate states are those 
which arise in an internal Compton transition. The 
negative imaginary part of the energy shift, which is 
one-half of the initial transition rate, is found by con- 
sidering those internal Compton intermediate states in 
which energy is conserved. There are four possible 
Feynman diagrams; two of the diagrams consist of one 
of the diagrams of Fig. 1 followed by its mirror image 
and two consist of one of the diagrams of Fig, 1 fol- 
lowed by the mirror image of the other. 


APPENDIX IV 
Evaluation of M, 


The expression for M2 involves the integral 
f exp (— maZx7,— iq: X;— ip: X7+ ip: Xs) (p— m)~'d*x7d*p. 


Unlike the situation for M,, integration over x7 does 
not lead to a 6 function, so that integration over p can- 
not readily be performed. However, it is permissible 
at the outset to replace the p which appears in p by 
(—q). This would be exact were it not for the factor 
exp(—maZx;). Integration over p and x; is then trivial 
and one arrives at the result given in Eq. (24). 

The factor exp(— maZx7) cannot simply be dropped, 
for it is ultimately required for convergence. The re- 
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placement of p by (—q) in p corresponds to the neglect 
of Fourier momentum components of order m, or, 
equivalently, to the neglect of residues due to the poles 
of (p—m)~". (A pole occurs on the real axis only if the 
real photon has an energy q> 2m, for if energy is to be 
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conserved in the intermediate state the electron must 
jump into a negative energy state.) The error involved 
in the replacement of p by (—q) in is of order aZ, and 
the approximation is therefore consistent with previous 
ones. 
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Average Neutron Total Cross Sections in the 3- to 12-Mev Region* 


Norris NERESON AND SPERRY DarpENT 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


(Received March 1, 1954) 


Measurements of the average neutron total cross sections of N, F, Mg, P, Cl, Ti, Mn, Co, Ni, Zn, Se, 
Br, Mo, Ag, Cd, Sn, Sb, Te, La, Ta, W, Au, Hg, and Ti have been made over the 3- to 12-Mev energy range. 
The average energy spread of the measurements is approximately 10 percent and the over-all accuracy of 
the results is +10 percent or better. The above data, together with those of a previous experiment, provide 
information on average cross-section behavior as a function of energy and atomic weight over most of the 


periodic table. 


VERAGE total cross sections for neutrons have 

been measured for a set of 24 elements over the 3- 
to 12-Mev energy region. The present measurements 
are an extension of a set of previous measurements 
made for 13 elements.' These earlier measurements 
showed that neighboring elements exhibit similar 
patterns in their average cross-section behavior. The 
aim of the present experiment was to supplement 
the previous data and to establish cross-section trends 
over the entire periodic table. Therefore, most of the 
elements were selected with the above objective in 
view; however, certain elements were chosen as a 
result of specific requests for total cross-section 
information. 

The experimental arrangement for the present 
measurements was the same as that used in the previous 
measurements except for an improvement in the sample 
and detector geometry. In the present case, the distance 
from the sample to the detector was increased to 18 
inches as compared to 11 inches in the earlier arrange- 
ment. All of the scattering samples were 1 inch in 
diameter and their length was chosen so as to give a 
neutron transmission of approximately 0.5. During 
the course of the work, the neutron source for the 
experiment was changed from one reactor to another 
reactor. The data from 6 to 13 Mev were obtained 
by using the Los Alamos fast reactor as previously 
described, while the 3- to 6-Mev data were acquired 
by using a U™® converter* placed in a hole which goes 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: Department of Physics, University of 
Wisconsin, Madison, Wisconsin. 

1N. Nereson and S. Darden, Phys. Rev. 89, 775 (1953). 

* This converter was made by L. D. P. King of this laboratory 
and consisted of an assembly of 120 U™* disks each having a 


a 


through the center of the Los Alamos water boiler. 
The neutron spectrum obtained from these two sources 
is the same over the energy region utilized for this 
experiment, i.e., above 3 Mev. 

The results presented here retain the same charac- 
teristics as the previous measurements, i.e., the average 
energy spread is about 10 percent of the measured 
energy, and the over-all accuracy is at least +10 
percent over the 3- to 12-Mev energy range. Above 
12 Mev the present data are subject to considerable 
error and the more accurate 14.1-Mev point obtained 
by Coon and others* has been weighted accordingly in 
determining the curve over the 12- to 14-Mev region. 
As previously, a smooth curve has been drawn through 
the data points and small fluctuations which are not 
well resolved by the experiment have been averaged 
over the curve. A curve has not been drawn where 
better-resolved data already exist. No corrections have 
been made on the measured cross sections for the 
effect of neutrons scattered into the detector by the 
sample. The geometry is such that this correction is 
probably less than 1.5 percent at 12 Mev. 

The results obtained are shown in Figs. 1, 2, and 
3 where the average neutron total cross section, 2;, 
is plotted as a function of the neutron energy, E,. 
In Fig. 1 the two sets of nitrogen data do not agree 
well over certain energy regions. The measurement 
employing melamine and polyethylene is probably 


thickness of 0.01 inch and a diameter slightly less than 1 inch. 
This series of disks were sealed in an aluminum tube 3 feet long 
and 1 inch diameter and placed at the center of the reactor where 
the average thermal neutron flux is about 10". At a neutron 
energy of 3 Mev, this converter produced a collimated neutron 
flux at the wall of the reactor (77 inches distant from the con 
verter) of 9 10® neutrons cm™ sec™! Mev™. The above figures 
are for a water boiler power of 25 kilowatts. 
® Coon, Graves, and Barschall, Phys. Rev. 88, 562 (1952). 
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Fic. 1. Average neutron total cross sections of N, F, Mg, P, Cl, Ti, Mn, Co, Ni, and Zn. References to other 
experimental data shown in the figure are (a) Coon, Graves, and Barschall, Phys. Rev. 88, 562 (1952); (b) 
H. B. Willard, Oak Ridge National Laboratory, 1952 (unpublished data); (c) R. Ricamo, Nuovo cimento 8, 
383 (1951); (d) Walt, Becker, Okazaki, and Fields, Phys. Rev. 89, 1271 (1953). 


more subject to error on account of the carbon reso- The fluorine measurement (using Teflon and carbon) 
nances in the 3 to 4 and 7 to 8 Mev regions. The data__ consistently showed a high point at 4.4 Mev; probably 
using titanium nitride and titanium are considered a resonance occurs in this vicinity. The fluctuations 
the more reliable since the titanium cross-section curve in the data points occurring over the low-energy 
is smoother than the carbon curve. The latter data sections of the Mg, P, Cl, and Ti curves are also 
also agree better with the well-resolved data of Willard. indicative of resonance structure in this region. A 
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Fic. 2. Average neutron total cross sections of Se, Br, Mo, Ag, Cd, Sn, Sb, Te, and La. 


comparison of the present data with the better resolved 
data of Ricamo in the case of P illustrates the type of 
average cross-section values obtained from the present 
experiment. 

For neutron energies near 3 Mev, the present total 
cross-section values for some elements are about 10 per- 
cent higher than those measured by Miller ef al.’ As 


( ‘Miller, Adair, Bockelman, and Darden, Phys. Rev. 88, 83 
1952). 


was pointed out by Miller, his results may be too low 
by as much as 10 percent in some cases because of 
forward scattering into the detector. That the observed 
discrepancies are probably due to this effect is borne 
out by the agreement between the present results and 
recent measurements made at Wisconsin (reference d 
in Figs. 1, 2, and 3). With the exception of Te, the results 
around 3 Mev for Co, Se, Cd, Au, and Hg all agree 
within 4 percent with the Wisconsin data for these 
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Fic. 3. Average neutron total cross sections of Ta, W, Au, Hg, and TI. 


elements ; the latter average cross-section measurements 
were carried out in good geometry. Over the 12- to 
13-Mev region, the present results join satisfactorily 
with the 14.1 Mev point’ obtained with better geometry 
and higher statistical accuracy than the present experi- 
ment. The above correlations are considered important 
as verifications of the validity of the present cross- 
section measurements. 

Average total cross-section trends for neutrons as a 


function of energy and atomic weight have been 
previously illustrated by Barschall’ for the 0.1- to 
3-Mev region. A similar presentation for the 3- to 
14-Mev region can be made using the data of Figs. 
1, 2, and 3, and those of the previous measurements.' 
Figure 4 shows such an illustration. In this figure, the 
measured cross sections divided by the nuclear geo- 


5H. Barschall, Phys. Rev. 86, 431 (1952). 
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Fic. 4, Average neutron total cross sections as a function of energy and atomic weight for elements heavier than Cl. 


metrical area® are shown in an isometric view as a 
function of atomic weight and energy. Breaks occur 
in the atomic weight axis at 140-180 and 210-230 on 
account of the absence of data in these regions. No 
data is plotted for elements of atomic weight less than 
35 since for light elements fluctuations due to reso- 
nance structure become comparable in size to fluctua- 
tions in the average cross sections. The fluctuations 
appearing in the 3- to 4-Mev region for the Cl and Ti 
curves have been averaged over for this diagram. 

Definite trends in cross-section behavior can be 
observed in the cross-section surface of Fig. 4. An 
outstanding feature is the movement of the valley or 
minimum which is most clearly evident in the case of 
elements of high atomic weight. For the energy range 
used here this minimum is first observed in the vicinity 
of Zr around 5 Mev; it shifts toward higher energies 
with increasing atomic weight until at La it is centered 
around 9 Mev. Above La, it continues to move slowly 
upwards until it reaches 11 Mev at U, It is evident from 

* The nuclear geometrical area was computed using a nuclear 
radius of 1.45XA!X10~™ cm. 


Figs. 2 and 3 that the movement of this minimum 
is considerably more rapid over the Zr to La region than 
over the Ta to U region. The above minimum seems to 
be a continuation of the same minimum which is 
centered around 2 Mev at Cu and Zn.’ 

The theoretical work of Feshbach, Porter, and 
Weisskopf* on average neutron cross sections has been 
compared with the experimental results above 3 Mev. 
For heavy elements (A 2100), the calculated curves 
agree well with the experimental shapes as far as the 
calculations extend (approximately 4 Mev). However, 
in the case of light elements (A <50), the theoretical 
predictions differ considerably from the experimental 
results. The present data, together with other total 
cross-section results, indicate that changing the well 
depth from 19 Mev to 40 Mev or higher in the calcu- 
lations may provide better agreement with experiment.’ 


7See data of Miller, Adair, Bockelman, and Darden, Phys. 
Rev. 88, 83 (1952). 

§ Feshbach, Porter, and Weisskopf, Technical Report No. 62, 
Laboratory for Nuclear Science, Massachusetts Institute of 
Technology, 1953 (unpublished). 

*R. K. Adair, Phys. Rev. 94, 737 (1954). 
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The pulse-height spectrum produced by the decay of A®’ in a proportional counter was analyzed to deter- 
mine the probability, per K-electron capture, for the production of a double vacancy in the K shell. The 
double vacancy is produced by promotion of the second K electron to a bound state or to the continuum. 
In these experiments both processes could be observed; the measurements included events in which the 
kinetic energies of the promoted electrons were in the range zero to 4.0 kev. Seventy-three percent of the 
theoretically predicted total effect should occur in this energy interval. The data, appropriately corrected, 
give for the probability of double K-vacancy production per K capture, in the energy interval investigated, 
3.940.7X10~. The result is substantially in agreement with the value calculated from theory. 





INTRODUCTION 


HE atomic excitation and ionization which 
accompany change of nuclear charge in radio- 
active decay have been the subjects of considerable 
theoretical and some experimental investigation.'~” 
It may be calculated from a relation given by Serber 
and Snyder® that the average electronic excitation 
produced by beta decay at Z=18 is 64 ev; the proba- 
bilities for excitations sufficiently great to create 
vacancies in the K shell are finite. Calculations by 
various workers'~* show that in negatron decay the 
probability of K-vacancy creation is approximately 
0.5/2". For levels of higher principal quantum number, 
the probability of vacancy creation increases because 
of the decrease in the effective value of Z due to the 
shielding effect of the inner electrons. The effects to 
be expected in K-capture decay are somewhat different.® 
The probability of removal of the remaining K electron 
is calculated to be 0.125/Z*, and the probability of 
vacancy creation in levels of higher principal quantum 
number is smaller because, for these electrons, the 
electrostatic potential from the nucleus Z shielded 
by two XK electrons is nearly the same as that from 
the product nucleus Z-1 shielded by one K electron. 
In the case of K capture in Fe®®, a search has been 
made by Porter and Hotz’ for orbital electrons ejected 
with energies in the range 30 to 205 kev. The upper 
limit resulting from this experiment, 0.6X 10~ electron 
ejections per disintegration, was considered to be not 
in disagreement with the value 3.6K10~* derived 
from theory. G. Charpak," using proportional counters 


t Research carried out under the auspices of the U. S. Atomic 
Energy Commission. 

1A. Migdal, J. Phys. (U.S.S.R.) 4, 449 (1941). 

2 E. L. Feinberg, J. Phys. (U.S.S.R.) 4, 423 (1941). 

%A. Winther, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 27, No. 2 (1952). 

«J. S. Levinger, Phys. Rev. 90, 11 (1953). 

5H. M. Schwarz, J. Chem. Phys. 21, 45 (1953). 

6H. Primakoff and F. T. Porter, Phys. Rev. 89, 930 (1953). 

7F. T. Porter and H. P. Hotz, Phys. Rev. 89, 938 (1953). 

* T. B. Novey, Phys. Rev. 86, 619 (1952). 

9R. Serber and H. S. Snyder, Phys. Rev. 87, 152 (1952). 

1 W. Rubinson and W. Bernstein, Phys. Rev. 86, 545 (1952). 

"'M. L. Perlman and J. Miskel, Phys. Rev. 91, 899 (1953). 

2G. Charpak, Compt. rend. 237, 243 (1953). 


and an Fe source, searched for the x-x coincidences 
which must accompany K-electron ejection. The effect 
observed did not exceed a few percent of the accidental 
coincidence rate; the result was interpreted to be in 
agreement with theory. 

This paper reports measurements on the production 
of double K-shell vacancies in 35.0-day A*’, which 
derays 92 percent by K capture and % percent by 
I capture.” 

EXPERIMENTAL METHOD 


The pulse-height spectrum from a small proportional 
counter containing A*’ consists mainly of one peak, 
centered at 2.83 kev, the K binding energy of chlorine. 
This peak is produced by the 89 percent" of the K- 
capture events in which the orbital vacancy is filled 
by Auger processes; in the case of the counters de- 
scribed below, it may be calculated that a relatively 
small contribution to the peak, less than 1 percent, is 
made by a fraction of the K fluorescence processes 
in which the x-ray is absorbed in the counter gas. 
A second small broad peak centered at about 200 ev 
results about equally from Z capture and from those 
K-capture-fluorescent events in which the K x-ray is 
not absorbed. Whenever a K-capture event is ac- 
companied by removal of the remaining K electron, 
the pulse corresponds to an energy of at least 5.76 
kev if both K vacancies are filled by Auger processes. 
The pulse size corresponds approximately to 5.76 kev 
if the second K electron is promoted to a bound state; 
when the K electron is ejected from the atom the 
resulting pulse is larger than 5.76 kev by the amount 
of the kinetic energy of the electron. The value 5.76 
kev for the double K vacancy with promotion to 
bound states has been taken to be somewhat larger 
than twice the K binding energy of chlorine, because 
one of the vacancies is filled in an atom which has no 
K electrons. Analysis of the pulse spectrum in the 
region of 6 kev and a comparison of the intensity in 
this region with that in the neighborhood of 3 kev, 
therefore, should give information about the probability 


ma Kirkwood, and Hanna, Phys. Rev. 75, 982 


(1949). 
4 Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 
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of double-vacancy creation and about the kinetic 
energies of the ejected electrons. 

The counters used for these measurements are 
similar to those described by Bernstein and Ballantine,"® 
except for their size, which was made quite small 
(1-cm diameter, 4-cm length) in order to reduce 
background. One of the two counters was made with 
glass sleeves to define the central wire length; in the 
other counter metal sleeves, connected to the central 
wire, were used for this purpose. The counter gas 
mixture consisted of tracer amounts of A*” and a 
60-40 mixture of argon and methane, at a total pressure 
of one atmosphere. The resolution of the two counters 
was the same. The operating characteristics of these 
tubes proved to be reproducible and stable over times 
of the order of months. 

The high-voltage power supply used in these measure- 
ments has been described.'* Counter pulses, after 
amplification by a linear, nonoverloading amplifier,'’ 
were measured with a single-channel analyzer. A 
nominal channel width of two voits, equivalent to 
approximately 250 ev, was used in all measurements. 
Corrections were made to the observed spectrum for a 
small variation of channel width with channel position. 
Good electrostatic shielding and careful treatment of 
insulating surfaces made it possible to reduce the 
effects of electrical leakage pulses to a fraction of one 
percent of the smallest measured rates. The distribution 
of the time intervals between pulses at the low count 
rates give no evidence for nonstatistical fluctuations. 
The over-all gain was monitored by observation of the 
location of the peak at 2.8 kev. Corrections were made 
for the small gain drift which occurred in one of the 
experiments. 

In the energy region above the principal 2.8-kev 
peak there are four possible sources for pulses in 
addition to background and double-vacancy production. 
These are (a) inner bremsstrahlung, (b) statistical 
spread of the 2.8-kev pulse distribution, (c) accidental 
pulse addition, and (d) possible radioactive impurity. 
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Fic. 1, Background pulse-height spectrum in 
small proportional counters. 


( 16 4 Bernstein and R. Ballantine, Rev. Sci. Instr. 21, 158 
1950). 

%W. A. Higinbotham, Rev. Sci. Instr. 22, 429 (1951). 

17R. L. Chase and W. A. Higinbotham, Rev. Sci. Instr. 23, 
34 (1952); W. A. Higinbotham, Brookhaven National Laboratory 
Report BNL-234 (T-36) (unpublished). 
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(a) The energy distribution of the inner brems- 
strahlung of A*’ has recently been measured,'* and the 
results are in agreement with theory.” The proba- 
bility per K capture for the emission of a photon in the 
energy region of interest should be approximately 
10-7, or less than 0.1 percent of the expected double- 
vacancy effect. 

(b) The statistical spread of the 2.8-kev peak was 
observed to give it a full width at half-maximum 
intensity of 30 percent. If the peak shape is assumed 
to represent a Gaussian distribution, it may be esti- 
mated that the area under the curve from 5 kev to 
infinity is 10~’ of the total area. Analysis of the peak 
shape, with allowance for accidental addition, showed 
that the distribution fell off on the high-energy side 
more rapidly than a Gaussian of equal width at half 
maximum, 

(c) Pulses of size larger than those corresponding 
to 2.8 kev are produced whenever two 2.8-kev events 
occur within a sufficiently short time interval. The 
magnitude of this effect, which is proportional to the 
time duration of the pulses and to the square of the 
count rate, was made reasonably small by the avoidance 
of high rates and by the use of a short clipping-time 
constant (~0.3 ysec) in the amplifier; and it was 
evaluated by spectrum measurements made on samples 
of different strengths. The sample strengths, R and nR, 
were determined by measurement of the areas under 
the 2.8-kev peaks. In the spectral region between 
4.5 kev and 10 kev the count rates, at any energy E, 
of the samples are 


for sample R: We=keR+ceR’, 


and 


for sample wR: Se=kynR+cyx(nR)’, 


where ky is the factor for the double-vacancy produc- 
tion and cr the factor for accidental pulse addition.” 


Then 
W p—Sp/n?= (n—1)keR/n. 


The desired quantity keR is thus evaluated because 
all other quantities in this relation are experimentally 
determined. 

(d) Because small amounts of radioactive impurities 
in the A*’ could produce pulses in the energy region 
of interest, complete sets of measurements were made 
with sources prepared in two different ways. In the 
first preparation the A*’ was produced by neutron 
irradiation of calcium metal sealed in vacuum. Before 
irradiation the metal was cleaned and outgassed in 
vacuum at 600°C. The A*’ was released by vacuum 
fusion of the calcium and was further purified by the 


18 Anderson, Wheeler, and Watson, Phys. Rev. 90, 606 (1953). 

% P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 

” J. M. Jauch, Oak Ridge National Laboratory Report ORNL- 
1102, 1951 (unpublished). 

™ The factor cz is energy-dependent because the pulse shape is 
-_ square and because all pulses under the 2.8-kev peak are not 
of one size. 
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Taste I. Analysis of pulse-height spectrum representing events of energy between 4.5 kev and 10 kev from A*. In column 7, * 
represents the square of the ratio of the disintegration rate of Sample 2 on 11-21-53 to the disintegration rate of Sample 1 at the times 
listed in column 3. Column 11 is column 10 divided by (n—1)/n. All rates are given in counts/minute. 














Is 2 3 4 5 6 7 8 9 10 il 12 
Net 


Sample 2 Sample 1 Col. 9 corr. Col, 10 corr, Col, 11 corr, 
Sample 1 Net rate ‘ corrected for decay for excess for channel 
Energy —- A ~ ‘11-21-53 Comume ¢ Col.3- — to 116-53, accidental width 
(kev) Bkg rate Date Obs rate Net rate 0:00 n? Column 7 Col. 8 14:00 subtraction variation 


(0.45)* (0,.48)> (0,66) (0,68) 











4.62 0.058 +0.02 11-9-53 (0.80) (0.74) (3.88) 13.4 (0.29) 
4.78 0.056+0.02 it 047 40.05 0.41440.05 2.69+40.3 13.4 0.20140.02 0.21340.06 0.22640.06 0.311240.08 0.3240.08 
5.10 0,052 +0.02 11:10 0.30140.03 0.250+0.04 1,53 +0,2 14.0 0.109 40.01 0.14140.04 0.15240.04 0,.20840.06 0.22+40,06 
5.41 0,049+0.02 {110 0,.268+0.03 0.21940.03 0.97+0.1 14.0 0.069+0,007 0.150+0,03 
5.73 0,046+40,02 tett 0.224240.03 0.178 +0.03 1.07 +0.1 14.6 0.073+0.007 0.10540.03 0.11640.03 0.157+40.05 


13:00 
0,042 +0.01 11-12 0,226+40.03 0.184 +0.03 0.93 +-0.09 5 0,061 40.006 0.123 +0.03 0.137 40.03 0.185 +0.05 0.20 40.05 


0.162 +0.04 0.221 40.05 0.23 40.05 
0.17 40.05 


w 
= 
= 
= 


0,194 +0.01 0,155 +0.02 0.87 40.08 § 0,056 +0.005 0.099 40.02 0.113 40.02 0.152 40.03 0.16 40.03 


0.160 40.04 0.17 40.04 


eo 
ow 


0.039 +0.01 
0.19440.02 0,158+0.02 1.02 +0.1 0.058 +0.005 0.10040,02 0,122 40.03 
0,033 +0.01 0.15340.01 0.120+0.01 1.06+0.1 0.059 +0.006 0.06140.015 0.07540.017 0.09840.02 0.1940.02 
0.029 +0.01 ,. 0.142 +0.01 0.113 40.01 0.79 40.08 0.048 +0.005 0.065+0.015 0.07740.017 0.102%0.02 0,11 40.03 
0.079 40.016 0.10740.02 0.124002 


0.036 +0.01 


g- ers 
* fe 


0.026 +0.01 . 6.143+0.01 O.11740.01 0.68+0.07 0.046+0.005 0.071 +40.015 


0.022 +0.01 . 0.117 +0.01 0.095 +0.01 0.53 40.02 0.039 0.001 0.05640.014 0.060+40.015 0.082+0.021 0,09+40,02 


0.014 +0.01 . 0.072 +0.008 0,058 +-0.01 0.34 +0,02 0.02140.001 0,03740.012 0,04340,014 0,05740,019 0,060.02 


0.044 +0.008 6.053+40,009 0.070+40.012 0.084001 


02: 
0.006 +0.005 0,063 +0.006 0,057+0.008 0.22 40.02 0.013 +0.001 
0 











* The uncertainty in the energy values is about 2 percent. 
» Values based on interpolation. 


A*’ from irradiated calcium metal were similar. Final 
results (column 12) are shown graphically in Figs. 2 
and 3. The errors indicated in the table are derived 


use of barium “getter” and by passage through a 
liquid-nitrogen-cooled trap. This material was six 
months old when used in the experiments. For the 
second preparation calcium fluoride, in the form of from the counting statistics. 

cleaned optical crystal material, was irradiated in — In the region below 5.5 kev the rates change so 
vacuum. The irradiated material was transferred to a rapidly with energy that an energy uncertainty of a 
tantalum crucible and melted in vacuum, and the A*’ 
was removed via a liquid-nitrogen-cooled trap. This 
A*’ was used soon after preparation. Considerations 
of the purity of materials irradiated, of the nature of 
the purification process, and of the half-lives of possible 
products make it very unlikely that there was any 
measurable contribution by impurities to the observed 
pulse spectrum. Possible interference by 265-year A® 
is ruled out because the results obtained from the two 
preparations are the same even though the A%®/A* 
ratio was 30 times as large in the first preparation as 
it was in the second. 

Background rates were measured when the counters 
were filled with inactive gas. The gas gain in the 
background measurements was made to equal that 
of the A*” measurements by adjustment of the high 
voltage; the pulse spectrum of an external Cd' 
source was used as a monitor. The backgrounds of 
the two counters used, which were the same within 
the statistical errors, are shown in Fig. 1. 
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RESULTS AND DISCUSSION <7 
In Table I are given the data and corrections ob- my ae ve 
A , . be 
tained from the experiment with A produced from Fic. 2. Pulse-height spectrum representing events of energy 4.5 
irradiated calcium fluoride. The data obtained with kev to 10 kev in the decay of A®’, (CaF; source). 
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Fic. 3. Pulse-height spectrum representing events of energy 4.5 
kev to 10 kev in the decay of A*, (Ca metal source). 


few percent, because of the subtraction which is 
involved in the calculation of column 9, gives rise to 
uncertainties larger than those shown in the table. 
Whenever the errors from this source become com- 
parable with the tabulated errors, both are indicated 
in the figures. In the calculation of the errors caused 
by energy uncertainty, a 3 percent relative gain drift 
was assumed. 

A smooth curve has been drawn through the experi- 
mental points (Figs. 2 and 3); and it has been made to 
reach the zero ordinate at approximately 4.7 kev 
rather than at the theoretical value 5.76 kev because 
of the finite energy resolution of the counters. Because 
of the large experimental uncertainty in the region 
below 5.4 kev, only the data for energies between 5.4 
kev and 9.7 kev are used in the calculations. 

The theoretical energy distribution for the electrons 
ejected to the continuum in the decay of A*’, as calcu- 
lated from Eq. (18a) reference 6, is shown in Fig. 4. 
The decay energy is taken to be 816 kev.” In Fig. 5, 
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Fic. 4. Theoretical energy distribution of K 
electrons ejected in the decay of A*’. 


# Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 
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Curve C shows this theoretical distribution as it 
appears when modified by the finite resolution of the 
counters and by the addition of the energy, 5.76 kev, 
derived from the filling of two K vacancies in chlorine. 
The energy of 5.76 kev appears only when both vacan- 
cies are filled by Auger cascades, for which the proba- 
bility is (0.89)? or 0.79. Curve B is the pulse spectrum 
to be expected from the promotion of K electrons to 
bound states; the areas under B and C out to the end- 
point energy are normalized so that they are in the 
ratio 2:3, as given by reference 6, Eq. (17b) and Eq. 
(15) with the added factor 3 as cited in the text. Curve 
A is the sum of B and C and represents the actual 
pulse-height distribution to be expected from the theory. 
In the calculation of B and C the resolution of the 
counter was computed from the observed resolution 
at 2.8 kev, with the assumption of an EF! dependence. 
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Fic. 5. Theoretical pulse-height distributions corrected for 
finite counter resolution. Curve C is the contribution of events in 
which the second K electron is ejected to the continuum. Curve 
B is the contribution of events in which the electron is promoted 
to a bound state. Curve A is the sum of B and C. 


The vertical line at 9.73 kev, marking the high-energy 
limit of these experiments, corresponds to a kinetic 
energy for the ejected electron of 9.73-5.76 kev or 
3.97 kev. From a graphical integration under the 
theoretical momentum-distribution curve it was found 
that 0.71 of all continuum-ejection events should be 
included in the experimental range 5.4 to 9.7 kev. 
Similarly 0.79 of the area under Curve B, Fig. 5, 
should be included. Thus the range of the measurements 
should include (0.71)3+ (0.79)% or 0.73 of all ejection 
and promotion events accompanied by double Auger 
cascade. 

The final results are summarized in Table II. The 
various rates set down in Table II are obtained by 
division of the areas under the curves of Figs. 2 and 3 
and under the 2.8-kev peaks by the channel width. 
The values given in column 5, however, do not depend 
on an accurate knowledge of this width. 





DOUBLE VACANCIES 


A chlorine atom lacking two K electrons may 
complete its K shell in any of three ways: (a) double 
Auger process, probability (0.89)?; (b) one fluorescent 
and one Auger process, probability 2(0.89) (0.11); and 
(c) double fluorescent process, probability (0.11). 
The probability of completion of the X shell by path 
(b) is 25 percent as great as that by path (a), but the 
contribution by path (b) to the pulse distribution 
observed in these experiments is small, because the 
path (b) distribution has its maximum in the vicinity 
of 2.8 kev. Path (b) processes are estimated to con- 
tribute 8 percent of the areas under the curves of 
Figs. 2 and 3. 

According to Primakoff and Porter,’ the total 
probability per K capture for double K-vacancy 


TABLE II. Summary of results for double K-vacancy production 
in A®’, In column 4 the rates of column 3 are corrected for flu- 
rescence, factor 1/(0.89)*. Column 2 rates have been corrected 
for fluorescence, factor 1/0.89. 


3 


Rate of pulses 
in the interval 
between 5.38 
A-capture kev and 
rate 9.73 kev 
(counts/min) (counts/min) 


Column 3 

corrected 

(counts 
min) 


Double K holes 
per K capture 
Col. 4/Col. 2 


4.47X10™ 
3.99% 10 


av 4.2+0.7K10"** 


Exp. 1 


6.65 X 10° 2.35 2.97 
Exp. 2 1. 


5.26X 108 66 2.10 


* The error value is estimated from a consideration of the possible sources 
of uncertainty; it is thought to be conservative. 


production is 


p= (3/427) (1—7)*(@), (1) 


where y, a parameter, is given the value 0.50 to fit 
the electron space wave function used to that given 
by Hylleraas,” and a@ is a constant of value 3 (but see 
below). For A*’, p® is calculated to be 3.86 10~; for 
comparison with the experiments this quantity is 
multiplied by 0.73 to give 2.82X10~. The value 
derived from the average experimental value (Table 
II, column 5), after correction for the path (b) con- 
tribution, is 3.9-+40.7 10~*.*4 


% A value of 0.4 for 7, as given by E. A. Hylleraas, Z. Physik 
54, 347 (1929), could be used instead of the value 0.5. The choice 
y=0.4 increases both p® and Peject by a factor 1.44. 

™* Levinger’s* expression is p®) =0.16/Z*, which for A®” becomes 
5.0X10-*. The calculation of Primakoff and Porter, however, 
includes factors omitted by Levinger. 
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Fic. 6. Comparison of experiment and theory. 


The probability per A capture for the ejection of the 
second K electron to the continuum as given in refer- 
ence 6, Eq. (17b) is: 


Poieer£0.3(1—y)?/Z?. (2) 


The probability for promotion of the second K electron 
to bound states is then the difference between Eqs. 
(1) and (2). There is sufficient uncertainty in the value 
of a in Eq. (1) to make Ppouna uncertain by a factor 
of at least 3. A comparison of the average experimental 
spectrum with the theoretical one, Fig. 6, seems to 
indicate that the ratio of Pround tO Peiect is smaller than 
that calculated; and if the value of a were chosen to 
be not 3 but 4, as suggested by Levinger,”® the fit of 
the calculated curve with the observed spectrum would 
be much better. This choice, however, would give p®’ 
the value 2.9X10~, and 0.73p then would be 
2.1 10~*. 

It may be noted that the theory, which gives a 
result somewhat smaller than the experimental one 
here at energies small compared with the total energy 
available, gives a result larger than the experimental 
one obtained by Porter and Hotz’ in their measure- 
ments with Fe®* at energies comparable with the total 
energy available. 

The present state of the theory is such that an 
attempt to determine accurate values for the parameters 
a and y is probably not justified. 

The authors take pleasure in expressing their ap- 
preciation to Dr. Max Wolfsberg and to Dr. William 
Rubinson for helpful discussions and to Mr. Robert 
Chase for his electronics design work. 


** Reference 6, p. 934. 
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Nuclear Energy Levels of T1***t 
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Using scintillation spectrometry and coincidence counting techniques, Tl, formed by orbital electron 
capture in Pb®, has been shown to emit gamma rays of energies 280, 403, and 683 kev. The 403- and 280 
kev gamma rays were found to be in sequence; the 683-kev gamma ray represents the associated cross-over 
transition. By energy and conversion coefficient measurements, it has been shown that the same 280+2 kev 
level of Tl®* is excited in the decay of both Hg™* and Pb*®. A coincidence method for the measurement 
of the conversion coefficients of the 403-kev gamma rays is described. The K-shell conversion coefficient of the 
403-kev gamma ray has been measured as 0.076, the K/(L+-M) ratio being 3.7. The angular correlation 
function for the 403-kev—280-kev cascade has the form W (6) =1—(0.152+0.007) cos’. For the known 
multipole mixture of the 280-kev quantum, the correlation measurements indicate the 403-kev transition to 
be 76 percent £2 and 24 percent M1. The interference phases of the Z2 and M1 matrices of both transitions 
are the same in Lloyd’s notation. The angular correlation studies and the conversion coefficient measure- 
ments indicate the orbitals of the levels of Tl” to be ds/2, ds/2, and si/2, in order of decreasing excitation 
energy. The spin of the ground state of Pb™ is shown to be 5/2(—). 


INTRODUCTION lead sulfate was then dissolved in an aqueous solution 
of ammonium «cetate. Whenever a source in the solid 
state was needed, lead chromate was precipitated from 
the solution by addition of potassium chromate. In the 
course of some measurements, the lead chromate pre- 
cipitate was dissolved in concentrated nitric acid with 
the addition of hydrogen peroxide. 


HE, 46-day Hg” has been shown'* to decay by 
beta emission to a level at 280 kev in TI. 
Early investigations of Pb® showed‘ it to decay to TI* 
by orbital electron capture and subsequent emission of 
gamma rays of energies 270 and 470 kev. Magnetic 
spectrographic studies’ of the radiations of the radio 


isotopes of lead have indicated that gamma rays of 
energies 153, 269, and 423 kev are emitted in the decay 
of the 52-hour Pb™*. From the energy and the measured 
K/L ratio of the 269-kev gamma ray, it was concluded 
that the 269-kev level is different from the 280-kev 
level of Tl observed in the decay of Hg™. It was also 
suggested by the same author that the 153- and 269-kev 
gamma rays are in cascade and that the 423-kev 
quantum is emitted in the cross-over transition. 

In order to obtain further data concerning the levels 
of TI, the radiations of Pb™ have been reinvestigated 
with thallium activated sodium iodide and anthracene 
scintillation spectrometers and coincidence methods. 


CHEMICAL PROCEDURE 


Pb™ was produced by the bombardment of metallic 
thallium by 14-Mev deuterons. To separate out the 
radioactive lead, the irradiated sample of thallium was 
dissolved in concentrated sulfuric acid; the sulfuric acid 
was then diluted to a 10N solution, and the lead sulfate 
thus precipitated was centrifuged out and washed with 
dilute sulfuric acid and a small quantity of water. The 


t Assisted by the joint program of the U. S. Office of Naval 
Research, and the U. S. Atomic Energy Commission. 

* Research Fellow, Barto] Research Foundation; permanent 
address, Morena (M.B.), India. 

1H. Slatis and K. Siegbahn, Phys. Rev. 75, 318 (1949). 
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* Cork, Martin, LeBlanc, and Branyan, Phys. Rev. 85, 386 
(1952). 

‘ Lutz, Pool, and Kurbatov, Phys. Rev. 65, 61 (1944). 

6G. D. O’Kelley, Ph.D. thesis, University of California Radia- 
tion Laboratory Unclassified Report UCRL 1243, May, 1951 
(unpublished). 


ENERGIES AND RELATIVE INTENSITIES OF 
THE GAMMA RAYS 


A strong source of Pb” in solution was placed at a 
distance of 75 cm from a crystal of NaI(TI) of thickness 
3.5 cm which was mounted on a photomultiplier tube, 
RCA-5819. In Fig. 1 is plotted the pulse-height distri- 
bution generated in the crystal by the gamma rays of 
Pb**. The source distance was large to avoid “pile up” 
of pulses arising from any coincident gamma rays, 
From the spectrogram it is clear that the quantum 
radiations of Pb™ consist of the 70-kev x-rays of 
thallium and gamma rays of energies 280, 403, and 
683 kev. The small rise in counting rate at ~150 kev is 
produced by Compton secondaries in the crystal of the 
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Fic. 1. Coho beg distribution generated by gamma rays 


from Pb™ in a Na 
diameter. 


(TI) crystal of dimensions 3.5 cmX3.5 cm 
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280-kev quantum and by recoil photons resulting from 
backscattering in the source. 

An experiment was performed to determine accu- 
rately the energy of the 280-kev gamma ray and to 
compare it with that of the gamma ray emitted in the 
decay of Hg**. The photopeak produced in the crystal 
by the gamma ray of Hg™ was scanned just before and 
immediately after observing the same peak associated 
with a source of Pb™. The same geometry was main- 
tained throughout the course of these comparative 
measurements, and the sources of Hg” and Pb™ were 
approximately equal in strength. To avoid changes in 
pulse height resulting from fluctuations in room tem- 
perature or line voltage, the measurements were per- 
formed in a relatively short time. As shown in Fig. 2, 
the energies of the gamma rays at about 280 kev 
emitted in the case of both Hg™ and Pb” differ by not 
more than 0.5 kev. This small limit of difference sug- 
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Fic. 2. Photopeaks due to gamma rays from Hg™ and Pb™. 
The photopeak due to gamma ray from Hg™ was observed 
immediately before and after observing the peak due to gamma 
ray from Pb”. The photopeaks due to gamma rays from Cr®, 
Ba"!, and Sb”* were measured for calibration of the spectrometer. 


gests that the same 280-kev level of Tl is excited in 
the decay of either radionuclide. From the calibration 
of the scintillation spectrometer, the energy of the 
gamma ray is 280+2 kev. 

To show that the rise in counting rate in the region 
of ~150 kev (Fig. 1) does not constitute evidence of 
the presence of the previously reported 153-kev radia- 
tion, a comparison was made between the gamma 
spectra of Hg’ and Pb™ using thin sources in which 
little backscattering occurred. In these measurements 
the peak at ~150 kev was found to be greatly reduced 
as compared with the intensity indicated in Fig. 1 and 
approximately what should be expected as the normal 
Compton contribution of a 280-kev gamma ray. The 
spectra of both radioelements were practically identical 
below 280 kev in energy, further substantiating that no 
appreciable 153-kev radiation is emitted by Pb™, be- 
cause Hg™ has been previously shown to emit a single 
gamma ray at 280 kev. From the ratio of the counting 
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Fic. 3. Coincidence rate between the 280-kev gamma ray and 
the low-energy radiations from Pb where the statistical error, 
not shown, is less than the size of the point. 


rate at ~150 kev to that at the photopeak, it was 
estimated that the 153-kev quantum could have an 
intensity of not more than two percent of that of the 
280-kev quantum. Additional evidence of the absence 
of any 153-kev radiation was obtained from coincidence 
measurements limited to energies of 180 kev or less. 
A source of Pb™ was placed between the NalI(TI) 
crystals of two coincident scintillation spectrometers. 
The channel of one of the spectrometers was fixed at 
the photopeak of the 280-kev gamma ray, while the 
channel of the other was allowed to traverse the interval 
of pulse heights corresponding to gamma-ray energies 
20 and 180 kev. To avoid spurious coincidences arising 
from the backscattering of the 403- and 683-kev gamma 
rays from one crystal into the other, a lead absorber of 
thickness 2 g/cm? was placed between the source and 
the crystal of the spectrometer set at the photopeak 
of the 280-kev gamma ray. The presence of the lead 
absorber increased appreciably the single counting rate 
at ~150 kev. Only in the case of the 403-kev gamma 
ray does this scattering in the lead give rise to coinci- 
dences (it will later be shown that the 280- and 403-kev 
gamma rays are in cascade) at ~150 kev as indicated 
by the slight rise in the coincidence rate in that region 
of energy as shown in Fig. 3, where a spectrogram of 
quanta coincident with the 280-kev radiation is pre- 
sented along with the single counting rate in the same 
energy interval. Any gamma ray of energy 153 kev of 
intensity even as little as one percent of that of the 
280-kev line would have yielded a distinct photopeak 
in the coincidence rate. 

The relative intensities of the gamma rays from Pb™ 
were obtained from the areas of the photopeaks (really 
“full energy” peaks) shown in Fig. 1. In making the cal- 
culations, the variation with energy of the efficiency of 
the crystal for absorption of the full energy of the 
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gamma rays was taken into account.*? From these 
measurements, the relative intensities of the 683-, 403-, 
and 280-kev gamma rays were estimated to be 1:5.1: 
120. To calculate the relative intensities of the corre- 
sponding transitions, the total conversion coefficients 
of the gamma rays must also be considered. Taking the 
conversion coefficients of the 280- and 403-kev gamma 
rays to be 0.24* and 0.098 (the measurement of this 
latter value will be discussed in the text) and that of 
the 683-kev quantum to be negligible, the ratio of the 
transition intensities was found to be 1:5.6:150. 

With every disintegration of Pb™ through capture 
of a K-shell electron (about 80 percent of the transi- 
tions** occur by K capture) there is associated a 
K-series x-ray of thallium. Other quanta of 70-kev 
thallium x-rays may arise from the K-shell conversion 
of the several gamma rays emitted. The contribution 
to the x-ray intensity arising from internal conversion 
is appreciable only in the case of the 280-kev line. 
Because of the low intensities and small conversion 
coefficients, the remaining two gamma rays contribute 
little to the x-ray intensity. The Auger effect’ reduces 
the intensity of the x-rays from thallium by about five 
percent. If one takes into account the efficiency of the 
crystal for full energy absorption of the 280-kev gamma 
ray and the 70-kev x-rays, the K-shell conversion 
coefficient of the 280-kev gamma ray, absorption of 
the 70-kev x-rays in the aluminum-magnesium oxide 
housing and in the source itself, and the Auger effect, 
a comparison of the areas under the 70-kev and 280-kev 
photopeaks indicates that with each disintegration 
(K and L capture included) there is associated roughly 
one 280-kev transition. On considering all possible 
errors resulting from the several corrections applied, it 
was concluded that perhaps as many as ten percent of 
the K-capture disintegrations might proceed to the 
ground state. However, as will be shown later in the 
text, coincidence measurements yield a much lower 
value for the upper limit of the probability of the 
ground-state transition. 

From the pulse-height spectrum of the conversion 
electrons emitted from a source of Pb and observed 
in an anthracene crystal, the K/(L+M) ratio for the 
280-kev gamma ray was found to be 2.5. This value is 


® The efficiency of a crystal for absorption of the total energy 
of a gamma ray is given by E= RS, where S is the total interaction 
cross section of the crystal for the gamma ray, and R is the ratio 
of the area of the full energy peak to that of the total contribution 
to the counting rate from the gamma ray. Both R and S vary 
with quantum energy and crystal size, The value of S was ob- 
tained from the curve given by Jordan,’ while R was evaluated 
as a function of energy by observing the pulse-height distribution 
generated in the crystal by several different monoenergic gamma- 
ray sources. R is a function of the distance and geometry of the 
source, but for the gamma rays shown in Fig. 1, the relative values 
of R will change but little as the source geometry and distance 
is altered. 

™W. H. Jordan, Ann. Rev. Nuclear Sci. 1, 221 (1951). 

®R. E. Marshak, Phys. Rev. 61, 431 (1942). 

9M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 

”E. H. §. Burhop, The Auger Effect (Cambridge University 
Press, Cambridge, 1952). 
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in good agreement with recent measurements! of the 
corresponding ratio for the decay of Hg™*. Because the 
intensity of the conversion electrons related to the 
403-kev gamma ray is quite low, its K/(L+M) ratio 
could not be determined by this method. 


COINCIDENCE MEASUREMENTS 


To determine the relationship between the 280- and 
403-kev gamma rays, coincidences between the two 
quanta were studied. Two NalI(T]) scintillation spec- 
trometers were placed in coincidence, and in the crystal 
of either spectrometer there was generated a pulse- 
height distribution like the one shown in Fig. 1 when a 
source of Pb™ was interposed between the two crystals. 
The channel of one of the spectrometers was set at the 
photopeak of the 280-kev gamma ray while the channel 
of the other was moved in steps of ~9 kev from 335 to 
445 kev. In Fig. 4 is plotted the coincidence rate 
(represented by open circles and calculated statistical 
probable errors) as observed in the above-cited energy 
interval. The points are to be compared with the single 
counting rate (represented by the solid curve). From 
the close agreement between the coincidences and the 
single counting rate, it can be concluded that the 403- 
and 280-kev gamma rays are indeed in cascade and 
that the 683-kev radiation is emitted in the cross-over 
transition. This is supported by the fact that coinci- 
dences were observed between the 683-kev gamma rays 
and the x-rays. No other quantum radiations were 
found to be coincident with the 683-kev gamma ray. 

A coincidence method was employed in a further 
attempt to estimate the number of electron capture 
disintegrations of Pb™ which proceed directly to the 
ground state of Tl”. A source of Pb* was placed before 
the adjacent NaI(T]) crystals of two scintillation spec- 
trometers in coincidence. The crystals were shielded 
from each other by a thickness of one centimeter of lead. 
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Fic. 4. Coincidence rate between the 280-kev gamma ray and 
the gamma spectrum at 403 kev. The solid curve represents the 
single counting rate. The points, shown with their statistical 
error, represent the coincidence rate in each position of the 
channel, 

" F, R. Metzger (private communication, 1953). Data relating 
to the conversion coefficients of the gamma ray from Hg™ are 
ax =0,.163+0.006, K/L=3.5, L/M =3.2. 
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Fic. 5. Coincidence rate between Tl K x-rays and the low- 
energy gamma spectrum from Pb™, The curve with points shown 
with statistical error represent the coincidence rate. The single 
counting rate is also plotted. 


The channel of one spectrometer (hereafter denoted by 
the subscript “1”’) was fixed at the photopeak of the 
70-kev x-rays while that of the other (henceforth to be 
indicated by the subscript ‘2”) was moved over the 
region of energy lying between 20 kev and 350 kev. 
The single counting rate as well as the coincidence rate 
was recorded for each pulse-height setting of the channel 
as shown in Fig. 5. The two peaks in the coincidence 
rate at 70 and 280 kev represent coincidences between 
x-rays and x-rays, and x-rays and gamma rays. 

If Nxx represents the number of coincidences between 
x-rays (two x-rays will be emitted when, after K cap- 
ture, the 280-kev gamma ray is converted), Nx, the 
number of coincidences between 70-kev x-rays and 280- 
kev gamma rays, Nz, the number of single counts due 
to x-rays, and N+ the number of single counts arising 
from 280-kev gamma rays recorded in the second spec- 
trometer while measuring V,, and 'V,,, an extension of 
the treatment given by Dunworth” yields 


Nxx Nv 2axF 


. ig er (1) 
Na Ny, K+Kart+axF 





where a7 and ax are the total and the K-shell conversion 
coefficients of the 280-kev gamma ray, K the fraction 
of the disintegrations of Pb™ occurring through K-shell 
electron capture, and F the fraction of all the disintegra- 
tions of Pb™ in which the 280-kev transition is involved. 
From the calculations of Marshak* and the tables of 
Rose and Jackson,’ the value of K is found to be 0.80 
for the first forbidden transitions in question. The 
single counting rates at the energies of the x-ray peak 
and the 280-kev gamma-ray peak were properly cor- 
rected by extrapolations shown in Fig. 5 for the presence 
of counts arising from the Compton effect of radiations 
of higher energies. A similar extrapolation was necessary 
to remove x-ray—gamma coincidences from the ap- 
parent (x-ray)-(x-ray) coincidences. The extrapolation 
indicated in Fig. 5 corrects for coincidences between 


2 J, W. Dunworth, Rev. Sci. Instr. 11, 167 (1940). 


x-rays detected in spectrometer “1” and y rays de- 
tected by way of the Compton effect in spectrometer 
“2.” An additional correction is necessary to take into 
account Nzey, the coincidences between gamma rays 
detected in spectrometer “1” and x-rays in spectrometer 
“2.” The latter correction was obtained by observing 
the spectrum of “singles” in spectrometer “1” and ex- 
trapolating as in Fig. 5 to find the contributions of the 
gamma rays to the single counting rate in the x-ray 
peak ; then Nz27; can easily be calculated. In particular, 


Nao Nu Ny 1 


(2) 





In practice, the actual calculation of the quantity 
(Nxx/N 22) (N¥2/Nxy) was made only at the three highest 
points of the peaks of Fig. 5. The average of the three 
computations 0.30+0.010, was then employed to obtain 
F from Eq. (1), which becomes 


Fax/ (0.804-0.80a7-+-axF) =0.150+0.005. (3) 


The conversion coeficients are taken to be those" of 
the 280-kev gamma ray of Hg™, it being assumed that 
the gamma rays of this energy emitted by Hg™ and 
Pb™ are identical. This assumption appears valid from 
a consideration of the energies and of the K/(L+M) 
ratios of the two transitions. From Eq. (3), the calcu- 
lated value of F is 1.06+0.05. Thus, the fraction of 
the total number of disintegrations proceeding to the 
ground state is small.f 

To determine the conversion coefficient of the 403-kev 
gamma ray, the coincidence rate between the conversion 
electrons and the 280-kev gamma ray from Pb” was 
studied. To make these measurements a source of Pb 
of thickness about 1 mg/cm? was placed at a distance of 
0.08 cm from an anthracene crystal 2.5 cm in diameter 
and 1 cm in thickness, mounted upon a Dumont 6292 
photomultiplier tube. The conversion electrons were 
recorded over an energy interval extending from 250 
to 450 kev. The gamma rays were detected in a NaI (TI) 
scintillation spectrometer, the channel of which was set 
at the photopeak of the 280-kev gamma ray. 

In Fig. 6 is plotted the value of N,.-/N , as a function 
of the pulse-height setting of the channel of the anthra- 
cene spectrometer. V,.- is the number of coincidences 
between the 280-kev gamma rays and the conversion 
electrons of the 403-gamma ray and JN, is the number 
of single counts recorded simultaneously with the coin- 
cidences in the gamma-ray spectrometer fixed at the 
photopeak of the 280-kev gamma ray. To obtain the 
coincidence rate of Fig. 6, the coincidences due to 
Compton recoils produced in the anthracene crystal by 
the 403-kev gamma ray were subtracted from the ob- 
served coincidence rate. This Compton contribution to 


t Since this paper was submitted for publication, a more detailed 
analysis of the statistics of the measurements has indicated that 
a Fine oy probability is one-half that the value of F lie between 
0.98 and 1.00. 
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Fic. 6, Coincidence rate between the 280-kev gamma ray 
and the electrons from the conversion of the 403-kev gamma 
radiation. 


the coincidence rate was obtained by interposing 0.08 
centimeter of aluminum between the source and the 
anthracene crystal. In the coincidence curve of Fig. 6, 
the peaks arising from the K and L shell conversion 
electrons are well-resolved. The conversion electrons in 
the group centered at 388 kev include also those 
originating in the M shell. The slight asymmetry of the 
peak of K-shell electrons may be ascribed to non- 
uniformities in the anthracene crystal and to energy 
loss in the source. An extension of the treatment given 
by Dunworth” results in the equation 


(N ye-/N y)2= foerx/(1+ar), (4) 


where f is the fraction of the 280-kev transitions in 
sequence with the 403-kev radiation, converted and un- 
converted, w, the fractional solid angle subtended at 
the source by the anthracene crystal, and (N.-/N,)z 
the area under the K-shell peak of Fig. 6. From Fig. 1, 
f is estimated to be 5.1(1+a7r)/150, and w, is calcu- 
lated to be 0.47. From Eq. (4) and the quantities defined 
above, ax is calculated to be 0.063. An attempt was 
made to take into account backscattering in the source 
and at the surface of the crystal. The resulting value 
of ax was found to be about 20 percent greater. This 
correction increases the value of ax to 0.076. 

A comparison of the areas of the two conversion 
electron peaks of Fig. 6 gives the ratio 


ax/(ar+am) = 3.7. (5) 


The results of these conversion coefficient measure- 
ments were such as to suggest that the 403-kev transi- 
tion is a mixture of M1 and £2 radiations. From the 
K-shell conversion coefficient and the curves of Rose 
et al.," the 403-kev radiation is found to be a mixture, 
74 percent £2 and 26 percent M1. By comparing the 
K/(L+M) ratio with curves given by Goldhaber and 
Sunyar,"‘ a similar mixture is obtained. 

The value of the conversion coefficient of the 280-kev 
gamma ray identifies it also as a mixture of Z2 in M1, 


# J. W. Dunworth, Rev. Sci. Instr. 11, 167 (1940). 

% Rose, Goertzel, and Perry, Oak nie National Laboratory 
Unclassified Report, ORNL-1023, July, 1951 (unpublished). 

4M, Goldhaber and A. W, Sunyar, Phys. Rev. 83, 906 (1951). 


74.7 percent £2 and 25.3 percent M1, so that the ratio 
of the intensities is 


+0.31 
E2/M1=2.95 (6) 


The levels of Tl, concerned in the decay of Hg™, 
have been shown to have spin values of 3/2'-"'® for the 
first excited state and 1/2'*-'’ for the ground state.§ Since 
the lowest multipole order of the 403-kev transition 
is M1, the 683-kev level of Tl could have spin values 
of 1/2, 3/2, or, 5/2 with the same parity as that of the 
two lower levels, which, according to the shell model,'* 
have even parity. 


ANGULAR CORRELATION STUDIES 


To obtain more evidence concerning the spin values 
of the excited states of Tl™ excited in the decay of Pb™ 
the spatial correlation of the two cascade gamma rays 
was investigated. Taking the orbital of the first excited 
level of TP to be 3/2, the calculations of Ling and 
Falkoff'* and Lloyd™ show that the angular correlation 
function should contain only a cos*@ term in addition to 
the isotropic contribution; that is, it should be of the 
form 


w(0) = 1+-a2 cos’#. (7) 


Because of this fact, the asymmetry in correlation was 
measured only at 135° and 180°. The experiment was 
performed with two NaI(TI) scintillation spectrometers 
in coincidence. In one channel of the coincidence circuit, 
all pulses above the pulse height corresponding to a 
gamma-ray energy of 180 kev were accepted. In the 
other channel, all pulse heights greater than that of a 
pulse of a 330-kev gamma ray were accepted. The 
source employed in the measurements was in the form 
of powdered lead chromate. A “least squares” fit of 
the data yielded for w(@) 


w(@) = 1— (0.147+0.007) cos’é. (8) 


When corrected for the finite angular resolution of the 
detectors, the correlation function becomes 


w(@) = 1— (0.152+0.007) cos’. (9) 


The asymmetry at 180° was observed using solutions 
of lead chromate in nitric acid and lead sulfate in an 
aqueous solution of ammonium acetate. The asymmetry 
after the resolution correction was found to be de- 


16 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

§ Assignment of spin 3/2 to the first excited state of TI is 
further supported by the asymmetric correlation function de- 
scribed in the next section. 

16H, Schiiler and J. E. Keystone, Z. Physik 70, 1 (1931). 

17P, A. Jackson, Z. Physik 75, 223 (1932). 

18 Maria G. Mayer, Phys. Rev. 78, 16, 22 (1950). 

*D. S. Ling, Jr. and D. L. Falkoff, Phys. Rev. 76, 1639 
(1949). 
™S. P. Lloyd, Ph.D. thesis, University of Illinois, 1951; see 
also Phys. Rev. 85, 904 (1952). 
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scribed by a2= —0.175+0.028 in the case of the lead 
sulfate solution and a2=—0.154+0.023 for the lead 
chromate solution. The value of a2 indicated in Eq. (9) 
and these latter values overlap when their respective 
statistical probable errors are considered, showing that 
the correlation function is independent of the physical 
state of the source. 

To obtain the spin of the 683-kev level of Tl™ from 
the correlation measurements, the theoretical values of 
az were obtained for dipole-mixture and quadrupole- 
mixture correlations from relations by Ling and Falkoff'? 
for the possible spins of the second excited level, 1/2, 
3/2, and 5/2. The mixture of the 280-kev transition 
was taken to be 74.7 percent E2 and 25.3 percent M1. 
Using these values of a2, the mixture-mixture corre- 
lations for all the above mentioned spins were calcu- 
lated for all possible mixtures in the 403-kev transition. 
In calculating the mixture-mixture correlation func- 
tions, the expressions given by Lloyd™® were used. 
From these calculations, it can be seen that the ob- 
served correlation can be explained by any one of the 
following sets of conditions: 

(a) The spin of the second excited state is 1/2 and 
the 403-kev gamma ray is a mixture of E2 and M1 such 
that E2/M1=320 or 0.16. 

(b) The spin of the second excited state is 3/2 and 
the 403-kev transition is a mixture such that E2/M1 is 
approximately zero or greater than 800. 

(c) The spin of the second excited level is 5/2 and 
the mixture of EZ2 with M1 in the 403-kev transition 
is such that E2/M1= 22, 0, 0.11, or 3.1. 

The fact that the previously discussed conversion 
coefficient measurements show the 403-kev transition 
to be 74 percent £2 and 26 percent M1 (£2/M1=2.85) 
rules out all conditions listed above except (c) where 
the spin of the 683-kev level is 5/2 and the 403-kev 
gamma ray is a mixture of £2 and M1 such that 
E2/M1=3.1. The conditions (a) and (b) are ruled out 
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Fic. 7. The dependence of multipole mixture (Z2/M1) in the 
first transition on the multipole mixture (£2/M1) in the second 
transition for the observed correlation function. The £2/M1 ratio 
allowed by the values of the conversion coefficients and their 
errors is shown by the dotted lines. 
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Fic. 8. Level scheme of Ti. 


also by the observed intensities of the electron capture 
transitions and by the observed relative intensities of 
gamma rays originating from the second excited state 
of TI. 

For any given correlation function, the calculated 
ratio of E2 to Mi in the first transition is, of course, 
a function of the same ratio for the second transition. 
In Fig. 7 is shown the variation of the mixture in the 
first transition with the assumed mixture for the second 
transition, the correlation function being that observed 
in the present measurements. The curve was calcu- 
lated taking as 180° (Lloyd’s notation), the interference 
phase between E2 and M1 components of both transi- 
tions. The mixing ratio of the 403-kev transition can 
also be obtained from the curve of Fig. 7. The known 
mixture of the 280-kev transition and the observed 
correlation function give a value of 3.2 for E2/M1 in 
the case of the 403-kev gamma ray. 


DISCUSSION 


The angular correlation and conversion coefficient 
measurements establish the spins of the levels of TI 
as 5/2, 3/2, and 1/2 in order of decreasing excitation 
energy. The parity for all the levels is even. In TI™, 
the number of protons is just one short of a magic 
number; so it is appropriate to write the orbitals as 
dsj2, dsj2, and S12 in accord with the single-particle 
assignments of the shell model. The fact that few or no 
electron capture transitions to the ground state of Tl™ 
are observed excludes the possibility that the ground- 
state spin of Pb™ might be 1/2 or 3/2. If the spin of 
the ground state of Pb™ is assumed to be 7/2 or more, 
it is impossible to explain the relative intensities of the 
electron capture transitions which lead to the ds/z and 
ds2 levels of Tl. However, a spin of 5/2(—) does 
satisfactorily explain the relative intensities of the 
capture transitions forming T!. 

If the ft values of the transitions to the 683- and 
280-kev levels are taken to be about equal, the energy 
release of the capture process terminating at the ground 
state of TI is calculated” to be 1.03 Mev. For an 
electron capture transition to thé ground state of TI™ 


21S, A. Moszkowski, Phys. Rev. 82, 35 (1951). 
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of relative intensity two percent, log ft is found to be 8.0. 
The same quantity for transitions to the excited levels 
has the value 6.5, These values of log/t suggest that all 
the transitions to Tl” are first forbidden” (AJ=0+1; 
+2, yes!); this is additional confirmation that the 
ground state of Pb™ should be 5/2(—), 

The complete level scheme of Tl, as derived from 
the present measurements, is shown in Fig. 8. There is 
a similarity between the level scheme of Tl* and those 
of odd-A isotopes of Au and Ir.” Other recent measure- 
ments” ”* as well as these seem to indicate that M1+ £2 


% Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 23, 
315 (1951). 

% Gillon, Gopalakrishnan, DeShalit, and Mihelich, Phys. Rev. 
93, 124 (1954). 

% J, W. Mihelich and A. DeShalit, Phys. Rev. 93, 135 (1954). 

%* F. K. McGowan, Phys. Rev. 93, 163 (1954). 
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mixtures are a general feature of transitions in odd-Z 
—even-N nuclei. 
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Disintegration of Y*! 


M. E. Bunker, J. P. Mize, anv J. W. STARNER 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


(Received March 11, 1954) 


The radiations of the fission product Y" have been investigated with beta- and gamma-scintillation 
spectrometers. In addition to the well-known 1.55-Mev ground-state beta transition, there is a weak (0.3 
percent) beta transition of energy 0.330 Mev which is followed by a gamma ray of energy 1.22-+-0.01 Mev. 
Definite assignment of these radiations to Y" was established through exacting chemical procedures, measure- 
ment of the half-life of the gamma ray, and energy balance considerations. There is reason to believe that the 
1,22-Mev level of «oZr" is not a simple single-particle state. 


INTRODUCTION 


HERE has been considerable confusion in the 

literature as to whether or not there is weak 
¥ radiation associated with the 60-day Y™ activity.’ 
The recent measurements of Boley and Dunavan* 
suggest that the 1.2-Mev gamma ray ascribed to Y” 
by Langer and Price is actually due to an impurity 
whose half-life is 160+30 days. Boley and Dunavan 
base their impurity argument not only on the half-life 
discrepancy but also on the fact that they found a 
beta-to-gamma ratio of ~20, whereas Langer and 
Price had found this ratio to be >1000. However, 
since an examination of highly purified Y" (prepared 
at this laboratory) indicated the presence of 1.2-Mev 
gamma rays, it seemed worthwhile to investigate in 
detail the source of this gamma radiation. 


APPARATUS 


Scintillation spectrometers were used for the measure- 
ment of the beta- and gamma-ray spectra. NaI(TI) 


1N. E. Ballou, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1950), Paper 
No. 116, Natl. Nuclear Energy Ser., Plutonium Project Record 
9, Div. IV. 

21. M. Langer and H. C. Price, Phys. Rev. 76, 641 (1949). 

3F. I. Boley and D. S. Dunavan, Phys. Rev. 90, 158 (1953). 


crystals 2 inches in diameter and 2 inches thick were 
used for gamma detection, and a Pilot Plastic Scintil- 
lator-B* phosphor 1} inches in diameter and ¢ inch 
thick was used for beta detection. The scintillators 
were coupled directly to Dumont type 6292 photo- 
multiplier tubes. Each NaI(TI) crystal was surrounded 
by a layer of MgO reflector. The MgO was held in 
place by a thin aluminum cup. The beta phosphor was 
covered with aluminum 0.0005 inch thick which served 
both as a light shield and a reflector. 

A block diagram of the electronic circuitry used to 
obtain coincidence spectra is shown in Fig. 1. The 
twofold coincidence circuit has a resolving time of 
about 0.2 microsecond. 


GAMMA-SPECTRUM 


Preliminary examination of the gamma-ray spectrum 
of Y” with the scintillation spectrometer revealed a 
weak photopeak at about 1.2 Mev and an intense, 
hyperbolic-shaped distribution at lower energy which 
had an apparent endpoint in the neighborhood of 1 
Mev. The bulk of the latter distribution was attributed 
to internal and external bremsstrahlung resulting from 


4 Pilot Chemicals, Inc., 47 Felton Street, Waltham 54, Massa- 
chusetts. 








DISINTEGRATION 


emission of the well-known 1.55-Mev beta-ray group 
of Y". The scintillation spectrum shown in Fig. 2 
was obtained with a source-detector geometry intended 
to minimize the contribution of the external brems- 
strahlung. The source, which had a surface density of 
<0.2 mg/cm’, was mounted on a thin rubber hydro- 
chloride film and was positioned about 6 inches in 
front of the NaI(T1) crystal. The only material (other 
than air) within several feet of the source which 
intercepted direct beta particles was a 0.25 inch 
thick Lucite beta-ray shield attached to the front of 
the crystal. 

The photopeak appearing in Fig. 2 at a pulse height 
of about 87 volts is from a gamma ray of energy 
1.22+0.01 Mev. This energy value is based on a 
calibration of the scintillation spectrometer with 
the 1.277-Mev® gamma ray of Na”. No other photo- 
peaks could be found. A very careful search was made 
in the vicinity of 0.2 Mev, since a gamma ray of this 
energy had previously been assigned to Y".? The 
pulse height at which a 0.2-Mev photopeak would 
occur is indicated in Fig. 2. If there were equal numbers 
of quanta of energy 1.22 and 0.2 Mev, the 0.2-Mev 
photopeak would have a height about four times 
the height of the observed continuum at 0.2 Mev. 
If a 0.2-Mev gamma does exist, which seems very 
doubtful on the basis of gamma-gamma coincidence 
measurements described below, its intensity is certainly 


less than 5 percent of that of the 1.22-Mev gamma. 

The source used in the above experiment was 
prepared by evaporating several drops of a stock 
solution of carrier-free Y®' obtained from Oak Ridge 
National Laboratory. As a preliminary check on 
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Fic. 1. Block diagram of the coincidence 
scintillation spectrometer. 


a D. E. Alburger, Phys. Rev. 76, 435 (1949). 
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Fic. 2. y-ray spectrum of Y", taken with a 2-inch NalI(TI) 
crystal mounted on a Dumont type 6292 photomultiplier tube. 
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whether any part of the spectrum of Fig. 2 could be 
due to source contamination, a portion of the Oak 
Ridge source material was subjected to additional 
chemical purification cycles and then reexamined 
with the scintillation spectrometer. No change was 
observed in the gamma spectrum or in the beta-to- 
gamma ratio. In addition, a source of long-lived fission 
product yttrium was prepared independently at this 
laboratory by chemical extraction from the gross 
fission products resulting from thermal neutron bom- 
bardment of a sample of U**. The gamma spectrum 
of this source was found to be identical to that of the 
Oak Ridge source. 

Although the above experiments almost conclusively 
prove that the observed gamma spectrum is due 
entirely to the decay of a long-lived yttrium fission 
product (presumably Y"), it was felt desirable to 
measure the half-life of the 1.22-Mev gamma ray 
before definitely assigning this gamma to Y". The 
decay data were taken with the scintillation spec- 
trometer. The Y" source used for this experiment 
was mounted rigidly inside a Lucite capsule which 
had wall thickness sufficient to stop the beta rays. 
An easily reproducible source-detector geometry was 
established which allowed alternate counting of the 
Y™ source and a Na” monitor source. Each point on 
the decay curve (see Fig. 3) was obtained by first 
accurately calibrating the spectrometer and then 
measuring the total counting rate (minus background) 
above a discriminator setting corresponding in energy 
to 1.08 Mev which, in terms of pulse height, is at the 
minimum of the “valley” just to the left of the 1.22-Mev 
photopeak. Thus, the data of Fig. 3 represent essentially 
the decay of the 1.22-Mev photopeak. As a check 
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Fic. 3, Decay curve of the 1.22-Mev photopeak shown in Fig. 2. 
on the long-term reliability of this counting arrange- 
ment, each time a Y* measurement was made, the 
Na” source was also counted using the same discrimi- 
nator setting. All of the Na® points lay within 2 percent 
of the calculated decay curve. Decay measurements 
were made over a period of two months, yielding a 
half-life for the 1.22-Mev gamma of 58.5+1.0 days 
which agrees quite well with the values reported for 
the half-life of Y*' (57 and 61 days).® 


GAMMA-GAMMA COINCIDENCE SPECTRUM 


Although there is no evidence from ‘he simple 
pulse-height spectrum for any gamma rays except 
the one at 1.22 Mev, earlier measurements on Y*! 
had indicated that there were 1.2-Mev gamma—0.2- 
Mev gamma coincidences.’ To investigate this possi- 
bility, a study was made of the gamma spectrum in 
coincidence with the 1.22-Mev gamma. The axes 
of the two scintillators were oriented at 90° to one 
another to eliminate coincidences resulting from 180° 
Compton scattering of the 1.22-Mev quanta. With the 
so-called “‘gate’”’ spectrometer set to count all pulses 
representing 1.08 Mev or greater, all coincidences 
observed in the energy region 20 kev to 1 Mev were 
attributable to background plus chance coincidences. 
It is concluded that if gammas of energy other than 
1.22 Mev are involved in the decay of Y®, they are 
quite weak compared to the 1.22-Mev gamma and 
are probably not in coincidence with it. 


BETA-GAMMA COINCIDENCE SPECTRUM 


The above experiments indicate that there is a low 
intensity transition from Y* to a 1.22-Mev excited 
state of Zr”, implying that Y" emits a weak beta 
group of end-point energy ~0.33 Mev. In order to 
verify this, the beta spectrum in coincidence with the 
1.22-Mev photopeak was measured with the beta- 
scintillation spectrometer. The spectrometer was cali- 
brated with the 624-kev K-conversion electron line 
of Ba’, The coincidence counting rate was quite low, 
but the ratio of true to chance coincidences was > 10 


* Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 


AND STARNER 

for points on the beta spectrum in the energy region 
below 200 kev. After correcting each point for energy 
loss’ in the 0.0005-inch aluminum foil covering the 
beta scintillator, a Fermi plot was made of the coin- 
cidence spectrum. This is shown in Fig. 4. The end- 
point region has been corrected for the resolution of 
the spectrometer by the method of Palmer and Laslett.® 
The Fermi plot reveals only one beta-ray group with 
end-point energy 0.330+0.010 Mev, which confirms 
the hypothesis made at the beginning of this section. 


DETERMINATION OF THE BRANCHING RATIO 


The relative intensity of the 0.33-Mev beta group 
was determined by methods of absolute and comparison 
counting. A Na” sample of known disintegration rate 
served as the comparison source. The source strength 
of 1.277-Mev gamma rays from this sample was 
determined by measuring the positron disintegration 
rate in a 49 proportional counter and then multiplying 
this result by 1.11 to correct for the K-capture branch 
to the 1.277-Mev level.’ It was assumed, in agreement 
with the experiments of Sherr and Miller,’ that Na” 
K-capture events are not detected by the 4m counter. 
Two Y* sources of very different strength were pre- 
pared from the same stock solution. The ratio of the 
activities of these two sources was known to be 5190 
(+1 percent) by careful weighing of the amount of 
stock solution used for each source. The disintegration 
rate of the weaker source was measured in the 4x 
beta counter. Multiplication by 5190 then gave the 
disintegration rate of the stronger source. Next, the 
ga nma-ray spectra of the stronger Y® source and the 
Na” source were examined with the scintillation 
spectrometer. Identical source-detector geometries were 
used for each sample. The ratio of respective emission 
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Fic. 4. Fermi plot of the Y* beta spectrum in 
coincidence with the 1.22-Mev gamma ray. 
7H. Bethe, Handbuch der Physik (Verlag Julius Springer, Berlin, 
1933), Vol. 24, Part 1, pp. 519-523. 

8 J. P. Palmer and L. J. Laslett, Atomic Energy Commission 
Report AECU-1220, March 14, 1951 (unpublished). 

*R. Sherr and R. H. Miller, Phys. Rev. 93, 1078 (1954) 
Private communication from Dr. R. Sherr to Dr. R. B. Day. 
We wish to thank Dr. R. Sherr and Mr. R. H. Miller for making 
their results available before publication. 
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rates of Y"' 1.22-Mev gamma rays and Na* 1.277-Mev 
gamma rays was determined by comparing the areas 
of the two photopeaks and correcting for photopeak 
sensitivity of the crystal according to an empirical 
curve based on previous measurements of mono- 
energetic gamma-ray activities of known intensities. 
When the results of the experiments described above 
are combined, a value of 0.30-+0.05 percent is obtained 
for the strength of the Y" decay branch involving the 
0.33-Mev beta transition and the 1.22-Mev gamma 
transition. 


DISCUSSION 


The decay scheme indicated by the measurements 
described above is shown in Fig. 5. Since the Zr* 
nucleus has only one particle outside a “magic” core, 
it seems reasonable to expect that the single-particle 
shell model would be particularly well suited for 
helping choose possible spin states for the low-lying 
levels of this nucleus. Odd-neutron levels in this 
shell are ds/2, g7/2, Miry2, ds2, and S12. The measured 
ground-state spin of Zr” is 5/2, in accord with the 
ds,2 shell-theory level. One can arrive at possible spin 
assignments for the 1.22-Mev level through con- 
sideration of beta-ray selection rules. The 1.55-Mev 
beta transition from Y® has been identified as first 
forbidden AJ=2(yes)," so that the ground state of 
Y" must be f1/2, which is again consistent with shell- 
model predictions. The 0.330-Mev beta transition of 
Y™ has an associated log ft value of 8.80, which classifies 
the transition as first forbidden. If the spin change 
involved is AJ=0, 1(yes), a single-particle assignment 
of ds/2 or 51/2 could be made for the 1.22-Mev level. 
However, it is noted that a logft value of 8.80 is 
considerably higher than one would expect on an 
empirical basis! for a first forbidden transition 
involving a spin change of 0 or 1. Instead, since 


© LL. M. Langer and H. C. Price, Jr., Phys. Rev. 76, 186 (1949). 

"Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 
23, 315 (1951). 

2 L. W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 
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Fic. 5. proposed 
decay scheme of Y*'. 





log (W?—1)/t]=9.03, the value of the comparative 
half-life falls well within the range of values for transi- 
tions of the type 4/J=2(yes). Thus, the 0.330-Mev 
beta spectrum may have a unique first forbidden shape. 
It is not possible to answer this question on the basis 
of the beta-ray data shown in Fig. 4 because of the 
relatively poor resolution of the spectrometer. If the 
low-energy beta transition is indeed of the AJ =2(yes) 
type, one would expect the spin and parity of the 
1.22-Mev level of Zr” to be 5/2+. Since the ds5,2 level 
has already been assigned to the ground state, a 5/2+ 
excited state is not interpretable as a simple odd- 
particle level. It is quite possible that the 1.22-Mev 
level is associated with an excitation of the even-even 
core. In this connection, it is interesting to note that 
the first three excited states of Mo” (also a 51-neutron 
nucleus) seem to result from core excitation.” The 
fact that study of the proton groups associated with 
the reaction Zr®(d,p)Zr™ seems to give no evidence 
for a level in Zr® at 1.22 Mev'® may be taken as an 
indication that this state has an unusual character. 

The authors are indebted to Dr. Charles W. Stanley 
and Dr. Rene J. Prestwood for making the necessary 
chemical separations. 


3M. Goldhaber, Phys. Rev. 89, 1146 (1953). 
4 J. J. Kraushaar, Phys. Rev. 92, 318 (1953). 
6 F, B. Shull and C. E. McFarland, Phys. Rev. 87, 216 (1952). 
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The differential and total cross sections for the photodisintegration of the deuteron are calculated for 
incident gamma-ray energies in the range from 6 to 28 Mev. The following cases are treated: (1) Approxima- 
tion I, in which shape-independent wave functions are used corresponding to a 50 percent charge-exchange 
central force, (2) Approximation II-C, in which a central Hulthén potential with a variable percentage of 
charge exchange forces is used, (3) Approximation II-NC, in which approximate noncentral Hulthén wave 
functions and an approximate noncentral Hulthén potential with 50 percent charge-exchange force, is used. 
In all these calculations, use is made (where possible) of a form for the interaction between the deuteron and 
radiation that gives the results of the interaction to all multipole orders automatically. We also estimate 
the possible effect of exchange currents on the cross sections by a calculation making use of the phenomeno- 
logically derived exchange moments of Berger and Foldy. 

The numerical results of these calculations are used to estimate the uncertainty in the theoretically calcu- 
lated cross section at the present time. It is concluded that the uncertainty may be as large as 15 percent 
of the total cross section for these energies. About 5 percent of this arises from experimental uncertainties 
in empirically determined parameters, while the remainder arises from ignorance of the exact form of the 


neutron-proton interaction. 


I. INTRODUCTION 


HE problem of the experimental determination of 
absolute cross sections for photoprocesses in 
nuclei is complicated by the lack of a reliable method 
of fixing the spectrum of the incident gamma rays em- 
ployed in the experiment. One promising method of 
obtaining a good absolute cross-section measurement 
is to use as a standard for calibration the simultaneously 
observed deuteron photodisintegration which may then 
be ccmpared to the theoretical prediction for this 
process.' Unfortunately, although the deuteron is the 
simplest nuclear system of interest, it is far from being 
completely understood, and, as a result, there remain 
various sources of uncertainty in the theoretically pre- 
dicted cross section. We wish, in this paper, to under- 
take a comprehensive and systematic calculation of the 
deuteron photodisintegration cross section. The results 
of such a calculation are, of course, of interest in them- 
selves, but we hope that they will also serve to better 
evaluate the accuracy of our present knowledge of this 
problem and thereby to indicate the reliability of the 
above scheme as a calibration method. 

We will restrict ourselves to the consideration of 
incident photon energies in the range from about 6 Mev 
to 30 Mev although, as will be indicated later, the 
methods used are applicable to lower and to higher 
energies and are perhaps even more valuable in the 
latter region. Our reasons for this choice of energy range 
are twofold: firstly, much of the investigation of photo- 
processes is taking place in this energy region, and 
secondly, the Case betatron, which has been engaged 


*From a thesis submitted to Case Institute of Technology in 
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1V. E. Krohn, Jr., and E. F. Shrader, Phys. Rev. 87, 685 (1952). 


in investigating such processes, is limited to energies of 
the order of 30 Mev. A further impetus to a careful 
analysis in this energy range is the growing accurcy of 
measurements of the total and differential cross sec- 
tions for the photodisintegration of the deuteron at 
these energies.” 

An accurate theoretical prediction of the photo- 
disintegration cross section depends, of course, on 
knowledge of the correct form of the interaction of the 
deuteron with the electromagnetic field and further on 
knowledge of the initial and final wave functions for 
the deuteron system. Our knowledge of both these 
aspects of the problem is insufficient to allow an exact 
calculation to be made and it is therefore necessary to 
employe approximations, using with discretion what 
information is available. We are favored in this ap- 
proach by several circumstances: We are cognizant of 
what are probably the most important terms in the 
interaction of the deuteron with radiation and we can 
at least estimate the effects of those terms of which our 
knowledge is more scanty. Furthermore, while detailed 
knowledge of the interaction potential between proton 
and neutron is necessary for an exact calculation of 
initial and final wave functions for the deuteron photo- 
disintegration, yet many of the most important features 
of these wave functions, insofar as they determine the 
transition matrix element, can be derived on a semi- 
empirical basis. Hence those features of the wave func- 
tions which depend on details of the potential inter- 
action introduce considerably smaller uncertainties into 
the results than might otherwise be the case. 

Before describing in detail the nature of our approach 
and approximations to this problem, we shall summarize 
briefly some of the more recent calculations of the 
deuteron photodisintegration cross section by Bethe 


? Barnes, Carver, Stafford, and Wilkinson, Phys. Rev. 86, 359 


(1952). 
*\V. E. Krohn, Jr., and E. F. Shrader, Phys. Rev. 86, 391 (1952). 
1698 





‘4 





Sor eet 





DEUTERON 


and Longmire,‘ Schiff,> Marshall and Guth,* and Fesh- 
bach and Schwinger’ in order to illuminate the dis- 
tinguishing features of these and our own calculations. 

Bethe and Longmire are concerned in their paper with 
energies less than 10 Mev and therefore they are able 
to express their results in a form largely independent 
of the specific internucleonic potential. They exhibit the 
electric and magnetic dipole matrix elements in terms 
of the triplet and singlet effective ranges, assuming a 
central force character for the internucleonic potential 
and the absence of interaction in odd parity states of 
the system (that is, they assume a Serber potential of 
half ordinary and half charge-exchange character). The 
results for the magnetic dipole term are checked by 
explicit calculations using different well shapes: square, 
Hulthén, and exponential. They also indicate that the 
electric dipole cross section is slightly smaller at these 
energies if 100 percent charge exchange forces are 
assumed in place of Serber forces. 

Schiff calculates for the energy region of 20 to 140 
Mev only the photoelectric effect, omitting the photo- 
magnetic effect because of the uncertainty due to ex- 
change currents. On the assumption of central forces of 
half charge-exchange, half ordinary, character, he ex- 
amines the long-tailed potentials, exponential and 
Yukawa, and calculates in the electric dipole and 
quadrupole approximations. It is shown that the 
quadrupole term interferes with the dipole term so that 
the quadrupole term has an appreciable effect on the 
angular distribution. It is also shown that there is little 
difference between the cross sections obtained with the 
differently shaped wells, especially below 50 Mev. 

Marshall and Guth have performed a similar calcu- 
lation to that of Schiff, including the magnetic quadru- 
pole term, obtaining essentially the same results. They 
also calculate the photodisintegration cross section for 
a square well with different percentages of charge ex- 
change. The results they find for the square well with 
50 percent charge exchange are quite different from 
those with the long-tailed potentials at high energies 
but are closely the same for energies below 30 Mev. 
The effect of large variations of the percentage of 
charge exchange they find to have a large effect at all 
energies.*® 

Feshbach and Schwinger have calculated the photo- 
disintegration cross section for energies up to 20 Mev 
with noncentral forces having 50 percent charge-ex- 
change character in the electric and magnetic dipole 
approximations. They find the electric dipole term to 
be essentially the shape-independent term of Bethe and 
Longmire. In the magnetic dipole calculation they 


4H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950). 

5 L. I. Schiff, Phys. Rev. 78, 733 (1950). 

6 J. F. Marshall and E. Guth, Phys. Rev. 78, 738 (1950). 

7H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951). 

5 This result is in disagreement with our own results. It is 
believed to arise from several minor but numerically significant 
errors in the formulas of Marshall and Guth. See reference 14 of 
the present paper. 
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include a term corresponding to the exchange current 
contribution, and by comparison with experiment, con- 
clude that this contribution is small. 

In our treatment of the photodisintegration problem 
we shall consider all of the effects mentioned above 
although in varying degree. Our calculation is based on 
an assumed form for the interaction between the deu- 
teron and the electromagnetic field which is derived in 
an earlier paper.’ (In the initial calculations only the 
so-called ‘‘one-particle”’ terms are considered.) This 
formulation of the interaction has the advantage that 
it allows us to include automatically and in one step 
all of the multipole orders in which the photodisintegra- 
tion process takes place with relatively little extra labor. 
Estimates of the contributions of what are called in 
reference 9 “interaction terms” are made in the later 
calculations of the magnetic dipole matrix element by 
making use of results obtained from the phenomeno- 
logical treatment of exchange moments by Berger and 
Foldy,’’ in the absence of exact expressions that would 
be predicted by a correct meson theory. 

Once the form of the deuteron-radiation interaction 
has been assumed, the calculation of the matrix ele- 
ments requires knowledge of the appropriate initial- 
and final-state wave functions for the deuteron. These 
are handled in our calculations in the following way: 
We assume, in what we shall cali Approximation I, 
wave functions for the initial and final state which can 
be specified without any direct reference to the exact 
form of the interaction potential between neutron and 
proton. We do this as follows: For the initial wave 
function, representing the ground state of the deuteron, 
we follow Bethe and Longmire in employing a wave 
functien appropriate to a zero-range interaction be- 
tween neutron and proton but with a normalization 
adjusted by the employment of the empirical effective 
range of the neutron-proton interaction to corespond 
to that of a potential interaction of the proper effective 
range. This wave function can then be completely 
expressed once we are given the empirical triplet effec- 
tive range and the deuteron binding energy. The final- 
state wave function, in this approximation, is assumed 
to be a plane wave as if the neutron and proton were 
free, but with one modification. The S-wave part of 
the plane wave is modified by the introduction of an 
empirical phase shift for both the singlet and triplet 
spin states so as to take partial account of the neutron- 
proton interaction. The final-state wave functions may 
therefore also be thought of as arising from a potential 
of zero range. The phase shifts employed are those de- 
riving from the empirically known values of the zero 
energy scattering lengths and effective ranges of the 
singlet and triplet deuteron interactions, neglecting the 
contribution of “shape-dependent” terms. Thus the 


*L. L. Foldy, Phys. Rev. 92, 178 (1953). 

J. M. Berger and L. L. Foldy, Tech. Report No. 18 at the 
Nuclear Physics Laboratory of Case Institute of Technology. 
These results will be published in a modified form. 
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final-state wave functions in this approximation can 
also be completely written down once these empirical 
parameters are given. We may also note that insofar 
as final states of odd parity are concerned, these as- 
sumed forms for the final-state wave functions corre- 
spond exactly to a Serber potential with 50 percent 
exchange force. The calculations in this Approximation 
I correspond then very closely to those of Bethe and 
Longmire but may be utilized over a higher energy 
range as a result of including automatically all multi- 
poles in the calculation. This calculation, Approxima- 
tion I, serves as a basis with which we may compare the 
changes that result from the more detailed calculations. 

The second approximation in our calculation dis- 
tinguishes between two cases corresponding to central 
and to noncentral forces between neutron and proton. 
In the first of these which we call Approximation II-C, 
we calculate the modification in the matrix elements 
and in the calculated cross sections resulting from the 
changes in the initial- and final-state wave functicas 
when a specific radial dependence is assumed for a 
central interaction between the neutron and proton 
and when the percentage of charge-exchange character 
of this interaction is varied. The calculation is made 
with the choice of the Hulthén potential for the radial 
dependence of the interaction potential. The effects of 
modifications in the initial- and final-state wave func- 
tions are separately calculated. Where convenient and 
appropriate some additional approximations are made 
in these calculations. The contributions of exchange 
moment terms in the deuteron-radiation interaction are 
considered separately. 

The second form of the second approximation, which 
is called Approximation II-NC, is similar to Approxima- 
tion II-C, but the effects of a noncentral (tensor) 
character of the potential interaction between neutron 
and proton are examined instead. 

In Sec. II the form of the interaction used is de- 
scribed together with the appropriate symbols. In Sec. 
III the details of the calculations are given excepting 
those for the exchange moments, and in Sec. IV the 
results are described. ‘The details of the exchange mo- 
ment contribution calculation are discussed in Sec. V. 
In Sec. VI we discuss the over-all results of this paper. 


II, INTERACTION 


To represent the interaction of radiation with the 
deuteron we will use the form of the general equations 
appropriate to the deuteron for the nuclear photoeffect 
derived by Foldy.® This form of the interaction will 
then give us the effects of all multipoles while involving 
very little more work for most of the calculations than 
is usually entailed in obtaining the matrix elements in 
the dipole approximation of the usual multipole expan- 
sion. Its only disadvantage is the somewhat more 
cumbersome form of the resultant matrix elements, 
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although it is usually quite simple to reduce them to the 
corresponding dipole terms for comparison. 
Our form of the interaction operator 


KX’ = ~ fii-Adr, 


is conveniently expressed as the sum of four terms. 
HK’ = E+M_-+M,+Me. (1) 


We label these terms in the following fashion. & is 
termed the electric interaction, 9M. is termed the mag- 
netic convection interaction, {M, is the magnetic spin 
interaction, and 91, is the magnetic exchange inter- 
action. In the next two sections we will confine our 
attention to the first three interactions: however, in 
Sec. V we will treat some aspects of the magnetic 
exchange interaction, although in only the dipole 
approximation. 

Then the forms of the matrix elements corresponding 
to the interaction of a photon of wave vector «x with 
the deuteron in the center-of-mass (zero-momentum) 
system may be written as® 


rhc} ie 
B= (¥;|8|¥,)=( ~) ——(€s— €9) 
«V Qhe 


1 
x (v, f e-r exp(ix:R)[71” exp(isx-r/2) 
0 


| 
— 72? exp(— iw-1/2)Ms\¥,), 


2rhc\} ie 
M = (¥,|m|¥,)=( ) ( 


€s— €0) 


2he 


KV 


hxc i 
x(v, oP f {7:°([rXp] 


€o— €f Mc 0 
(2) 
-e’ exp(isx-r/2)+exp(isx-r/2)e’-[rXp }) 
+72?([rXp]-e’ exp(—isx-r/2) 
+exp(—isx-r/2)e’- [Xp ])} exp(ix-R)sds, 
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M,=(W, am,|¥,)=( ) ong 
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| Axe h 
x(v)|— —- —— exp(ix-R) 
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X { (upri?+unti")or:e’ exp(ix-r/2) 


+ (upte?+unt2")o2-e' exp(—ix-r/2)} ¥), 


where VW, and W, are the final- and ground-state wave 
functions, respectively. 
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In the above equations it will be noted that the multi- 
plying factors outside the brackets have been written the 
same in all three cases, i.e., (2rhc/xV)*(ie/2he)(es— €0), 
so that the quantities inside the brackets serve to indi- 
cate the relative magnitudes of these matrix elements. 
For the energies of interest in this paper the distinction 
between /ixc, the photon energy, and (€;— €o), the change 
in the internal energy of the deuteron, is negligible. 
Hence, for example, the magnitude of M, relative to E 
is of order p/Mc, where p is the relative particle 
momentum. 

The symbols used in the above expressions for the 
matrix elements represent the following: V is the 
normalization volume of the incident photon, (€s— €o) 
is the difference between the internal energy states of 
the deuteron before and after the absorption of the 
photon, R is the center-of-mass coordinate, r is the 
relative coordinate of the neutron and proton, p is the 
momentum conjugate to r, ¢ is the electric polarization 
vector of the incident photon, e’=[%Xe ]/« is the mag- 
netic polarization vector of the incident photon, M is 
the proton mass and is taken equal to the neutron mass, 
up is the magnetic moment of the proton expressed in 
number of nuclear magnetons, yu, is the magnetic 
moment of the neutron expressed in number of nuclear 
magnetons, @; is the spin operator associated with the 
ith nucleon, 7,” is the proton projection operator for 
the ith nucleon with 7,?=(1+7,7)/2, 7," is the neu- 
tron projection operator for the ith nucleon with 
7;"= (1—7,*)/2, 7,7 is the z component of the isotopic 
spin operator, and s is a parameter of integration. 

In the calculations that follow it will be convenient 
to separate the magnetic spin matrix element M, into 
two terms, M,, corresponding to transitions due to the 
magnetic spin interaction 9M, to final triplet spin states, 
and M,, corresponding to transitions to final singlet 
spin states. 


Ill. CALCULATIONS 


The wave functions that will be used in the calcula- 
tion of the matrix elements described in the previous 
section, Eqs. (2), will be given here. The general form 
of the wave functions will be written in the following 
manner: 


V,=¥,+¥,'; Vs=P/+¥/', (3) 


where y,° is the shape-independent ground-state wave 
function and y,' represents the correction to the shape- 
independent ground-state wave function due to the 
choice of a shape-dependent potential, in our case, a 
Hulthén potential. Similarly ¥,° is the shape-indepen- 
dent final-state wave function corresponding to a plane 
wave except for a modified S state in which a phase 
shift is introduced to account for interaction, and y/' is 
the correction introduced because of our specific choice 
of potential. It is more convenient to indicate the spin 
multiplicity of the final states explicitly. Thus, Vy; is 
the triplet final-state wave function that is used in the 
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calculation of the E, M., and M,, matrix elements, and 
W,, is the singlet final-state wave function that is used 
in the calculation of the M,, matrix elements. 

Thus the matrix elements described in II may be 
written as the sum of terms, in such a fashion that the 
introduction of each correction gives rise to an indi- 
vidual term so that the effects of each correction may 
be easily observed. Thus, for example, we may write E as 


E= (Wye| S| V,) = 0+ 0F'+ E+E’, (4) 
where 


oE°= (Wp |8 lo"), = Yr"! 8\¥,'), 
1E°= (vy | &\y,"), E' = (Wy! | &|y,'). 


We will speak of the calculation as being done in 
two approximations, Approximation I and Approxima- 
tion II. In Approximation I only shape-independent 
effects are considered and thus it consists of the calcu- 
lations of the 9°, oM.°, oM.:°, oM,,° matrix elements. 
These terms will serve as a reference to which we may 
compare the effects calculated in the Approximation IT. 
In the second Approximation the modifications that 
are introduced by the consideration of such effects as 
the explicitly Hulthén well shape, central and noncen- 
tral forces, and interactions in the final states, are 
calculated. These effects are introduced by the choice 
of the wave function corrections y,', ¥;'. In this ap- 
proximation the matrix elements we will actually calcu- 
late are oF’, ,E°, oM,,', :M,,°, :M,,'. The details of 
these two approximations follow. 


(5) 


A. Approximation I 


In this approximation we will calculate four matrix 
elements corresponding to the four interactions &, I1., 
M4, W,, described in Sec. [I, making use of only shape- 
independent wave functions. The IN,, and IM,, inter- 
actions are, of course, exactly the same, both being the 
MM, described in IT. This notation is however convenient 
in denoting explicitly the spin multiplicity of the final- 
state wave function that is used with the 9M, interaction 
to obtain the matrix element M,, or M,,. The wave 
functions we will use in this calculation are y,° for the 
ground-state function and y,,° or ¥,,° for the final-state 
function, where ¥,° is used only with S1,,. For ~,° we 
will take the zero range form for the deuteron ground 
state, in which the correction for the finite range of 
forces is taken into account in the usual manner through 
the use of the effective range."' Thus 


¥,=V-4 exp(—inR)| 


4 cor 
oraret . 
-2-4(Eyme— Exm)x,'. (6) 


For the final-state wave functions y,,,.° we will use a 
plane wave except for replacing the S part by an S 


"H. A. Bethe, Phys. Rev. 76, 38 (1949). 
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wave function in which the interaction in the final S 
state has been considered by the use of the phase 
shift 59. Therefore, we have for the triplet final-state 
wave function: 


—[tim— Em | 


ere 


vp2=V~2 ] Eyn2e'*'* — Exmie™* 


sinkr 
x| te. ibot 
kr 


xs‘ ’ 
and for the singlet final-state function: 


¥i°=V oa Exmae"** + Emme ***—(Exme+ Eom J 


sinkr sin (kr+8p,) 
x| P — ¢~ 'b00- —_—— |x (8) 
kr kr 


In the above, the symbols used mean the following: 
k is the propagation vector of the proton and & its 
magnitude, £; and »; are isotopic spin wave functions 
with £; corresponding to the ith particle being in a 
proton state while , corresponds to the ith particle in a 
neutron state. The x’s are spin wave functions, with x,‘ 
the ground-state triplet spin, while x,‘ and x," are, 
respectively, the final-state triplet and singlet spin wave 
functions. Finally, ro, is the triplet effective range, and 
5o, and do, are, respectively, the phase shifts of the final- 
state triplet and singlet S wave functions obtained from 
the usual formula": 


k cotdy= — a'+- fr, 


where a is the appropriate scattering length and ro the 
appropriate effective range. 

The values of the constants we use are, with the 
exception of ro, the same as used by Bethe and Long- 
mire, and are 


a=2.3110" cm", a,=0.528XK10-" cm, 
a,= —2.375X10-" cm, 
¥o.=1.70K10""% cm, 1r0,=2.4X10-" cm, 
corresponding to a binding energy for the deuteron of 
2.235 Mev. 

The wave functions just described will now be used 
to evaluate the matrix elements o£°, oM/.°, oM 41°, oM..° 
where 

ok? = ( (Wy?| &|,"), oM O= (vr°|M|¥,"), 
M = (Hp |Ml¥,"), Ma°= Hp°|M|y,"). 


The resulting matrix elements after integration but 
before the summation and averaging over the spin 


(9) 


12 J. Schwinger, Harvard Lecture Notes (unpublished). 
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states and polarizations have been performed are 
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where 
a=a’+h, b=—x«>k, 
K, = k— dx, 


K,'=k—4x, 


c=«"/4, g=4ac—P, 
K,= k+ hx, 


(11) 

K,/= k+ a 
The calculations involved in obtaining these matrix 
elements are, for the most part, straightforward. Some 
care is required in the calculation of 9M ,,° inasmuch as 
long wavelength magnetic dipole transitions between 
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the initial triplet S state and final triplet S state are 
forbidden due to the orthogonality of these two states. 
Since the wave functions used are not themselves 
orthogonal the forbiddenness of the transition was 
accounted for in the following way. We actually used 
in this calculation a modified N,; interaction M,;’ that 
was obtained by subtracting from the 9M, interaction 
given in Sec. II a term obtained by expanding the 
exponential exp(ix-r/2) occurring in the SM,, interaction 
and retaining only the first term. That is, 


Irhc\ bie hxc oh 
MM,’ =Me— ( 7 *) ae (€s— €) : 
KV J he eo— ey Mc 


Xexp(ix-R)[(upri?+uari")or:e 
+ (upr2?+unt2")o2-e’). (12) 


In this way we have eliminated this dipole transition. 
It wil! be noted that the calcuiated matrix elements 
of this first approximation are not dependent upon any 
assumed details of potential shape, and therefore, that 
the accuracy with which these results may be deter- 
mined is limited only by the accuracy of the experi- 
mental results for the binding energy, triplet and singlet 
scattering lengths, and effective ranges. The integrations 
performed have been exact; thus the results of this 
approximation has been to give the matrix elements in 
an essentially zero-range approximation assuming half 
exchange, half ordinary force, to all multipole orders. 


B. Approximation II-C 


We will now investigate in detail the deviations from 
the results of Approximation I that may be expected 
when a particular form for a central force potential is 
chosen. We will consider in detail only the Hulthén 
potential since it is most amenable to calculation, and 
since previous calculations®® seem to indicate that its 
results would differ very little from the results that 
would be obtained with other long-tailed potentials. 
We have repeated some of the calculations using a 
square well potential, with parameters obtained from 
the curves of Blatt and Jackson,” to correspond to the 
same effective range as our Hulthén potentials. These 
square well calculations were performed as a check and 
are, therefore, not described in detail. The results will 
be discussed in the consideration of the parallel Hulthén 
calculations. 

Explicitly, the calculations in this section involve the 
modification y,' of the ground-state wave function 
that is obtained because of our use here of the Hulthén 
potential Ur(r). That is, with 


(a*—6?) am: 
y= 8) —, uma, (13) 


—¢ 


18 J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 


we have 
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where 6 is taken as 8=14.3X10" cm™', so that y,! 
consists of only the difference between the Hulthén 
ground-state function and the shape-independent func- 
tion used in Approximation I. In our modifications of 
the final-state S functions we keep in mind the fact that 
the transitions to the final singlet S state and to the 
final triplet P state are the dominant transitions since 
they correspond in the main to the magnetic and electric 
dipole transitions. In view of this the modification of 
the singlet final-state y,,' is taken to represent only a 
modification of the final S state through the introduc- 
tion of an approximate Hulthén final-state singlet S 
wave function. That is, 
-_-@er 


( 
¥'= V2 emt Ende 3 - sin (kr+ 50.) 


r 
sin (kr+4o,) 


F 


fe (15) 


where is taken as n= 12.8X 10" cm~'. The modification 
of the final triplet-state wave function takes account of 
interaction in the general final state through a Born 
approximation calculation in which the final plane wave 
is perturbed by the Hulthén potential. In particular, 
we are interested in the final triplet P state so that we 
will be concerned with the effect of varying the per- 
centage of ordinary and exchange forces present in the 
potential, from the previously assumed Serber form. 
The modification of the final triplet wave function 
¥,: is then (from the Born approximation) 


Vrt= —V~'(2e)-42-4 


eik’ -(r-1’) 
x] im ff —aulre rane 
eR" 


eo ik’ (rr) 
PONT of soe 


K U(r’ )e~**'dh'dr’ bx", (16) 





in which the nature of the force, exchange or ordinary, 
is still implicit in U,(r’). For ease in performing the 
integrations indicated in (16) we have replaced the 
Hulthén potential by the corresponding Yukawa poten- 
tial. That is, we have replaced e~*"’/(1—e-*"’) by 
e~*"’/ur’. It will be noted that the modification of the 
final singlet state wave function does not include the 
possible effects of the variation of the percentage of 
charge exchange forces. This is consistent with the 
statement above that the dominant singlet final state 
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is the S state where exchange force considerations have 
no effect. 

As we have indicated above, it is well known that the 
electric and magnetic dipole interactions are by far the 
dominant effects for the energies we consider. Further- 
more, it may be easily verified that the electric dipole 
interaction is included in 6 while the magnetic dipole 
interaction is included in 9M, (or alternatively 9M,,). 
On this basis we expect that at these energies 9M, and 
mM, employed with final triplet states (or alternatively 
M,.) will be relatively unimportant. The results of the 
numerical calculation of »M,.° and 9M,;° bears this out. 
Therefore, in describing the effects of the wave function 
modification given above, we have restricted ourselves 
to the examination of only the E and M,, matrix 
elements since it is clear that these will include all of 
the important effects. The matrix elements that we 
will calculate in this section are 

B= Wy |8\ve'), = rt |81V"), 

M = (bye |Maelvy), oM ss! = (Wy.|M¥,'), 

iM ,.'= (Wy.'| ML, |Wo'). 

We have not calculated ,£' since both ,£° and o£' are 
themselves quite small, and this would represent a 
higher-order correction. On the other hand both ,M,,° 
and oM,,' are rather large so that it was necessary to 
calculate ,M,,'. Since the forms of the integrals en- 
countered in the three M,, terms were essentially the 
same we have actually calculated the three terms 
together as one term that we will refer to as M,,'. 

The results of the calculations for these matrix ele- 


ments are 
Qrhc 2ra } e 
ok'= _— < ) (€ 
A Vy? 1 — arn he 
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Here, »=0 for pure charge exchange forces and »= 1 for 
ordinary forces. Also 
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The sums and averaging over spin states and polariza- 
tions have not yet been performed. It will be noted that 
in M,,' one can easily separate out oM,,', :M,,°, and 
iM,,' by referring to the constants 8, 7, and a. (That is, 
those terms which have @ alone belong to oM,,!, those 
terms involving » and a@ belong to ,M,,°, and those 
terms involving 7 and 8 belong to ,M,,'.) 

In the calculation of ,£° another approximation was 
made, in addition to the use of the Yukawa form for 
the potential, in order that the contour integral in- 
volved be more tractable. We have not used in the 
calculation of this term the entire & interaction of Sec. 
IT, but essentially only the dipole part that was obtained 
by expanding the exponential occurring in & and retain- 
ing only the first term. That is in &, [7,” exp(isx-r/2) 
— rz" exp(—isx-r/2)] was replaced by 1;?—72”. The 
error invoked by this simplification is very small since 
the term itself is quite small. 

At this point we might indicate which square well 
calculations were performed, deferring the comparison 
of the two results to Sec. IV where the numerical results 
of the above calculations are given. We wished to check 
,E° which at first sight appeared too small, and M,,', 
which appeared too large. ,£° was compared to the 
result obtained using the formula (45) of Marshall 

“4 The formulas in the appendix of reference 6 are in error and 
should read 
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and Guth for the matrix element with 100 percent 
ordinary force and using square well wave functions 
with the constants obtained from the curves of Blatt 
and Jackson so that the effective range was the same. 
M,,' was compared to a straightforward magnetic 
dipole calculation in which the square well wave func- 
tions were used for both initial and final slates. 


C. Approximation II-NC 


The calculations treated in this section proceed in 
exactly the same manner as for Approximation II-C 
with central forces,- with the obvious exception that 
where the explicit Hulthén central force potential and 
its associated wave functions occurred previously, it is 
understood that they are to be replaced by the appro- 
priate noncentral terms. As before, we will calculate 
only the matrix elements, ,£°, »Z', and M,,' for exactly 
the same reasons as before. To distinguish between the 
results of these two second Approximations II, we will 
denote the matrix elements calculated here by o£wc', 
1Ene’, and Ms, nel. 

It is not our intention, in this calculation with non- 
central forces, to give a completely consistent result 
for the photodisintegration, but rather we intend merely 
to indicate the main effects of the introduction of the 
tensor force in the second Approximation. Thus, to fix 
the potential and wave functions, we nave not made 
any calculation of the electric quadrupole moment or 
magnetic moment of the deuteron, but instead we have 
chosen a potential and wave function that are probably 
reasonably correct and, at the same time, easily 
handled. The potential we have chosen is, in fact, 
somewhat more singular than is usually the case and, 
the wave functions we take for the ground state have 
been oversimplified. Explicitly, for the potential U(r), 
we have taken’® 

(a '— Pe ur 
—40,:0,V"} }— : 


1—e-“" 


U(r) =[1+ of (o1-¥) (os 7 


(u=B—a), (19) 


with the strength of the tensor portion p=y~*. Indica- 
tions are that this is about the right value for the 
strength.'® It is a quite convenient choice, and in any 
event the numerical results are not very dependent 
upon this quantity. 

In the modifications of the wave functions we have 
¥,.' and W, of the same form as in the central force 
case. In W,;' we must substitute the appropriate non- 
central potential, and y¥,,' remains exactly the same 
since the singlet potential remains central. For the 


of cuveetel formulas, the large difference found by Marshall and 
Guth for electric dipole cross sections with 50 percent ordinary 
—50 percent Majorana and with 100 percent ordinary forces, 
disappears. 

6 L. L. Foldy and R. E. Marshak, Phys. Rev. 75, 1493 (1949); 
note added in proof. 

161). G. Padfield, Proc. Phys. Soc. (London) A65, 309 (1952). 


ground-state wave function modification y,' we now take 
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The results for the calculations of the matrix ele- 
ments, after integration but before the sums and aver- 
aging over spin states and polarizations have been 
performed, are 
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M,,, vc'= [1 — (4) )M,,— (4)-4,M,.° 
2ahc 22a 
feos 
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In the above terms we have calculated in only the dipole 
approximation those integrals that involve the D-wave 
part of the ground-state wave function. That is, in 
those terms, we have used only the first term in the 
expansion of the exponential occurring in the & and 1, 
interactions. This introduces no appreciable error and 
is consistent with the order of Approximation II. 
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Fic. 1. Coefficients describing the departure from the matrix 
elements calculated in zero-range approximation in lowest multi- 
pole order due to our approximations and inclusion of all multi- 
poles are plotted as a edie of incident photon energy. The 
terms plotted here are those corresponding to of, ,E°, oE', and 
oM.°. The form used is (a-+-b cos@+-c¢ cos#) times the corresponding 
lowest multipole matrix element. 
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IV. RESULTS 


The results of the calculations of the previous section 
are more easily interpreted if they are expressed in 
different form. The form we choose is to compare our 
results to the matrix elements that are obtained in the 
shape-independent theory using the lowest orders of 
the multipole expansion. Thus, we compare our £ and 
M, terms to the electric dipole matrix element, the M,, 
terms are compared to the magnetic dipole matrix 
element, and the M,, term is compared to what is 
essentially the magnetic quadrupole matrix element. 
That is, we have written our results as the product of 
an appropriate multipole matrix element and a modi- 
fying expression composed of constants, for a given 
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Fic. 2. The coefficients corresponding to oMs,°, oMs,°, and 
M,,' are plotted in the same manner as for Fig. 1. 


energy, and angular dependent terms. Then we may 
write for the central force matrix elements: 
be 
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Thus the results of our calculations are readily evident 
from the magnitudes of the coefficients of the angular 
terms. These coefficients are plotted against the incident 
gamma-ray energy in Figs. 1, 2, and 3. 

In the expressions above it is clear that the expres- 
sions of the form (a+ cos@+<c cos’@) demonstrate the 
effects of the additional consideration we have made; 
i.e., higher multipoles, explicit Hulthén shape, and 
interaction in the final states. The remaining factor of 
the terms are, in the case of 9°, »M.°, oE', and ,F° 
the electric dipole matrix element between the shape- 
independent ground-state function ¥,° and the free- 
particle final triplet P-state function. In the case of 
oM,,° and M,,', the remainder is the magnetic dipole 
matrix element between the shape-independent ground- 
state wave function ¥,° and the final singlet S-state 
wave function in which a correction for interaction has 
been introduced by means of the phase shift. Both of 
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Fic. 3. A term corresponding to ,£ is plotted in 
the same manner as in Fig. 1. 


these cases may be easily obtained from our interaction 
by using only the first term of the expansion for the 
exponentials occurring in the & and 9M, interactions. 
This is just what we have been calling the dipole 
approximation for our interaction. The remainder in 
the oM,,° expression has been obtained by replacing, 
in the original calculation of »M,,°, the exponential 
occurring in the IW,, interaction by the second term of its 
expansion. This is the analogous tera to the magnetic 
quadrupole term. The coefficients of the angular terms 
in the modifying expression were arrived at in the 
following way. The original expressions, Eqs. (10) and 
(18), for the different matrix elements were numerically 
calculated at five energies in the range from 5 Mev to 
30 Mev, i.e., 5.66 Mev, 11.23, 16.53, 22.44, and 28.06 
Mev, and for seven angles at each energy; i.e., 0°, 30°, 
60°, 90°, 120°, 150°, and 180°. For each energy the 
results for each matrix element were numerically fitted 
to the corresponding term of the above expressions, 
Eqs. (23), in this way obtaining the coefficients. In all 
cases these expressions represent the calculated terms 
to better than one percent at all angles. The coefficients 
thus obtained were then plotted as a function of the in- 
cident gamma-ray energy in Figs. 1, 2, and 3. Actually, 
only those coefficients whose effects are noticeable are 
plotted. Higher-order terms in such an expansion in 
powers of the cosine than those given are at least an 
order of magnitude smaller than the smallest of the 
terms given. 

Referring to these curves and Eqs. (23), it will be 
observed that the first coefficient in the modifying ex- 
pression for each matrix element is the dominant term. 
This is expected since the more complicated angular 
behaviour corresponds to the higher multipoles. These 
first coefficients in the cases of »Z° and 9M,,° are very 
nearly equal to unity so that in these cases we have 
plotted their departures from unity, i.e., for a we plot 


a=1—a, for 6; we plot 8,=b,—1. The first coefficients 


of oE' and oM.°, a' and a,, respectively, are as expected 
much smaller although still not negligible because they 
will interfere with »£°. The term of importance in ,£°, 
that is, a;’’, is smaller than had been anticipated, but 
this result has been corroborated by an alternative 
calculation using the method of Marshall and Guth" 
for calculating the electric dipole matrix element with 
100 percent ordinary forces and using square well wave 
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functions. The agreement was excellent at our higher 
energies, above 15 Mev, and was in very good qualita- 
tive agreement at the lower energies where the Born 
approximation is not as good. Similarly, the term in 
M,,’, a’, was larger than was expected and this was 
checked by a magnetic dipole calculation using square 
well wave functions described previously. At the lowest 
energy for which we calculated, the agreement is ex- 
cellent while at our higher energies the agreement is 
is within 10 percent of the calculated correction term. 

The second and third terms in the modifying expres- 
sions reflect the presence of the higher multipoles. It is 
evident that though these terms are small they will 
not be negligible in their effects on the angular distribu- 
tion, even at our lowest energies. This is more clearly 
seen by writing the differential cross section for the 
photodisintegration in terms of these coefficients. It is 
to be understood that by the Approximation II-C cross 
section we mean the calculated cross section in which 
the second Approximation terms are included. Obvi- 
ously, the first Approximation terms are also included. 
Thus, we have for the differential cross section in the 
second Approximation with central forces, and for an 
unpolarized y-ray beam: 


m= - (€s— €9)*-{ ———— 
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kx? 


dQ; a | 2k? sin? 


8 
-+— cos’6-- se], (24) 
(c?+ k?)4 3 


where @ is the angle between the direction of the incident 
y ray and the emergent proton. 

The differential cross section in Approximation I, 
do;/dQ, is easily obtained from the above expression 
Approximation II by simply omitting a’, a,”, a,’, 6,’ 
where they occur. It is not convenient to express the 
differential cross section obtained from Approximation 
II-NC in the above form because of the more compli- 
cated spin dependence of the matrix elements. This 
results in a greater degree of interference between the 
different terms entering in the calculation of the cross 
section. For a similar reason we have not felt it par- 
ticularly illuminating to express the noncentral case 
matrix elements in the form of Eqs. (23) either. How- 
ever, in discussing the numerical results for the angular 
distribution of the different differential cross sections it 
is more convenient to write the differential cross section 
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in the form 


da/dQ2= A+B sin*0+C sin*6 cos 

+D sin’6 cos’@+-E sin‘@ cos@, (25) 
and this form applies equally well for the noncentral 
as well as central force cases. 

The angular distribution is then easily described in 
terms of the ratio of each of the other coefficients to B, 
where B is the dominant term corresponding in the main 
to the electric dipole contribution. Thus A/B gives the 
measure of the isotropy in the angular distribution, C/B 
and E/B measure the forward asymmetry, and D/B 
measures the broadening of the peak of the angular 
distribution. These ratios are plotted as a function of 
incident y-ray energy in the center-of-mass system for 
the three cases in Fig. 4. The subscript I refers to the 
quantities in Approximation I, IT to the Approximation 
II-C cross-section, and N.C. to Approximation II-NC. 
E/B is plotted in only the case of Approximation II-NC 
since it is only in this case that it is appreciable. 

The resultant total cross section can, of course, be 
written as 

o=4n[A+3B+ (2/15)D]. (26) 
The calculated total cross sections are given in Figs. 
5 and 6 as a function of incident gamma-ray energy. In 
Fig. 5 three curves appear, one for o1, the result from 
Approximation I, for oi; (50 percent), the result from 
Approximation IT with central forces that are 50 percent 
charge-exchange, 50 percent ordinary, and for onc, the 
result of Approximation II-N.C. with forces that are 
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Fic. 4. The angular dependence of the differential cross sections 
in the three approximations I, II, and IINC, and including the 
effects of exchange moments in II+X.M. is plotted as a function 
of incident photon energy. The form assumed for the cross section 
is do/dQ= A+B sin%®+C sin’ cos0+D sin® cos#+E sin cosd. 
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Fic. 5. The total cross section in millibarns is plotted as a func- 
tion of the incident photon energy for the three approximations 
calculated, I, II, and IINC. 


50 percent charge exchange, and 50 percent ordinary. 
In Fig. 6, we have plotted the case of Approximation 
II-C with central forces and 0 percent charge ex- 
change forces, o1:(0 percent), in the form of the ratio 
o11(0 percent)/a11(50 percent) of this cross section to 
the cross section from Approximation II-C with central 
forces, and 50 percent charge exchange which appears 
in Fig. 5. From the curves of the differential and total 
cross sections, Figs. 4, 5, and 6 and the appropriate 
equations, (25) and (26), it is clear that the values of 
the coefficients A, B, C, D, and E may easily be obtained 
for each case and for any of the energies in the range 
calculated. 


V. EXCHANGE-MOMENT CONTRIBUTION 


In the preceding sections we have not treated the 
interaction due to exchange currents in the deuteron, 
arising from the charge-exchange character of nuclear 
forces, even though it is to be expected that such effects 
are present, because the explicit form for the inter- 
action must depend upon the choice of meson theory to 
be used. In the absence of a suitable meson theory, it is, 
however, still possible to obtain some information from 
a phenomenological approach. In a recent paper'® such 
a phenomenological method was described, in which, 
on the basis of differential charge conservation and 
reasonable symmetry restrictions on the nuclear Hamil- 
tonian, consideration was given to the possible opera- 
tional forms for the two-body exchange current oper- 
ators. The resultant magnetic moment operators were 
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obtained which, for convenience, we will list again here. 
They are, for genera! nuclei: 
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with the general expression for the magnetic moment 
operator of the nuclear system being 


M=M,.+>-y CyvMy, (28) 


where the Cy are arbitrary constants. 
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Fic. 6. The ratio of the total cross section calculated in Approxi- 
mation II with 100 percent ordinary forces to the total cross 
section calculated in Approximation II with 50 percent charge- 
exchange forces (which appears in Fig. 5) is plotted as a function 
of incident photon energy. 
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We see that aside from My), the remaining twelve 
exchange-moment operators M;—Myy have within 
them an arbitrary function of r,;, the separation of the 
ith and jth nucleons. It was there assumed that all 
twelve of these functions were the same and of the form 
of a Gaussian function. Choosing a reasonable value for 
the range of the Gaussian it was then possible, by re- 
ferring to the experimental data on the magnetic 
moment anomalies of the deuteron, triton, He’, and 
heavy odd nuclei, to obtain some information on the 
values of the multiplicative constants Cy which repre- 
sent the strengths of the different terms. It is our pur- 
pose to utilize these numerical results for estimating 
the magnitude of the contribution of exchange moment 
effects on the matrix elements for photodisintegration in 
the magnetic dipole approximation. 

For the deuteron it may readily be verified that the 
exchange moment operators M;, Min, Mi, Mry, and 
Myy: can give no contribution to the matrix elements 
for photodisintegration. M, cannot contribute for any 
two-nucleon system, while the other four terms have a 
nuli contribution because the deuteron has a singlet 
isotopic spin ground-state wave function which, when 
operated upon by the isotopic spin operator parts of 
Mii, Mis, Mry, and Mry, yields zero identically. If 
we assume that the ground state of the deuteron is 
completely an S state, as we shall in this calculation, 
the selection rules for the remainder of the exchange 
moment operators may readily be obtained. Thus M; 
and My, give rise to transitions to a final singlet S state, 
while My and My, give rise to transitions to final singlet 
S or singlet D states. My and Myy give rise to transi- 
tions to final triplet S states, while My and My; may 
give rise to transitions to either final triplet S or triplet 
D states in the deuteron. 

Since My, My:, My:, and My: would give exchange 
contributions to the magnetic moment of the deuteron, 
the conclusion arrived at was that the strengths of these 
terms are probably very small. On the other hand, the 
strengths of M;, Mr, Mi, and My may be quite a bit 
larger, by at least an order of magnitude. For our 
purpose of merely estimating the magnitudes of these 
contributions to the photodisintegration it will be suffi- 
cient to consider only the terms M;, My, Mi, Mu. 
That is, for the deuteron we consider 


CyMr= 3Ci f(r) (717 72”— 71"72") (01 X02), 
Cy My = }Cy f(r) (117 72"— 71"72") 
X (3[r- (o1.X a2) |r/r’— (o;Xe2)}, 
CuMy=4Cu f(r) (11°— 72") (o1— 2), 
Cu Mwy = }Cw f(r) (171° 72°) 
X {3[4- (o1— 2) |r/rP’— (0;—2)}. 
In our calculations we will assume for simplicity that 
Cr=3Cy and Cy=3Ci, and we will choose for f(r) a 


Hulthén form rather than a Gaussian, although this 
causes some further uncertainty in the values of the 


(29) 
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coefficients. That is, we choose 
f(r) =e-""/ (1—e-*"). 
For the ground-state wave function y, we take 
2a , 
4n(1— = 


(e~ar—e-#r) | 


- yy eit Sade’ (31) 


1 
ane exp(—ie-B)( 


r 


and for the final state we need only consider the final 
singlet-state wave function ¥,;,, where 


1 
— Exm2e"™* + Exe ** 


Yeo 


sinkr 


e~ 40s sin (kr+-6o,) 
— [eet ion | —- |x (32) 
kr kr 


The results for the matrix elements are the same for 
M; and Mj; as well as for My and My. Thus, before 
the summation and averaging over spin states and 
polarizations we have 


(W,|Cr (M,\+M\) ly,)= (| Cu(Miurt+ Mw) lo) 


2erhc lra \ie ae 
= ( nanos —) —(6s~ 49) —2Cn 
xV? 1—aro: 2he (€o— €y) Mc 


Co ibos e140s 
xx ¢ 85] ——(cosiet8/ k sind9,——— | 
f+ k* 4 


RN 1+ k2/p? 
ene t k 1 
—- ———| —- ti al (33) 


e’-k 1 42+ ?/3? 1 3, k 
+ 8y-b)|—( +S tar] 
Rk? ee RF B 


= ~1 
k3 B k 


k 


where Cy is either C; or Cy;, and Sy is the corresponding 
spin operator, S;=(o:Xe2) and Si:=(e:—o1); how- 
ever, S; and Sr have exactly the same effects operating 
on the deuteron ground-state triplet spin function x,'. 

The original calculations'® to determine the magni- 
tudes of the Cy’s performed with a Gaussian for f(r) 
indicated magnitudes for C; and Cy of the order of a 
nuclear magneton. We have estimated the effect on 
the Cy’s of the use of the Hulthén form for f(r) instead 
of the Gaussian by two methods. The first consisted of 
equating the expectation values for the magnetic mo- 
ment of the deuteron for the two forms, and the second 
consisted of normalizing both interaction forms to the 
same volume and then equating them. Neither method 
is completely satisfactory but both methods do indicate 
that the constants, i.e., strengths, to be used with the 
Hulthén form should be somewhat larger than those 
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obtained by using the Gaussian. We have chosen as a 
conservative estimate the relation 


Ci+Cn= 2.0 nm (34) 


to serve as our basis for estimating the exchange mo- 
ment effect on the photodisintegration. Though, of 
course, inexact, this value should be of the correct order 
of magnitude to indicate the possible extent of the 
influence of the exchange moments. 

The resulting contribution to the photodisintegration 
matrix element interferes with the contributions of the 
MM,, interaction. Despite the complicated form of the 
matrix elements the main part of the contribution is 
isotropic, and, in fact, the angular dependent part may 
be ignored. The contribution of the exchange moment 
terms to the differential cross section is indicated in 
Fig. 4 by the plot of (A/B)n4xm. This quantity was 
obtained by adding the exchange-moment contribution, 
considered as completely isotropic, to the matrix ele- 
ments of Approximation II with central forces, thus 
yielding a new differential cross section to which this 
quantity refers. The magnitude of the exchange- 
moment contribution is indicated by comparison of 
(A/B)14xm to the quantity (A/B)y. The contribution 
of the exchange moments to the total cross section is 
indicated in Fig. 7 where the difference between the 
total cross section given by Approximation II with 
central forces and 50 percent charge exchange with the 
inclusion of the exchange moment and the quantity 
oy: (50 percent) without the exchange-moment contri- 
bution is plotted as a function of the incident gamma- 
ray energy. 


VI. DISCUSISON OF RESULTS 


All of the salient results of this paper are summarized 
in the Figs. 1 through 7. In this section we will dis- 
cuss these results in the order in which we have pre- 
sented them. 

A. Approximation I 


The results obtained in Approximation I are charac- 
terized by the curves for a, b, c, 4, 81, a, 5,, and ¢, 
in Figs. 1 and 2 which describe the behavior of the 
matrix elements; the curves for (A/B);, (C/B);, and 
(D/B),; in Fig. 4 which yields the angular distribution 
of the differential cross section; and the curve for oy 
in Fig. 5 which gives the total cross section in this 
approximation. The results in Figs. 1 and 2 correspond- 
ing to Approximation I show most clearly the effects 
of including all of the multipoles. At the low energies 
it may be seen that the magnitude of the final result, 
the total cross section, is essentially the same as obtains 
in the simple dipole approximations. As the energy 
increases the disparity between this and the dipole 
calculation becomes more pronounced, as indicated for 
example, by the curves of a and a,, but the difference 
is still fairly insignificant at the highest energy we 
consider. The curves of Fig. 4 representing the angular 
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Fic. 7. The contribution to the total cross section due to the 
inclusion of exchange moments is plotted as a function of incident 
photon energy. cxm is the difference between the cross section 
given by Appreximation II with 50 percent charge-exchange forces 
and including the exchange moments and the same Approximation 
without the exchange moments. 


dependence of the differential cross section show more 
significant results. There it is observed that even at the 
lowest energies the forward asymmetry (C/B); is ap- 
preciable. Thus, it is seen that higher multipoles may 
have appreciable effects on the angular distribution 
before they have significant effects on the total cross 
section. These remarks obtain equally well for Approxi- 
mation IT. 

All of the results of Approximation I are independent 
of any explicit knowledge of the nature of the forces in 
the deuteron and are dependent upon only the nu- 
merical choice of the constants used, i.e., effective 
ranges, scattering lengths, and binding energy of the 
deuteron, these values (with the exception of the last) 
having been obtained from experiments other than 
photodisintegration. Of these experimental quantities, 
the triplet effective range, ro, is probably responsible 
for the largest contribution to the error. As an overall 
estimate it would seem reasonable to conclude that the 
numerical results of Figs. 4 and 5 are correct to within 
5 percent, this error being due to the uncertainties in 
the experimental quantities that are used in the nu- 
merical calculation. Essentially the same error arises in 
Approximation II, 


B. Approximation II-C 


The modifications introduced through Approximation 
II-C are apparent in Fig. 4 for the effect on the differ- 
ential cross section, and in Fig. 5 for the effect on the 
total cross section. The effects of individual terms that 
are calculated in Approximation II-C are seen in Figs. 
1, 2, and 3. The effect of the introduction of the specific 
potential shape is seen to be most marked for the 
magnetic spin to final singlet states matrix element 
M,,’. This result, as indicated before, seems inde- 
pendent of the specific Hulthén form chosen, as evi- 
denced by the good agreement with calculations using 
a square well. The greatest effect is to decrease the iso- 
tropic term as is evidenced by comparison of (A/B)1 
to (A/B), in Fig. 4. The curve for a’ in Fig. 1 shows 
that the total electric interaction & matrix element is 
also decreased by the destructive interference of oF', 
though almost negligibly at the lower energies. These 
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two effects are primarily responsible for the lower total 
cross section for Approximation II-C as compared to 
that for the Approximation I. At the lower energies 
this decrease is due mainly to the smaller total magnetic 
spin interaction IN,, matrix element, while at the higher 
energies the difference is mainly due to the smaller 
electric interaction matrix element. 

The effect of modifying the percentage of exchange 
force from 50 percent is indicated in Fig. 3 where the 
dominant term in the matrix element ,£°, a,’’, is plotted 
as a function of energy, and in Fig. 6 where the ratio 
of the total cross section in Approximation II with 0 
percent exchange force, to the total cross section in 
Approximation II-C with 50 percent exchange force, 
ou(0 percent)/a(50 percent) is plotted. Both curves 
indicate the same behavior. Below about 20 Mev the 
effect of varying the percentage is negligible and there- 
fore difficult to detect experimentally. In fact, the 0 
percent cross section is slightly greater than the 50 
percent exchange cross section. Avove 20 Mev the 
effects become more pronounced with the 0 percent 
exchange cross section smaller than the 50 percent ex- 
change cross section, the. ratio being 0.87 at 28 Mev. 
This general result does not seem dependent upon the 
choice of potential shape!’ since, as mentioned before, 
the same behavior is obtained with a square well 
calculation. 

Essentially the same arguments apply to the relia- 
bility of the numerical results of Approximation II-C 
as were used for the first Approximation, although the 
use of the Hulthén wave function diminishes to some 
degree the error due to the uncertainty in the triplet 
effective range. We will, however, estimate the error as 
the same as for the First Approximation. 


C. Approximation II-NC 


Inasmuch as only approximate wave functions and 
potentials were used in the noncentral force calculation, 
the results obtained can only serve to indicate the 
changes that occur upon the introduction of the tensor 
force. The most significant modifications to the second 
Approximation cross section due to the inclusion of a 
noncentral force are to the angular distribution and 
may be seen in Fig. 4. Comparing to the terms from 
Approximation II-C, we see the following changes. First, 
the isotropic component becomes considerably larger 
at the higher energies. Thus, the ratio of (A/B)n.c, to 
(A/B)y is about unity up to around 15 Mev but is 
nearly two at 28 Mev. Secondly, the forward asym- 
metry, represented by the two terms (C/B)nc and 
(E/B)xc, is greater at the very low energies, around 
6 Mev, but becomes about the same as the central-force 
case, with the peak slightly shifted, at the higher 
energies. Finally, the width of the peak in the angular 
distribution is decreased due to the fact that (D/B)nc 
is negative in this energy range while it is positive in 


7 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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the central force cases. The total cross section onc, 
Fig. 5, is smaller than oy at the lowest energies as would 
be expected due to the lower percentage of S state in 
the ground state. The fact that the difference between 
the two cross sections, onc and o1;, becomes smaller as 
the energy increases seems to be a reflection of the rela- 
tive increase of the isotropic term, both effects ap- 
parently being due to the increased importance of 
transitions from the D state. It is more difficult in this 
case to see the causes of small changes in the cross 
sections because of the more complicated spin and 
angular dependence of the matrix elements and the 
resultant mixing and interference between terms enter- 
ing into the calculation of the cross sections. 


D. Exchange Moment Contribution 


The estimated exchange moment contributions to the 
cross sections are indicated by (A/B)i1;xm in Fig. 4 
for the effect on the angular distribution, and by the 
contribution to the second Approximation for central 
forces total cross section in Fig. 7 where essentially 
o114xm— 011 is plotted. Since our choice of the strengths 
for the exchange moments was somewhat arbitrary, 
these calculations can only serve to indicate the order 
of magnitude of the effects to be expected. However, 
these results show that the exchange moment effects 
may not be inappreciable. Our calculated contribution 
to the total cross section gives an increase of almost 10 
percent of a1; at 28 Mev and the increase of the isotropy 
in Approximation II-C is nearly fivefold. Unfortunately, 
because of the other uncertainties of the deuteron 
problem these effects may not be clearly distinguishable 
experimentally, if they are present. However, these 
contributions seem to become more important as the 
energy increases and it is possible that they may become 
quite significant at energies above those calculated here. 


E. Extension to Higher Energies 


The methods used in obtaining our results are ex- 
pected to be particularly appropriate for similar calcu- 
lations at higher energies where the higher multipoles 
would be relatively more important. In fact, Eqs. (10), 
(18), (22), and (32) could be used in their present form 
to calculate the corresponding matrix elements, with 
reasonable accuracy, up to energies of the order of 100 
Mev. The Born approximation used for Eq. (16) will, 
in fact, be better at the high energies. If desired, the 
calculation could easily be somewhat improved for 
higher energies by the inclusion of the phase shifts for 
the D final states, etc. 


F. Conclusion 


We may conclude, from the results of this paper, that 
the theoretical estimates for the deuteron photodisinte- 
gration, in the energy range here considered, may be 
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considered to be fairly well bracketed, as is most clearly 
shown by Fig. 5 for the total cross sections. Certainly, 
greater accuracy in the experimental quantities used in 
numerically fixing these cross sections will be almost a 
prerequisite before refined photodisintegration measure- 
ments can distinguish the presence of such effects as 
are due to tensor forces, exchange forces, exchange 
currents, or particular well shape. However, as a 
standard to be used for determining other photo-process 
cross sections the present calculations indicate that 
such a calculated result as o11, as our best approximation 
to the correct total cross section, can only be considered 
to be accurate to within 15 percent. About 5 percent 
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of this arises from uncertainties in the values of em- 
pirically determined parameters (effective ranges, etc.), 
while the remainder arises from the uncertainties intro- 
duced by lack of knowledge concerning the potential 
interaction, noncentral interactions, and exchange 
moments. 
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New Neutron-Deficient Isotope of Silver* 


B. C. HaLparf AND Epwin O. WucG 
Depariment of Chemistry, University of Rochester, Rochester, New York 
(Received February 1, 1954) 


Silver-103 of 1.1-hour half-life, produced by bombarding silver with high-energy protons, was identified 
by following the decay with 8-proportional, scintillation, and x-ray proportional counters and by milking 
the daughter, 17-day Pd'*, through seven half-lives. Measurements with a B-ray survey spectrometer 
showed the presence of conversion electrons of 0.6-Mev energy and positrons of 1.3-Mev maximum energy, 
both of which decayed with a half-life of 1.1 hours. Aluminum absorption measurements also gave 1.3 Mev 
as the maximum §* energy. Ag" decays in part by K capture. 


HE existence of previously unknown Ag" of 

1.1-hour half-life was investigated by bombarding 
silver with protons of energy 80, 100, and 170 Mev in 
the internal beam of the 130-inch synchrocyclotron 
of the University of Rochester. Bendel ef al.' have 
reported bombardment of Pd foil with 12-Mev deu- 
terons and examination of the activity associated with 
the silver fraction. They observed that conversion 
lines of 530- and 740-kev associated with the silver 
activity decayed with half-lives of 1.1 hours, which 
they could not assign to any known silver isotope. 
In view of the present results it seems quite likely that 
they synthesized 1.1-hour Ag from Pd'® by a (d,n) 
reaction. 

EXPERIMENTAL 


Silver powder, determined by spectrochemical analy- 
sis to contain only traces of copper and possible traces 
of lead, was wrapped in a 5-mil aluminum foil envelope 
and bombarded, usually for one hour. 

The bombarded sample was dissolved in hot nitric 
acid containing ions of In, Cd, Pd, Y, Sr, and Rb as 
carriers. The resulting solution was diluted with water 
and AgCl precipitated by addition of HCI. The washed 

* This research was supported by a contract with the U. S. 
Atomic Energy Commission We 

+ Postdoctoral Research Associate in Chemistry. 

! Bendel, Shore, Brown, and Becker, Phys. Rev. 90, 888 (1953). 


solid was dissolved in NH,OH and the solution 
scavenged twice with Fe(OH);. Addition of H,S to the 
solution gave a precipitate of AgoS, which was washed 
and dissolved in hot concentrated HNO,. Dilution and 
addition of HCI resulted in precipitation of AgCl, 
which was dissolved in NH,OH and the Fe(OH),, 
Ag»S, AgCl purification cycle repeated. The final 
AgCl precipitate was washed with water, alcohol and 
ether and suitably mounted for counting with £- 
proportional, scintillation, and x-ray proportional 
counters. Samples were also prepared for 8-ray spec- 
trometer and aluminum absorption measurements. 

In milking experiments a known amount of 
Pd(NOs3)2 as carrier in solution was added to a known 
weight of purified active AgCl. The mixture was 
allowed to stand for 45 minutes and then dissolved 
in NH,OH solution. At the end of 1.1 hours from the 
previous precipitation of AgCl, the NH,OH solution 
was made acid with HCI and AgCl reprecipitated and 
separated. The supernatant was scavenged with AgCl, 
after which palladium dimethylglyoxime was _pre- 
cipitated, separated, and washed. A solution of the 
precipitate in hot concentrated HNO; was again 
scavenged with AgCl. After dilution of the supernatant, 
palladium was separated as palladium dimethyl- 
glyoxime, washed, dried, mounted, and weighed. The 
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K-capture decay of 17-day Pd'® was followed with an 
x-ray proportional counter. 


RESULTS 
Half-Life and Mass Number 


The decay curve for the silver activity produced by 
bombardment with 100-Mev protons and followed 
with a 6-proportional counter is illustrated in Fig. 1. 
Similar curves were obtained with a scintillation counter 
and for all three proton energies. Besides long-lived 
activity, the silver sample was found to decay with 
half-lives of 1.1 hours and 25 minutes. The latter 
activity presumably indicates the presence of the 
known isotopes? Ag'*® (24 minutes) and/or Ag™ 
(27 minutes). Measurements with an x-ray proportional 
counter also showed the 1.1-hour activity along with 
other activities (Fig. 2, curve A). Silver activities of 
16.3 minutes and 1.2 hours were originally assigned by 
Ens* to Ag'™ and Ag’, respectively. However, he 
expressed doubt concerning the assignment of the 
1.2-hour activity, which was of low intensity. In the 
most recent ‘Table of Isotopes’” the 16-minute decay 
is assigned to Ag’ and the 1.2-hour to Ag™. It would 
now appear that perhaps Ens’ 1.2-hour Ag activity 
was actually 57-minute Rh'™", which was unknown 
at the time. The latter has since been prepared by a 
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Fig. 1. Decay curve of active silver as observed with 
a beta-proportional counter. 
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Fic. 2. (A) Decay of active silver as observed with an x-ray 
proportional counter. (B) Yields of Pd daughter extracted 
from chemically purified active silver. 


(p,p) reaction‘ on Rh', and Rh was present in Ens’ 
Pd target. No data have as yet appeared for the more 
recently reported? 1.2-hour Ag activity. At any rate, 
in view of the relatively short half-life of Ag’ and of 
the energy available in the transition from the ground 
state of Ag to that of Pd'® (5.3 Mev, calculated by 
the 8-decay systematics of Coryell®), Ag'® should 
have a short half-life. This suggested that our observed 
1.1-hour Ag activity was due to Ag’, a conclusion 
which was confirmed by extraction of the known 
17-day Pd’ daughter. 

The results of the Pd milking experiments are 
summarized in Fig. 2, curve B. The yield of Pd activity 
decreases with a 1.1-hour half-life. The separated Pd 
decayed by K capture and with a 17-day half-life. 


Mode of Decay and Radiation Characteristics 


Measurements made with a @-ray survey spectrom- 
eter indicated that the 1.1-hour Ag activity emits 
positrons of 1.3-Mev maximum energy. At the magnet 
current corresponding to 0.52 Mev, the peak of the 
1.3-Mev 8+ emission, the activity was found to decay 
with a 1.1-hour half-life. Aluminum absorption data 
(Fig. 3) also gave 1.3 Mev as the maximum positron 
energy. The 0.4-Mev 8~ rays of 24-minute Ag'*® were 
also seen but were allowed to decay out before starting 
measurements on Ag'®. The high count remaining in 


‘N. Hole, Arkiv. Mat. Astron. Fysik 36A, No. 2 (1948). 
5C. DB. Coryell, Ann. Rev. Nuclear Sci. 2, 305 (1953). 








NEW 


Fig. 3 is due to y rays from 8.3-day Ag'* and 40-day 
Ag’, and to a soft component equivalent to betas of 
~0.75-Mev maximum energy. The latter was not 
observable until 2 days after the bombardment and 
was possibly due to some other silver iostope or to the 
presence of impurity activity. 

A calculation by Coryell’s 6-decay systematics® gives 
1.72 Mev as the total disintegration energy of Ag 
in the positron ground state transition. This would 
suggest that Ag'® decays by emission of 1.3-Mev 
8+ to an excited state of Pd', which then decays to 
the ground state by gamma emission. Conversion 
electrons of 0.6-Mev energy observed in the 6-ray 
spectrometer data were found to decay with a half-life 
of 1.1 hours. Thus the observed total energy, 1.92 Mev, 
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Fic. 3. Aluminum absorption curve of active silver 
7 hours after end of bombardment. 
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Fic. 4. Suggested decay scheme for silver-103. 


is within the limits of error in agreement with the 
estimated energy. 

By way of summary, the experiments reported here 
show 1.1-hour Ag’ to decay by emission of 1.3-Mev 
Bt, ~0.6-Mev y rays and K capture. 

By combining our data and the 530- and 740-kev 
conversion lines of Bendel ef al.,! which our results 
show are associated with Ag™, the tentative decay 
scheme shown in Fig. 4 may be suggested for Ag™. 
The value of log ft is ~ 4.8, as calculated from Feenberg 
and Trigg.* From the shell model the spin of Ag'® in 
the ground state is expected to be 4 due to the 47th 
proton in the p; state. The spin of the ground state 
of Pd'™ is due to its 57th neutron which may occupy 
the dy or g7/2 state. 

We wish to express our thanks to Professor S. W. 
Barnes, Mr. W. Coombs, and the members of the 
operating crew of the Rochester 130-inch synchro- 
cyclotron for their assistance with the bombardments. 


*E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 401 
(1950). 
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Angular Distribution and Yield of the Process p+ d—t+ x* 


Witson J. FRANK, KENNETH C. BANDTEL, 


RICHARD MADEy,* AND BurTON J. MOYER 


Radiation Laboratory, Department of Physics, University of California, Berkeley, California 
(Received Februrary 23, 1954) 


The angular distribution of the process p+d—+t+-* has been determined for 340-Mev incident protons 
from the Berkeley 184-inch synchrocyclotron. The process was identified at one angle by a comparison of 
measured values with predicted values of the correlated angles, particle ranges, and triton time of flight. 
During one continuous run differential cross sections were measured at six pion center-of-mass angles ranging 
from 30° to 150°, with the apparatus set for the predicted correlated angles, minimum ranges, and triton time 
flight but without further tests of identification. The cross section is constant at about 0.45 micro- 
barns/steradian over pion center-of-mass angles of 180° to 90°. The cross section rises in the forward direc- 
tion to a value around 5 microbarns/steradian at 0°. The total yield of the process is estimated by numerical 


integration to be 15 microbarns. 


COMPARISON of the process p+d—/+-4+ and 
its partner process p+d—He'’+7° would provide 
a stringent test'? of the charge-independence hypothe- 
sis. If nuclear interactions are charge-independent in 
this energy region, the angular distributions of ‘hese 
two processes should be identical, and the ratio of the 
total cross sections, or the differential cross sections 
at any center-of-mass angle, should be 2:1. As an 
exploratory experiment, the angular distribution of 
the process p+d—/+2* was measured. 
This process, however, is of interest for its own sake, 
since its relation to the analogous process p+ p—d+ 71 
makes it amenable to theoretical treatment. A predic- 


tion'* of its angular distribution and yield involves 
some assumptions about the deuteron and triton wave 
functions and an estimate of the angular distribution 
and yield of the process p+ p-—+d+_* for pions with a 
center-of-mass energy of 78 Mev. Once the experi- 
mental data on the p+d-—+/+-* process are available, 
the theoretical treatment can be reversed or modified 
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Fic. 1. Correlated angles and energies in the laboratory system 
for the process p+d—t+*. The incident proton energy is 340 
Mev. 

* Now at the Brookhaven National Laboratory, Upton, New 
York. 

1M. Ruderman, Phys. Rev. 87, 383 (1952). 

*A. M. L. Messiah, Phys. Rev. 86, 430 (1952). 

+S. Bludman, following paper, Phys. Rev. 94, 1722 (1954). 


to give information on the estimates and assumptions 
used. 
KINEMATICS 


The incident particles in the process p+d—i+ +t 
are the 340-Mev protons fromthe Berkeley 184-inch 
synchrocyclotron. For such a monoenergetic two-body 
process, the conservation equations for energy and 
momentum can be solved to give the correlated angles 
and energies of the resultant particles; these angles 
and energies are summarized in Fig. 1. One important 
feature of this angular correlation curve is that the 
tritons are confined within a 12° cone about the beam 
axis. In the analogous reaction p+p—-d+ nt, the 
deuterons are confined to a 6° cone. The triton cone 
is larger because the extra target nucleon reduces the 
center-of-mass motion; thus the effect of the triton 
momentum component perpendicular to the beam 
axis is more pronounced. This reduced center-of-mass 
motion, for 340-Mev incident protons, makes 219 Mev 
available for a p+d process compared to 163 Mev for 
a p+p process. Thus, pion production takes a small 
enough bite of the 340-Mev input energy that pions 
and tritons are produced at angles and with energies 
adequate for a counter experiment. 

The concentration of tritons within a small angular 
region in the forward direction makes possible a 
triton time-of-flight measurement without a sacrifice 
in counting rate. For example, consider the correlated 
angles of 8.0° for the triton and 110° for the pion. In 
this region of Fig. 1, a 9° center-of-mass angular interval 
for tritons is compressed into a 1° laboratory angular 
interval; in the same transformation, the pion angular 
interval is changed only slightly. If, then, the distance 
of the triton counters from the target is nine times 
that of the pion counters, the same center-of-mass 
polar angular interval will be subtended by triton and 
pion counters of equal horizontal dimensions. Also, 
even though the triton counters are considerably 
farther from the target than the pion counters, both 
sets of counters will be about the same perpendicular 
distance from the beam axis; therefore, triton and 
pion counters of roughly the same vertical dimensions 
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ANGULAR DISTRIBUTION 
will intercept the same azimuthal interval. This fact 
is illustrated qualitatively in a scale drawing of the 
experiment arrangement in Fig. 2. In summary, the 
solid angle determined by the pion counters at a distance 
of 14 in. from the target is not reduced by placing 
similar-sized triton counters 11 ft from the target. 
This large triton-counter distance allows the triton 
time of flight to be measured. 


EXPERIMENTAL APPARATUS . 


The experimental arrangement at a typical angle is 
illustrated in Fig. 2. The incident 340-Mev protons 
were collimated to a 2-in. diameter beam. The beam 
was monitored by an ionization chamber; the ion 
current was integrated on a calibrated condenser and 
recorded in units of volts by a recording millivoltmeter. 
The targets of deuterated paraffin (CD2) and carbon 
(C) were 3 in. in diameter and contained the same 
number of carbon atoms. The particle detector at the 
triton angle consisted of two trans-stilbene phosphors ; 
each phosphor was 2 in. by 4 in. and was viewed by two 
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TRITON DETECTORS 


Fic, 2. Experimental arrangement for observing 
the process p+d—1+ rn". 


1P21 photomultiplier tubes. The phosphor thicknesses 
were selected so that the expected tritons, after suitable 
absorber, would lose 20 to 30 Mev in each phosphor. 
The two signals from a given counter were shaped by 
clipping to a width of 3 millimicroseconds and added 
together. Figure 3 shows this pulse shaping and adder 
circuit, together with the last dynode stage of the 
photomultiplier. The high impedance (259-ohm) coaxial 
cable was used to increase the signal transmitted from 
the photomultiplier and help eliminate the need for 
amplifiers between the photomultiplier and the coin- 
cidence circuit. 

The particle detector at the pion angle consisted of 
two trans-stilbene phosphors; each phosphor was 2 in. 
square and was viewed by one 1P21 photomultiplier 
tube. The phosphor thicknesses were selected so that 
the expected pions, after suitable absorber, would lose 
10 to 15 Mev in each. Each pion signal was clipped to a 
width of 3 millimicroseconds and delayed by a length 
of coaxial line calculated to match the expected triton- 
signal time of arrival at the coincidence circuit. The 
two triton signals and the two delayed pion signals 
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Fic. 3. Circuit used to shape, limit, and 
add photomultiplier pulses. 


were fed into a germanium diode quadruple coin- 
cidence circuit. 

Figure 4 is a schematic diagram of the coincidence 
circuit. The IN38 germanium diode inputs are used 
instead of vacuum tubes to increase the circuit sensi- 
tivity. The diode circuit can be driven directly from 
the output of the pulse-shaping circuit without the 
aid of distributed amplifiers. The three parallel IN56 
diodes and the associated capacitor are due to Garwin.* 
They increase the discrimination ratio by clamping 
the output voltage in all cases in which less than four 
of the input diodes are cut off. The IN54A diode in the 
grid of the output tube is introduced to increase further 
the discrimination of the circuit and, with the grid 
resistance, provide a pulse-lengthening action. The 
ratio of quadruple to triple coincidence output pulse 
heights is better than sixteen. 

The output signal of the coincidence circuit is 
amplified and lengthened with a secondary emission 
tube (Phillips type EFP-60) and recorded on two 
scaling units. The discriminator for each scaler is 
calibrated so that the two different discriminator bias 
settings provide a measure of the bias plateau. If 
only one discriminator were used, the running time 
would be increased. The efficiency of the counting 
equipment has been measured to be almost 100 percent. 
The resolution time of the overall system is about 
3 millimicroseconds. A more detailed account of the 





























Fic, 4. Germanium diode quadruple coincidence circuit. 


*R. L. Garwin, Rev. Sci. Instr. 21, 569 (1950). 
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Madey. 
EXPERIMENTAL METHOD 


Because the counting rates were on the order of one 
count a minute in this experiment, the process 
p+d-—i+n* was identified by a number of tests at 
only one angle; at each angle, however, three conditions 
were placed on the coincidences observed: (1) the 
counters were set at a given pair of correlated angles; 
(2) a time-of-flight requirement was placed on the 
triton by delaying the pion signals relative to the triton 
signals according to the calculated relative velocities; 
(3) the absorbers added to each counter telescope were 
selected to stop any particles with ranges below the 
minimum calculated ranges. 

The 340-Mev scattered deflected external proton 
beam® pulses from the Berkeley cyclotron have en- 
velopes of roughly 25 microseconds duration. The 
pulse repetition rate is abuut 60 per second. Within 
this pulse envelope, a fine structure exists with the 
16-Mc frequency of a phase-stable bunch of protons 
circulating near the machine’s maximum radius. 
Thus, the fine-structure interval between proton 
pulses is 60 millimicroseconds; the width at half- 
maximum of a single pulse of protons is 4 millimicro- 
seconds. The bunched protons in the beam produce 
bunched background processes in the target that have 
cross sections several orders of magnitude larger than 
the cross section of the process p+d-—>(+ + ; however, 
the time-of-flight method used for measuring the 
triton velocity also separates background processes 
by means of their different velocities. 

The time-of-flight method will discriminate only 
against background particles with velocities different 
enough from the expected triton velocity to separate 
the two particles at the triton counter by a time 
comparable to the resolution time of the coincidence 
circuit. However, background particles with the same 
velocity as the triton can be absorbed out if their 
masses are less than the triton mass. For example, 
protons and deuterons have respectively one-third 
and two-thirds the range of tritons of the same velocity. 
By adding enough absorber before a counter telescope 
to stop the expected particle at the back of the last 
phosphor, most background particles with velocities 
similar to the expected triton velocity can be eliminated. 

The calculations for a typical angle will be used to 
illustrate the method more specifically. For the case 
of a pion center-of-mass angle at 130°, the laboratory 
correlated angles are 8.0° for the triton and 110° for 
the pion. The triton energies are double-valued, but 
the pion angle requirement eliminates one possibility. 


*C. E. Leith, Phys. Rev. 78, 89 (1950). 

* Madey, Bandtel, and Frank (unpublished measurements). 
For the method, compare “The Radiofrequency Fine Structure of 
the Photon Beam from the Berkeley Syuckeesan” to be published 
in the Review of Scientific Instruments by the same authors. 
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The geometry is shown in Fig. 2. Suppose a time origin 
is taken when a proton pulse passes through the target. 
Assume that a triton-pion pair or a miscellaneous 
pair of background particles is created at some time 
within a radiofrequency proton beam pulse. The 
triton and pion are created simultaneously, but the 
background particles occur separately, spaced at 
most by the width of the radiofrequency envelope. 
(This condition is somewhat idealized, but most of 
the background trouble might be expected and was 
found to arise from the many protons in the peak 
of the radiofrequency beam pulse rather than from 
the few protons in the trough between pulses.) The 
pion velocity at 110° is 69 percent of the velocity of 
light, or 0.69c; the pion arrives at its counter in two 
millimicroseconds. The pion-counter background travels 
more slowly, except for electron and gamma rays, 
but is not debunched much over the short distance 
from the target to the counters. The time sequence 
of events being described is illustrated in Fig. 5. The 
triton velocity at 8.0° is 0.31c, while the velocity of 
elastically scattered protons is about 0.67c. Over the 
11 ft from the target to the counters, the production 
probability envelopes of these two particles become 
separated by about 20 millimicroseconds. If the pion 
counter signals are delayed with an amount of delay 
line calculated from the pion-triton expected time of 
flight, the real pion-triton counts are placed in coin- 
cidence. The pion-counter background is well separated 
from the fast background at the triton counter; 
possible accidental coincidences are further discrimi- 
nated against by the 3 millimicroseconds resolving 
time of the coincidence equipment. 

Absorbers calculated to stop the expected particle 
at the back of the last phosphor were added to each 
counter telescope; the larger pulse height obtained 
from the expected particle’s increased energy loss in 
the phosphor allows less energy-loss background to be 
biased out. The aluminum absorber calculated for 
tritons at 8.0° will stop 85-Mev protons. Figure 5 
shows that protons of this energy and greater are in 
the fast-background category and are discriminated 
against by the coincidence-circuit resolving time. 
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Fic. 5, Time sequence of particles arriving at the counters. 
The time origin is taken as the arrival of a single radiofrequency 
proton pulse at the target. 








ANGULAR DISTRIBUTION 

In summary, the method is this: two particles are 
detected in coincidence at angles correlated for the 
process p+d—i+ +; greater-velocity background is 
eliminated by a time-of-flight requirement; similar- 
velocity background is eliminated by a range require- 
ment. The success of the method is seen in the fact 
that a CD2-to-C ratio of 5:1 was obtained at most 
angles without using unreasonably low beam intensities. 


EXPERIMENTAL RESULTS 
Identification 


When the method described above was first de- 
veloped, a number of identification tests were made 
at one angle in order to be certain that the process 
p+d—i+n* was really being observed. The correlated 
angles of 8.0° for the triton and 110° for the pion were 
chosen at that time for two reasons. First, since pion 
production from nucleon-nucleon collisions typically 
has an (a+6 cos*)-type of angular distribution, pion 
angles away from 90° in the center-of-mass system or 
70° in the laboratory system were to be preferred in 
order to utilize the possibly higher cross section. 
Second, since the cross section for p+d—>t+ 2+ might 


TaBLe I. CD,—C difference counting rate as a function of 
relative beam intensity. The rate units are counts per unit of 
integrated beam. 





CD:-C 
difference 
rate 


Approximate 
CD+to-C 
ratio 
3:1 
6:1 


Relative 
beam 
intensity 


6 1.00+0.20 
1 1.25+0.30 








be one or two orders of magnitude lower than the 
p+p-—-d+nx* process, accidental coincidences could 
be expected to be one of the major experimental 
difficulties. This source of trouble could be reduced 
by selecting a pion angle in the back quadrant cor- 
related with a large triton angle. Unfortunately, the 
largest triton angle in the laboratory system is in the 
region of 90° in the center-of-mass system. The cor- 
related angles for the identification test were chosen 
as a compromise between a possible low real counting 
rate and a possible high accidental counting rate. 
As it turned out, this pair of angles was among the 
most difficult at which data were obtained. 

As the first step, a difference in the coincidence 
counting rates from CD,» and C targets was obtained, 
with the calculated absorbers and delay lines, at the 
correlated laboratory angles of 8.0° for the triton and 
110° for the pion. The result of varying the proton 
beam intensity is given in Table I. The target-out 
counting rate was a factor of five below the carbon 
rate at the higher intensity. The fact that the difference 
counting rate was constant over a large variation in 
intensity indicates that a real process from protons on 
deuterons was being observed. The identification tests 
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Fic. 6. Angular correlation test for the process p+d—it+*. The 
correlated angles are 8° for the triton and 110° for the pion. 


for this reak process were made by changing the angles, 
absorbers, and delay lines from the calculated values 
and observing the reduction in the difference counting 
rate. 

The angular correlation of the process was tested 
by moving each counter telescope separately from 
its calculated angle. The results, plotted in Fig. 6, 
show that the difference was properly reduced in 
each case. The large amount of triton multiple scatter- 
ing and the fact that the pion counters were moved 
only two counter widths to each side while the triton 
counters were changed by three counter widths account 
for the incomplete disappearance of the counting rate 
in the pion-angle correlation test. The coplanarity of 
the process was tested by raising the triton counters 
one counter height out of the plane formed by the 
beam axis and the pion counters; the difference rate 
dropped to 0.00+0.30 from the normal 1,00+0.20 
counts per integrated beam unit. 

The time-of-flight correlation of: the process was 
tested by changing the arrival time of the pion signal 
relative to the triton signal. The results of varying 
the length of pion delay line are given in Fig. 7. The 
difference counting rate is a maximum when the length 
of delay line in the pion counters is chosen to match 
the expected triton velocity; the difference rate <tis- 
appears for particle velocities larger or smaller by 12 
percent. The effectiveness of the time-of-flight and 
range methods in reducing background counts may 
be appreciated by noting how rapidly the carbon 
counting rate rises as delay is removed between the 
pion counters and the coincidence circuit. The reason 
for the rise in this accidental coincidence rate can be 
understood from Fig. 5; the shorter delay allows the 
pion-counter background to synchronize with the 
faster triton-counter background. 

The ranges of the particles causing the coincidences 
were measured. The range spectrum of triton-counter 
particles participating in coincidences is shown in 
Fig. 8; the calculated triton ranges are indicated for 
comparison. The spread in the expected ranges is 








FRANK, BANDTEL, 





t 


& CO, RATE 
@ © RATE (BACKGROUND) 
x COpC OWFERENCE RATE 








| 


PION SIGNAL 
DELAYED LESS 
co n n 
-0 5 0 “ 
NET DIFFERENCE IN ARRIVAL TIME OF TRITON AND PION SIGNALS 
AT COINCIDENCE CIRCUIT (UNITS OF MILLIMICROSECONDS) 











Fic. 7. Time correlation test for the process p+d—t+-2*. Zero 
time is based on pion and triton calculated times of flight. 


caused by production at different target depths. The 
measured range agrees with the calculated triton energy 
to within 10 percent. The effectiveness of the range 
method in reducing accidental coincidences due to 
similar-velocity background is illustrated by the fact 
that the CD,-to-C ratio of 3:1 with the absorber drops 
to 4:3 without the absorber. The range of pion-counter 
particles participating in coincidences was measured 
by adding more absorber to the pion counters; the 
measured range agrees with the predicted pion energy 
to within 10 percent. 

When CH, was substituted for C, the CD.2.—CH, 
difference remained the same as the CD,—C difference. 
Thus, all these identification tests show a real process 
from protons on deuterons. This process is a mono- 

















2.0 40 60 #0 10.0 
TOTAL ABSORBER BETWEEN TARGET AND SECOND STILBENE COUNTER 
(IN EQUIVALENT gromsfom® OF ALUMINUM) 


COg-C OF FERENCE COUNTING RATE (ARBITRARY UNITS) 


Fic. 8. Range spectrum of particles arriving at the 
triton counters, and causing a coincidence. 
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energetic two-body reaction that is consistent with 
the process p+d—/+*. Because of the low counting 
rates in this experiment, such a series of tests could not 
be made for each angle without excessive use of cyclo- 
tron time. The general method of imposing the condi- 
tions of correlated angles, expected triton time of flight, 
and minimum ranges for both particles was extended 
to the other angles at which cross sections were ob- 
tained ; however, no further tests were made. 


Angular Distribution 


Seven laboratory angles, corresponding to equally 
spaced center-of-mass angles, were chosen for the 
angular distribution ; one of the middle angles, however, 
was omitted because of data-taking time limitations. 
The data were originally obtained in terms of counts 
per unit of integrated beam, but for interest are 
listed in Table II in terms of counts per minute. Three 
corrections were made to the data: (a) pion loss by 
decay in flight; (b) pion loss by absorption in the 
copper absorbers defining the minimum range; (c) 
triton loss and—to a lesser extent—pion loss by 
multiple scattering in the target. 


TABLE IT. The various counting rates (in units of counts/minute) 
as a function of pion center-of-mass angle. 


CD:-C 
difference 
rate 


Pion 
center-of-mass 
angle 


cl Ie, i 
ratio 
0.075 6 
0.095 10 
0.070 9 
0.065 15 
0.85 4 
0.360 2 


CDs rate C rate 


0.345+0.085 
0.890+0.060 
0.570+0.080 
0.925+0.100 
2.38 +0.31 

0.340+0.093 


30 0.420 
50 0.985 
70 0.640 
90 0.990 
130 3.23 
150 0.700 


In the present experiment, the pion is detected only 
as a charged particle satisfying certain correlated angle, 
minimum-range, and time-of-flight requirements. Its 
muon decay product is charged and can produce a co- 
incidence if it meets these requirements. Only about 
one-quarter of the muons can cause coincidences; even 
so, the pion decay correction never amounts to more 
than 5 percent because of the short pion flight path. 

Because of the minimum range requirement placed 
on the pion, the pion passes through an appreciable 
amount of copper absorber before being detected. 
Some of the pions interact with the copper nuclei and 
are absorbed, or scattered at large angles. The recent 
data of Stork’ at this laboratory on #* absorption 
in copper was plotted in the form of the absorption 
coefficient, yw, versus the absorber thickness, /, in 
radiation lengths; the integral 7," udt was evaluated 
numerically over the absorber thickness to give the 
correction factor, exp Ji"? udi. This factor increases with 
the pion energy, and at most, amounts to 1.40, corre- 
sponding to a 30 percent pion loss. If this correction 


7D. Stork (private communication). 








ANGULAR DISTRIBUTION 
were avoided by removing the minimum range require- 
ment, the higher accidental coincidence rate and 
consequently the lower CD,-to-C ratio would increase 
the data-taking time requirements severalfold and 
make the experiment unfeasible from the standpoint 
of available cyclotron time. 

In passing through the target and the eleven feet 
of air between the target and the counter system, the 
triton undergoes multiple scattering which sometimes 
destroys the angular correlation with its paired pion. 
Ordinarily this loss would be avoided by making the 
triton counters large enough to intercept all the scat- 
tered particles, while allowing the pion counters to 
define the solid angle. There are several difficulties 
with such a procedure in the present experiment. In 
order to identify the process and suppress the back- 
ground, a long time-of-flight path is required for the 
triton; even so, equal-sized pion and triton counters 
subtend approximately the same center-of-mass solid 
angle. To eliminate a multiple-scattering correction, 
the pion counter must be reduced in size or the triton 
counter extended in size. The change should be by at 
least a factor of two in linear dimensions, or a factor 


TaBLE III. Correction factors and differential cross sections at 
various pion center-of-mass angles for the process p+d—t+-r*. 








Total 
correction 
factor 


Pion 
center-of-mass 
angle 


da/dQo 
(microbarns/steradian) 


3.95+0.97 
2.55+0.18 
0.77+0.11 
0.44+0.05 
0.46+0.07 
0.41+0.12 





30 1.94 
50 2.21 
70 2.24 
90 2.21 
130 1.82 
150 1.66 


of four in area. If the pion counters are made smaller, 
the already marginal counting rate becomes unreason- 
ably low. Larger triton counters are difficult to make 
with a uniform detection efficiency for short resolution 
time and short deadtime coincidence counting; more- 
over, this extra area represents a fourfold increase in 
the accidental counting rate, but a less than double 
increase in the real counting rate. A further complica- 
tion is provided by the double-valued angular correla- 
tion curve if the same counters are used at all the 
desired data-taking angles. In the actual experimental 
arrangement, the solid angle was determined by the 
pion counter while the triton counter usually subtended 
a somewhat larger area. The correction factor for 
scattering loss is about 1.80 at 90° (pion center-of-mass 
angle) and falls to around 1.50 at 30° and 150°. The 
total correction factors applied to the data, as well as 
the final differential cross sections, are given in Table 
III. The errors shown are the statistical standard 
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Fic. 9. Experimental angular distribution for 
the process p+d—i+ rn". 


deviations related to the number of counts in the 
original data. 

The angular distribution data have been plotted 
in Fig. 9. If a reasonably smooth curve is drawn 
through the points, the total cross section is estimated 
by numerical integration to be 15 microbarns. The 
total error in the integrated number of protons, the 
target particle density, and the solid angle subtended 
is estimated to be 10 percent. Since the counting 
equipment is nearly 100 percent efficient, this cross 
section can be taken as the absolute yield within 25 
percent. 


CONCLUSIONS 


The most noticeable feature of the p+d-—/+x*t 
angular distribution is the constant cross section part 
from 90° to 180°. Ruderman’s theoretical distribution,' 
derived in terms of the p+p-—d+7x* experimental 
distribution by using an impulse approximation 
method, has a 90° minimum with a large 0° peak, 
and a lesser 180° peak. In reconsidering the problem, 
Bludman* has been able to fit the experimental data 
quite well by introducing Jastrow’s nucleon model* of 
a short-range repulsive force surrounded by the usual 
longer-range attractive force. A comparison of the 
theoretical and experimental results is given in the fol- 
lowing article. 


5 R. Jastrow, Phys. Rev. 81, 165 (1951). 
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Hard Core Interpretation of the Reaction p+d—=«*++t 
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The cross section for this reaction is calculated for three Hulthén deuteron wave functions. A hard core 
in the deuteron at one-half meson Compton wavelength reduces the total cross section and flattens the 
angular distribution in the backward direction in agreement with experiment. 





i Bre cross section for the reaction p+d—>4rt++1 
has been calculated from that for p+p—-mt+d 
by Ruderman,' who employs the impulse approximation 
for the production of mesons from the proton in the 
deuteron, neglects positive pion production from the 
neutron, and estimates the triton wave function in 
terms of the deuteron wave function. The purpose of 
this note is to show that the experiments performed? 
at Berkeley are consistent with a repulsive core in the 
neutron-proton interaction. 

The neutron in deuterium is assumed merely to 
impart to the struck proton the momentum needed for 
over-all conservation. In p-n collisions, positive pions 
can be produced only via intermediate states of isotopic 
spin 4, while from p-f collisions the isotopic spin state 
} is available as well. The evidence, from experiments 
on complex nuclei, for the suppression of p++n—>7~, and 
by charge symmetry p+n-—rn", relative to p+p—r* is 
by now compelling. The large momentum transfers 
involved in meson production suggest the applicability 
of the impulse approximation and imply a short-range 
encounter between the incident and struck protons. 

Under these assumptions, the transition rate for 
meson production in deuterium can be calculated! from 
that in hydrogen, giving in the center-of-mass system 
of proton and deuteron: 

., i, 1 , 1 £, E,+ Eade 
xt)=—[f(0)} Ypp——— — 
a oat i E,+ - .) 


Here the £’s and v’s are the energies and relative 
velocities occurring in the phase space and flux factors 
of the cross sections. The quantities in brackets are to 
be evaluated in the center-of-mass system of the two 
protons for that energy which produces a meson of 
momentum q. 

The form factor, 


ss ¥r(x,0) 
10)= f vox) wna 3/0r 


depends on the deuteron and triton wave functions 


1M. Ruderman, Phys. Rev. 87, 383 (1952). There are several 
numerical errors in the calculation of the cross section by Ruder- 
man, who considered no core, which prevent comparison of his 
results with experiment, even in this case. 

* Frank, Bandtel, Madey, and Moyer, preceding paper [Phys. 
Rev. 94, 1716 (1954) ]. 


p(x), r(Z,x) where x is the neutron-proton relative 
coordinate and Z the coordinate of the neutron in the 
triton relative to the center of mass of the proton and 
remaining neutron. With k the momentum of the 
incident proton, A=4k—4q is the relative momentum 
in the struck deuteron which is required by momentum 
conservation. The integral /(@) is the amplitude for 
finding in the original deuteron such a relative momen- 
tum that the original neutron and the deuteron from 
p+f—2*+d will form a bound triton in the final state. 

For 341-Mev protons, which produce mesons of 78 
Mev in the center of mass, A varies from 1.5 to 2.3yc 
for meson angles @ from 0° to 180°, so that /(@) is 
sensitive to the deuteron and triton wave functions for 
x=(.4 to 0.6 meson Compton wavelengths. In the 
absence of information concerning the triton wave 
function at these distances, one can only show that the 
cross section observed is consistent with a repulsive 
core in the interior of the deuteron. 
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Fic. 1. Differential cross section in the center-of-mass system 
for p+d—x*+/ with 341-Mev incident protons. The three curves 
are for deuteron wave functions with hard core at 0.50A/uc, 
0.38h/uc, and no core. The experimental points are those of 
reference 2. 


1722 








REACTION 


For the triton wave function, Frohlich ef a/* find 
that the simple form 


vr=N, exp{ = $a(X12t+%23+%s1)}, 


where x;; is the distance between nucleons i and j, gives 
90 percent of the triton binding energy when calculated 
with nuclear potentials fitted to the two-body data. 
The optimum value of the parameter a is a= 1.270uc/h, 
and the correct normalization constant is 


N,= (2/7) aé/x. 


three different Hulthén wave 


For the deuteron 

functions, 
¥o= (e*—e-"")/1, 

were employed: the foregoing function, and similar 
functions made to vanish at core radii r.=0.38 and 
at 0.50h/uc. In each case the Hulthén parameters 8 
and y were chosen to fit the deuteron binding energy 
and triplet range. While the differential cross section 
for meson production is strongly anisotropic, this is 
probably more evidence for the important role of 
intermediate states of isotopic spin and angular mo- 
mentum # than for the effects of D state in the deuteron. 

The cross section for the production of 78-Mev 
mesons in the p+p—*t-+d reaction has been extrapo- 
lated from the data of Schulz,‘ Durbin, Loar, and 
Steinberger,’ and Crawford and Stevenson® to be 


da 
P (ppw*d) = 210(4+-cos*8) ub/steradian. 
2 


5 Fréhlich, Huang, and Sneddon, Proc. Roy. Soc. (London) 
191, 61 (1947). These authors give the parameter a in terms of 
an old meson mass and employ a different normalization for the 
wave function. 

4A. G. Schulz, Jr., University of California Radiation Labora- 
tory cart UCRL-1756 (unpublished). 

5 Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951). 
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The results obtained are shown in Fig. 1 together 
with the experimental points of Frank ef a/.? The effect 
of a core in suppressing the deuteron wave function at 
small distances is to reduce the total cross section and 
to flatten the angular distribution in the backwards 
direction, in agreement with experiment. 

A different extrapolation for the proton-proton exci- 
tation function would change the absolute cross section 
without affecting the angular distribution. However, 
the excitation function for 78-Mev mesons would have 
to be 50 percent less than as extrapolated in order to 
bring the calculated cross section anywhere near the 
experimental points. A less isotropic angular distribu- 
tion, say (0.15+cos*#), would lower the curve at 90° 
where, however, the data are most reliable. 

The most striking feature of the experiments, the 
forward to back ratio, is independent of the p-p cross 
section and is consistent with a core phenomenon. 
(Because the suppression of high momenta might just 
as well reside in the triton wave function, this experi- 
ment might probe the triton if the deuteron wave 
function were known well enough.) Such a core phe- 
nomenon seems indicated by the high-energy scattering’ 
and by some forms of pseudoscalar meson theory.® 

I am indebted to Dr. B. J. Moyer, Dr. R. Madey, 
Dr. W. J. Frank, and Mr. K. C, Bandtel for access 
to the preliminary results of their experiment. Mr. 
Donald Criley carried out the numerical calculations. 
This work was performed under the auspices of the 
U. S. Atomic Energy Commission. 


*F. S. Crawford, Jr., and M. L. Stevenson, Phys. Rev. 91, 
468 (1953). 

7R. Jastrow, Phys. Rev. 79, 389 (1950). 

*M. Levy, Phys. Rev. 88, 725 (1952); A. Klein, Phys. Rev. 
90, 1101 (1953). 
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Nuclear Events at High Energies 


Josern V. Lepore AND RicHArD N. STUART 
Radiation Laboratory, Department of Physics, University of California, Berkeley, California 
(Received March 12, 1954) 


The statistical model, introduced by Fermi, is used to calculate the probabilities for various nuclear 
events at high energies. A general method for evaluating the phase integrals is proposed and used to find 
to some extent the consequences of neglect of pion momentum conservation. The effect of pion indistinguish- 
ability is studied and tables giving the probabilities for various processes are presented together with the 


energy spectra of the corresponding final nucleons. 


I. INTRODUCTION 


STATISTICAL model has been introduced by 
Fermi' to study multiple processes occurring in 
high-energy nucleon encounters. The method is based 
on the assumption that in such an encounter there is a 
localization of energy in a small spatial volume which 
decays into the various possible fina! states, compatible 
with the constants of motion, with relative a priori 
probabilities proportional to their statistical weights. 
In view of the mathematical and physical uncertainties 
involved in field-theoretic approaches to such problems, 
the method may provide a simple means of providing 
a much needed background for discussion of nuclear 
events at the moderately high energies now accessible 
to laboratory study by means of the various high-energy 
particle accelerators. Fermi has explored the conse- 
quences of the model most fully for cases of extremely 
high energy where the statistical model may be treated 
by using thermodynamics. When using the more de- 
tailed approach, he has treated nucleons as being 
nonrelativistic, pions as being extremely relativistic; 
furthermore, the momentum of the pions is neglected. 
In this paper a general approach to the calculation of 
phase volumes is proposed. This method is used to 
study the consequences of including momentum conser- 
vation in the simple case of extremely relativistic 
particles. Tables are presented giving the probabilities 
for pion and heavy meson production using the Fermi 
approximations. The effect of indistinguishability of 
the pions is also treated. 


Il. METHOD 


Following Fermi, the statistical weight of a state 
leading to n particles of masses M,, ---, M, is computed 
according to the folowing rule: 


Te ee n 
S.= IT a*p,. (1) 


GS (29r)3(" 1) i=] 


(We are using units such that h=c=1.) The integration 
extends over that region of momentum space compatible 
with the constraints on the system. The configurational 
space volume {2 is taken to depend on the energy £ in 


! Enrico Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950). 


the center-of-mass system : 
Q=(2M/E)%; N= (4r/3)R’. (2) 


The factor 2M/E represents the Lorentz.contraction 
of the pion cloud surrounding a nucleon whose radius, 
in its proper coordinate system, is R. Although R is 
expected to be about //m,c, it may be regarded as an 
adjustable parameter. The symbol § represents the 
weight factors due to conservation ef spin and isotopic 
spin. The factor? G converts the specific phase space 
volume into a generic one appropriate to indistinguish- 
able particles. 

The constraints on the momentum integration are 
those due to conservation of momentum, energy, and 
angular momentum. To simplify the calculations in 
what follows, angular momentum conservation is disre- 
garded. There are other statistical factors which enter 
into the computation of reaction probabilities: conser- 
vation of spin, isotopic spin, and the effect of indis- 
tinguishability of emitted particles. Also some rule 
must be accepted regarding conservation of nucleons. 
If one believes in the possibility of nucleon pair produc- 
tion, this means that the difference between the num- 
bers of nucleons and antinucleons is conserved: 


N—N’‘=constant. (3) 


The requirements of momentum and energy conser- 
vation may be imposed on the statistical weight by 
inserting discontinuous factors in the integrand of 
Eq. (1) and then allowing the integrations to go over 
the entire momentum space: 


$ Q~ d ~—ieda p® 
S,=— ———- —— f dx |] d*p, 
G (24)*"+! d(iE) Fn ie @ Fg i 


Xexp{ ifa-d; pita(E—>¥ i(p?+M?)')]}, (4) 


where ¢ is a small positive number which insures that 
S, is well defined. It is taken to be zero after the 
integrations are performed. 

Each momentum integral occurring in Eq. (4) has 
the form 


i= fep exp{il2-p—a(p?>-+M?)*J}. (5) 


? For example, G=1/n! if the state is one of m identical pions. 
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The angular integration may be carried out and yields 


=~ Fapesptinp—ar+aey}. © 
rd dr\Y_,, 


In this expression \ is the magnitude of the vector 4. 
In order to evaluate this integral, it is convenient to 
introduce a change of variable: 


p=M sinhé. (7) 
One finds from Eq. (6): 


—2xM d f* 
= — | dé@coshé 
A dAd_, 


Xexp[iM (A sinhO—a coshé)]. (8) 
Depending on the relative values of \ and a, the argu- 
ment of the exponential in (8) may be written in three 
different ways: 
(i) a>A>0: 
\ sinhé—a cosh0= — (a?—*)! cosh(@—¢), 
cosh¢; = a/ (a?— ?)!; 
(ii) |a| <A>0: 
(A sinhé—a coshé) = (a?—\*)! sinh(@—¢2), 
sinhd:=a/(d\*—a*)!; 
(iii) —a>A>0: 
(A sinhé—a coshé@) = (a?—?*)! cosh (6+¢3), 
cosh¢3= — a/(a?— ?*)!. (9) 
The integrals may be reduced to standard forms if the 


parameters lie in the first or the last region. Fora>A>0, 


—2xM d fr” 
[=- -— | d@coshé 


A drI_, 


Xexp[—iM (a?— *)! cosh(@—¢) ]. (10) 


If a change of variable 6’ =@—4¢, is made, one obtains 
—2nM d 


I= —o dé’ coshé’ 
r dd (a?—?)t/_,, 





X exp —i(a?—A?)! coshé’ J. 
Thus, J is expressible in terms of the Hankel functions,’ 
Hy (@—¥))) 


a’—}? 


T= 27°M’a- (11) 





3G. N. Watson, Bessel Functions (MacMillan Company, New 
York, 1948), p. 180, Eq. (11); p. 74, Eq. (10). 
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In the region —a>d>0, the integral may be evalu- 

ated in the same manner: 

Hy (M (e—*)!) 


a— x? 





= —27°M*a (12) 


In the region \> |a| >0, we may infer the value of the 
integral by observing that J is an analytic function of 
a and \ and by appealing to the principle of continu- 
ation. That choice of phases of the square root (a*—)?*)! 
must be made which joins the first and last regions 
through the other. A careful examination shows that J 
may be compactly represented in any region as 


futelainee peo Ka 


a— x? 





(13) 


if it is understood that the phase of the square root is 
chosen according to the following scheme: 


(a?— 2), a>rA>0 
ei72(\2—a@?)', A> lal >0 
e~** (q?—?)}, —a>xr>0. 


If Eq. (13) is combined with Eq. (4), one finds for the 
density of states: 


$ o-1]], M2 po 
OOS aT. nf da: anreite® 
S 22n- 1 


(14) 


—o-—te 
° x? 


x f Sal IT H2(M ;(a?—d?)'). 


(15) 


S, may be evaluated readily only when the masses of 
all particles are small compared to £. In this case 
H,® may be replaced by‘ 


H,® (2)=4i/x2?. (16) 
One finds 
8 20" “" 
$.s—— —f da: cia | 


—wo—t€ 


° dd: 
— (17) 
(a? —)2)2"" 


This may be evaluated by applying the method of 
residues. The integra] over } may be evaluated by 
closing the contour above the real axis. There are 
poles of order 2n at \= +a but since e>0 only the pole 


at \= —a will be encircled. One finds 
dy:r* —ri(4n— 3)! 
i=. a 
(2—a?)™ 24”-3(2y— 1) \(2n— 2) lax Aw 3 


The remaining integral over a in the expression for S, 
may be similarly evaluated by closing the contour 


* See reference 3, p. 84. 
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above the real axis, 


eek = Qi (iE) 
da =, 
”” sade (3n—4)! 
The expression for the density of states in the extremely 
relativistic limit is therefore 


(19) 


$Q"—! (4n—3) LE" 
Sanne . (20) 
224™—4(2n—1)!(2n—2)!(3n—4)! 


S,= 
Gr” 
This is to be compared with the corresponding formula 
of Fermi’s paper’ which neglects momentum conser- 
vation: 


Qr-i kan 1 


Sx” (21) 


nr” (3n—1)! 


For large values of n, Stirling’s approximation may be 
applied to evaluate Eq. (20). 


SQ"! 720? \ 4 Een-4 
Gr \ n (3n—4)!- 


Ill. APPROXIMATE EVALUATION OF THE 
STATISTICAL WEIGHT 


It is not clear how to evaluate the expression for S,, 
when the masses of the particles cannot be neglected. 
In order to obtain some numerical results, Fermi has 
suggested that one divide particles into two classes: 
(1) pions and (2) nucleons and heavy mesons. He 
treats the pions as being extremely relativistic and 
neglects the momentum carried away by them; the 
other particles are taken as nonrelativistic and it is 
assumed that they carry most of the momentum. 

If these approximations are made in the expression 
for J, Eq. (5), one finds 


Ter= nf dpp* exp(—ia] p| 
0 
(extremely relativistic) 


—2n 


T VR= eta M 


: f “ap expli(ap—ap*/2M)] 
“ leans p-ap’ 


(nonrelativistic) 


( 





One finds 


I gr=8ri/a’, 


24 
Inr=—t'e'*!*(2M/a)'e~'@™ exp(iMnd*/2a). (24) 


By using these approximations, the expression for S, 
may be evaluated by the method of the preceding 


5 See reference 3, p. 576, Eq. (13). Fermi omits explicit reference 
to the factor $/S. 
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section. One finds the result given by Fermi 


$ 
S,=—0" 


S 


Il: M2*(E->; M,)*#/2+3m-5/2 
(S- ; M,)8/228#/2-1/2pBe/2+2m-8/2]° (3 5 24+3m—3/2) 


where I’ is the ordinary I’ function, s is the number of 
heavy particles, and m the number of light ones. 

It is of some interest to derive an expression for the 
energy spectrum of inelastically scattered nucleons (see 
Fig. 1). Since nucleon pair formation and heavy meson 
production presumably contribute inappreciably to the 
totality of the observed processes at moderate energies, 
one may write down the expression for the case when 
two nucleons and m pions are formed. Using the Fermi 


08 + 4 





o7 — €= 1.5BEV 
| ~ E= 6.3BEV 
06; ~- £*10.0BEV 











NUCLEON KINETIC ENERGY IN UNITS OF MC* 


Fic. 1. Graph showing energy spectrum of inelastic nucleons 
resulting from a high-energy collision. The curves are normalized 
so that their areas represent the total probability at the indicated 
energy of all inelastic processes. 


approximations, one finds 
SM32Qmtt 


G27/2_2m+6 (39 — 1) ! 


Suit™ 





x f ary Tue 2M—2Ty)**". (26) 


Here 7, is the kinetic energy of one of the two heavy 
particles of mass M in the center-of-momentum system. 
The coefficient of d7 y therefore represents the spectrum 


SM42Q™+1(T yy) 4 
= —______——(E-2M-—2Ty)*™. (27) 
G27!2q2m+5(3n—1)! 


IV. APPLICATIONS 


Sm+2(Tm) 


The foregoing results may be used to compute the 
probabilities of various processes. The probability for 
formation of particles of masses M,, ---, M, is 


S,n(M,---M,) 
En! Sa(Mi- Ma) 





P,.(M,:+-M,)= (28) 
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TABLE I. Probabilities for emission of m, m2, ms particles of 
mass M;= 176, M;=967, M;= 1848 (in units of the electron mass) 
at the indicated energy E (laboratory system). Case of dis- 
tinguishable particles. 


mi 





0.05910 
0.1391 
0.03006 
0.0010 
0.000005 


0.0111 
0.0936 
0.0954 
0.0207 
0.0012 
0.0562 0.0288 
0.00942 0.0365 
0.00013 0.0071 
0 0.0003 


0.00248 
0.000005 


0.0148 
0.0024 


0.0008 


0.0063 
0 


0.0001 
0 


>.’ is to be derived from the statistical weights S, by 
omitting those-terms, from the sum over all states, 
which are ipcompatible with heavy-particle conser- 
vation. 

Since the total cross section is assumed to be fixed, 
that part of it leading to a given final state is 


on(M,:--M,)=P,(Mi- ++ Ma)ototal- (29) 


Tables I and II give the probabilities for emission of 
various numbers of neutral pions and a possible heavy 
meson of mass 967mc. For purposes of comparison they 
have been computed assuming particles of a given mass 
are: (a) distinguishable, (b) indistinguishable. Spin and 
isotopic spin conservation have been neglected.’ For 
the case of distinguishable particles they differ some- 


6 This corresponds to setting §=1 in the expression for Sy. 
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TABLE II. Probabilities for emission of m), m2, ms particles of 
mass M,=176, M:=967, M;=1848 (in units of the electron 
mass) at the indicated energy E (laboratory system). Case of 
indistinguishable particles. 


4.71 Bev 


0.0018 
0.1412 
0.3228 


3.9 Bev 


0.0108 
0.3367 
0.2690 
0.0224 0.0927 
0.0003 0.0055 
0 0 


~ 
> 


ke ON 


0.0242 
0.2042 


0.08642 
0.2035 

0.02198 0.1042 
0.00024 0.0075 
0 0.0001 


ean © 


0.0315 
0.0069 0.0398 
0.0001 0.0039 
0 0 


0.0411 


P ~ 
wn © 


0.0006 0.0054 
0 0.0009 


0.0001 


0.0138 
0.0001 


0.0003 
0 


what from those given in Fermi’s article, since the pion 
rest mass has been included in the sum occurring in 
Eq. (25). This amounts to writing E=|p|+y for 
extremely relativistic particles and has the effect of 
insuring that not more pions are emitted than are 
compatible with the available energy. The curves 
giving the energy spectra of inelastically scattered 
neutrons have been similarly handled. They have been 
transformed to the laboratory system by using the fact 
that this model, which neglects angular momentum 
conservation, yields an isotropic angular distribution in 
the center-of-mass system. 

We are grateful to Dr. Maurice Neuman who con- 
tributed much to all parts of this paper and to Dr. 
Warren Heckrotte for helpful discussions. This work . 
was performed under the auspices of the U. S. Atomic 
Energy Commission. 
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Range and Specific Ionization for High-Energy Protons in Nuclear Emulsions* 


Orro Hernzt 
Radiation Laboratory, Department of Physics, University of California, Berkeley, California 
(Received March 9, 1954) 


Stacks of nuclear emulsion varying in thickness from 18.35 g/cm* to 56.83 g/cm? were exposed in the 
external proton beam of the Berkeley cyclotron, and the average specific ionization d7 /dx [in Mev (g/cm*)'] 
was measured by determining the equivalent thickness of Cu needed to remove the same amount of energy 
from the beam as a given thickness of emulsion. The energies range from 230 to 320 Mev. The emulsion 
stacks consisted of layers of 200-4 Ilford C-2 stripped emulsions of average density 3.81+0.01 g/cm*. The 
specific ionization was found to be 1.5 percent higher for emulsion than for Cu measured over the same 
energy interval. From these data the ratio of the mean ionization potentials for emulsion and Cu was 
determined as Ix/Icy=0.89+0.09. The range of 342.5-Mev protons in emulsion was found to be 92.68 
+0.25 g/cm*, which is 1.1 percent lower than the measured range of the same beam in Cu (93.652.0.20 
g/cm*). The measured range in emulsion is about 1.5 percent shorter than the value calculated by Vigneron 
(and extended to higher energies by Barkas). They assumed 332 ev as the mean ionization potential of 


emulsion. 


I, INTRODUCTION 


HE recent introduction of nuclear emulsion stacks 
into work with cosmic rays and with high-energy 
accelerators has led to the systematic investigation of 
very long tracks. The range-energy relation for such 
tracks becomes of considerable importance in many 
problems such as the decay schemes of heavy mesons 
and hyperons or the energy balance in nuclear stars; 
it was thus decided to extend the experimental measure- 
ments of the range-energy relation to higher energies. 
Considerable experimental data exist for proton 
energies up to about 40 Meyv,' including an accurate 
measurement recently performed at this laboratory at 
33.64-Mev proton energy.” These energies correspond to 
track lengths of the order of 0.5 cm, whereas the tracks 
studied in emulsion stacks may be 10 cm and more in 
length. A calculation of the proton ranges up to 230 Mev 
has been carried out by Vigneron' and extended by 
Barkas’ to 30 Bev. 
The purpose of this experiment is thus (1) to measure 
a point on the range-energy curve at a proton energy 
corresponding to a track length of about 25 cm which 
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Fic. 1, Experimental arrangement. 
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* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
t Now at Bell Telephone Laboratories, Holmdel, New Jersey. 
1L. Vigneron, J. phys. et radium 14, 145 (1953). 
2 W. H. Barkas, University of California Radiation Laboratory 
Report No. UCRL-2327, September, 1953 (unpublished). 
3 W. H. Barkas (private communication). 


would serve as an experimental check on the calculated 
value of the range and (2) to measure the specific 
ionization of emulsion relative to that. of copper. We 
shall define specific ionization to mean the quantity 
dT /dx expressed in units of Mev (g/cm*)—. The latter 
measurement allows one to calculate the mean ioniza- 
tion potential of emulsion, assuming some previously 
determined value for the mean ionization potential of 
copper. 
Il. EXPERIMENTAL PROCEDURE 


Let us first consider the experimental procedure for 
the measurement of the specific ionization. The experi- 
mental arrangement is shown in Fig. 1. The external 
proton beam of the 184-in. cyclotron passes through a 
collimator, 40 in. long and of adjustable opening, and 
emerges from the concrete shielding surrounding the 
machine at the snout .S. The beam next passes through a 
thin ion chamber (I. C. 1), through a known thickness 
of emulsion E, and then through a variable thickness 
of copper consisting of a thick copper absorber Cu and 
thin copper absorbers mounted on the carriage C. This 
carriage is remote-controlled, and the amount of copper 
in the beam at any one time can be changed from 
0.56 g/cm? to 3.36 g/cm? in six equal steps of 0.56 
g/cm*. Finally the beam passes through a second ion 
chamber (I. C. 2) identical with the first one. 

If we make a plot of the ratio of the ion chamber 
outputs J,/7, as a function of absorber thickness we 
obtain the well-known Bragg curve (see Fig. 2). We 
first determine the amount of energy AT removed from 
the beam by a thickness of emulsion ARg. This is done 
by simply measuring the range of the beam (in copper) 
with and without the emulsion in the position shown 
in Fig. 1. The difference between the two range values 
for copper gives the thickness of copper ARcy needed 
to remove the same increment of energy AT from the 
beam as the emulsion. The quantities AT/ARg and 
AT/ARcy give us the average specific ionization in 
emulsion and in copper measured over the same energy 
interval. 
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RANGE AND SPECIFIC 


The apparatus for the measurement of the range in 
emulsion was the same as described above except that 
all the copper, including the absorbers on the carriage, 
was replaced by emulsion. Using this arrangement 
another Bragg curve was run. Here again the energy 
of the beam was determined by its range in copper. 

The emulsion absorber consisted of layers of 200-u 
C-2 Ilford stripped emulsions held in a clamping device. 
Their size varied from 2 in. X 2 in. at the front to 4 in. x5 
in. at the back, to allow for the broadening of the beam 
due to multiple Coulomb scattering as the protons slow 
down. The entire emulsion stack was machined and 
weighed after it was clamped together to determine the 
thickness in the direction of the beam. The density was 
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Fic. 2. Ion chamber response vs range. 


determined from the known volume and weight of the 
emulsion stack, and in addition the water content was 
determined by a chemical analysis before and after 
each run 

The ion chambers were filled with argon at slightly 
higher than atmospheric pressure. The collecting foils 
are about 2 in. apart and 4 in. in diameter, and are 
operated at 1000 v positive with respect to a grounded 
foil in the center of the chamber. 


III. DISCUSSION 


The experimental results consist of curves giving the 
ratio of the ion-chamber outputs as a function of ab- 
sorber thickness, as illustrated in Fig. 2. From a curve 
of this type we now wish to obtain the “range” of the 
particles in the absorber and—for copper—determine 


IONIZATION FOR PROTONS 








ABSORBER 


BLOCK P 


INCIDENT 
—_—_—-o 

PROTON = 
BEAM 














ION CHAMBER PLACED aT _/ ‘0 
THIS POSITION 








Fic. 3. Residual range R and position variable r in absorber block. 


the energy of the particles by use of the known range- 
energy relations. We shall here outline only very briefly 
the method employed for obtaining the range, further 
details of which are given by Aron‘ and Mather and 
Segré.§ 

The response of the ion chamber placed at a distance 
R from the end of the range in the absorber material 
is of the form 


1(R)=No f P(r,R)i(r,R)dr, (1) 


a 


where P(r,R) is the probability that a particle in the 
interval between r, and r+dr has an energy correspond- 
ing to a residual range R (see Fig. 3), and i(r,R) is the 
response of the ion chamber to a particle which has the 
residual range R when it passes the position r. Both r 
and R are measured from the end of the range of the 
particle, being positive towards the source of the beam. 
The total number of particles is No, which we assume 
to be constant. We thus neglect the attenuation of the 
beam due to large-angle scattering and other nuclear 
interactions in going from one experimental point to the 
next. It can be shown that this introduces only a very 
minor change in the shape of the curve. 

We now substitute the usual Gaussian range-strag- 
gling distribution (with a standard deviation a) for 
P(r,R) and an empirical relation’ of the form 


i(r,R)=i(r’) =constant(r’)~* (2) 


as the ion chamber response for a single particle. The 
variable r’=2R—r represents the total residual range 
of the particle (in the absorber material) as it passes 
through the ion chamber. It is easy to see that i(r’)=0 
for negative values of r’. 

Making another substitution of variables in order to 
obtain the curve in units of a, we get, as the final re- 
sponse of the ion chamber, 


I(x) = (const) f expl —4(a+é)?}¢°"*dt, = (3) 


where x= —R/a and t=r'/a. Thus, if we assume only 
statistical straggling to be present the curve of I(x) 
versus x should be identical with the experimentally 
observed Bragg curve. Note that the curve (x) versus x 
is independent of a. 


‘Walter A. Aron, University of California Radiation Labora- 
tory Report No. UCRL-1325, May, 1951 (unpublished). 
®R. Mather and E. Segré, Phys. Rev. 84, 191 (1951). 
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The point on the experimental curve which corre- 
sponds to the value x=0 on the theoretical curve gives 
us the experimental range R*, since we have chosen 
the end of the range as our origin for x. (See curve a, 
Fig. 2.) To locate this point we first evaluate the ratio 
1(0)/1(%) max by numerical integration of Eq. (3). This 
ratio turns out to be 0.82. We thus choose a point on 
the experimental curve whose ordinate is 0.82 times the 
peak ordinate, and the abscissa of this point represents 
the experimental range R*. 

From the experimental range R* determined above, 
we obtain the rectified experimental range R by cor- 
recting for the shortening of the tracks by multiple 
small-angle scattering in the absorber. It can be shown® 
that this correction is fairly small, and for protons it is 
approximately given by 


(R—R*)/R=Z/6400, 


or about j percent for copper. 

A comparison of the shapes of the theoretical and 
experimental response curves of the ion chamber yields 
an estimate of the energy spread of the proton beam. 
If we assume that the energy spread of the proton beam 
is Gaussian, we may fold this Gaussian into the statisti- 
cal straggling Gaussian, and we again obtain a Gaussian 
but with a larger standard deviation. We thus ascribe 
any broadening of the experimental curve with respect 
to the theoretical curve to the energy spread of the 
beam, and hence, 

AT 

oun?) = ° 


(dT /dx) 


(4) 


Them = (Foxp ' 


In the above expression o., is obtained by a numerical 
. . . . + @& . 
integration of the relativistic straggling formula,® 


(2) Geen 


The experimental standard deviation o,x,) is obtained 
by noting that the horizontal distance between [(X) max 
and /(0) is 0.850,, on the theoretical curve (curve a, 
Fig. 2). The same relation holds to a good approxima- 
tion for the experimental curve, and we thus take the 
difference between the abscissa of the peak and the 
range as 0.850,x,». Substituting the values of oexp, on, 
and the value of d7’'/dx in Cu for 340-Mev protons, we 
obtain AT=+1.5 Mev. 

Since the experiment indicated that both the ranges 
and the specific ionization are very closely the same for 
nuclear emulsions and for copper, the average ionization 
potential 7% for emulsion was evaluated relative to that 
of copper using the method outlined below. 

At the energies we are considering, the rate of energy 

6 J. Lindhard and M. Scharff, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953). 
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loss of a proton in matter can be written in the form’ 
dT (4n ey? 
aul ) ) v1 
dx BI \me* 


where 8=12/c for the incident particle, e*/mc?= classical 
electron radius, V=number of electrons/cm* of ab- 
sorber, m=electron mass, m,=proton mass, /= mean 
ionization potential, and 7=kinetic energy of incident 
particle. In this formulation the units of d7/dx are 
mc?/cm rather than the usual Mev/cm. From the 
kinematical relationship between 7 and @ we obtain an 
expression for d7 as a function of 8 and dp: 


2mc*8* exp(— 8") 
~ Vicoathes inex 
(1+ m/m,)?(1—8*)I 


(6) 


X (mc?/cm), 


dT = (m,c*)BdB/(1—?)!. (7) 


We now substitute the expressions for d7/dx and dT 
from formulas 6 and 7, respectively, into 


Te dT 
Pa ew 
rm, (dT /dx) 


which thus becomes entirely a function of 8 and /. 
It will have the form 


(8) 


mM fe Be 
a f 
4a (e?/me?)?N Sp, 
B*dB 


x . (9) 
2mc*B? exp (— 8B?) 
(1—*)! In 
(1+m/m,)?(1—6?)] 


We now make the assumption that /~=A/cy where 

\ is a constant whose numerical value is close to 1. 
Let us now introduce the following abbreviations: 

p 2mc*6? exp(—?) 


A (8)=———, B(8)= Aes 
(1—6") (1+m/m,)*(1—6*) 


, and J=J gy. 


We can then write 
od A (8)dp 
NpARe i Inf B(8)/T]—Ind 
wih,  p* AGS 
Js, Inf B(B)/T] 


session (10) 
NovdReou 


However, since In{_B(8)/7]>In\, we can expand the 
integrand in the numerator of (10) in terms of the small 
quantity Ind/InlB(8)/7]. This enables us to solve for 


7H. H. Bethe and T. Ashkin, Experimental Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1953), p. 223. 
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Ind, which is given by 


2mc*8? exp(—B?) = 
((in — ) ) Ind 
(1+-m/m,)(1—6)Tcu 





where the In term has been averaged over the range of 8 
appropriate to the AR under consideration. The In 
term in Eq. (11) is a slowly varying function of both 
8 and J, but A is a fairly sensitive function of the elec- 
tron densities Ng and Nc, and the experimentally 
measured ratio ARg/ARcu. 

The density and composition of a nuclear emulsion 
is a function of its water content and we thus have to 
find a relation that gives us the electron density Ng for 
a given value of the physical density p. We assume that 
for small variations in p this relation may be written 


Ng=ap+b, (12) 


where the constants a and b are evaluated by substi- 
tuting the known values of Vg and p at two points. 
The manufacturer® furnishes the chemical composition 
of emulsions at two different values of the density: 
for dry emulsion, (p=4.18 g/cm*), and for p=3.92 
g/cm*. The expression becomes 


N g= (0.253p+0.080) X 104 electrons/cm*. (13) 


From this formula we obtain an electron density of 
1.044 104 for the emulsion used in this experiment 
(p= 3.81 g/cm”). 

IV. RESULTS 


In Table I are listed the experimental results for the 
measurement of the average specific ionization in emul- 
sion over the energy intervals indicated. The beam 
energies were determined from the proton ranges in Cu 
and the range-energy curves of Aron.‘ The energies 
listed in Col. 2 are the mid-point energies of the intervals 
listed in Col. 1. The values of d7/dx shown in Cols. 5 
and 6 were obtained by dividing AT (Col. 1) by AR 
(Cols. 3 and 4, resp.). The values of \ listed were calcu- 
lated from Eq. (11). The average value of d is 0.89+0.09 
and the average percent difference between (d7/dx) gu 
and (dT /dx)cu=1.36 percent. The estimated error of 
10 percent in the value of \ is based on the estimated 
accuracy in the measurements of ARg, ARcy and the 
values of Ng and Neu. 


* Ilford Limited, Ilford, London, England. 
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PROTONS 


TaBLe I. Experimental results for measurement 


Col. § Col.6 Col,7 


(dT /dx)am (dT /dx)ow 


(AR) cu fev Mev 
g/cm? (g/em*)~* (g/em?*)~! r 


Col, 2 Col. 3 Col, 4 
Mid-point 
(AR) em 
g/cm? 
18.35 
10.45 
28.80 
28.03 
56.83 


18.53 2.34 2.32 0.91 
10.65 2.53 2.48 0.86 
29.28 2.43 2.39 0.87 
28.30 2.82 2.79 0.92 
57.58 2.59 0,89 


298-272 
342-272 
272-193 
342-193 


The second measurement was of the range of high- 
energy protens in emulsion. The experimental re- 
sults and the calculated range (rectified experimental 
ranges R) are: 


93.65-0.20 g/cm? 
342.5 +1.5 Mev 

92.68+0.25 g/cm? 

94.22 g/cm’. 


Range of beam in Cu 
Energy of beam 
Range in emulsion 
Calculated range 


The energy of the beam is again obtained from the 
curves of Aron,‘ and the calculated value of the range 
in emulsion is from the work of Vigneron' and Barkas.* 

The experiment thus indicates that the specific 
ionization [in Mev (g/cm*)~'] for protons in the energy 
region of 200 to 300 Mev is about 1 percent higher than 
the same quantity measured in Cu. It was also found 
that the range of 342-Mev protons in emulsion is about 
1 percent lower than their range in Cu, which is in 
agreement with the d7'/dx measurements. 

This fact is of some practical utility, since it permits 
one to substitute the well-known range energy and 
dT /dx curves of copper for the corresponding emulsion 
curves whenever calculations do not call for a high 
degree of accuracy. 

The value of the mean ionization potential of emul- 
sion upon which Vigneron based his range-energy calcu- 
lations is 7~=332+25 ev. We found that J¢= (0.89 
+0.09)Ie,, and if we take Aron’s value for Zc, (309.9 
ev) which is based on the experiment of Mather and 
Segré, we obtain for the mean ionization potential of 
emulsion J ¢=276+28 ev. 
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From six cloud-chamber photographs of unusual V° decay events, the following conclusions are drawn: 
(1) there is a neutral V particle that decays into two particles lighter than « mesons with a Q value too small 
to be consistent with a ®(x, x, 214 Mev) particle; (2) some of these events cannot be explained in terms of 
the decay of a r°(x°, x, r+, Q~80 Mev) particle; (3) these events can be explained by any one of a number 
of three-body decay schemes, but two different types of V particles must be postulated if two-body decays 


are assumed. 


I. INTRODUCTION 


INCE the discovery of neutral V particles it has 
become clear that at least two decay schemes must 
be postulated to explain the experimental data. The 
majority of V° decay events can be interpreted in terms 
of a decay into a proton and a negative m meson as the 
observable secondaries: A°-+p*+m~. Many laboratories 
have also observed decays which cannot be interpreted 
in terms of the A°® mode because the ionization and 
momentum of the positive decay product imply a mass 
smaller than the proton mass. The work of Thompson 
and others has established that a large fraction of these 
V° decays are consistent with the decay scheme #—2+* 
+mn* (or u*) with an energy release Q(x,r)= 21445 
Mev.' The Caltech group also observes that most of 
the cases in which the positive secondary is lighter 
than a proton are consistent with the above # decay 
scheme. 

However, many laboratories have observed decays 
which cannot be A°® decays, and for which Q(z,7) is 
clearly less than 200 Mev.'~® Some of these cases can 
be explained by the decay scheme V;°-+9++x«~ postu- 
lated by Leighton, ef al. However, some events have 
been observed recently in which both secondaries are 
clearly less massive than a x or r meson and for which 
Q(x,7) is clearly inconsistent with 214 Mev. 

The purpose of this paper is to report some cases 
which are inconsistent with both the A°(p,r) and 
Or, L,214(,r) |}? decay schemes. The events have 


* Supported in part by the joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission. 

'Thompson, Buskirk, Etter, Karzmark, and Rediker, Phys. 
Rev. 90, 1122 (1953); Thompson, Buskirk, Cohn, Karzmark, and 
Rediker, Report B-2 at Bagnéres Conference (unpublished). 

? Armenteros, Barker, Butler, and Cachon, Phil. Mag 42, 1113 


(1951); K. H. Barker, Report B-3 at Bagnéres Conference 
(unpublished) 

* Thompson, Buskirk, Etter, Karzmark, and Rediker, Phys. 
Rev. 90, 329 (1953). 

‘ Ballam, Harris, Hodson, Rau, Reynolds, Treiman, and Vidale, 
Phys. Rev. 91, 1019 (1953); G. T. Reynolds, Report B-5 at 
Bagnéres Conference (unpublished). 

® Leighton, Wanlass, and Alford, Phys. Rev. 83, 843 (1951). 

6 Leighton, Wanlass, and Anderson, Phys. Rev. 89, 148 (1953). 

7 In order to specify concisely what characteristics are assumed 
when a met particle is mentioned, the assumed decay 
products and energy release are stated in brackets or parentheses. 
For example, the notation A°(p,) refers to a class of particles 


been observed in the 18-inch magnet cloud chambers 
operating at Mount Wilson (1750-m elevation), the 
21-inch magnet cloud chamber operating at Pasadena 
(220m), and the 48-inch magnet cloud chambers 
operating at Pasadena (220m). The data from the 
best individual cases will be presented in detail, a 
summary of the data from a few other cases given, and 
tentative conclusions drawn from this evidence. 


II. MEASUREMENT TECHNIQUE 


The curvatures of the tracks were measured by 
determining coordinates of points on the tracks with a 
precision comparator and plotting these points on 
graph paper with the transverse dimension magnified 
ten times more than the longitudinal dimension. The 
resulting plots were compared with standard curves to 
determine the best fit. Angles between tracks were 
determined by projecting onto a plane at full size and 
graphically constructing an orthogonal view of the 
tracks.® The calculation of the momentum of a particle 
included corrections for effects of magnetic-field inhomo- 
geneity and the conical projection involved in the 
photography. The errors in the momentum measure- 
ments were calculated from the estimated maximum 
detectable momentum in each chamber at the times 
the photographs were taken. 


Ill. PHOTOGRAPH 8796 (18-INCH MAGNET) 


Figure 1 is a reproduction of the first of these unusual 
V° decays observed in this laboratory.> The V° particle 
decays in the lower chamber and was undoubtedly 
produced in the interaction in the lead plate between 
the two chambers. The energy release calculated 
assuming the products to be two w mesons is 116+30 
Mev. The momentum of the positive particle (curved 
clockwise) would have to be doubled in order to make 
the calculated Q value of this event 214 Mev, or to 
make it consistent with the decay of a A° particle at 


decaying into a proton and w meson only, irrespective of their 
energy release. The notation @[m,L,214(x,) ] refers to a class of 
particles which decay into a x and an L meson (x or yw), whose 
energy release is calculated as 214 Mev on the assumption that 
two m mesons are the decay products. The term V particle is 
used as a general term to include both K mesons and hyperons. 
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35 Mev. The plane of the decay products contains the 
interaction in the lead plate within the large errors of 
measurement introduced by the shortness of the line of 
flight of the unstable particle. Also the components of 
the momenta perpendicular to the assumed line of 
flight of the V° particle balance within experimental 
accuracy. This statement would not be true if the 
positive momentum were doubled. 


IV. PHOTOGRAPH 12590 (21-INCH MAGNET) 


Figure 2 shows the decay of a V® particle into two 
light secondaries. On the original film the individual 
droplets are clearly resolved along all tracks in the 
chamber.* Therefore the relative ionization of the V- 
particle secondaries and comparison tracks can be 
determined. If the identity and momenta of the particles 
producing the comparison tracks are known, then 
through the application of a theoretical expression for 
the dependence of ionization on velocity, the specific 
ionization of the V-particle secondaries can be deter- 
mined. In the present case the two highly curved 
comparison tracks are identified as electrons, and the 
resulting values for the ionizations of the positive and 
negative secondaries of the V particle are 1.4+0.2X 
minimum and 1.3+0.2X minimum, respectively. These 
values are probably too high, since a preliminary study 
of the ionization of electrons in the velocity range of 
the comparison tracks has indicated the actual ioniza- 


Fic. 1. Photograph 8796 (18-inch magnet). The V® decay is 
observed just below the lead plate. The V® particle probably 
originated at the interaction in the plate. A positive particle 
corresponds to a clockwise curvature. 


8 E. W. Cowan, Phys. Rev. 94, 161 (1954). 


LIGHT SECONDARIES 


Fic. 2. Photograph 12 590 (21-inch magnet). The V® decay is 
in the upper Jeft corner and the secondaries both leave the chamber 
through the rear wall. Individual droplets can be counted on the 
original photograph permitting a comparison of the ionizations 
of the secondaries and the two curved electron tracks. A negative 
particle corresponds to a clockwise curvature. 


tion to be somewhat less than that given by the 
theoretical formula. 

The measured momentum of the negative secondary 
is 249+12 Mev/c and if it is assumed to be a @ or uw 
meson, its specific ionization is 1.1 minimum. If this 
track is used as a comparison track, the specific ioni- 
zation of the positive secondary is 1.20.2 minimum. 
The momentum of the positive track is 493+33 Mev/c. 
If it is assumed to be a « meson, its specific ionization 
is 1.6X minimum. Therefore, the present measurements 
make unlikely the possibility that the secondaries are a 
m or w meson and a « meson, although the possibility 
that either or both might be electrons cannot be excluded 
from ionization measurements. 

The energy release calculated assuming the second- 
aries to be two m mesons is 79+10 Mev. The short 
straight track and the longer electron track appear to 
intersect in the lead above the chamber, although the 
exact intersection is uncertain because of the large 
possible multiple scattering of the electron. This possible 
origin lies in the plane of decay of the V® particle and 
the components of momentum transverse to the 
assumed lines of flight of the V°-particle balance within 
experimental error. 


V. PHOTOGRAPH 19143 (48-INCH MAGNET) 


Figure 3 shows two decay events which occurred at 
points A and B in the large upper cloud chamber of the 
48-inch magnet. The decay at point A is consistent 
with the usual & decay scheme. Its energy release, 
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Fic. 3. Photograph 19 143 (48-inch magnet). Two V® decays 
are observed at points A and B. All tracks other than those due 
to electrons project back to one of the four intersections Oi, O:, 
Ox, O« in the chamber wall and lead plate. The line ?B represents 
the presumed line of flight of the primary if the decay at point B 
is a two-body decay. 


assuming the products to be two w mesons, is 238+30 
Mev. 

The decay which appears at point B in this photo- 
graph has a Q value of 4145 Mev, calculated assuming 
two m mesons as the only decay products. If this event 
actually represents a two-body decay, momentum 
balance requires that the point of production of the 
parent particle lie on the extension of the line BP which 
lies within the illuminated region of the chamber. 
Extensions of the lines of flight of all charged particles 
in the chamber other than electrons and heavily ion- 
izing tracks locate two intersections in the lead plate 
above the chambers at O; and O.. In addition there 
are two more nuclear interactions at O; and O, in the 
upper chamber wall from which only heavily ionizing 
tracks emanate. Whereas event A shows good copla- 
narity and transverse momentum balance if O» is 
assumed to be its origin, it is clear for event B that 
there is no evidence for any interaction along the 
extension BP. Furthermore, the locations of the inter- 
actions above the chamber indicate that the pene- 
trating shower was probably initiated by a single 
primary interacting at O,, with secondaries producing 
further interactions at Oz, O;, and O4. It seems quite 
improbable that a secondary from one of these events 
was emitted at nearly 90° to the primary direction, 
interacted at the right of the lead plate and emitted 
an energetic unstable particle in a backward direction 
along the line PB and furthermore produced no charged 
secondaries which entered the chambers. 
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LEIGHTON, AND YORK 

We thus conclude that this event is probably not a 
two-body decay. The possibility that it is a three-body 
decay will now be considered. 

If one assumes the origin of the parent particle to be 
any of the four observed interactions, the component 
of momentum of the neutral secondary perpendicular 
to the primary line of flight lies in the range 170+ 20 
Mev/c to 210+25 Mev/c. This information, together 
with the assumption of the mass of the neutral second- 
ary, determines a lower limit to the Q value of the 
three-body decay. 

If one assumes the neutral secondary to be a f° 
meson, by analogy with the charged r-decay scheme, 
the lower limit on the Q value is 165+20 Mev. The 
Q value of the charged r meson is known to be 75+1 
Mev, and thus the interpretation of this event as a 
7° (x°,2+,2~,80) decay is inconsistent with the assump- 
tion that the particle originated in one of the four 
observed interactions. 


VI. SUMMARY OF CASES 


Table I summarizes the important data from the 
events described and a few others. The ionization of all 
tracks except those of No. 12590 were estimated 
visually. 

The three cases that have been added to this tabu- 
lation have no clear origin for the parent particle. 
Nevertheless, the estimated ionizations and the orienta- 
tions make such possible alternatives as the decay of a 
x= meson unlikely. Some of these events could also be 
interpreted as the decay of a neutral particle into a x 
or 4 meson and a «x meson. However, no simplification 
would result from such an assumption since the best 
cases cannot be so interpreted. 


VII. DISCUSSION 


It is tempting to interpret the cases which have a 
very low Q value as representing the decay of a neutral 
7 meson into three + mesons. However, it has been 
shown that such an interpretation is very unlikely for 
at least one such case (19 143B). In addition there are 
a number of cases whose two-body Q values are already 
too high to be interpreted as such a r° decay. 

If one wishes to retain the simplifying assumption 
that most of these cases are decays of the same particle, 
a scheme with a much higher energy release is required. 
One possible decay scheme which satisfies this require- 
ment is an alternate mode of decay of the @ particle 
into r+yu+v. The computed energy release for this 
decay is about 244 Mev. 

Calculation of the minimum Q value assuming 
0—2+yu+» for case 19 143B yields 245+30 Mev. Thus 
such an hypothesis would explain all of these unusual 
cases. It should be pointed out, however, that this 
decay scheme is certainly not a unique one. For example, 
another decay scheme which can explain all of these 
cases is ® or 71°—>9r°+yut+u-+ (~148 Mev). Both of 
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TABLE I. Data on unusual V® decays. 
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Momentum 


Event Secondary (Mev/c) 


Specific ionization 
(Xminimum) 


O(r,9) 
(Mev) 


Mass 
(units of me) 


Angle between 
secondaries 








8796 (18 in.) ab 570+ 130 
= 120-45 

56 337 (18 in.) 240-465 

390-430 


124+10 
365455 


493433 
249+ 12 


940+ 100 
1420+300 


375430 
820+70 


59 824 (18 in.) 


12 590 (21 in.) 


15 329 (48 in.) 


19 143 (48 in.) A 


260+ 20 


19 143 (48 in.)B 
8744.5 


® These values are calculated assuming the dubious theoretical electron ionization and are therefore probably too high. 


» This case is included here because Q(p,r) would be 343 +80 Mev. 


these hypotheses are so broad that they can explain 
almost any individual event of the type considered 
here. To confirm or to disprove either of them would 
require a large amount of accurate data on these rare 
events. 

It is possible that the (2,2) decays having Q values 
near 214 Mev represent a part of the same three-body 
decay distribution. However, if this were the case it is 
unlikely that the observed Q(2,7) value distribution 
should be as sharply peaked as present experimental 
measurements appear to indicate. 


VIII. SUMMARY 


There is evidence for the existence of a neutral 
particle which decays into two charged L mesons 
which cannot be explained by the scheme #—2t+7 
+ (214 Mev). If only two-body decays are considered, 
at least two different new particles have to be postu- 


1.5—3 


~ <1200 44° 116430 


220— 420 


1—1.7 


<600 148+30 


<830 


i—1. 
i—1. 


<310 96+ 16 


<780 


840+ 150* 
385+ 130* 


<2000 
<3500 


<970 
<1700 


<640 
160—300 


79+ 10 


+25 


238430 


4i+5 


lated with Q(,7) near 41 Mev and 90 Mev, respec- 
tively, and under this assumption a question as to the 
point of production in at least one case still remains. 
Not all of these cases can be explained by the decay 
of a neutral r meson into three + mesons. Hence a 
decay scheme with a higher energy release is indicated. 
One scheme which might explain these cases in terms 
of an alternate mode of decay of a known particle is 
6—>r++yF+ r+ (~244 Mev). Of course, many other 
decay schemes might be postulated, but there is no 
direct experimental evidence for any particular one of 
these. 
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An approximate quantum-mechanical solution of the meson-nucleon scattering problem for intermediate 
values of the coupling constant is presented. The particular case treated here is that of charged scalar mesons 
interacting with a static nucleon. In finding the cross section, attention is focused upon the matrix elements 
of the field and isotopic spin operators and on the equations of motion, no attempt being made to calculate 
explicitly the scattering state vector. It is shown that in both the weak and strong coupling limits the pro- 
cedure described here gives the scattering correctly. For intermediate coupling the cross section must be 
found numerically. Computations have been carried out for several intermediate values of the coupling 
constant and the results are presented in the form of curves showing cross section vs meson energy. Since 
certain information about the one-nucleon problem (i.e., one real nucleon and no real mesons) is needed for 
these calculations, a detailed numerical solution of that problem has been carried out using the Tomonaga 
approximation, The relevant results of this work are presented in several graphs. Although it is not a part 
of the scattering problem, the calculation of the isobar separation in the strong coupling limit can be carried 
out so easily by the methods of this paper that a brief account of it is also given. In the appendix, a varia- 
tional method of calculating the scattering-state vector for intermediate coupling is described. It is shown 
that this, however, fails to give the correct strong coupling limit. 





1, INTRODUCTION 


NE of the most fundamental problems of meson 

field theory is the task of giving a quantitatively 
satisfactory explanation of the increasingly abundant 
and detailed experimental data on the scattering of 
pions by nucleons. Since all qualitative estimates of the 
meson-nucleon coupling indicate that it is neither very 
large nor very small, it is imperative to develop a 
technique for calculating the scattering cross section 
which is valid for intermediate values of the coupling 
constant. Although it is clear that the problem must 
eventually be treated in a completely relativistic 
manner, using pseudoscalar meson theory, to date this 
has proved so formidable a task that a critical examina- 
tion of the intermediate coupling region for the much 
simpler problem of an infinitely heavy nucleon seems 
worth while. Even with this restriction no exact solution 
for all values of the coupling has been found, and so 
we must look for suitable approximations. 

In this paper we shall study the question of meson 
scattering from a fixed nucleon for intermediate values 
of the coupling constant g. In order to avoid the alge- 
braic complications involved in treating both spin and 
isotopic spin, we shall first discuss the simplest non- 
trivial case, the charged scalar field, although the same 
methods can be used in the more complicated cases, 
e.g., the pseudoscalar, charge symmetric field, which 
will be discussed in a subsequent paper. 

The nonrelativistic one-body problem (i.e., one real, 
fixed nucleon and no real mesons) can be treated by 
Tomonaga’s variational procedure,' which juses as trial 
function a state vector in which only a; few meson 
states are occupied (although no restriction is placed 
on the occupation numbers). The crucial point in the 


*Now at the Ramo-Wooldridge Corporation, Los Angeles, 


California. 
1S. Tomonaga, Progr. Theoret. Phys* (Japan) 2, 6 (1947). 


justification of this method is its validity in both the 
weak and strong coupling limits. The assumption that 
all mesons are in the same spatial state is certainly 
correct if, as in the weak coupling case, the probability 
of having more than one meson is very small. That this 
same approximation will also be successful for large 
values of the coupling constant is less obvious and a 
demonstration of the agreement between the strong 
coupling limit of the Tomonaga approximation and the 
conventional strong coupling (s.c.) theory’ is essential 
in any attempt to make plausible the validity of the 
Tomonaga assumption for the intermediate coupling 
region. In his original paper' on the subject, Tomonaga 
showed that his method does indeed give the correct 
s.c. value for the isobar separation. 

Going on to the two-body problem of one real meson 
and one real nucleon, it seems natural to look for a 
consistent method of calculating the scattering cross 
section which shall satisfy the following three criteria: 


(1°) For small values of g the cross section is the same 
as that obtained from ordinary perturbation theory. 

(2°) For large g the cross section agrees with the result 
of the conventional strong coupling theory.’ 

(3°) For intermediate values of g a numerical calcula- 
tion of the scattering cross section is feasible. 

The first requirement is satisfied by almost any 
reasonable procedure, and it is quite easy to find some 
which also fulfill the third condition, since an approxi- 
mate calculation, e.g., Tomonaga’s, may be used to 
supply such information about the one-body problem 
as is needed in the scattering calculation. However, it is 
considerably more difficult to find a method which in 
addition gives the correct s.c. limit. It may well happen, 
of course, that a procedure which fulfills only two of the 


2G. Wentzel, Helv. Phys. Acta 13, 269 (1940); W. Pauli and 
S. M. Dancoff, Phys. Rev. 62, 85 (1942); A. Kaufman, Phys. Rev. 
92, 468 (1953). 
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conditions will be closer to the exact answer in the 
intermediate coupling region than one which satisfies 
all three. In particular, our insistence that condition 
(2°) be satisfied may seem unjustified since from quali- 
tative indications, such as the failure to detect stable 
isobars, it appears that the actual value of g cannot 
be large enough to make s.c. theory applicable. How- 
ever, it is equally certain that g is not small enough to 
justify the use of perturbation theory and in the absence 
of evidence to the contrary it seems reasonable to place 
more confidence in a method which is correct in both 
the weak and strong coupling limits. 

In this paper we shall describe a procedure (i.e., a 
set of approximations) for solving the meson-nucleon 
scattering problem which satisfies all three of these 
requirements. Subsequent papers will deal with the 
application of this same method to the scattering 
problem for pseudoscalar mesons and with its extension 
to the case of nonstatic nucleons. In Sec. II we discuss 
briefly the Tomonaga solution of the one-body problem 
including some features which, to our krowledge, have 
not been described before. The solution of the scattering 
problem is described in Sec. III, and graphs showing 
the variation of de/dQ with energy and coupling con- 
stant are presented. Section IV shows how the same 
techniques may be used to find the s.c. isobar separa- 
tion. A general discussion of the method and results is 
given in Sec. V. 

In Appendix I a variational approach to the scat- 
tering problem is discussed. This method satisfies con- 
ditions (1°) and (3°) but gives only order of magnitude 
agreement with the s.c. result. Still another way of 
finding the scattering has recently been proposed by 
Maki, Sato, and Tomonaga.’ They have shown that it 
satisfies requirements (1°) and (3°), but they have found 
it necessary to treat the strong coupling case by a 
method‘ somewhat different from that used for the 
weak or intermediate coupling regions. Thus, they 
“have given no formula which connects continuously 
the weak, intermediate, and strong coupling cases.’’® 


2. THE ONE-BODY PROBLEM IN THE TOMONAGA 
APPROXIMATION 


In terms of momentum-space annihilation operators 
A(k), B(k) for positive and negative mesons, respec- 
tively, and the usual Pauli isotopic spin matrices, r, 
the Hamiltonian for the charged scalar field is® 


H= f dk{A*(k)wA (k)+B*(k)wB (k) 


sina — gR(k)[A (k)r_+ B(k)r44+cc]}, (1) 


3 Maki, Sato, and Tomonaga, Progr. Theoret. Phys. (Japan) 9, 
614 (1953). We are indebted to Dr. T. Kinoshita for informing us 
of this work prior to its publication. 

( 4Z. Maki and M. Sato, Progr. Theoret. Phys. (Japan) 10, 386 
1953). 

5S. Tomonaga (private communication). 

6 G. Wentzel, Quantum Theory of Fields (Interscience Publishers, 
Inc., New York, 1949). 


where 


R(k)=p(k)(2w)-, w= (k+y")!, 


and p(k) is the Fourier transform of the nucleon source 
density p(x) satisfying 


f dxp(x)=1. 
As usual, 


[A (k), A*(k’) ]=[B(k), B*(k’)]=s(k—k’), (2) 


and other commutators are zero. [We use units in 
which hf, c, and » (meson mass) have the value one. | 

To solve the Schrédinger equation HF=EF for a 
state of total charge Q, we introduce Tomonaga’s 
assumption: 
(a*)"+2(b*)” 
Fe >) 6n+-9,8-———_N 

n [n!(n+Q)!]}} 
(a*)"+@ 1(h*)" 


-¢-40-——_—_——_P, @ 
Manag RE eT, 


on f dle, (k) A (k), (4) 


and b is defined similarly. The state vector NV (or P) 
denotes the state: “bare neutron (or proton) plus 
meson vacuum.” The ¢, (which we take to be real 
functions) and the ¢,,» are to be determined by mini- 
mizing (F|H|F) subject to 


(F|F)=1 and f dk{..(k)}?=1, 


i.€., 


5|(F|H|F)—nF|F)—vy f o2—v_ f | =0, 


where v and vy are Lagrange multipliers. Since 


(F|H|F)=(F|H"| F), (6) 
with 
H? = a*aw,+b*bw_—[r_(g,a+g_b*)+c.c.], (7) 
and 


wm f dha, sa-8f dkRes, 


the variation with respect to the Cn»,m just leads to a 
simplified Schrédinger equation, 


H'F= &F, (8) 


which can be solved analytically in the weak and 
strong coupling limits and numerically in the inter- 
mediate coupling region. (The Lagrange multiplier », 
of course, is just &.) 
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In carrying out the variation with respect to $, it is 
convenient to use the easily verified relation 


se =| fa th4* ha 
ot Ot 


for the change in F produced by a small variation, 
+ (k)—o, (k) +5, (k). 
We then have, from (5), 
(F| H—&| A*(k)aF)+c.c.— vyp4(k) =0. 


Using the commutation relations (2) and noting that 


by (3) and (4) 


A(k)F =ad,(k)F, (10) 


we obtain 


((F| a*(H— 8)a| F)b6,+(F |wp,a*—gRr_|aF) 
+c.c. ]—v46,=0. 
As in (6), H can now be replaced by H’, so we find 
[Ni (w— wy) +Mig,— 4 ]b4—-gM,R=0, (11) 
with 
N,=(F\a*a|F), M,=43[(Flar_|F)+c.c. ]. 
Since multiplying (11) by ¢,(k) and integrating gives 


v,=0, we have finally 


eM, 
Ny @- w4+gM4/N4) 


o,(k) = 


+(k) = (gM4/N,)R(k)Lo-rAy "7 (12) 


where A, is given in terms of gM,/N, by the nor- 
malization requirement on ¢,, 


gM? R’(k) 
Ga Peele 
Ny (w—A,)? 


A similar equation holds for ¢_. 


(13) 





+ 


<Olrel D 
<thtsl2 = 


S.C. LIMIT 
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Fic. 1. Matrix elements of the one-body problem computed 
from the Tomonaga approximation. 


JR. 


AND SS. D. FRIED 

















3 10 
9 
Fic. 2, Nucleon isobar energies computed from the Tomonaga 
approximation. The charge-2 isobar is stable for g>8.66. 


Numerical calculations for ¢, and F have been 
carried out using the IBM Card Programmed Com- 
puter at the University of California Radiation Labora- 
tory, Livermore, California. In Figs. 1 through 4 we 
have presented some of the results of this work. Curves 
corresponding to the charge-2 isobar have been dotted 
for values of g below 8.66, where that state becomes 
unstable with respect to meson emission. For the same 
reason, the entire &; curve is dotted since &;— 6;> yu 
for all values of g which we used. 

Actually, the scattering calculations to be described 
in Sec. III require very little information about the 
one-body problem. Besides the isobar energy separa- 
tions, we need only the matrix elements (0!74|1) and 
(1|73/1) (for ordinary scattering) and (1|7,|2) and 
(2|7r4|3) (for charge-exchange scattering). Since the 
variational calculation of the Tomonaga state de- 
scribed above is to be carried out anew for each value 
of the tatal charge Q of (3), ¢, and all quantities related 
to them—aAx,, a, b, H", &, Nx, etc.—depend on Q and 
really ought to carry a label Q which we have omitted 
in this section for simplicity. Because of the charge 
symmetry of the Hamiltonian it is sufficient to solve 
the one-body problem for Q21, since & = 6&9; 
Ags =A1-¢o.+; Not =Ni-@5; et. 

Since we have used a static approximation for the 
nucleon, it is necessary to introduce a cutoff in all of 
the calculations. We have chosen the one which seems 
most convenient for computations: 


ck) 1 fe (x)eit ae |k| <M (14) 
SS oem Xp(x)e** "== 
where M=6.62u is the nucleon mass. 


3. MESON SCATTERING 


Of the three requirements discussed in Sec. I, the 
most difficult to satisfy seems to be that of agreement 
with s.c. theory. Thus, using a technique reminiscent 
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Fic. 3. A, vs g for the isobars of charge 1 and charge 2 in the 
Tomonaga approximation as computed from (13). 


of that theory, we shall work directly with the matrix 
elements of the field and isotopic spin operators in 
solving the scattering problem. In contrast to the 
approach customary in perturbation theory, we shall 
not attempt to calculate explicitly the relevant state 
vectors. The latter contain more information than we 
actually require, whereas the matrix elements are 
closely related to observable quantities. For instance, 
suppose that |Q) is the state vector of a physical 
nucleon (0=1 for proton, Q=0 for neutron), while 
|0+1, p+) represents a state of total charge Q+1 in 
which a positive meson of momentum p is incident 
upon the charge Q nucleon. (It is to be emphasized that 
we mean these to be exact eigenstates of the /otal 
Hamiltonian: 


H|Q)=E9|Q), H|\QOpt+)=Eop+|Qp+).) (15) 


Then (Q|A(x)|Q+41, p+) is asymptotically equal to 
the wave function of the scattered positive meson, i.e., 


(Q|A (x)|O+1, p+)—>(2m)-Le?-*+a00'"/r], (16) 


for r=|x|—>%, and |a|* gives the scattering cross 
section. If the coupling is strong enough so that stable 
isobars of higher charge, e.g., Q=2 and Q=3, exist, 
then charge-exchange scattering may also occur for 
w’ = (wp— Eg,2+Eg)>u. In a similar way we can then 
find the cross section for that process from 


(Q+2|B(x)|O+1, p+), 


which is asymptotically the wave function of the 
outgoing negative meson, 


(Q+2|B(x)|Q+1, pt)-(24)-ta’e”’"/r, (17) 


where p’= (w’—,’)!. In the following we need consider 
only the case where the incident meson is positive, 
since it follows from the charge symmetry of the 
Hamiltonian that o(4++ P)=0(x-+N), etc. 

In order to find these matrix elements, we turn to the 
equations of motion. From the Hamiltonian (1), we 


obtain the operator equations 
—iA=[H,A]=—wA+gRr,, 
—iB=—wB+gRr., 


(18) 
(19) 


—it.=g f dkRr( A+B") (20) 


mree 2g f deRCr (A+ B)—(A+B*)r_], (21) 


together with corresponding relations for the Hermitian 
conjugate operators, A*, B*, and r_. In a matrix repre- 
sentation cf these operators which uses as basis a 
complete set of energy eigenstates, these equations give 
rise to a set of coupled integral equations for the matrix 
elements. Of course, in addition to the matrix elements 
(16) and (17), an infinite number of others are included 
in this set. 

Since we cannot solve these coupled equations 
exactly, we shall introduce the approximation of 
neglecting all but a few of the matrix elements involved. 
We shall demonstrate that this procedure can be carried 
out in such a way that all of the requirements set forth 
in Sec. I are satisfied. 

The basis of energy eigenstates will consist of the fol- 
lowing states: 

|Q)~nucleon isobar of charge Q; 
'O+1, p+)~positive meson of momentum p in- 
cident on a nucleon isobar of 
charge Q; 
|O—1, p—)~negative meson of momentum p in- 
cident on a nucleon isobar of 
charge Q; J 





together with states similar to these representing two, 
three, ---incident mesons. For small values of g, Q 
may assume only the values 0 and 1. However, when g 














Fic. 4. Average number of positive and negative bound mesons 
in the meson cloud surrounding the charge-1 and charge-2 nucleon 
isobars. 
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is large, isobars of higher charge are stable, and in that 
case 2 must be allowed to take on all integral values 
from Q,, to 1—Q,, where Q,, is the largest charge for 


which 
Eam — Ey g HM. 


(In the extreme s.c. limit 0, , since Eg— Eg_, is of 
order g~’.) 

The approximations which we shall make are the 
following, in which C represents any of the operators A, 


B, r+, 73, etc.: 

I. We neglect all matrix elements involving states 
with more than one incident meson. 

II. We set 


(Qpj|C|Q'p'7’)=5;;5(p— p’)(Q+1/C|Q’+1), 


where j, j’ are + or — and the upper sign is to be used 
for j= —, the lower for j=+-. 

III. We approximate one-body matrix elements by 
the values obtained from the Tomonaga solution of the 
one-body problem, 


(Q|C|O’)=(FelC| Fe), 
where Fo is the lowest charge-? eigenstate of the 
Tomonaga Hamiltonian, 


Ha"Fa = EqF g. 


(23) 


(24) 


(25) 

In addition, the isobar energies, 

Eo=(Q|H|Q), 

are approximated by the corresponding Tomonaga 
values &g. 

By actually computing the values of the matrix 
elements which have been neglected, it can be shown, 
a posteriori, that the approximations I and II are valid 
in both the weak and strong coupling limits. (That ITI 
is correct in both limits follows from Tomonaga’s 
work.') In general, I and II correspond to the assump- 
tion that the physical nucleon is not affected very much 
by the incident meson. The quantitative justification of 
all three assumptions for intermediate values of g can 
be accomplished by an iterative procedure to be de- 
scribed in a subsequent paper. 

To solve the scattering problem, we may begin with 
the equation for (0| A|1p+-). From (18) we find 


(w—wy)(0| A |1p+)=gRO}| r4|1p+), 


(26) 


(27) 
since 

Eqns = Eas twp. 
Solving (27) with the boundary condition indicated by 
(16) we obtain 


R(k) 
(0| A (k)| Ip+)=5(k—p)+ “Ol r+| tP+). (28) 
€ 


W- Wp 


Thus, to compute the cross section for ordinary x*- 
neutron scattering, 


do/dQ= | 4x*w9gR(p){0| 74 1p+)|?, (29) 


‘? 
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we need to know (0|7,|1p+). From (20), we have 
—w,(0| r4|1p+) 
<2 f CR E.(0| ro|nXn| A+B*| 19+), 


where |m) denotes any eigenstate of H and the sum- 
mation is over all values of m. Invoking assumption I, 
we can reduce this to the much simpler equation 


—w,(0| 74 ip+) 
= f dkr| (0|7s|0)0|4+5*| 19+) 


+X | dp'(O|rs| Op’ j)Op’j| A+ B*| 1p+) }. 


j=t 
Then, using assumption IT, we find 


—w,(0| r4| 1p+-) 


=z f akR{(0| s|0)(0|4+B*| 1+) 
+£(0| rs|Op+)(—1| A+ B*|0)}, 


where 6=1 if a stable isobar of charge —1 exists, and 
8=0 otherwise. In addition to the one-body matrix 
elements, which by assumption ITI are to be considered 
as known, we have now introduced the new matrix 
elements (0| 7;|Op+) and (0| B*|1p+), so we continue 
writing equations of motion until we have a closed set 
(number of equations equal to the number of unknown 
matrix elements). 

Before carrying out this procedure in general, we 
shall consider the two limiting cases (small g and large g) 
in order to illustrate the method for simple cases and 
also to demonstrate that conditions (1°) and (2°) are 
satisfied. 


(30) 


(a) Weak Coupling 


In this case, the Tomonaga solution of the one-body 
problem (which here coincides with ordinary perturba- 
tion theory) tells us that (0|A+B*|1) is of order g, 
B=0, and (0|7;|0)=1+O(g*). Furthermore, we have 
from (19) 


(31) 


gR 
(0|B*|19+)=——(0| 7419+), 


so that if in (30) we retain onlythe terms of lowest 
order in g we get 
—0,(0|r419+)=2 f dkR(0| | 19+), 
or, using (28), 
(0| 74 | 1Ip+)=—gR(p)/wp, (32) 


where again terms of higher order in g have been 
dropped. Substituting (14) and (32) into (29), we find 
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for x+-+-n—»r+-+-n the cross section, 
da/dQ= g(16m*w*)', (33) 


in agreement with perturbation theory.® In a similar 
way we can show that the cross section for *++p— 
t+ p is also given by (33). 


(b) Strong Coupling 

When g is very large, the isobars of higher charge are 
stable so 8=1. In fact, the first term on the right side 
of (30) is smaller by two orders of g than the second 
term, in contrast to the situation for weak coupling. 
To see this we note first that according to the Tomonaga 
solution of the one-body problem (which is here the 
same as conventional s.c. theory to leading order in g~'), 
(0| 73/0) is of order g~*, while (—1|A+B*|0) is of 
order g.’ In addition, we shall see* that (0|73/O0p+-) is 
of order g~* while (0! A+B*|1p+) is of order ¢°, so 
the first term within the curly brackets of (30) is of 
order g~ while the second is of order z~*. Neglccting 
the first term, we have from (30) 


(0| r4| p+) 


= ~g05-* f akR0o| 73|Op+)(—1|A+B*|0). (34) 


From (18) and (19) we find 

(—1|A|0)=(—1| B*|0)=gR(—1] 7, |0)w "= dg Ror, 
(35) 

since the Tomonaga (or s.c.) solution of the one-body 

problem gives® 


(0| r4|1)=(—1| 74/0) =}. 
Then from (34), 
(0| r,| 1p+)= —g°K1(0| r3|Opt)wy, 


(36) 


(37) 


where 


K.= f dk Re (38) 


Evidently we now need an equation for (0|73|Op+). 
From (21) we obtain 


—w,(0| r3|Op+) 
= 2 f dk ((0| 7 1)(1| A*+B|Op+) 


+(0| r4|1p+)(0| A*+B] —1) 
—(0| A+B*|1)(1| r_|Op+) 
ae —(0|A+B*|1p+)0|7r_|—1)}, (39) 


7 These statements can also be justified directly from the equa- 
tions of motion without recourse to the Tomonaga approximation 
—see Sec. IV. 

8 The a posteriori justification of assumptions concerning the 
relative magnitude of various terms is characteristic of most s.c. 
calculations (see reference 2). 

® This corresponds to the fact that for large g the physica] nucleon 
involves a large number of bound mesons and it is equally likely 
for the bare nucleon to be either a proton or a neutron. 
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where, as in the derivation of (30), we have made use 
of assumptions I and IT. Although (39) contains several 
new matrix elements, it is quite easy to express them 
all in terms of (0|73|Op+) and so obtain the desired 
closed set. Thus, from (19) we have 


(w—wy+E1— E_1)(1| B|Op+)=gR(1| r_|Op+), 


which, with the boundary condition (17), gives 


gR 
{1| B|Op+)=——_—_——_—_{I1|r_|0p+). (40) 


w-wpt Ei — E_,—ite 


In the s.c. limit, where the isobar separation is of order 
g~*, this reduces to 


gR 
(1| B|Op+)=——1 | _|Op +. 


W—Wp— te 


(41) 
In a similar fashion we find 


) gR 
{1|A*|Op+)=——{1|7_|Op+}, (42) 
W+Wp 
gR 
(0| B*| 1p+-)=———0| r+ | 1p+), (43) 
where in (42) we have again neglected the isobar sepa- 
ration. From (18), (19), and (36), we have also 


gR gR 
014 | See (OLR) Deine ee ran (44) 


Finally, using the Hermitian conjugate of (20) and 
assumptions I and II, we find 


(E,— E_1—w,){1|r_|Op+) 


~ —g f dkR{(1| 4°+8|0¥0| 2109+) 
+(1]A*+B|Op+—1] 72-1). (45) 


In consequence of (44) and the remarks preceding (34), 
this reduces to 


(1|7_|Op+)=g°K wy (0| r3|Op+), 


where we have again neglected the isobar separation. 
Substituting (28), (35), (36), (37), (41), (42), (43), 
(44), and (46) into (39) we find 


=~ 2gag-* f dR (0) 7411X1|r-lOp+) 
2gRw | 


(46) 


—(0|r-|—10| x4 |1p-+)]] ———-—— 


w—w,'—ie w? 


~(0|7-|-1)6tk—p)| 


= gp 'R(p)— 2gtwe*K (0| r2| Op+)[T (wp) —1(0)], 
(47) 


® Like (0|73|0), the term (—1|73| —1) is of order g~*. 





1742 R. J, RIDDELL, 


where 
2R*w 
Ia) f dle - 
w’— x? — de 


(For our choice of p, 
I (wy) = 40-*{M +4 logl (M —p)(M+ p) ]+-xip/2}.) 
(49) 


Solving (47), we obtain 


(0| rs|Op+) 


=pR(p)wyl wy? +2¢'K, (Twp) —-1(0)}}', (50) 


which in the s.c. limit gives 

(0 rs/Op+-)=R(p)w,f2¢°K1 {1 (wp) —10)}}". (51) 
Although /(w,) diverges for M—>~, the denominator 
of (51) remains finite, since 


p*(k) 
I (wy) =1(wy)—1(0) = op f ah Sa 
w?(k?— p?— ie) 


(52) 


is convergent. From (37) and (51) we have, finally, 
(O| r,|1Ip-+)=—R(p)[2gJ (wp) }", (53) 
so that the cross section (29) is 
(da/dQ) »+, n= | 2m*’wpR*(p)/J (wy) |?. (54) 
In the point source limit, M—>«, we have 
J (wp) (ut ip)/4n. 
Also, with our choice (14) for the nucleon density, 


R?(p) = (169'w,)™ 
so 
(O| 74 | Ipt+-)—>— 24R(p)g' (utip)", 
and 
da/dQ—>(4w,?)", 





\ 
\ PERTURBATION THEORY 
. g=2 











Fic. 5. Cross section vs total energy for r+-neutron scattering 
with g=2, 3, 5.25, and 7.46. The result of lowest-order perturba- 
tion theory for g=2 is also shown for comparison, 
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in agreement with the usual s.c. theory.” The matrix 
elements for the other possible scattering processes— 
(1|7,|2p+) for the r+ proton scattering, (2|7_|1p+) 
which corresponds to the charge-exchange m* neutron 
scattering r+-+-n—>2~+ ptt, etc.—can be found in the 
same way. They all give the correct cross section (58). 
We have now demonstrated that our approximations 
I, II, and ITI leads to results for meson scattering which 
agree with both the perturbation and s.c. theories in 
the appropriate limits. The general nature of our pro- 
cedure should by now be fairly clear, so we shall simply 
outline the derivation of the formulas for the cross 
sections in the general case (g arbitrary). 


(c) General Case 


In contrast to our procedure in (a) and (b), we must 
now retain in our equations all matrix elements which 
remain after assumptions I and II have been invoked. 
For instance, both of the terms on the right side of (3) 
must be retained for, as we have seen, one is important 
for small g, the other for large g, and we may expect 
them to be of comparable magnitude in the intermediate 
coupling region. In addition, assumption III now 
assumes its full importance, for while the necessary 
one-body matrix elements 


(O|ry[1), ({rs}1), (1]74/2), (2| 73] 2) 


can be found analytically in the weak and strong 
coupling limits, for intermediate values of g they must 
be computed numerically from some solution (e.g., 
Tomonaga’s) of the one-body problem. We also need 
to know the values of g at which the various excited 
isobars become stable. For instance, using the Tomonaga 
approximation we find that the isobars of charge 2 
and —1 are stable only for g>8.66, while those of 
charge 3 and —2 are not stable for any value of g up 
to 15. 
When g<8.66, so that 8B=0, (30) becomes 


and 


(Ol rs 19+)=—au5-* f dkR(O|rs|0X0]4+B*| 19+). 


Using (28) and (43), we find 


(0| 74] 1p-+)= —gwy(0| 73] 0) 
XR (p) +21 (wp) (O(r+| 1p +) ], 


— gR(p)(0| 73] 0) 
O| r+ | Ilp+)=— “Ol ral0). 
(0| r+] 1p+) wt g° (op)(0| 7510) 


so that 


In the same way, we find 


&R(p){0| 7310) 


1 T+ 2 +)=- ot : 
(1]74|2p wp— 81 (w»)(0| 7310) 


Thus, for g<8.66 the * cross sections are 


da/dQ=[4x| I (wp) +g w,/(0|73|0)|T*, (60) 
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1*+N—> 1° +N 
1’ +N—> 1 +P% (ex) 











Fic. 6. Cross section vs total energy for x* neutron scattering 
with g=10.5 and 15. The charge-exchange cross section for the 
latter two coupling constants is labeled (ex). The s.c. theory result 
and the maximum S-wave cross section are also shown. 


where the + sign is to be used for r* neutron, the — 
sign for x*-proton scattering. 

When g> 8.66, the procedure is quite similar to that 
of section (b), although the algebra is slightly more 
complicated since we can no longer-use (36) or neglect 


the isobar separation, 
A=E,—E,. (61) 


The results are most easily expressed in terms of the 
simultaneous equations, 


(O| r3|0)+ 227 (A) | (1] 74] 2)|22(p) 


+w pg ?+(0! T3 | 0)T (w,) 


sige ~ 


¢ 1+[7 (w,)—I(A) ]y(p) 


(9) =—___—_—— 
wk A+ EH (apc A) 100) 
X[wptA+tg(2| 73|2)7(wptA) F 


’ 


where 


C=2¢'I(0)| (0| r,|1)!2. 


If y, and z, denote the solutions obtained by using the 
upper sign everywhere in (62), then we have 


(O| 7,/1pt+)=g"'R(p)y.(p), 
(O| r3|Op+) = 2gR(p) (1! 7, | 2)2,(p), 


corresponding to the 


(63) 
while from the solutions y_, z- 
lower sign we find 
(1|74|2p+)=g"R(p)y_(p), 
(2| rs] 2p+-)=2gR(p)(2| r_| 1)z_(p). 


(64) 
(65) 
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Substituting (63) into (29) we obtain the ordinary 
m* neutron scattering cross section. If we replace 
(0! 7,/1p+) in (29) by (1|7,/2p+) and use (64) we 
obtain the ordinary w* proton cross section. The 
matrix element (2|7_|1p+) needed for the x* neutron 
exchange scattering can be obtained from (65) and the 


relation (0){1| 7-|0)(2| ra ' 
27(0){1| r_|O)(2| rg) 2p+ 
wW»p— A—g{2| 73| 2)7 (wp— A) 





which we get from the r_ equation of motion. Since 
this charge-exchange scattering, r++-n—>2~+ p**, is an 
inelastic process, the cross section is given by 


do/dQ= |4n’w,gR(2|r_-|1p+)|2p’/p, (65) 


where p’=[(w—A)’—y?]! is the momentum of the 
outgoing meson. 

In Figs. 5 through 8 the results of these calculations 
are presented in the form of curves showing do/dQ [in 
units (A/c)? | vs w/u for several values of g. A semilog 
plot has been used so that all curves could be drawn 
to the same scale. In Figs. 5 and 7, the ordinary *t- 
neutron and 2*-proton cross sections are given for 
g=2, 3, 5.25, and 7.46. The cross sections for higher g 
values are given in Figs. 6 and 8. Since the charge-2 
isobar is stable for g>8.66 (see Fig. 2), the r+, neutron 
charge-exchange cross sections are also shown for 
g= 10.5 for g=15. (The charge-3 isobar is not stable for 
the range of coupling constants which we used and 
so the r+, proton charge-exchange scattering is not con- 
sidered.) For g= 5.25, 7.46, 10.5, and 15 the one-body 
matrix elements needed in the scattering calculation, 














Fic. 7. Cross section vs total energy for x*-proton scattering 
with g=2, 3, 5.25, and 7.46. The result of perturbation theory for 
g=2 and the maximum S-wave cross section are also shown. 
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Fic, 8. Cross section for r*-proton scattering with g= 10.5 and 
15. The s.c. theory result and the maximum S-wave cross section 
are also shown. 


((0| T+ | 1), (0| 750) = (i | T3| 1), (1 | t+|2), and (2| 73|2)), 
have been found from the numerical solution of the 
Tomonaga problem described in Sec. 2. These were also 
used to draw the curves of Fig. 1, the matrix elements 
for other choices of g then being obtained from Fig. 1. 


4. THE S.C. ISOBAR SEPARATION 


It is of interest to note that once the matrix elements 
for the scattering cross section have been found, the 
isobar separation can be determined by similar tech- 
niques. Here we shall carry this through for the s.c. 
limit where an analytic solution is possible. From (20) 
and assumption I we obtain 


(Q—1|14|Q)(Eg-1— Eg) 


=s f akR| (0-1) |0- 1Q—1|4+B*|Q) 


+X | dp(Q—1|73/Q—1, pj) 
y=t 


X(Q—1, pj|A+B*|Q)}. (68) 


Since (A+B*) commutes with 73, we may equally 
well write 


(Q—1| 74|Q)(Ze1— Eg) 


=f aR | (0-1) 4+B*10X0| 10) 


+X | dp(Q—1|A+B*|OpjQpj|s1Q)}. (69) 
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If the scattering problem has been solved, then the 
only unknown matrix elements in (68) and (69) are the 
isobar separation and the one-body matrix elements. 
Now® 

(Q—-1|74|Q)=3, 


so using (18) and (19), we find 
(Q—1|A|Q)=(Q—1| B*|Q)*=}gRw!+O(g-). 


However, the s.c. limit for (Q|73|Q) is of much higher 
order in (1/g) and cannot be obtained from such simple 
considerations. We calculate it along with the isobar 
separation in the following way: 


(i) Set Q=1 in (68). Since E,= Eo, the left side is 
zero and we can solve for (0| 73/0). 

(ii) Equate the right-hand sides of (68) and (69) and 
solve for (Q|73|Q)—(Q—1|73|Q—1). 

(iii) From (i) and (ii) compute (Q|73/Q). 

(iv) From (69) and (iii) compute Eg— Eg-1. 


In carrying this out we must be careful to use for the 
scattering matrix elements the result obtained before 
letting M—, since in (68) and (69) |p| ranges from 
O to M. For instance, we must use (53) for (0| 7, |1p+) 
and not the Mo form (57). The limit M—>o must 
be taken only afler the integrations in (68) and (69) 
have been performed. 

The result of step (i) is 


(0| 75|0)=4(¢4K)~! f dpe*(p)|J(ws)|-, (70) 


where J(w,) is defined by (52). The integral (70) has 
been evaluated by Kaufman.’ Using his result we have 


(1 | T3| 1)= - (4g*K,) “(Ks — 1Ky?] 
ie UKAK), (71) 


where K,, is given by (38). 
From (ii) and (iii) we then find 


(Q| r3|Q)= (1—20) (4g*K1K;)~, (72) 


so that 
Eg— Eg-1= (Q—1)/g°K3, (73) 
and 


Eg= (Q—})?(2g*K3)“'+ const. (74) 


This is in agreement with conventional s.c. theory.” 


5. DISCUSSION OF METHOD AND RESULTS 


In the preceding sections we have seen that our 
approximate method of solving the matrix equations 
of motion is correct in both the weak and strong 
coupling limits. To establish its validity in the inter- 
mediate region, the approximations of Sec. 3 could be 
investigated by an iterative procedure in which one- 
body matrix elements and those of the form (Q|C|Q’, 
pj, pj’) or (Qpj|C|Q’p’j’) are calculated from the 
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equations of motion, using for (Q’|C|Qpj), etc., the 
values found previously. Since the latter are only known 
numerically in the intermediate region, this calculation 
is fairly complicated and will be discussed in a sub- 
sequent paper. 

In some respects our procedure resembles the Tamm- 
Dancoff approximation, since states with more than one 
incident meson are neglected. However, the total 
number of mesons allowed is considerably larger than 
in most Tamm-Dancoff calculations, for no limitation 
is placed on the number of mesons bound to the nucleon. 
Any such restriction would, in fact, preclude agreement 
with s.c. theory, where the average number of bound 
mesons is approximately g’K.2/2. 

As can be seen from Figs. 5 through 8, the shape of 
the cross section vs energy curves for intermediate 
values of g is quite different from the do/Q « 1/w* which 
characterizes the two limiting cases. The general 
character of the curves suggests “resonance” with a 
virtual isobar level. In such a case, we expect the phase 
shift" to go through 90° giving 4 cross section 


da/dQ= p? =X. (75) 


For values of g smaller than 8.66 the x*-proton cross 
section (Fig. 7) does indeed attain this value, while the 
m+-neutron cross section (Fig. 5) does not. This is con- 
sistent with the resonance picture, for in the proton 
case the total charge is 2, so there could be a resonance 
with a virtual isobar state of charge 2. However, there 
is no low-lying virtual state of charge 1 with which the 
a+-neutron scattering could resonate. For g>8.66 the 
m+-proton scattering curves (Fig. 8) show no resonance 
effects. This is consistent with the fact that the lowest- 
lying charge-2 isobar is stable and so its energy is too 
low to allow any resonance with the scattering state. 

As g increases from about 6 to 8.66, the value of w 
for which do/dQ=X* decreases. This lends further 
support to the resonance idea, since the excitation of the 
virtual level would also decrease with increasing g. 
Unfortunately, between g ~ 2.2 and g=6 the “resonance” 
energy increases with increasing g. Thus the interpre- 
tation in terms of a simple resonance with a virtual 
isobar is less successful for these smaller values of g. 

The essential test of any theory—comparison with 
experiment—cannot be applied to our results since we 
have used scalar mesons. Moreover, since the scattering 
problem for intermediate values of g has not been ex- 
tensively studied heretofore, it is difficult to say whether 
our results are “reasonable.’’ This question will be 
resolved, however, by a comparison of the experimental 
pion-nucleon scattering data with the results of the cal- 
culations for pseudoscalar mesons which are now in 
progress. 

One of the most unpleasant consequences of our 
static approximation for the nucleon is the necessity 
for a cutoff. Since this cannot be avoided in a nonrela- 


Of course only S waves are scattered in this scalar theory. 
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tivistic treatment, we can simply hope that it is not 
very important for the low-energy mesons. Preliminary 
calculations indicate that the results are not very 
sensitive to the choice of cut off. Moreover, a gen- 
eralization of the methods described in this paper 
to include recoil and relativistic effects is now being 
investigated. If a renormalization procedure can be 
found, it will be possible to eliminate the cutoff alto- 
gether. In this connection, it may be noted that even 
in its present, static form this matrix formulation has 
the advantage that only energy differences, and not the 
energies themselves, appear in the equations. 

We wish to express our very sincere appreciation to 
Mr. James Baker and Mrs. Joan Lafon for their ex- 
cellent computational work on both the scattering and 
the one-body problems, and to Mr. Robert Oeder and 
Mr. Lawrence Lasnik who carried out the solution for 
the one-body state vectors on the IBM Card Pro- 
grammed Calculator at the University of California 
Radiation Laboratory, Livermore. We are also indebted 
to Dr. J. Lepore for tnany interesting discussions of the 
Tomonaga approximation and the strong coupling 
theory. 


APPENDIX I. VARIATIONAL CALCULATION OF 
MESON SCATTERING 


The problem of meson scattering can also be treated 
by a modification of the Hulthén variational prin- 
ciple.*-"* For the state vector describing the scattering 
of a positive meson of initial momentum p by a proton, 
we make the assumption 


¥=a,*|1)+6,*|3)+n| 2), 


where |() is again the state vector corresponding to the 
nucleon isobar of charge Q. The scattering operators a, 
and b, are defined by 


(A.1) 


pe f dky,*(k)A(k), b= f dky_*(k)B(k), (A.2) 


where x,(k) is the Fourier transform of a function 
which for large r has the form of an incident plane 
wave plus an outgoing scattered wave, while x~ is 
asymptotically just a scattered wave; viz., 


x+(x)—>(2m)-tLe'?*+-ae'?"/r], 
(A.3) 
x_(x)—a’e'?’"/r (2x)! 


The functions x4 and the constant » are to be deter- 
mined by making (y| E—H]|y) stationary, with 


B= Evtuy= Ext (p'+u2)). (AA) 


2. Hulthén, Kgl. Fysiograf. oe. Lund Férh, 14, 1 (1944). 

8 This approach has been used by T. D, Lee and R. Christian 
in their work on the Tomonaga approximation, Phys. Rev. 94, 
1760 (1954). We wish to thank these authors for informing us of 
their work prior to its publication. 
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Before carrying out this variation, we shall make a 
few remarks concerning the choice of the assumption 
(A.1). The first term in (A.1) corresponds to the 
ordinary wt, proton scattering while the second term 
takes account of the charge-exchange scattering which 
can occur when the coupling is sufficiently strong. (Since 
we are primarily interested in the s.c. limit for this 
method we shall consider first the case in which g is 
large enough to make the Q=2 and Q=3 isobars 
stable.) The role of the third term can be appreciated 
if the variation with respect to 7 is carried out. We 
obtain 

(6n*)(2|p)=0, 


which shows that the value of » simply makes y 
orthogonal to 2, 


| a,*|1)—(2|b,*| 3). (A.5) 


n= —(2 


The importance of including this term may be under- 
stood from the following: 

1. The scattering problem for a neutral scalar field, 
which is closely related to the s.c. limit of charged 
theory, may be treated by an assumption analogous to 
(A.1). (Of course, it can also be solved exactly.) If a 
term corresponding to the | 2) of (A.1) is included, the 
correct answer, da/dQ=0, is obtained. However, if this 
term is omitted, the cross section is no longer zero. 
Instead, we find 


(da /dQ) neutral _ | wp, ™ (p/m) 


Xlog(p+w,)/ut+u/2+ip 


2. As shown below, the charged meson scattering may 
be calculated by approximating the |Q) in (A.1) by the 
corresponding Tomonaga state vector, Fg. If we con- 
sider the s.c. limit of the 7” problem and retain only 
the leading-order terms in g, then we obtain do/dQ=0, 
indicating that higher-order corrections to the Tomo- 


| 


(A.6) 





VARIATIONAL CALCULATION 
with 2) 
wiTnouT 9/2) 


ar S.C. CROSS SECTICN 


j 











Fic, 9. S.C, limit of the variational scattering calculation de 
scribed in Appendix I. The lower curve is a plot of (A.14) while 
the upper curve shows the result obtained if the |2) term is 
omitted from the assumption (A.1). The s.c. theory (see reference 
2) cross section is also shown for comparison. 
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naga state vector must be considered. If, however, the 
n| 2) term is omitted, then the cross section turns out to 
be just } of (do/dQ)neutra1 Which does not agree with the 
correct s.c. result (59). This discrepancy has been 
pointed out by Christian and Lee." In this case it is 
clear that higher-order corrections to the Tomonaga 
approximation could not remove this lack of agreement. 

A final point concerning the assumption (A.1) is 
that we shall consider only the case uw, Qu. At 
higher energies, additional terms would of course be 
needed in (A.1) to take account of meson production, 
etc. 

Returning now to the variational problem, 


5(y| E—H|p)=0, 


we see that variation with respect to x,* gives 
f dkby.,*(k)(1| A (k) [E—H]|¥)=0. 


Commuting A (kK) with (E—//) and taking account of 
(15) and (A.4) we find 


w»{1| A (k)|W)—(1| vA (k) —g7,R(k) |p) =0, 


which by manipulations similar to those used in Sec. 2, 
can be reduced to 


(wp—w)x4+ (2p—w)| Pilarta| Fibs f x61 
+(Ps|bi%as|Fadoay f x-61-+ iF |02| Fae | 


+6R| (Fy|a:*r4| Ff xb 


+P bir Fd) fxd (Pal rol} =O, (A.7) 


where, according to (A.5), 


77> —(Flas*|F:) f xsd — (Pal bat Fs) fx (A.8) 


Here we have made the approximation of replacing |Q) 
by the corresponding eigenstate, Fg, of He’. The 
integral equation for x. can be obtained from (A.7) by 
the substitutions 

ab, 

1<+3 (in all subscripts), 

W pW p— As, 

where 4,3;= E;—£,. 

These coupled integral equations for x, and x— can 
be solved once the Tomonaga matrix elements ap- 
pearing in (A.7) and (A.8) are known. Using Tomo- 
naga’s s.c. solution' of (8), we have evaluated these 
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matrix elements in the s.c. limit. Table I shows the 
leading term, and also the first (i.e., 1/g*) correction 
thereto, for all of the relevant matrix elements. (The 
Ax calculated from (13), which are also listed for con- 
venience, agree with the expressions given by Tomo- 
naga,' who obtained them in a somewhat different way.) 

From Table I, we see at once that the right side of 
(A.7) contains terms of order g’, g’, ---. However, 
upon substituting the various matrix elements into 
(A.7) we find that all terms of order g* cancel. Without 
the g~* corrections to the matrix elements there would 
be no scaltering. (As pointed out above, this cancellation 
does not occur if the n|2) term is omitted from (A.1).) 
With the aid of Eq. (12) and Table I we obtain 


(w—w,)x+ (kk) = — (w—wpt Ais)x_(k) = J i(k) 


—~|l 1 Ps Wp lf Rx (| 
iy UKs 20 2 eo El 


R(k)w, 


4u*K; w 8K. 


Rx Rk) ¢ Rx 

—+—— | —, (A9) 
Ww 

where x=x4—x-~. Since we are concerned with terms 

of order g’, we may drop A,; which is of order g™*. 

Taking the sum and difference of the x, and x— equa- 

tions we find two elementary uncoupled equations: 


(w— wp) (x++x-)=0, (A.10) 


(w—wy)x = 2). (A.11) 
According to (A.10), 


x+(k)+x-~(k) =6(k—p), 


i.e., x; and (—y_) can differ only by a plane wave so 
that the direct and charge-exchange scattering cross 
sections are equal, in agreement with s.c. theory. From 
(A.11) it is easy to obtain a solution of the form 


(w 
atin aiblliitnheinicl oes (A.12) 


W—Wp— te 


where f(w) can be found explicitly by solving a pair of 
algebraic equations. In the limit of a point source, 
p(x)—6(x), the scattering amplitude f(w,) has the 


value 
f(@p)=CR(p) Po, *LK3+Co,) J, 


where 
R*(k) 
Clay)= f dk —_———— = (49°w,”)! 
w (w—w»—te) 
X[wp— p logl (pt+w,)/u]+mu/2+mip]. (A.13) 


Consequently, both the ordinary and charge-exchange 
cross sections have the value 


da ijw,? wp p ptwp wu Ps 
—= —|——_-+- ——— log——_+--+-ip| . (A.14) 
dQ 4\4u wr is 2 | 


MESON-NUCLEON SCATTERING 


1747 








TaBLe I. Matrix elements for the single-nucleon problem as 
computed from the s.c. limit of the Tomonaga approximation. 


No.=(Felag*ae| Fo) = V7L1+2(0—1) V*) 
No_=(Fe@|be*be| Fe)= V3t1—2QV 7] 
M 9,=(Felaqr_|Fo)={V[1+(Q-—)V 7] 
M 9-=(Fe\bers|Fo)=iVI1—-(Q-4) V4) 
(F,|by*a3| Fs)= }V2(1+V~*) exp(LV) 
(Fi | a2|F2)=4V(14+V) exp(iLV) 
(F5|bo| F2)=4V(1+2V) exp(LV) 
(F1|bi:*r,| Ps) =4V(1—§V*) exp(LV ) 
(Fi | ry] Ps) =(P2{ 74] Ps)= 4 exp(iLV *) 
(F3|a3*r_| Fi) = 4V (1+ 9V *) exp(LV *) 
how =[+(O—4) —KiK3(K2) 7 )/e°Ks 


where 
V =¢(K2)4{1+g¢ [1 —KiK3(K2)*](K2)~}, 
L= 1 > K2K4(K,4) 3 
K,= SdkR*(k)w™. 


In Fig. 9 we have plotted the s.c. limit of do/dQ as a 
function of incident meson energy. The solid curve is 
the correct s.c. result, (59). The one below it represents 
Eq. (A.14) which is seen to be correct only in order of 
magnitude. Lest we be tempted to accept this as a 
partial fulfillment of condition (2°) of the introduction, 
we have plotted in Fig. 9 also }(do/dQ)neutrai aS given 
by (A.6), i.e., the result obtained by omitting the y| 2) 
term from the assumption (A.1). It seems to us that 
this spurious neutral scalar cross section has very little 
to do with the actual charged scalar problem and yet 
it, too, shows what might be called order of magnitude 
agreement with the correct charged scalar s.c. result. 
We conclude from this that nothing less than exact 
agreement with the s.c. answer can be accepted as 
fulfillment of condition (2°). 

Finally, in the weak coupling limit the isobars of 
charge 2 and 3 do not exist so that no question con- 
cerning the y| 2) term arises. The assumption (A.1) then 
simplifies to 

y=a,*|1), (A.15) 


and an analysis like that which led to (21) gives 


(o,-0)[ x Vicon fdlxsdre| 


+6RM sf dhocsdr,=0 (A.16) 


As Christian and Lee® have shown, the cross section 
obtained from (A.16) for small g agrees with that given 
by ordinary perturbation theory, so that condition (1°) 
is satisfied. For intermediate values of g the cross 
section can be found numerically by using for the 
various Tomonaga matrix elements required in (A.7) or 
(A.16) the values computed from a numerical solution 
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of the one-body problem, and so this method also 
satisfies condition (3°). 

So far we have discussed only the x*+ proton scat- 
tering. However, the problem of #* neutron can be 
treated in an exactly analogous fashion. The appro- 
priate assumption there is 


v=a,*|0)+6,*|2)+n'|1) 


PHYSICAL REVIEW 


JR., 


VOLUME 94, 


AND B.D. FRIED 
for large g, or 


v=a,*|0)-+n'|1) 


for small g. In this case, the 7’|1) term should be 
included for all values of g, since |1) (real proton) and 
|0) (real neutron) are always stable. Again, conditions 
(1°) and (3°) are satisfied but not (2°). 
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It is shown that the procedures for mass and charge renormalization developed by Dyson, Ward, and 
others for a covariant local field theory can be applied in the static or fixed source approximation where the 
int,raction is nonlocal. Reasons are given to show that, although charge renormaliza‘ion is not necessary in 
this case because the theory is not divergent, it is nevertheless a very sensible procedure. 


INTRODUCTION 


WELL-DEFINED and often discussed form of 

meson theory treats the nucleon as an infinitely 
heavy source of pions and completely ignores recoil 
effects.' This form of the theory, sometimes called the 
static approximation, cannot be reached from conven- 
tional local pseudoscalar theory by a straightforward 
limiting process of setting M = ©. Even after renormal- 
ization, integrals occurring in the local theory will 
diverge for an infinite nucleon mass. In the static 
approximation, convergence is achieved by inserting a 
cut-off factor, but it has often been pointed out that 
this factor cannot represent simply a damping due to 
nucleon recoil.? Nevertheless, there are at least two 
reasons to justify an examination of the static approxi- 
mation: (1) Mathematically it is much simpler than 
the relativistic case and can yield a qualitative under- 
standing of many important general features of field 
theory. (2) A number of experiments suggest that the 
actual damping of high-energy virtual effects is stronger 
than that produced by nucleon recoil alone in the local 
theory.’ Thus it is possible that in some sense the correct 
and complete theory will be nonlocal. For example, if 
three fundamental fields rather than two are required, 
an approximate theory for the pion-nucleon interaction 
which does not specifically introduce the third field 


* This research was supported by the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1See, for example, W. Pauli, Meson Theory of Nuclear Forces 
(Interscience Publishers, Inc., New York, 1946). 

? The point here is that nucleon recoil can damp out momenta 
much larger than M, if M is the nucleon rest mass, but momenta 
of the order of M will remain very important. Thus a non- 
relativistic approximation to a local pseudoscalar theory is im- 


possible. 
4J. S. Blair and G. F, Chew, Ann. Rev. Nuc. Sci. 2, 163 (1953). 


would have to be nonlocal. If this is the case the cut-off 
factor in the static approximation, which is equivalent 
to “spreading out” the region of the pion-nucleon 
interaction in space, may have a real physical sig- 
nificance. 

The main interest in the static approximation thus 
far has been for the case of strong or intermediate 
strength coupling, where the relativistic theory has 
defied attempts at solution. No discussion has hereto- 
fore been given of the possibility of renormalizing the 
static approximation because the theory is finite with- 
out charge renormalization and the mass of the nucleon 
does not appear explicitly. Actually, the identification 
of self-energies must always be done in any field theory 
and has been done in past treatments of the static 
approximation. The point is merely that words other 
than “mass renormalization” have been used to de- 
scribe the process. However, the technique of mesonic 
charge renormalization has up to now been stated only 
for a covariant local theory’ and it is the purpose of 
this paper to show that the same methods can be applied 
to the static approximation. 

The result of renormalizing the static approximation 
is not to render an infinite theory finite. The theory is 
finite before and after renormalization. However, re- 
normalization eliminates many unobservable high-fre- 
quency effects and shows that observable quantities 
are much less “cut-off dependent”’ than is often thought. 
Also the renormalized coupling constant turns out to 
be substantially smaller than the original one, so that 
now perturbation methods become possible. Another 
way of describing the situation is to say that one has 
divided the infinite series given by perturbation theory 


F. J. J. Dyson, Phys. Rev. 75, 1736 (1949). 
oy. C. Ward, Proc. Phys. Soc. (London) A64, 54 (1951). 
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into two subseries, one of which converges much more 
rapidly than the other. The slowly converging series 
has been summed completely and the net result shown 
to be equivalent to reducing the value of the coupling 
constant appearing in the more rapidly converging 
series. 


FORMULATION OF THE STATIC APPROXIMATION 


With a pseudoscalar pion field, linearly and sym- 
metrically coupled to the nucleon source, the inter- 
action energy is 


= (al nf dtoe-vextn, 


pdr! 


(1) 


where @ and ¢ are the Pauli spin and isotopic spin 
matrices, g is the pion field, and p(r) is the source dis- 
tribution function. We shall make our discussion in 
terms of the specific interaction form (1), but it will 
become apparent that the only essential feature of (1) 
is the linearity in y, which means that 5 annihilates 
or creates pions one at a time. 

Suppose that we begin by thinking in terms of a con- 
ventional perturbation approach. That is to say, we 
imagine that all transition matrix elements are ex- 
panded in powers of the interaction energy #. There 
will then be a one-to-one correspondence between the 
terms in this series and diagrams to be drawn according 
to the following rules: (1) A single solid line running 
upward (time runs upward) denotes the nucleon. Unlike 
the nucleon lines in a Feynman diagram,*® the nucleon 
line here never turns around, since pair formation is 
excluded. (2) The pions are denoted by dotted lines 
which can begin (creation) or end (annihilation) at 
points along the nucleon line. Dotted lines entering the 
diagram from below correspond to free pions in the 
initial state, while dotted lines leaving at the top 
correspond to free pions in the final state. A moment’s 
thought shows that the pion lines also only move 
upward (forward in time), and for a virtual pion, 
creation always precedes annihilation. This, again, is a 
feature not present in Feynman diagrams, where all 
time orderings of the vertices are understood. 

For purposes of orientation, let us consider a par- 
ticular fourth-order diagram, Fig. 1a, which occurs in 
the problem of pion-nucleon scattering. According to 
the well-known formula of conventional perturbation 
theory, this diagram corresponds to the following term 
in the expansion of the transition matrix: 


KH pn IonmIC mI 1 


(E,- E,) (E;—- i) (Ef; ae E)) 


(2) 


where the state i contains one pion of momentum k,, 
the state / contains two picns, one of momentum k, 
and one of momentum k, the state m contains one 
pion of momentum k, and so on. It is clear that we are 


®R. Feynman, Phys. Rev. 76, 749 (1949). 
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Fic. 1. Some typical diagrams occurring in the 
pion-nucleon scattering problem. 


using the diagram purely as a counting device, to keep 
track of all possible intermediate states. For each 
vertex one has a matrix element of 3C corresponding to 
the emission or absorption of a pion. For each segment 
of the nucleon line between vertices we have an energy 
denominator. 

It is legitimate to think of the energy denominators 
as propagation functions in a sense very similar to that 
of Feynman. Let us introduce the function 


S(E)=1/(E+ie), (3) 


where £ is defined as the net energy which the nucleon 
has “absorbed” from the various pions which it has 
created or annihilated. Z is zero for a “real’”’ nucleon 
at the beginning or end of a diagram but for inter- 
mediate virtual nucleon states may be either positive 
or negative, to be calculated as if energy were con- 
served at each vertex. It follows that £ is exactly the 
conventional energy denominator associated with the 
nucleon line in question. 

It has been pointed out’ that the simple expansion 
of which (2) is a sample term, is correct, strictly speak- 
ing, only in the absence of self-energies. It can easily 
be shown, however, that the correct expansion is ob- 
tained merely by adding the self-energy into each 
energy denominator.’ In our problem, therefore, we 
should define the argument £ of the nucleon propaga- 
tion function as the fotal nucleon energy, including the 
self-energy. For “real” nucleons, we now have E= Es, 
where Es is the self-energy. Later Es will be removed 
by a renormalization procedure. 

The quantity ¢, appearing in (3), is an infinitesimal 
real positive number which is to approach zero after 
sums over intermediate virtual states are performed. 
As usual, ¢ guarantees that the proper boundary condi- 
tions are satisfied by the transition matrix. If we omit « 


( ™M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
1953). 

5 This rule ignores “end effects,” that is, terms corresponding to 
the self-energy acting as a perturbation either at the beginning or 
the end of a process. It is well known, however, that conventional 
charge renormalization causes these effects to cancel out. 
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and take the principal value of integrals when poles 
arise from the energy denominators, we will be calcu- 
lating the reactance matrix rather than the transition 
matrix.’ Bearing these facts in mind, we shall hence- 
forth dispense with writing down ¢ explicitly. 

The matrix element of 5 for absorption of a pion of 
charge type \ (A=3 corresponds to a neutral pion, 
while \=1, 2 are linear combinations of positive and 
negative”) and momentum k is 


f @wik - 
(4r)! —r) v(k) = fVx(k), (4) 
be (Qu)! 


where v(k) is the Fourier transform of the source 
function p(r)."" Conventionally, fp(r)dr is normalized 
to unity, so that »(0)=1. The corresponding creation 
operator is the complex conjugate of (4). Thus we may 
write out (2) as follows, if the initial pion is in the state 7, 
the intermediate pion in the state j, and the final pion 
in the state f/: 

fj VS(E,4-0;—wj—w,) V *S(E,4+-0i—w;) 


XV S(E,—w,;)Vi*.  (2’) 


Comparing (2’) to Feynman’s formalism,* note that 
we have no propagation function for the pions. Actually 
one could perfectly well introduce a pion propagation 
function, but, since all lines move forward in time, it is 
possible immediately to do the integrals over pion 


energy and get only a residue at the positive value, 
w= + (k®+-y?)!. The factor, 1/2u,, which occurs in | V;!* 








Fic. 2. Some diagrams 
contributing to S’(E), the 
modified nucleon propaga- 
tion function. 








(c) (6) 


® B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 39& (1953). 

See, for example, G. Wentzel, Quanium Theory of Fields 
(Edwards Bros., Inc., Ann Arbor, 1946), p. 61. 

" For reasons of economy, the two variables k and ) will usually 
be summarized by the single index 7. For example, instead of 
V)(k) we shall write V; and instead of 2) f"dk/(2x), we write D ;. 
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is precisely this residue. The concept of a nucleon 
propagation function is useful here because many of 
the renormalization effects will be identified as radiative 
modifications of the function S(£). There are no 
modifications of the pion propagation function in the 
static approximation, however, since there are no 
nucleon pairs. 

People familiar with Dyson’s approach‘ will now see 
how the corresponding idea works here. We have two 
primary quantities, the propagation function S(Z) and 
the vertex operator V ;. By using diagrams we determine 
how to combine these quantities to form all the possible 
terms in the expansion of the transition matrix. One is 
next led to the notion of reducible and irreducible parts 
of diagrams. That is to say, certain combinations of 
lines and vertices can be thought of as merely producing 
a modification in the functions S and V. For example, 
among the fourth-order diagrams for pion-nucleon 
scattering, Fig. 1b corresponds to a modification of the 
intermediate nucleon propagation in a second-order 
diagram. Correspondingly [ig. 1c may be interpreted 
as a modification of one of the vertices in second-order 
scattering. Note on the other hand that Fig. 1a is 
irreducible. No parts may be interpreted merely as 
modifications of S or V. 

Thus our problem, just as did Dyson’s, breaks into 
two parts: (1) The determination of the modified 
nucleon propagation function, which we shall call 
S’(£), and the modified vertex operator, which we shall 
call V,’. (2) The evaluation of the irreducible diagrams 
in terms of S’ and V,’. The problem of renormalization 
is entirely concentrated in the first part. The remainder 
of this paper, then, will give an explicit recipe for calcu- 
lating S’ and V,’, taking proper account of mass re- 
normalization and incorporating a mesonic charge 
renormalization which, as stated before, is not necessary 
but is extremely useful. 


THE MODIFIED NUCLEON PROPAGATION FUNCTION 
Following Ward,’ we base our treatment of the 
modified nucleon propagation function S’(Z) on an 
auxiliary function, to be called I'9(Z) and to be de- 
fined by 
I')(E) = 0/dE(1/S' (E) }. (5) 
In order to understand the significance of I'9(Z), note 
that we may write 


S’(E)= 


i 
E-(E) 


where }-(£) is the sum of all modifications of a bare 
nucleon line due to overlapping meson lines. For ex- 
ample, the term in }>(£) of lowest order in f (second 
order) corresponds to Fig. 2a and is given by 


PX; VS(E-w) V3. (7) 


Similarly the fourth-order terms in >> (EZ) correspond 
to Figs. 2b and 2c which each contain four vertex 


(6) 
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operators and three propagation functions. Note, how- 
ever, that there is mo term in }>(E) corresponding to 
Fig. 2d, which contains nonoverlapping pions. Such 
diagrams are produced by expanding (6) in powers of 
> (£). That is, 


rd 1 1 
S'(E)=—+— (E)—+ 2 (E)-L(B—+ ++. (8) 
& £ EE E E 


From Eqs. (5) and (6), it follows that 
I'o(E)=1+Ao(E), 


where 


0 
Ao(E)= -—(E), (9) 
OE 


which leads to an interpretation of T'9(#) if one re- 
members that in each term which makes up }> (£) the 
dependence on E arises solely from the nucleon propaga- 
tion functions. If m propagation functions occur in a 
particular term, then taking the derivative with respect 
to E splits that term ints pieces. A particular piece 


Fic. 3. Sample second-order 
contributions to Ao(£). 











can be represented by a diagram with an x on the 
nucleon line which has been differentiated. Thus, for 
example, the term in }> (£) corresponding to Fig. 2c is 
split by differentiation into the three pieces, shown in 
Fig. 3, which contribute to Ao(#). Finally note that 
the operation —0/0E on a particular propagation 
function 1/(E—Q) gives simply 1/(E—Q)’, so that 
I'y)(E) is just the so-called vertex modification of the 
effective coupling of the nucleon to a hypothetical 
neutral scalar field of low frequency. 

In other words, suppose we wanted to calculate the 
matrix element of interaction of a nucleon with a 
neutral scalar field containing only very low frequencies 
so that it cannot change the proton energy appreciably. 
We would then evaluate a series of terms corresponding 
to the diagrams in Fig. 4, in which each pion overlaps 
with at least one other and the point of interaction with 
the “external” field, indicated by the x, is interlocked 
with the virtual pions. (One must also calculate dia- 
grams involving nonoverlapping pions, but these would 
be treated most naturally by modifying the propagation 
function for the incoming and outgoing nucleon.) The 
sum of the above diagrams is called the vertex modifi- 
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Fic. 4. Vertex modifying diagrams up to fourth order. 


cation of the nucleonic coupling to the external field 
and is evidently identical with '9(Z). For example, to 
second order in /, the vertex modification of the coupling 
to the external field from Fig. 4 is 


1+ ?S ; V;S(E—w;)S(E—w;) V *, (7’) 


which also follows immediately from (9) and (7). 


NUCLEON ENERGY (MASS) RENORMALIZATION 


It is convenient both physically and mathematically 
to shift the scale of the nucleon energy so that it is 
always referred to the self-energy. That is, if Zs is the 
self-energy of a single nucleon due to the associated pion 
field, then we define E’= E— Es. Now from exactly the 
same considerations as apply to the relativistic theory, 
Es may be identified as the position of the pole of 
S’(E). In other words Eg is the solution of the equation 


Es=> (Es), (10) 


and if S’ is now considered as a function of EZ’, then 
S’(E’) has its pole at E’=0." 

With the boundary condition that 1/S’(E’) shall 
vanish at Z’=0, we may integrate Eq. (5) to obtain an 
explicit formula for S’ in terms of I’, 


(11) 


gE’ 
vs(E)= f dN'T'9(X’). 
0 


THE RENORMALIZED PROPAGATION FUNCTION 


Following Dyson, we now wish to introduce a re- 
normalized nucleon propagation function, 

S, (BE!) =ZyS'(E’), (12) 

2 We here violate accepted mathematical notation in favor of 


maintaining physical simplicity. We mean by S’(Z’) a quantity 
equal to S'(E) for E’= E— Es. 
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such that 
(13) 


S/(E)—1/ F’. 
EB’ 
There is no overriding motivation in meson theory for 
the particular condition (13), as there is in electro- 
dynamics for the corresponding condition, because there 
exist no low-frequency measurements of the pion- 
nucleon coupling such as the oil-drop experiment which 
measures the electron-electromagnetic field coupling. 
Nevertheless, in order to maximize the simplicity of 
the theory the condition (13) is indicated." 
If we simultaneously define 


lo (E’) = ZI (E’), (14) 


then relations of the type (5) and (11) are maintained 
for the renormalized quantities. That is, 


0 1 
Po (E!)= , =| 
OE'LS,'(E’) 


B’ 
roe f dn'Ty,(’). 
SE) Jo 


From Eq. (15), we see that the requirement (13) im- 
plies that 
(17) 


(15) 


(16) 


I'o, (E’) —>1, 
E’-0 


and the latter relation allows us to determine Z» in 
terms of >-, or, as will turn out to be convenient later, 
in terms of >,=Z:>- or Ao-=Z2Ao. Substituting (14) 
into (9), we obtain 


Z: 'T'o, (E’) = 1— 
) 


0 
pr (E’)=1+Z7"'Ao (E’). 


as 

















Fic. 5. Sample diagrams illustrating propagation function 
modification within a “fundamental” vertex diagram. 


3 For example, withcut condition (13) one could not neglect 
the “end effects” mentioned in footnote 8. 
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Taking the limit Z’—0 then gives 


Z2=1—Ao,(0). (18) 


It can be shown" that Z, represents the probability 
of finding the bare nucleon (zero pion configuration) 
in a single physical nucleon. Thus we know that Z:<1. 

An important problem still remains: to find a pro- 
cedure for evaluating [',, and thus S,’, in which only 
renormalized quantities occur, Z2 itself having been 
completely eliminated. Such a procedure is of course 
necessary in a divergent theory such as quantum elec- 
trodynamics. Here it is useful in eliminating unin- 
teresting high-frequency effects which tend to obscure 
the essential aspects of the problem. To formulate the 
desired procedure, however, we must first construct the 
modified vertex operator. 


THE MODIFIED VERTEX OPERATOR AND ITS 
RENORMALIZATION 


The series of diagrams whose sum yields the modified 
vertex operator is in exact topological correspondence 
to the series which produces I") and which is indicated 
in Fig. 4. Now, however, a relation of the type (5) does 
not hold unless the pion field happens actually to be 
neutral and scalar. The insertion of an “external” 
vertex (indicated by the cross in Fig. 4) into one of 
the >> diagrams does more than simply square the 
nucleon propagation function at that point. For ex- 
ample, if the pion field is symmetrical and pseudo- 
scalar, the absorption of one of its quanta may change 
either the charge or the spin of the nucleon. Mathe- 
matically, one would say that the “external” vertex 
operator does not commute with the “internal” vertex 
operators. In spite of this fact, it is not hard to con- 
vince oneself that the dependence of the modified 
vertex operator V;’ on k, o, and X will be exactly the 
same as that of V;. The difference is that V,’ will also 
depend on £,’ and £,’, the nucleon energies before and 
after the vertex. We may summarize these statements 
by defining L(E,’,E,’) such that 


Vj (E2' Ey’) = V sL( Ey’, Ey’). (19) 


This factorization of V;’ will be justified later by its 
self-consistency. Note that we consider E,’ and E,’ as 
independent of k although in any actual calculation 
E,! —E,' =x. 

The failure of the vertex operators to commute will 
manifest itself in numerical factors not present in the 
case of Ip. For example, to second order in the coupling 
constant for the symmetrical pseudoscalar theory, 


L( Ey’ Ey’) == 1+ (1/9) PS; V;S(E,’ —w;) 
a XS(Ei'—w)Vj*. (20) 
4 This fact was pointed out to the author by F. Low and its 


proof can easily be achieved with the techniques developed by 
M. Gell-Mann and F. Low in a forthcoming paper. 
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Comparing to (7’), one might say that to this order, 
only 1/9 as many pions contribute to the vertex modifi- 
cation as contribute to >-, which gives the propagation 
function modification. In general, we shall express the 
function L(E,’,E;’) as 


L(Ey' Ey')=1+A(E,’,Ey’), (21) 


where A(E,’,E,’) is the sum of contributions from all 
diagrams of the type shown in Fig. 4. 

Still following Dyson’s scheme, we next define a re- 
normalized vertex operator L, by 


L,( Es’ Ey’) = Z,L(E?' Ey’) 


and require that 


(22) 


L, (0,0) = ¥ (23) 


again following the convention established in electro- 
dynamics. If we simultaneously define A,=Z,A, then 
we find 
Z,=1—A,(0,0). (24) 
We are now in a position to formulate a general pro- 
cedure for calculating S,’ and L,, which does not in- 
volve Z, and Z2. 


RENORMALIZED INTEGRAL EQUATIONS 


We shall find it worth while to make the remaining 
discussion in terms of certain integral equations rather 
than straightforward expansions in powers of the 
coupling constant. It seems likely that these equations 
have a more general validity than the power series 
expansions but no such claim is being made at this 
time. Our chief motive here in employing integral equa- 
tions is to simplify the discussion. 

Consider first the quantity ['o(Z’) or Ao(Z’) from 
which S’(Z) may be derived. The infinite series of 
diagrams which make up Ip(Z’) may be split up into 
subseries in a systematic manner. For example, a well- 
defined subseries corresponds to taking the second 
diagram of Fig. 4, which has the value 


PPX5 ViS(E'—w;)S(E'— a) V * 


and modifying the two nucleon propagation functions. 
This would generate diagrams of the type shown in 
Fig. 5. One may alternatively modify the two vertex 
operators, generating diagrams of the type shown in 
Fig. 6. Or one may do both and note that simultaneous 
modifications of S and V does not repeat any diagrams. 
Each diagram occurs only once. Making both modifi- 
cations replaces (25) by 


f¥; V/S' (E’—w,;)S' (E’—w,;) V ;* 
= (Z2f/Z1)"L0 5 ViL(E’, E’—w;)S,'(E’ —w;) 
XS,’ (E’—w,) V *L,(E’—w;, E’). 


(25) 


(26) 


This series of diagrams may be enlarged even further 
by inserting at the position of the cross the function 
I'o(E’—w,) itself, which gives us an integral equation 
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Fic. 6. Sample diagrams illustrating vertex modification 
within a “fundamental” vertex diagram. 


for Ip. Again no repetitions of diagrams are generated. 
One might hope that, by modifying S, V, and the 
external vertex, one has included everything but this is 
unfortunately not so. One cannot, for example, generate 
in this way the sixth diagram of Fig. 4. This diagram, 
in fact, can itself be used to generate an entirely new 
series of terms by modifying within it the four propaga- 
tion functions, the four internal vertices, and the one 
external vertex. In fact one can enumerate an infinite 
series of “fundamental” diagrams which each must be 
completely modified in order to generate the entire 
series of terms. The “fundamental” diagrams involving 
up to three pions are shown in Fig. 7. 

Each “fundamental” diagram contains I’) once and a 
number of V’s equal to the number ot S’s. After modifi- 
cation and renormalization, therefore, each term will 
contain a factor, Z2(Z2Z;"'f)", so that it is natural to 
define a renormalized coupling constant, 


fr=Z:Lr"f, (27) 


as well as Ao;=Z2Ao, which we have already done. The 
equation for I"», then reads 


Tor(E’) =Zet+Ao(E’), (28) 


where Ao,(Z’) is to be evaluated entirely with the re- 
normalized functions S,’ and L, and the renormalized 
coupling constant f,. Using (18) we may eliminate Z, 
from (28), obtaining the final equation 


Vor (E’) = 1+Ao-(E’) — Aor (0). (29) 


This is formally a linear integral equation for I'o,, but 
it contains of course the functions S,’ and L, which 
must be codetermined. Equation (16) gives the recipe 
for obtaining S,’ and already entirely in terms of re- 
normalized quantities. The problem of obtaining a re- 
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Fic. 7. The fundamental vertex diagrams involving up 
to three virtual pions. 


normalized equation for L, is completely analogous to 
that for I'o,, so we write down the result immediately 


L, (Ey Ey’) = 1 +A,(E2’,Ey’) —A,(0,0). (30) 


The quantity A, is to be evaluated by the same recipe 
as that for Ao, except that, for the external vertex, 
L,V; is to be used in place of I'o. The operator V; is to 
be factored out only after the appropriate commutations 
have been performed to bring it outside the summation 
over virtual pions. 

CONCLUSION 


It has been demonstrated explicitly that charge and 
mass renormalization can be performed even in the 
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static approximation of field theory. The particular 
recipe given for the renormalization is in terms of 
coupled integral equations of infinite order for the exact 
vertex and propagation functions but, as usual, per- 
turbation methods can be applied. In the following 
paper, one such method will be formulated. 

In the final renormalized equations, the nucleon self- 
energy and the original coupling constant are com- 
pletely eliminated. It will be shown in the following 
paper that in a perturbation calculation integrals over 
virtual pion momenta are now linearly dependent on 
the cutoff in momentum space, whereas without charge 
renormalization, quadratically dependent terms would 
appear. Thus the performance of explicit charge re- 
normalization in advance shows that the theory is less 
cutoff dependent than might appear at first sight. It 
will also be demonstrated in the following paper that 
the renormalized coupling constant in the pseudoscalar 
theory is sufficiently smaller than the original constant 
that perturbation approaches have a good chance of 
success. Our conclusion, then, is that, although charge 
renormalization is not requ'red in a finite theory, it can 
be performed and is in many respects a very sensible 
procedure. 

From a practical point of view it is possible that if 
the static approximation to meson theory is to have a 
chance of actually corresponding to physical reality it 
will be necessary to include a quadratic term in the 
coupling so as to produce S-wave pion-nucleon scatter- 
ing. The author has every confidence that renormaliza- 
tion procedures can be developed for such a quadratic 
term, but to date no attempt has been made in this 
direction, 
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It is proposed that a consistent and satisfactory method for evaluating the fixed extended source meson 
problem is: (a) first to renormalize the calculation by the method of the preceding paper; (b) to evaluate 
the fundamental quantities L, and Z, by the usual weak coupling method; (c) also to use standard perturba- 
tion theory for the irreducible diagrams except when poles occur in integrations over intermediate states. 
Sums of diagrams in which repeated poles occur should be evaluated exactly. 

The proposed method is similar to but not identical with the Tamm-Dancoff approximation. The new 





method is applied to the pion-nucleon scattering problem. 


I. INTRODUCTION 


N the preceding paper, hereafter to be referred to 

as I, it has been shown that explicit mass and charge 
renormalization may be performed in advance even for 
the static limit of a meson theory, that is, for a theory 
with a fixed source. The purpose of the present paper is 
to outline a practical method of approximate calculation 
especially suitable to the solution of the renormalized 
fixed source problem. 

It must be realized, first of all, that the static approxi- 
mation can make sense only for energies substantially 
smaller than the nucleon rest energy, which is ~1 Bev. 
Not only must the initial and final energies be small, 
however, but also the energies of all intermediate pions. 
That means that the Fourier transform of the source 
function, which is the cut-off factor in momentum space, 
must restrict pion energies to values well below 1 Bev. 
Under these conditions the Tamm-Dancoff' type of 
approach becomes promising. For example, Blair and 
Chew? have shown explicitly that after renormalization 
the dominant fourth-order contributions to pion-nucleon 
scattering are those whose intermediate states all in- 
volve less than three pions. This is only true for low 
values of the momentum cutoff, but fortunately a low 
cutoff seems required not only by the nonrelativistic 
nature of the theory but also apparently by experiment.’ 

A study of the results of Blair and Chew’ suggests 
that, with the required large source and with charge 
renormalization, the effective coupling between pions 
and nucleons is by no means strong. In fact the dimen- 
sionless number which characterizes the rate of con- 
vergence of the perturbation expansion is ~0.2. Why, 
then, are higher-order terms so important in the pion- 
nucleon scattering problem? The answer lies in those 
special intermediate states which can have an energy 
very close to the initial energy and whose magnitude 
consequently is anomalously large. Except for these 

* This research was supported by the U. S. Office of Naval 
Research. 

1S. M. Dancoff, Phys. Rev. 78, 382 (1950); I. Tamm, J. Phys. 
U.S.S.R. 9, 449 (1945). 

2 J. S. Blair and G. F. Chew, Phys. Rev. 90, 1065 (1953). 


3 J. S. Blair and G. F. Chew, Ann. Rev. Nuc. Sci. 2, 163 (1953); 
G. F. Chew, Phys. Rev. 89, 591 (1953). 


states a perturbation expansion would converge fairly 
well. The validity of the above argument is sub- 
stantiated by the calculations of Brueckner and Watson‘ 
and of Henley and Ruderman® on the nuclear force 
problem and by Friedman® on the nucleon magnetic 
moment problem. 

Therefore we shall now propose a new criterion of 
approximation, similar to but not identical with the 
Tamm-Dancoff approximation. 

(a) After renormalization, ordinary perturbation 
theory (i.e., an expansion in powers of the coupling 
constant) is to be applied, except when intermediate 
states occur which may have an energy coincident with 
the initial energy and which therefore give rise to poles 
in the integrations over intermediate states. 

(b) For each pole the order of the corresponding 
diagram must be considered as lowered by one power 
of f*. Thus, for example, the diagrams of Fig. 1 which 
contribute to pion-nucleon scattering, are all to be 
considered as of the same order in this sense, namely, 
of order f*. (By chance, in this theory, the actual 
numerical order of magnitude of the “resonance” de- 
nominators, relative to “ordinary” denominators, turns 
out to be approximately equivalent to a factor f*. 
Even if the resonance denominators were much smaller, 
however, our criterion would still make sense because 
we never treat any resonant state as weak.) For low- 


: 


) 











Fic. 1. Sample diagrams contributing to pion-nucleon scattering, 
all of which are of order f? in the sense of this paper. 


4K. Brueckner and K. Watson, Phys. Rev. 92, 1023 (1953). 
5 E. Henley and M. Ruderman, Phys. Rev. 92, 1036 (1953). 
®M. H. Friedman (private communication). 
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Fic. 2. A typical pion-nucleon 
scattering diagram which _illus- 
trates the difference between the 
Tamm-Dancoff approximation and 
that proposed here. 





energy pion-nucleon scattering the criterion can be 
better stated as follows: In first approximation, only 
those virtual pions are considered which at some time 
are alone in the field. Pions which are never alone may 
be treated by a perturbation expansion. This criterion 
differs from that of Tamm and Dancoff who in lowest 
order would keep all diagrams in which no intermediate 
state involves more than two pions. For example, the 
diagram in Fig. 2 would be kept by the lowest-order 
Tamm-Dancoff approximation but omitted by that 
proposed here. After renormalization, we consider this 
diagram of order f* and therefore small compared to 
those of Fig. 1. 

In the nuclear force problem, we would regard the 
diagrams Fig. 3a, b, c, as all being of the order f* but 
consider Fig. 3d, e, f, as being of order f*. 

Charge renormalization is enormously important in 
justifying our approximation. For example, Fig. 2 
without charge renormalization would be much too 
large to neglect. The point is that having made charge 
renormalization, we have actually taken most of Fig. 2 
into account and neglected only a part which is rather 
small. 

Many diagrams do not involve poles and in such 
cases it is sufficient to expand the modified vertex and 
propagation functions in powers of the coupling con- 
stant. Let us begin, therefore, by examining the lowest- 
order modifications of these functions. 


II. THE f? MODIFICATION OF THE NUCLEON 
PROPAGATION FUNCTION 


The starting point for calculating the modified 
nucleon propagation function by the method of I is the 
quantity I'y(Z), the recipe for which is given by formula 
(I-29). (Since we shall always in this paper be dealing 
with the nucleon energy minus its rest energy the 
“prime”’ used in I will be dropped from £. Similarly we 
drop the subscript r from the coupling constant f since 
the unrenormalized coupling constant never appears.) 
To order f*, we have only one fundamental diagram 
contributing to Ao,(#), that shown in Fig. 2a of refer- 
ence I. The value of Ao,-(Z) to this order is therefore 


1 
ve of (1) 


t—w; E—w; 


Ao (E)= f? XV; 


since we replace L, and S,’ by their zeroth-order values. 


From (I-29) we then get 


1 
l'o(E)=1+f? vv eer 


(E—w;)? 
which by (I-16) leads to 


tek 2 
1/S,/(E)=E-f? vv] —+—+—| (3) 


E-w; wi w? 


= F{1+f*a(£)], 


> ee ee 
A(E£)=- f dus—- ——1(k). 
rd, ww” w— E 


(4) 


The function A(£) is plotted in Fig. 4 for the square 
cut-off function 0(&) with wmax= 3.24, as determined by 
Chew’ in fitting the P-wave pion-nucleon scattering. 
In evaluating A(Z) in the “resonance” region, the 
principal value of the integral has been taken. This is 
correct if we are interested eventually in the reactance 
matrix. It is seen that only for n<E<wmax does the 
magnitude of A(Z) become substantially greater than 
unity. (We may disregard the region for E>wmax be- 
cause the theory should not be applied to external 
energies close to or greater than wmax and the internal 
nucleon energy can never be greater than the total 
external energy.) This corresponds to the fact that only 
in this region can the virtual pion ‘“‘resonate” with the 
energy E. It seems, therefore, with f?~0.2 as deter- 
mined by Chew,’ that for Z not in this region a weak 
coupling expansion is adequate. 






































(e) 


Fic. 3. Sample diagrams contributing in second and fourth order 
to the nuclear force problem. 








APPROXIMATION FOR MESON-NUCLEON PROBLEM 


Ill. THE f? MODIFICATION OF THE VERTEX 
FUNCTION 


The lowest-order correction to the vertex function is 
obtained from Eq. (I-30) in the same manner as we 
obtained Io, from (I-29). The difference is that the 
failure of the external vertex operator to commute with 
the internal vertex operators leads to a numerical 
factor of 1/9, 


L, (Es,E,) = 1+ (°/9) D vive 


1 1 


. 


Ye— wy Ey—wj w7? 


= 1+ (f?/9)A(E2,£)), (5) 


where 
3 oa a (E2+ E\)w— Erk, 
A(Enk)=~ f da— v 


—(k). (6) 
rv, ww? (w— E2)(w— F;) 





It is easy to verify that A(E£2,0)=A(E:) and'A(0,F;) 
=A(E)), so that for the correction to the first or last 
vertex in a diagram, the discussion given above for the 
propagation function modification. is certainly valid 
here. The discussion for internal vertices is more com- 
plicated but leads to the same conclusions. The quantity 
A(£,E,) can be large only when one or the other of the 
energies lies in the range between uw and wimax. In addi- 
tion, however, the numerical factor 1/9 in formula (5) 
should not be overlooked. Whenever pion lines cross, 
as they do in the vertex modification, the effective 
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Fic. 4. The function A(£), defined in Eq. (4), for a “square” 
cutoff with wmax=3.2y. 








5. Sample diagrams 
contributing to S,’. 


Fic. 








coupling strength is reduced because the nucleon may 
not be able to reabsorb every pion which it emits. 
For example, suppose a proton emits a positive pion, 
becoming a neutron. It can obviously reabsorb the 
original pion if nothing else happens; but, if in the mean- 
time it emits a negative pion or absorbs a positive, it 
can no longer reabsorb the original positive pion. 
A similar situation prevails with respect to angular 
momentum, so that actually only 1/9 as many pions 
can cross a vertex as can contribute to propagation 
modification in lowest order. This extra factor of small- 
ness means that we can always treat vertex modifi- 
cations by perturbation theory, regardless of the energy 
situation.’ 


IV. PROPAGATION FUNCTION MODIFICATION 
FOR vu <E <@max 


We now turn to the problem of the nucleon propaga- 
tion modification in the “resonance” region, when 
u<E<wmex. According to our original criterion we 
must, in lowest order, take account of the series of 
diagrams indicated in Fig. 5. This means keeping in 5, 
a series of terms corresponding to the diagrams of 
Fig. 6. 

However, since each new pion line crosses one vertex, 
we are assured that the coupling constant is effectively 
(1/9) f*, not f?, so that we actually need keep only the 
lowest-order diagram, where there are no crossings. 
Thus formula (3) is still correct, if no attempt is made 
to treat f*A(E) as small. Notice that with /*=0.2, no 
new singularities are introduced in the range of Z for 

7 This numerica! facter-of 1/9 also means that Z,/Z; is sub- 
stantially smaller than 1, in contrast to electrodynamics where 
gauge invariance insures that Z,=Z,. The consequence that the 
renormalized coupling constant here is smaller than the original 
coupling constant is one of the main practical reasons for re- 
normalizing the static approximation. 
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Fic. 6, Sample diagrams 
contributing to 2,. 











which the theory may be sensible, i.e., E<wmax. This is 
a reassuring feature of the theory and of our method of 
approximation. 


V. APPLICATION TO THE PION-NUCLEON 
SCATTERING PROBLEM 


With a fixed source and linear coupling, pion-nucleon 
scattering can occur only in P-states; and using the 
conservation of total angular momentum as well as 
isotopic spin it is well known that the problem can be 
expressed in terms of four eigenstates, which have been 
labeled with the notation, 33, 31, 13, 14. The first 
number is twice the total isotopic spin and the second 
is twice the total angular momentum. Now the bare 
nucleon is a 11 state, so that from the conservation laws 
it follows that diagrams containing at any point a bare 
nucleon line can contribute only to the 11 scattering. 
A little thought then suffices to show that by the criteria 
we have set up one needs to keep only the sequence of 
diagrams shown in Fig. 7 for the 33, 31, and 13 states; 
no propagation or vertex modifications are needed. If we 
denote the sum of all such diagrams by (f|K|0), then 
an integral equation for ({| K|0) may be written down 


1 
(f|K 0) = (f| Uo) +E (f|Uoln)——(n| K 0), (7) 


Wo Wn 
where 
(m| Uo|n) = f?(VnVm*)/ (Wo—-@n— Wm). 

The first step in solving (7) is to use the conservation 
laws to break the single equation in many variables into 
four separate equations each depending only on the 
magnitude of the momentum. The result is as follows: 


1 
(k;| Koa| ko) = (k,| Uoal ko)+ 


2? 


, 


¥ (ky| Voa| k)(R| Koa| ko) 
xf dkk? ——————— 


Wo Wk 
where 
F Rikm v(Ry)v0(Rm) 
(kp | Uoa| Rm) =Co2r hte —, (9) 


9 


M? (WnWm)! Wo-Wn— Wm 


with Cy=4/3, C3 = —2/3, Cis=—2/3, and Cy, =1/3. 
If the principal value of the integral in (8) is taken, 
then the relation between all phase shifts, except 61, 


CHEW 


and the matrix Ko is as follows :* 
tand.= = (Rqwo/ 2) (ko| Koa| ko). 


To calculate 5;; we have to add more diagrams which 
involve internal bare nucleon lines, but before pro- 
ceeding to this problem, let us write down an approxi- 
mate solution of the integral equation (8). 

This solution is based on an application of one of 
Schwinger’s variational principles which has recently 
been discussed in detail by Altshuler’ and by Chew.” 
Sufficient conditions for the validity of the approxi- 
mation appear to be: (1) that no more than one bound 
state shall be possible; (2) that the potential function 
U shall be of a single sign and have important com- 
ponents only over a logarithmically small range of 
momenta. All of these conditions are well satisfied by 


(10) 














Fic. 7. The series of diagrams summed up in Eq. (7). 


our potentials Uo, although the last would not be if 
the momentum cutoff were, say, 10u rather than 3.2. 
The result of using this approximation is 


(ko| Koa! Ro) 
(ko| Uoa| ko) 
3 1p? (k|Uoal Ro)® 
1— (ko| Uoa| ko) J PN tdi tite 
2x? Jy 


Wo Wk 


which then yields immediately by the relation (10) the 
results already published* for 533, 531, and 543. 

In order to obtain 6,;, we must add other diagrams to 
the set given by the above. These diagrams all involve 


§ B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 
®S. Altshuler, Phys. Rev. 89, 1278 (1953). 
 G. F. Chew, Phys. Rev. 93, 341 (1954). 
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a bare nucleon line at some internal point and thus 
they are all reducible to the diagram shown in Fig. 8, 


whose value is given by 
fPV *L,(0,00)S,’ (wo) V o£ (wo,0). (12) 


Now it has been shown that our zeroth-order approxi- 
mation amounts to replacing L, by 1 and S,’(E£) by 
formula (5). Thus (12) becomes 


(13) 


the projection of which onto the 11 state is 


v(ky)v(Ro) 


2 (~) k Ro 
«(| — }——— — —-, 
uw? F (wywo)! wol 1+ (2A wo) | 


(14) 


The result already published? for 5,; is a rough approxi- 
mation to the sum of (14) and (11), motivated by the 
fact that (14) carries a numerical factor 9 times as 
great as that for (11). Note that the relation betweea 
the function A— of reference 3 and the function A of 
the present paper is as follows: f?A(E) = + (9/2)A—(E). 


SUMMARY AND CONCLUSION 


An approximation procedure has been formulated 
which allows a relatively simple evaluation of the fixed 
source meson problem with an accuracy of ~20 percent. 
The procedure is as follows: (1) Disregard all reducible 
diagrams. (2) Keep only the lowest-order irreducible 
diagrams, counting each intermediate state which can 
“resonate” with the initial state as equivalent to 1/f? 
in order of magnitude. 3 When the energy of an in- 
ternal nucleon lies between wp and wmax, modify the 
propagation function by formula (5); otherwise do not 
modify either propagation or vertex functions. 


MESON-NUCLEON 


PROBLEM 


Fic. 8. The main diagram for 
scattering in the 11 state. 





This procedure has here been applied to the pion- 
nucleon scattering problem and in separate papers will 
be applied to the problems of photo pion production, 
anomalous nucleon magnetic moments, neutron-elec- 
tron interaction, and Compton scattering by nucleons. 
Higher-order corrections will eventually be calculated 
by standard perturbation methods. 

It should be remembered that in all of these problems 
the fixed-source model cannot possibly make sense for 
energies greater than the cut-off energy wmax and 
probably should be restricted to energies well below 
Wmax- At higher energies it will certainly be necessary to 
take account of nucleon recoil as well as the existence 
of heavier mesons. It is also possible that even at low 
energies an S-wave pion-nucleon interaction cannot 
consistently be ignored. An S-state interaction can be 
included in the fixed source theory via a term quadratic 
in the pion field, but the charge dependence is not 
determined by general principles, nor is the amplitude 
relative to the linear term. For reasons of simplicity, 
therefore, we have not here considered a quadratic 
interaction term. 

Note added in proof.—Recent developments incline the author 
now to use a larger cutoff (wmax=5.6 uw) and a smaller coupling 
constant (f?=0.058). The only aspect of this paper to be seriously 


affected by this change is the accuracy of the variational result 
(11). 
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It is shown that for the meson-nucleon scattering processes an intermediate-coupling method can be 
applied which joins smoothly the results obtained from the weak- and strong-coupling limits. The method 
is illustrated by a detailed study of the charged scalar meson field with fixed nucleon. 





I. INTRODUCTION 


N_ intermediate-coupling approximation that is 
applicable to the bound states of a nucleon-meson 
system, i.e., a “physical” nucleon and its possible 
isobars, has been given by Tomonaga.' This method is 
limited to a nonrelativistic treatment of the nucleon 
but does afford some insight into the problem when the 
coupling constant is not sufficiently small or large that 
either the usue] weak- or s*rong-coupling treatraent is 
trustworthy. Furthermore, in the limit of very small or 
very large values of the coupling constant the result of 
the intermediate-coupling treatment agrees with that 
of the correct weak- and strong-coupling calculation. 

This intermediate-coupling method is a simple 
Hartree-Fock approximation in which the total number 
of mesons is not limited, but all mesons of the same 
type are assumed to be only in a finite number of orbital 
states. These orbital state functions, together with the 
probability amplitude for finding any number of virtual 
mesons in the nucleon state, are determined by mini- 
mizing the total energy. Calculations so far have been 
limited to determining the self-energies of the stable 
state of a nucleon with charged scalar mesons neglecting 
recoil' and obtaining the interaction between a nucleon 
with neutral scalar mesons including recoil.’ 

The purpose of the present note is to extend Tomo- 
naga’s method to the scattering of a meson by a nu- 
cleon.’ The charged scalar meson field with fixed nucleon 
is chosen to illustrate the essential features. The exten- 
sion of this method to the pseudoscalar meson with 
pseudovector coupling will be discussed in a subsequent 
paper. 

For the scattering system of a free meson plus a 
“physical” nucleon we first assume that we have a wave 
function in the Fock space representing the “physical” 
nucleon. This wave function is multiplied by a scatter- 
ing function of the meson which represents an incident 
and scattered wave. This product function is then sym- 


* Publication assisted by the Ernest Kempton Adams Fund. 

1S. Tomonaga, Prog. Theoret. Phys. 2, 6 (1947). F. Harlow 
and B. Jacobson, Phys. Rev. 93, 333 (1954). 

*T. D. Lee and D. Pines, Phys. Rev. 92, 883 (1953). 

* During the completion of this paper, a similar extension of the 
intermediate-coupling method to include scattering problem has 
been worked out by S. Tomonaga, Abstract Book, International 
Conference of Theoretical Physics, Kyoto and Tokyo, 1953 
(unpublished). 


metrized with respect to all the mesons, and the best 
functional form of the scattering function is determined 
by the usual variational technique. As such, the ap- 
proximation allows for a distortion of the meson wave 
but does not allow for a “polarization” of the “physical” 
nucleon. 

In the weak-coupling limit the results for the cross 
section agree with those of the perturbation method. 
In the strong-coupling limit the results differ from the 
rigorous strong-coupling results by numerical factors 
close to unity (depending slightly upon the source size 
and incident meson energy). 

For intermediate values of the coupling constant the 
procedure is to calculate (numerically) the Tomonaga 
wave function for the bound states from which one 
determines the scattering function and consequently the 
cross section by solving the variational problem. As 
the coupling constant varies from small to large values 
it is found that resonance features may occur. It is 
interesting to note that in the scattering calculation the 
effect of self-energy and renormalization of coupling 
constant appear in a very natural way so that they can 
be identified and eliminated in an unambiguous manner, 


II. BOUND STATE 


We consider a charged scalar meson field with the 
Hamiltonian 


H= f wslar'art+Br'Bs)dth 


ag f u(b)C ry (aut Bs")-+7(axt+6s) 0%, (1) 


where a,!, ax, and 8,', 8, are the creation and annihila- 
tion operators of the positive and negative mesons of 
momentum k, and 


u(k)= dnton) [ Uetar, (2) 


where U(r) is the normalized source function. w, is the 
total energy of the meson, w,= (k’+y’)!. 

In order to introduce our notation and have at hand 
some results already found by Tomonaga, we shall 
summarize his method for the bound state. 


1760 








INTE 


=RMEDIATE COUPLING 


METHOD 


TABLE I. Various b quantitinn for the gound state of the nucleon, as fonctions of g. 


g pe 
Ad w? 





® See Eq. (3.38), reference 1, for spinniied expression. 
b See Eq. (3.37), reference 1, for the complete expression. 


The values of the various integrals occurring in the table are 


ss (R) ak = 1.34; st mk =o410; f 


° and MN,’ 


A brief derivation of the form Jl, is given in Appendix I. 


We denote the probability amplitude for finding x 
positive and m negative mesons with wave numbers 
kyt---k,*; ky---+Rm”~ in the ground state of a single 
nucleon by 


¥an'= (ky*, ~ 


For definiteness we suppose ¥° to be a proton state 
(the superscript 0 indicates a ground state); thus, the 
difference n—m can only be 0 or 1, depending upon the 
charge of the “‘bare’’ nucleon. 

Following Tomonaga we apply the Ritz variational 
principle, 


Rats ki, +++ Rm | Y). (3) 


5(°| H— Ey| ¥°)=0, 


with trial functions of the form 


Con TL Salhi 


i=] 


0 
ee 


+) II f %Ck 


Vn, n—1 °C, n— TL 1% k; TI } A °(R; )s 


=I 


where /,°(Rk) and f_°(k) are normalized but otherwise 
arbitrary functions to be determined, together with the 
numerical constants C,,m°, by the application of the 
Ritz principle. It is easy to carry out the variation with 
respect to f,° and show that the best forms of /,° and 


© are 
f4°(R) = 


where A,° and \_° are numerical constants depending 
on the coupling constant and N,° are normalization 
constants. The result of carrying out the variation with 
respect to the constants Cn, m°, r+*, and )_° leads to a set 
of difference equations‘ in C,, »°, which can be evaluated 
analytically in the weak- and strong-coupling limits 
and give identical results for the binding energy with 
the rigorous treatments in these two limits.’ For the 


Nsu(k)/ (wrt+Ax”), (5) 


4 See reference 1, Eq. (3.15). 

5 The weak- coupling result is well known. The strong-coupling 
result is discussed by: G. Wentzel, Helv. Phys. Acta 13, 269 
(1940); 14, 633 (1941); R. Serber and S. Dancoff, Phys. Rev. 63, 
143 (1943); S. Tomonaga, Prog. Theoret. Phys. 1, 109 (1946). 


mM. 
(pn. 
Af ra *) 

0.465 

0.555 


“ew\ 
A ld 


0.32 0.2 


2 b 
Ue) 


eat =0.167. 


intermediate value of coupling constant these equations 
can only be solved numerically. 

As shall be shown later, the determination of the 
quantities, 


Res J [Cral®, 


n=l m=n—l 


N=> > 


n=l m=n—l 


|Cn, m°| 2mm, 


on += \ Cus 1, artrn, n’ (n+ 1)! 


n=0 


x 
Mt = Dae Cus 1, n+ °C n+, n’ (n+ 1 yi, 
n=0 
and A,° will be necessary for the evaluation of the 
meson-nucleon scattering cross section. With these defi- 
nitions the normalization V,°, may be written as 


N4 O= gM, °/N,*. (7) 


The analytical forms of these quantities in the strong- 
and weak-coupling limits, together with some of their 
numerical values for the intermediate region, are 
listed in Table I and shown graphically in Figs. 1 
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Fic. 1. The self-energy as calculated with the intermediate 
coupling approximation for the lowest state, Zo; Ist excited state 
with m= +4, E£,; and 2nd excited state with m= +5/2, Ey 
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Fic. 2. Various quantities arising in meson-nucleon scattering 
as determined by the intermediate coupling approximation (solid 
lines). 


and 2. For the numerical calculations the source func- 
tion U(r)=+[M* exp(—M/r)]/4er, was. used where 
p/M=1/7. 


III, ELASTIC SCATTERING 


To illustrate the extension of Tomonaga’s method to 
meson-nucleon scattering, we shall consider first only 
elastic scattering and restrict ourselves to energies less 
than 2u and to values of the coupling constant g such 
that no sfable isobars exist. The method used can be 
easily extended to inelastic scattering and will be dis- 
cussed in the next section. 

The functional form of the state 4, representing the 
scattering process r++ p—>nt-+-p, is assumed to be®: 


Unit, m= (Rit, oo+Rat, Ragit; kr, +++ Re |W) 
= (n+1) 1S. Wn, mx (Rngit) J, (8) 


where .S, is the symmetrization operator with respect 
to positive meson, given by 


Sin, mx (ngs?) J 
=n, m(kit, ++ Rat; ki, 
+Wn, m (Ri, o° k,, 1", Rnsgtt . kr, ee 
+Vnmi(kit, * “hen)x (i*). 
Wa, m° is the probability amplitude for the ground state 


of the nucleon given by (3), and x(k) represents the 


fhe: *Rm-)x(Rngi*) 
*hm)x(Rn*) 


*Rasit; Ry rr he 


x (k) = 8*(k— ke) +—————— 


(oreo ia| 1-9 "%arb ds?) fa! |f,808)|*/ ovo ~ 


_ Ty oot Ay) SCR) f° (ho) 
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wave function of the free meson. To determine the 
functional form of x(k), we use the variational principle 
for scattering, which may be formally written’ as 


J= (W | H—E,—wo|), 


6J /ix =0, (9) 


where wo is the energy of the incident meson and Ep is 
the self-energy of the proton. 

For computational purposes it is convenient to write 
Eq. (8) in the equivalent form, 


(10) 


VY= for (Rat. 


J may then be easily calculated by commuting ax! in 
Eq. (10) with the Hamiltonian, 7, and noting that ¥° 
is an eigenfunction of H with eigenvalues Eo. Thus 


| | 
2J = (9°) fare Wow f dk or—w)x(Ban'|¥*) 
| | 
=v") [arb'xe Wau f dPhrsu(Bx(®))¥") 


+c.c. (11) 


Upon varying J with respect to x(k), we find the inte- 
gral equation 


(or—wo)x(®)= [KG, k’)x(k’)d*k’, (12) 
where 
2K (k, k’) = g(W| [anu (k)+- a. (k’) Jr4|¥°) 
— (| ag! (we —wo)are | ¥°) 
~ (| exxt (ox—wo)are| V°). 


(12a) 


By using the Tomonaga approximate form for ¥°, 
Eq. (4), and the expressions for (a'a)s and (ar+) given 
by Eqs. (A.3) and (6), Eq. (12a) becomes 


2K (k,k’) = gM, f,(k)u(k’) +0 (k) f,°(R’) J 
— Ny Lwwt wu — ovo ]f4°(h) f° Ch’). 
Finally upon using Eqs. (5) and (7) we find, 
K (kk!) = Wy (wot ry") f° (h) f° (R’). (13) 


The solution for the scattering problem of Eq. (12) is 


Staite (14) 


¢ For «+>, an additional term corresponding to the formation of a neutron must be included. See Appendix II for a detailed 


discussion. ’ 


7 A rigorous formulation of the variational principle is given in Appendix III. 
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corresponding to a differential cross section given by (see Appendix III): 


da [4m*wou" (ko) Rg? P 





7. 


2 
[42rwokou? (ko) Rg? P+ (wot a1 — Rg* (wotA,+") Pf ee ‘(wtrAy"P?(w- w)| 


where P indicates that the principal value of the inte- 
gral is to be taken and R= (IM,,.°)?/M,°. 

It may be emphasized that the self-energy Eo has 
been explicitly eliminated in the kernel K(k,k’), Eq. 
(12), and that in (15), R is always multiplied by g* and 
plays the role of a charge renormalization factor. The 
result (15) is then completely convergent even for a 
delta function source. 


Weak-Coupling Limit 


For a sufficiently small coupling constant, R=1 and 
A4,°=0 so that with a delta function source the cross 
section becomes 


da/dQ= g*/w?, 


which agrees exactly with the usual weak-coupling 
calculation. 


IV. INELASTIC SCATTERING 


For sufficiently large value of the coupling constant 
a stable isobaric state of the nucleon with charge 3 is 
possible and the scattering will be inelastic; that is, 
the reaction 


(A) wttpow tpt 
competes with the scattering process 
(B) xt+p—nt+p. 
Therefore, instead of Eq. (9) we use the trial function® 


Un+1, _— (n+ 1)“41S,[yn, mn X+ (Rnpit )J 
a mS (Wass, a1 X- (km) J, 


where Wn+i,m—1' is the probability amplitude of the 
triply charged stable isobaric state p*** for finding n+ 1 
positive mesons and m—1 negative mesons. The pro- 
cedure for the determination of the isobaric state wave 
function is identical with that used for the ground 
state. We shall in this paper use superscript 0 for quan- 
tities connected with the ground state and the super- 
script 1 for the corresponding quantities associated with 
the isobaric state pt*+. x_(k) represents the outgoing 
wave of a negative meson and x,(&) is defined as before. 

Applying the variational principle (9) to the trial 
function (16) with independent variations of x,(k) and 


(16) 


8 For simplicity we have restricted ourselves to energy less than 
2u. At greater energy, multiple production of mesons is possible 
which must be taken into account by adding additional outgoing 
waves in the trial function. 


x (h) we have 
Gacedectin ¥ Ky (ksh! )xy. (kath! 


+ f K, (kk! )x_(k dt, 
(17) 
palin oy f K_, (bk )x, (#0! 


+ f K__(k,k’)x_(W)a*®, 


where wo and w are the total energy of the free positive 
meson and the outgoing negative meson, respectively. 
The kernels are 
2K +4(k,k’) = 90, f,°(k)ue(k’) +0 (h) f.°(R’) ] 

— My (wet won’ — 2wo) fy °(R) fy °(R’), 
2K, _(k,R’) uae 2K_4 (k’,R) 

= gO f,'(k)u(k’)+ gPu(k) f_°(k’) 

— 9 (wet we — wo— w1) fy" (R) f_°(R’), 
and 
2K__(k,k’) =9M,'g[ f_*(k)u(k’) +0 (k) f_*(k’) J 

— Sy" (wat oon — 2eor) f_"(k) f_"(h’), 
where 91,°, 91,° are defined by Eq. (6) and IN,', N,! 


are the corresponding quantities for the state pttt. 
The constants 0, @, 9, are 


n=l 


Om SF Can i'Corne rot f faanfercoae] 
x | fevers 


2 ; 
Om > Crt, n NC n+, nont fre@smar| 


n=l 








x fs 0(b) f_1(b)d% | 
and . , 


9= DL Cam Cut, m—1'L (n+ 1)m)} 


n=l m=n—l 


x| f Ade for(ere| f fs myocar 
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where Cy, m° and Cy, m' are the total probability ampli- 
tude for finding positive mesons and m negative 
mesons in the ground state and the triply charged iso- 
baric state of the nucleon, respectively. 

Upon noticing that the kernels of the integral equa- 
tion (17) can be written as a sum of product functions 
each having only one variable, the solution for x, and 
x must, therefore, be of the form 


x+(k) = 69 (k— ho) +a, f,°(k) +04! f,1(k) 
s [By °f,°(R)+By fs (ke) +140 (k) ] 


X[w—wo—ite}, (19) 


and 

x(k) =a Pf. °%(k)+a ay \(k) 
+[B-°f-°(k) +B f_'(k)+-y_u(k) [w—wi— ie}, 

where a,', 8,* (1=0, 1), and y, are numerical! constants 


which can be determined by substituting Eq. (19) back 
into the integral equation (17). 


Strong-Coupling Limit 


It is of interest to examine the solution when the 
coupling constant is very large. In this case the energy 
separation (wo—w;) of the isobaric state with the ground 
state is of the order »~* and is neglected. Furthermore, 
the distribution functions of mesons around the nucleon 
becomes identical for the isobaric and the ground state 
as g->%. We can then in this limif® set 


| Aad | ANd 9, 


M,9=IM,'=O=O, 


and 


f= += f_ - =f. Gun (w(t) /a)( dthut/s*) 


Thus the kernels become 


i 


Ki,=K,-=K_,=K_ _=K(k,k’), 
where K is identical with that in Eq. (12). By forming 
the linear combinations x,+x-. we readily find 
(k)]=$, 

t 


(w - wo) x4 (k) yy (20) 


and 


(w—wo)[ x4 (k)+x_(k) ] 
=2 f K (kk) x4 (Rx (WY aR, 


The first equation shows that the difference between 
x(k) and x(k) can only be a 6°(k—ko) so that in the 
strong-coupling limit the charge exchange and nonexchange 
cross sections are equal. The second equation can now be 


° The constants A,‘ in the strong-coupling limit are of the order 
g*. Thus, their influence on each of the overlapping integrals in 
(18) is of order g~* which can be neglected in the present calcula- 
tion, On the other hand, in the calculation of isobaric separation 
it is necessary to include \,* since the isobaric separation energy 
is itself of the order ee amial 
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solved by casting x,(k)+ x_(k) into the same form as 
x(k) in Eq. (14). On using the limiting values for 913° 
and 914° as tabulated in Table I we find the differential 
cross section do,,/dQ and do,_/dQ for the reaction (A) 
and (B) to be 


do+4 /dQ => do. _/dQ 


——+O(u/M), 
m4 [4x2 /*(ko)kowo ? 


where M~ is the size of the source function and 


(21) 


m= P f [ 2(k)/(w—woo) Jd, (22) 


where P indicates that the principal value of the inte- 
gral is to be taken. For a 6-function source (i.e., M— ) 
we get for the total cross section when wo==y4 


04404 -= ap? (21 +-2 1), (23) 


while the rigorous treatment in the strong-coupling 
limit‘ yields 


=m. (24) 


Hence, unlike Tomonaga’s treatments on the bound 
states where the variational method leads to exact 
agreement with both the rigorous calculations for 
weak- and strong-coupling limits, our calculations for 
meson scattering give exact agreement only in the 
weak-coupling limit while in the strong-coupling limit 
the rigorous treatment differs from our result by the 
factor’? 


O44 = 04 


(3+1/n)? 


at zero energy. At other energy this factor is 


1 1 uU— WO 
(Coe 
2 Tv 2w 


"Gaba (wo— nu)? 


(wo? — pu’) , 


_(ootu)! — (wo- “| 


TWO 


wor we 
a , 
wo" 


which only varies from about 0.7 to 0.8 as wo increases 
from p to 2yu. 


V. INTERMEDIATE-COUPLING RANGE 


In this section we shall present the results of the 
numerical calculations in the intermediate-coupling 
range. Figure 3 shows k*(do/dQ) as a function of energy 
for r++ p and x~+p scattering. It is of interest to notice 
that even as g’= 10 the deviation in cross section from 
the strong-coupling limit is still substantial. Thus, at 
least throughout the range 1<g’<10, both the weak- 

” This discrepancy presumably is due to the absence of polariza- 
tion effect in our approximation. The inclusion of such effect, 
though desirable, tends to make the calculations at intermediate 
coupling range much more complicated. 
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and strong-coupling results are in very poor agreement 
with the intermediate-coupling results. In Fig. 4, 
kcoté is plotted against energy and shows that the 
scattering amplitudes for x++-p and m+ are very 
similar to that of a short-range attractive potential and a 
short-range repulsive potential, respectively, while for 
a*+p, a 90° phase shift is always possible at a suitable 
value of the energy, provided g’?>4.0. Yet the phase 
shift for r~+ p would always be smaller than 90° except 
may be at the region of extremely large g values. 
Figure 5 shows the manner in which the scattering 
amplitude for zero incident kinetic energy (wo=x) 
changes smoothly from weak-coupling value to the 
strong-coupling value. It may be noted that for zero- 
energy r++ scattering, a phase shift of 90° will occur 
at a value of g’=4.0. From Fig. 1 one sees that, by using 
the Tomonaga’s technique for bound state, also at 
g’=4.0, the first excited state p** has a zero binding 
energy. Thus, at least in this case, the method for the 
bound state agrees with that for the scattering state. 














wil 





Fic. 3. k8da/dQ versus k*. Solid lines refer to intermediate 
coupling calculations. 


While the detailed results are essentially of a nu- 
merical nature, some approximate expressions are found 
useful in understanding the over-all behavior of the 
cross sections. For r++ scattering it is found that 
with A,° in (15) taken equal to zero the phase shift 6 
may be written as"! 


4n?(Rg*) kot? (ko) 
tan§ = ——_———__, 
1-A 
(25) 


A= Rees? f [1/u* oun) He. 


Since the integral is in general positive (if wo<2y), it is 
possible to find one resonance at any energy less than 
2u for some value of g. On the other hand, since the 


!! A similar form for the phase shifts is obtained by G. Chew 
for pseudoscalar meson theory, using the Dancoff-type wave 
functions [Phys. Rev. 89, 591 (1952)]. 


METHOD 





al 


En (wtp) 


a gee (wtp) 


-_ 


~ gt. wo (wtep OR Ww +p) 


J Fr rientage. seo 


_ 





gt s4tr- +0) - 


gt (wo 4p) 


ms l 


Lo 2 20 











Fic. 4. k coté vs k* for various g values. 


integral is a decreasing function of wo, the phase shift 
will be less than 2/2 if g is smaller than the value of g 
required to give a resonance at zero energy, wo= yu. 
Examination of the simplified form of the cross 
section indicates that essentially two distinct conditions 
must be satisfied to validate a perturbation calculation. 
These are (1) that the number of mesons about a nu- 
cleon be sufficiently small that the perturbation result 
agrees with the intermediate coupling result, namely 


Fy 9g? f (u2(k) /ox? dk <1, (26) 


and (2) that the damping terms in the denominator be 
small compared with unity, i.e., 


A<1. (27) 
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VI. CONCLUSIONS 


It has been shown that for the scattering processes 
as well as the bound states the intermediate-coupling 
method may be applied, and that this treatment joins 
all results calculated for the weak- and strong-coupling 
limits smoothly. For the ground state it is found that 
g’ <1 for a 10 percent accuracy in the self-energy if the 
weak-coupling method is used and g’S3 if the strong- 
coupling method is used. More stringent limits are 
placed upon g* when the same accuracy is desired for 
more critical quantities such as average number-of 
mesons, isobar separation, scattering, etc. For example, 
the calculated value of g’ for a stable isobar of charge 
two is g’?>4.0 with the intermediate-coupling method 
and g’>5.8 with the strong-coupling method. By re- 
ferring to Figs. 3 and 5, it is seen that for scattering 
processes g’<1.0 and g’>10 for the applicability of the 
weak- and strong-coupling methods, respectively. 

It has also been shown that r++ p scattering is similar 
to scattering by a short-range attractive potential and 
that w+ is similar to scattering by a repulsive 
potential. 

The authors wish to thank Dr. C. N. Yang for some 
helpful discussions and express their gratitude to Pro- 
fessor Oppenheimer for the hospitality extended to 
them by the Institute for Advanced Study. 


APPENDIX I 


To derive the explicit forms of N,° and IN,° we 
consider an alternative formulation of the Tomonaga 
method. In this formulation one approximates the 
annihilation and creation operators of the mesons by 


ar=fi(k)a; axt=f,(k)at, 
Bi=f_(k)B; Bat= f_(R)Bt, 


where a, 8, and at, 8! are annihilation and creation 
operators independent of &. (In this section we omit 
the superscript indicating the state of the total charge 
as all equations are identical in form for any isobaric 
state.) The Hamiltonian (1) is then reduced to 


(A.1) 


H=w,a'a+w_6'B— 74[g,a+g-B'] 


—rL[gyat+g-B], (A.2) 


where 


w+= ‘fiouserar, 


47 gf ubf (k)d*k. 


It can then be shown that 
Ny =| Cn, m| 2m = (arte), 


and 
oy = LC 1 aCn, a(t 1)'= (aT+)mvy 


(A.3) 


where ( ) means the diagonal matrix element. These 
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averages can be obtained explicitly by converting a, 8B 
into real canonical conjugate variables, and the problem 
of determining the eigenstates of H (Eq. (A.2) ] reduces 
to the problem of two coupled harmonic oscillators. In 
the strong-coupling limit, one may neglect higher orders 
in g' and set f,(k)=f_(k). The results are listed in 
Table I. 


APPENDIX II 
The trial function W representing the process, 
wr +p-r +), 


differs slightly from that for r+ scattering, Eq. (10), 
due to the possibility of finding a neutron with no 
mesons. The assumed form is now a combination of 


(A.4) 


w= f x (bBiW pdth-+ ob, 


where Vp and Wy are the state vectors representing a 
“physical” proton and a “physical” neutron, respec- 
tively. c is a numerical constant. Upon varying 


(W | H—E,—wo| Ww) 


with respect to x—(k) and ¢, one finds 


c= — of £40 (k)d*k, (A.5) 


(o~o)x-(t)= f Kb M x), (A.6) 


where 


SK ae > > Ca, wae 1, n’ (m+ 1 i 


n=0 m=n—-l 
ntm 
«(favs wt) , (A.7) 
and 


K (k,k’) = M_° (wot A") f_°(R) f_9(R’) 
— Rao f,9(k) f,9(R’). 
Equation (A.6) can then be solved by assuming a 


form for x(k) similar to that of Eq. (14). In the weak- 
coupling limit it yields the rigorous scattering amplitude. 


(A.8) 


APPENDIX III 


In the case of elastic scattering (i.e., o<2u and no 
stable isobar of the nucleon exists), the rigorous 
Schrédinger wave function for the scattering of a posi- 
tive meson with incident wave number ky by a proton 
can be written as 


Un, m= n~ 
Se (Pr, a®(hi*, bist! | kyat, Ripit, 2 
x [3*(ky— ko)+ By, m' (we tga ie)“ }}, 


*y Rent; Rr, +++, Rm) 
(A.8) 
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where B,,»' is a regular function of k*+---%,* and 
ky-++-k»~. The value of By, m' when k;+= ko represents 
the scattering amplitude of the ith meson ; consequently 


B,, m' | ky =ke= B(kg) 


depends on ko only. These conditions are physically 
necessary for any elastic scattering problem and can be 
readily verified by a direct substitution into the 
Schrédinger equation. The differential cross section 
do/dQ and the phase shift » are related to B(ko) by 
the relations: 


da/dQ= (4n*)?| B(Ro) | *wo?, 
B(ko) = (€"— 1) /8i*k wo. 


(A.9) 


Following Kohn’s” variational treatment for scattering 
problem in momentum space, we find for the correct 


1 W. Kohn, Phys. Rev. 84, 495 (1951). 
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solution 
J=(W|H-—Ey-w|¥) 
= B(ko) —4ixkqwo| B(Ro) |? 
= sin2n/8m*kwo, (A.10) 
and the variation of J in the neighborhood of the correct 
¥ is 
5] =5B (ko) +6B* (Ro) 
+ 4in kool — B*(ko)5B(Ro)+ B(ko)dB* (Ro) | 
= (49*kqwe)! (1+ cos2n)in. 


Equations (A.10) and (A.11) then give the variational 
calculation for y. It can be easily seen that if one as- 
sumes & to be of the form (8) a formal variation with 
respect to x [Eq. (9) ] gives the same result as (A.10) 
and (A.11). 


(A.11) 
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Solutions of Heitler’s Integral Equation by Iteration Method 
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An iterative procedure analogous to Wagner’s method for the numerical evaluation of the Fredholm 
integral equation has been proposed for the solution of Heitler’s integral equation on radiation damping. It 
has been applied to the scattering of mesons by nucleons. The solution for the scattering of x* mesons by 
neutrons agrees with that of Hsueh and Ma, and Goldberger. For the scattering of x* mesons by protons, 
the solution has been taken up to the first approximation; the energy dependence and the angular distribu- 
tion of the scattering cross section are shown in the accompanying figures. 


1, INTRODUCTION 


HE consideration of radiation reaction in quan- 
tum-mechanical collisional problems is absolutely 
necessary to remove the divergence difficulties inherent 
in collisions. The effect of radiation reaction is taken 
into account by an integral equation which cannot be 
solved exactly except in a very few cases; the difficulty 
of solving such an integral equation is due to the com- 
plicated nature of the kernel. 

In view of this difficulty we are led to consider an 
approximate method for the solution of the integral 
equation. One approximate method that is often used 
for the treatment of scattering processes is the varia- 
tional principle. But a serious objection to the varia- 
tional techniques is that no definite mathematical 
statement can be made as to the error involved in the 
solution. On the other hand, the ordinary iterative 
procedure (Neumann sequence) is very slowly con- 
vergent and it suffers from the difficulty that the higher- 
order terms in the integral equation for the scattering 
process are very involved for computational purposes 
and in most cases the resulting series cannot even be 


summed. Hence there arises the necessity of considering 
a modified sequence for the iterational procedure so 
that it may converge rapidly and that only a few 
iterations should suffice. 

The semivariational technique of Hsiieh and Ma! has 
been applied to the scattering of neutrons by protons? 
and mesons by nucleons.'* Their solution shows the 
influence of radiation reaction only in the energy de- 
pendence of the total cross section but it fails to give 
any effect on the angular distribution of the scattered 
particle. 

Another improved type of variational technique has 
been formulated by Goldberger.‘ The superiority of 
this method over that of Hsiieh and Ma has been shown 
by the fact that the solution obtained by Goldberger’s 
variational procedure for the scattering of negative 
mesons by protons agrees with the exact solution of the 


'C. F. Hsiieh and S. T. Ma, Phys. Rev. 67, 303 (1945). 

?D. Basu, Proc. Roy. Irish Acad. 53, 31 (1950); D. Basu, 
Indian J. Phys. 25, 246 (1951). 

3S. N. Biswas, Indian J. Phys. 26, 617 (1952). 

4M. L. Goldberger, Phys. Rev. 84, 99 (1951). 
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Fic. 1. Variation of the total scattering cross section 
with the energy of the incident meson. 


integral equation as obtained by Hsiieh and Ma.° The 
same method has also been applied to the solution of 
the scattering of charged scalar mesons by nucleons.° 

As an improvement we have here developed a method 
for the solution of the integral equation based on the 
iterative procedure for the numerical evaluation of the 
Fredholm’s equation of the second kind, as recently 
proposed by Wagner.’ This method consists in defining 
a modified sequence of approximations to the solution 
in such a way that the average of the absolute devia- 
tions of the approximate solutions from the true solu- 
tion converges towards zero. 

As an application of this method we have studied the 
scattering of negative mesons by protons and that of 
positive mesons by protons. It has been found that for 
the first process, an exact solution is obtained by only 
a single iteration after assuming an arbitrary initial 
approximate solution. The result obtained is in agree- 
ment with the solutions of Goldberger* and of Hsiieh 
and Ma.° 

In another section we have considered the influence 
of radiation damping on the scattering of positive 
mesons by protons using the pseudoscalar meson field 
with pseudovector coupling. It is found that the inclu- 
sion of the radiation reaction prevents the indefinite 
increase of the scattering cross section with increasing 
energy as obtained from the pseudovector coupling 
when radiation reaction is neglected. 

The variation of the total scattering cross section 
with the energy of the incident meson is shown in 
Fig. 1. Assuming the value of the coupling constant, g’, 
to be 0.448, we see that the result agrees well with the 
experimental findings of Chedester ef a/.* In Fig. 2 the 
angular distribution of the scattered particle at 60- 

6C, F. Hsiieh and S. T. Ma, Proc. Cambridge Phil. Soc. 40, 
167 (1944). 

*S. N. Biswas, Indian J. Phys. 27, 197 (1953). 

7C. Wagner, J. Math. and Phys. 30, 23 (1951). 

§ Chedester, Isaacs, Sachs, and Steinberger, Phys. Rev. 82, 
958 (1951). 
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Mev incident meson energy under the influence of 
radiation damping is compared with a similar dis- 
tribution without damping reaction. It may be remarked 
that this present method of solution shows that the 
angular distribution of the scattered particle is essen- 
tially altered by the radiation reaction, whereas the 
method of Hsiieh and Ma failed to give this alteration 
of the angular distribution. Curve I of the angular 
distribution indicates that the value of the scattering 
cross section falls sharply from 0° to 180°, showing a 
preponderance of forward scattering, while in curve II, 
the scattering cross section under the influence of 
radiation damping at first decreases and then begins 
to increase after 90°. 


2. APPROXIMATION METHOD 


Following Blatt® and Goldberger,‘ we write the well- 
known integral equation of Heitler for radiation damp- 
ing in scattering processes in a more convenient way as 
follows : 


&(k, ko) = G(k, ko) 
— px’ (Ro tri) f G(k,W) (hho (2.1) 


The units A=c=1 have been used throughout. We 
assume that an approximate solution ®)(k,ko) is 
known for (2.1), where G(k,k») and G(k,k’) stand re- 
spectively for the first Born approximation and the 
kernel of Eq. (2.1) and p,- is the density of the energy 
level. We now seek a closer approximation than ®®. 
We consider a modified sequence of functions for suc- 
cessive approximations suitable for the iterative pro- 
cedure in the following way: 

R "+ (ke ko) = R™ (kK, ko) +1" (k, ko), (2.2) 
where I'‘"+!)(k,ko) represents the correction amplitude 
to be added to the preceding approximation ®” (k,ko). 
Hence the true solution, ®(k,ko), is given by 


R (k, ko) = RO (k, ko) + ra (k, ko) 


+1 (k,ko)+-++. (2.3) 


Now, if Eq. (2.1) be approximated by ®” (k,ko), 
then the deviation of the approximate solution from 


the true solution is given by 


A“ (k, ky) => RK” (k, Ko) +p, (Ro ‘4art) 


x f Gk.) (W hodd0Y— Go) (2.4) 


9J. M. Blatt, Phys. Rev. 72, 466 (1949). 
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Fach correction amplitude may be regarded as propor- 
tional to A‘) (k,ko) ; hence 


T(e+) (k, ko) 


=C(k, ko) A“ (k, ko) 


=k) (k, ko) + px (ko/4mi) 


x f O(k,k’) R™ (kk) dQ’ — 9(kko) | (2.5) 
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G (k)-+ (hari) (ho) Gk’) 487 a (be/ Ar) fk) 0 (We hd 
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We now set 


C(lgke)=—1/[ Hoe (bet) f gk] 


such that 


f S(k,k’)do’>0, 
(2.6) 


f G(k,k’)dQ’ # 4r/ (ikopx’). 


Putting this value of C(k,k») in (2.5), we get from (2.2) 
the following modified sequence for successive ap- 
proximation : 


(2.7) 





ROD (Ik, ko) = 


1+px:(ko/4ri) f °(k,k’)d0’ 


If we assume arbitrarily an initial function ®‘” (k, ko) 
which is not dependent on angles, then (2.7) reduces to 
the simple form 

G(k, ko) 
R +) (kk) = ——_____- 


1+ px: (ko, Ani) f g(kk’yao’ 


(2.8) 


The necessary criterion of convergence may be deduced 
in the same way as was done by Wagner.’ Let the 
deviation of the mth approximation ®‘”(k,ko) from 
®&(k,ko) be given by E“ (k,kp), i.e., 


EO (Ie,ko) = R™ (Ie,ko)— (Kho). (2.9) 


Inserting the value of ®‘” (k,ko) from (2.9) into (2.5), 
we have 


r+) (k, ko) (ks) 6) + 2° (he) 
+-pu:(bo/4ni) f G (k,k’) (ke) dQ 


+ pu (ke/4x) f 6 (I, k’) E(k’ ka) 0 
= sik] (2.10) 
With the help of (2.1), Eq. (2.10) reduces to 


P+) (k, ko) = C(sk)| 2 (kK, ko) + pe: (Ro/41i) 


x ff g(hoks.2% (haar (2.11) 


Now if | G(k,k’)|>0 and | py: (ko/4i)| >0, it follows 
that 


| E (Ik, ko) +x: (ko/4ni) f O(k,k’) E™ (k’ ko) dQ’ 


< Bou’ | pe (t/t) f gk af (2.12) 


where Ey.x‘"’ is the maximum of all deviations of the 
approximate solutions from the exact solution. Sub- 
stituting the values of (2.6) and (2.12) into (2.11), 
we get 
[r+ (ke kko) | < Emax. (2.13) 
Next let us find the necessary condition for which the 
average of absolute deviations of the approximate 
amplitude from the exact one would tend to zero. 


> 


Differential Scattering Cross section ~~ > 





I 
without damping 





Se< 


Fic. 2. Angular distribution of the scattered particle at 6C- 
Mev incident meson energy; I, neglecting the influence of radia- 
tion damping; II, including this effect. 
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From Eq. (2.11) it follows that 

| E+) (ky ko) | = | BE (ke ko) +1 (k, ko) | 
<|1+C(k,ko) | | 2 (kk, ko) | 
+ | C(k, ko) | px (Ro/42ri) 


X f | (ksh || 2° (he haa (2.14) 


After obtaining the integral of the absolute value of 
E+) (ko), we get 


fis dks) |aa< f |1+-C (ke) | 0 (ke) | do 


+f | E™ (k, ko) | px (Ro/4mi) 


| fick (kok | aa (2.15) 


Hence 


fae (ks) d< U ff | (hyo) d2, (2.16) 


where U is such that 
| 1+-C(k,ko) | + pyr (Ro/41i) 
x f IC (hok’)|| Gk ja'|< v. 


Thus we see that the average of the absolute deviations 
E\™ (kk), Et) (k,ko), --- converges towards zero 
if U in (2.17) be less than unity, in which case the 
convergence will be rapid. 


3. THE SCATTERING OF NEGATIVE MESONS BY 
PROTONS (x>+))-—~>(2~’+)’) 


As an illustration of the method described above, we 
consider the scattering of negative r mesons by protons, 
using the pseudoscalar meson field with pseudovector 
coupling. The matrix element for this process, accord- 
ing to perturbation theory, is given"’ in the center-of- 
mass system by 


(p,k | G | Po, ko) =m ti (a+ ayy4) Uo ‘[2€o(We?—M?) |, (3.1) 


where @ and u denote respectively the final and initial 
Dirac spinors with p and po as four-momenta of the 
final and initial nucleon, respectively, and similarly k 
and kp for the meson. Also po= —ko, p=—k, and 
€o= (u?+p")!-p is the magnitude of the momentum 
and yw the meson mass. Wy) and M are the total energy 
of the system and the mass of the nucleon, respectively. 

® Ashkin, Simon, and Marshak, Progr. Theoret. Phys. (Japan) 
5, 634 (1950), 
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For pseudovector coupling, the parameters a; and a» 
of Eq. (3.1) have the following values: 


a,= gM (M?+3W,?)/p?, 
a= gWo(We+3M%/p?, 


(3.2) 


where g is the coupling constant. The Heitler integral 
equation may be written as‘ 


R(p,k; po, ko) = S(p,k; po, ko) + (ip/32Wr*) 


x f a9’ g (ok: p’,k’)A(p’)R(p’,k’; Po, ko), (3.3) 


with the notation 
(p,k| G| po, ko) = (1/2¢0)@G(p,k; po, ko), 
(p,k| R| po, ko) = (1/2¢0)@R(p,k; po, ko). 
A(p) is the usual Feynman projection operator, 
A(p)=(—iyup tM). 
We now propose to solve (3.3) with the help of our 


new method. According to (2.8), we write the solution as 


R(p,k; Po, ko) 
G(p,k; Po, ko) 
EINE, apeteiiiiees ill 


1—i(p 32) f (ok; p’,k’)A(p’)dn’ 


=[S(p,k; po, ko) ]/(1—2A), 
where 
A= (p 8rW) S(p,k; Po, ko) (Evys+M), 


Eo being the nucleon energy. Hence 
(p,k| R| po, ko) 
| 


=u 


aicsciees, ‘a . Uo. 
(Wo’— M*)2Ey 


(1+4K,)?+K?? 
Now by the usual procedure we obtain for the total 
cross section the following result : 


Ki’+K,?+ (K2’?— K,’)? 
o= (8x r| ee | (3.6) 
1+2(Ki°+ K3*)+ (K?—K,*)? 


a\— 4274 | 


where 
K, = (p ‘Sar W 9) ° (Eoa2— Ma,) ‘(We?- M?) . 
K2= (p/8W») (Eoa:— Maz)/(Wo?— M?). 


The same result (3.6) has also been obtained by Hsiieh 
and Ma! and Goldberger’ using different methods. 

It may be mentioned here that we can easily verify 
that the solution (3.4) is an exact one, for if we iterate 
Eq. (2.7) once again, substituting in (2.7) the value 
(3.4) for ® (k,ky), we will get the same result (3.4). 








HEITLER’S INTEGRAL 


4. THE SCATTERING OF POSITIVE MESONS BY 
PROTONS (x*++)p)—(x''+)’) 


The Heitler integral equation for this scattering 
process is given by" 


R(p,k; poko) = S(p,k; po, ko) —i(p/162*W) 


x farsink; Poko)A(p’)R(p’,k’; po,ko), (4.1) 

where 

(p,k| R| po, ko) = aR (p,k; po, ko)to, 

(p,k| G| po, ko) = @#G(p,k; poko) to. 
The matrix element (p,k|G|po,ko) refers to the first 
nonvanishing approximation. According to pseudoscalar 
meson theory with pseudovector coupling, the relevant 
matrix element may be written in the center-of-mass 
system, with the usual notation (as in Sec. 3 and refer- 
ence 9), in the following way: 


S(p,k ; Po, ko) 5 i(g?/u?) [2M — Ro (yse+7° po) J, 
with 


(4.2) 


4M?-+ u?—2(po-k) 


2(po-k)—w? 


(p,k| R| po, ko) =i (g*/u?) a 


The differential cross section for this process is 


da = dQ/(32m?W?)-Tr(A(p)RA(po)yaRty,), (4.4) 


where we have taken the average of the initial spin 
states and performed the summation over the final spin 
of the nucleon. Thus 


da = dQ{ g*/[ 4m? (41+ %2)?R (x) ]} 
X {A (x)+ B(x) cosd+C (x) R2+ D(x) R2 cosd 
+[E(x)+F (x) cosé]R,’}. 


After integrating over all angles the total cross sec- 
tion becomes 


gf p> 2x 
= [4 (@)+4¢()(1-— in —) 
2w (1+ %2)"u2R (x) x? 2x?—1 


2x7+1\ p? 
— D(x) (a+ In eo 
2x? 4a 


( 4p? 2p? 
0 as esileste apenas 
(44-1) x 


(4.5) 





227+ 1 
e—— 
2? — 1 


* 2x?+-1 4 
+F(3 In +——+41)], (4.6) 


2x7—1 4at-1 
where x=p/u; x1:=E/u; x2=€/u; p=M/y; and the 


"NN, Fukuda and T. Miyazima, Progr. Theoret. Phys. (Japan) 
5, 849 (1950). 
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Now for the solution of (4.1) we have, according to 
(2.7), 


R(p,k; po, ko) 
S(p,K; po, ko) 
i oki) ay 
1+ (p/16n5W) f da’g(p,k; WK)A(?") 
Substituting the values of G(p,k; po,ko) and A(p’) 
from (4.2) and (3.3), we get 
1+ (p/t6mW) f d0/ G(D,k; Wf k)A(P! 
=K,+Kyyst+ Ks(y: p)+Keva(y:p), 


where K,, Ky, Ks, and Ky, are given in the Appendix. 
Hence the solution of (4.1) is given by 


' §(p,k; po, ko) 
R(p,k; Po, ko) =- . - venichaiuntiediceptalnen abe, 
[KitKoyyet Ks ly: p)+-Kuvaly:p)] 


Thus the matrix element is 


(K,i—Kyeys— K;(y:p)—- Kyys(y- p) |L2M— Ro(yset+ (y: po) ] 


—— Uo. 


K?+K?7+p(K?+K?) 


functions R(x), A(x), B(x), C(x), D(x), E(x), and 
F (x) are given in the Appendix. 


5. DISCUSSION AND COMPARISON WITH 
EXPERIMENT 


From the theoretical values obtained according to 
Eq. (4.6), the energy dependence of the total cross 
section for the scattering of positive mesons by protons 
is shown in Fig. 1. To bring the theoretical result into 
agreement with the experimental findings, the pseudo- 
vector coupling constant g* is taken to be 0.448. The 
ratio M/y, denoted by p, is taken to be 6.67 by using 
for the meson mass the value 276m, (m,=mass of 
electron). The effect of radiation damping is to bring 
down the value of the scattering cross section after it 
has reached a maximum value at an energy of 180 Mev 
for the incident meson; the prevention of an indefinite 
increase of the cross section with increasing energy is a 
desirable feature of the theory of radiation reaction. 
The experimental points of Steinberger* have been 
marked by small circles; the theoretical result is repre- 
sented by the continuous line. 

In Fig. 2, we show the angular distribution of posi- 
tive mesons scattered by protons at 60 Mev. We 
have drawn two curves to show clearly the influence 
of radiation reaction on the angular distribution ; curve 
II gives the angular distribution of + mesons when 
radiation reaction has been included, whereas curve I 
is obtained from the second-order perturbation method 
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without the consideration of radiation damping. The 
latter result has been taken from the calculations of 
Ashkin, Simon, and Marshak."° 

From curve I of Fig. 2, it is evident that the dif- 
ferential cross section (without radiation damping) 
falls sharply from 0° to 180° and shows a general tend- 
ency toward forward scattering. When we consider the 
effect of radiation reaction the nature of the curve is 
changed; it is approximately symmetrical about 90°. 
The effect of including radiation reaction is to give 
more backward scattering than would be obtained 
without radiation damping. As the experimental data 
are not available, we cannot discuss the significance of 
this result. 


ACKNOWLEDGMENT 
The author wishes to express his sincere gratitude to 
Dr. D. Basu for the suggestion of the problem and for 
his valuable advice and his sympathetic interest 
throughout the preparation of this work. 
APPENDIX 
A (x) = 21 (x) (K px, . K op’) + 21'2(x)(K,— K2)p? 
+ 21'3(x)(K ax, - Kp )xp — 214(x)(Kaxy— K3X2)x"p. 


” 2 I ‘9 (x ) K3x°*x, 


t 213 (x)Kyx?p+ 214 (x) K ox". 


B(x) = (x) x*pK, 


C(x) =, (%) (Kox.— Kip)ait+-T2(x) (Kox?— K1x1%2) 
+-I"'3(x) (K gx*+- K gxt+ Kx? x1p) 
+-I'4(%) (Kyp+ K4x,)x*p+- 27; (x) (Kipx;— Kop’) 
+27 2(x)(Ki— K2)p?— 27 3(x) K.px* 
+-274(x) (Kyp— Kyx1)x*p+275(x) (Kax— K3x;)2x?p 
— 27 6(x)Kgx4— 27T7(x)Kx*p— 27 5(x) K 4x’. 


D(x) = 2[ T6(x) (Kip - K x2) + T; (x) (K3x— K 4x2) 
+ T(x) (Kia1— Kyx)—T; (x)K4— T3(x)Ky 
—_ T, (x) Ky _ Ts (x) Kz |x*p— 2T2(x) K3x?xy. 
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E(x) =7,(x) (Kox2— Kp)x:+ T2(x) (Kox?— Kx1x2 
— K\x?+ Kopx2) — T3(x) K px? — Ty (x) (K3x? 
+ K4x?— K 4px,)x?— T5(x) (K3p+ K 4x1) x2x2 
— 7 6(x)(Ky%1+K3p— K4x2+ Kap) 
+T77(x)(Kipt+ Kox,— K yx2— Kox2)x? 
+ T7(x)(K3x.+ K 4x) x4. 
F (x) = 7 (x) (Kyx%e+ K 4x1)x?+ T2(x) (Kgait Kip) x 
— 7T3(x) (K3p+ K 4x1) x?x.+ T4(x) (Kipt+ K oxy 
+ K 3x1%2)x?+ T5(x) (Kix%2— Kop) x? 
+ T6(x)K opx*x2+ T7(x) (K5x1+ K gp) x*x, 
— Ts(x)(Kip— K2x)x%p. 
I; (x) = 2p(Kix1— K.pt Kyx*) ; 
I'2(x)=2p(Kip— Kox1+ Kop); 
I’; (x) = —2p(Kit+K3p+K4x)); 
I'4(x) = —2p(Ko+-K3%1+K 4%). 
T(x) = x%2(Kox1— Kip + K3x”) ; 
T2(x) = x2(Keop— K\x\+ K 4x?) ; 
T3(x)= (Ko— Kix); 
T(x) = %2(K3x1— Ko— Kap) ; T5(x) =%2(K3p— Kan); 


_ ; } : T(x) = (Kyp—K;); 
T7(x) = — (Ky2+Koxet+Kp); 


T3(x) = (Kaui t+K3x,4+ Ko). 
Ky = 1+ g'x(4ar)“! (x1 +22) (2p?+- 27+ ay) 
— J xpg? (2r)-? (1+ x2) (0+ 4442) ; 
K2= g’px (4m) (x14 x2) (2414+ x2) — J 22p*x2 J; 
K y= —Jexeg?xap? (2m)? (x02) 1; Ka= ans 
R(«)=[((K2+K2)+27(Ke+Ke) f. 
A? 2pP+A? A? 
J,=9 In———;; Ji=r| 1+( oer +) In —|; 
A2+4p? A? A2+4p? 


with 
A? = M?+ 2y?— W?. 
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The one-photon mass operator is calculated explicitly up to the second order in the applied field, once 
for the purpose of taking matrix elements between states that satisfy the complete Dirac equation, and 
once for free-electron states. The former is manifestly gauge-invariant. The part linear in the applied field is 
also calculated for matrix elements, only one side of which satisfies the Dirac equation; it is seen, in applica- 
tion, to cancel precisely the non-gauge invariant part (for free electrons) of the second-order mass operator. 
A systematic procedure for carrying out the photon integration at the very beginning of the calculation is 


described and used. After the (nonperturbation) derivation of a cross-section formula in terms of the m 


mass 


operator, the latter is used to rederive the integrated Klein-Nishina formula and also applied to the simple 
case of a Constant field. The use of the mass operator technique for the calculation of inelastic cross sections 
is demonstrated and it is proved that, except for virtual processes induced by the radiation field (in contrast 
to the static field), the low-energy limit of the bremsstrahlung cross section is a multiple of the one for elastic 


scattering (to all orders). 


I. INTRODUCTION 


CHWINGER has shown! that the interaction of 
electrons with the fluctuating radiation fieid can 
be described by means of a modified (and no longer 
second-quantized) Dirac equation in which the nu- 
merical mass is replaced by an operator in the ordinary 
quantum-mechanical sense, that is to say, an integral 
operator in the coordinate representation. The present 
paper has the dual purpose of explicitly exhibiting the 
one-photon part of this mass operator up to the second 
power in the external field, and of illustrating the mass 
operator technique by means of some simple applica- 
tions. The result of the first part is somewhat more 
general and at the same time simpler than that previ- 
ously known.’ It has been applied to the calculation of 
radiation corrections to Coulomb scattering up to terms 
quadratic in the Coulomb field. This calculation will be 
dealt with in a future paper. 
In the first approximation, so far as the intermediate 
presence of photons is concerned, the mass operator is 
given by (in the coordinate representation)*: 


M (x,x’) = mb (x— x’)+ ie ,G(x,x’)y,D(x,x’), (1.1) 
where G and D are the outgoing wave Green’s functions 
of the Dirac field and the Maxwell field, respectively. 


Equation (1) may be written in operator form: 


(dK) 1 
M= Mowat G on angi Kty (mye) ye, 


(2r)! K? 


* Based, for the most part, on part of a thesis presented in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy at Harvard University, September, 1953. 

t Most of this work was done while the author was an Eastman 
Kodak predoctoral fellow. 

t Now at the Institute for Advanced Study, Princeton, New 


Jersey. 
1 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452 ff (1951). 
?R. Karplus and A. Klein, Phys. Rev. és, 978 ff (1952). 


3 Reference 1, Eq. (48). 


Finally, the lowest order-radiative corrections to Coulomb scattering are rederived. 


and for the representation of the inverse operators with 
the outgoing-wave boundary condition the proper time 
procedure is used: 


M= mie fe asf af 


-4{(m—yr), exp —is(m*— 


> exp( —itK*)e'**y, 


(ym)*) yy,e'**, (1.2) 
The fact that s and ¢ extend to + implies that, 
strictly speaking, the masses of the electron and the 
photon are to be supplemented by small negative imag- 
inary quantities in order to insure convergence of the 
integrals; it is therefore proper to the outgoing-wave 
Green’s function. 

For calculational purposes G must be expanded in 
powers of the applied field. The part of the mass oper- 
ator linear in the latter will in the future be called 
“the first-order mass operator,” the part quadratic in 
t “the second-order mass operator.’ Section II will be 
concerned with the derivation and explicit exhibition 
of these two for arbitrary fields. They are manifestly 
gauge-invariant when gauge-invariant matrix elements 
are taken. A relatively simple new technique of carrying 
out the photon integration at the beginning of the 
calculation is used. (The systematic calculational 
process involved is described in Appendix I.) Section IV 
will show the application of the second-order mass 
operator to the special cases of the uniform field and 
the pure radiation field, the latter being applied to a 
rederivation of the integrated Klein-Nishina formula. 
Using the result of Sec. III, which contains the rigorous 
derivation of a cross-section formula in terms of field 
dependent operators in the Dirac equation, Sec. V con- 
cerns itself with that part of the inelastic cross section 
which describes the scattering accompanied by the 
emission of exactly one low-energy photon (there called 
the ‘‘slightly inelastic cross section”). It is needed as a 
supplement to the elastic cross section (resulting in the 
“essentially elastic cross section”) in order to eliminate 
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the infrared divergencies. A general result, expressing 
the low-energy limit of the bremsstrahlung cross section 
as a multiple of the elastic one, is proved and the first- 
order slightly inelastic cross sections derived. Section 
VI treats the first-order radiative corrections to the 
cross section and contains a rederivation of Schwinger’s 
result. 

The notation used is the following. ‘Natural units” 
are used, in which h=c=1 and a=e*/4x. The Dirac 
matrices are anti-Hermitian when p=1, 2, 3, 4; yo is 
Hermitian. The summation convention is employed 
throughout and, generally, indices are suppressed. No 
special notation will be used to indicate four-vectors, 
but three-vectors are usually distinguished from them 
by the use of bold-face type. FF will in general stand 
for F,,/’,», and oF means o,,/’,,, where oy,=}i[ 74,7» ]. 
In Sec. I, p will denote the four-momentum operator, 
and x, the coordinate operator. 


Il. THE MASS OPERATOR 


If the Dirac equation, modified to include radiation 
effects, is written symbolically : 


then the mass operator M must, in the absence of any 
electromagnetic field, yield the numerical mass of the 
electron. The difference between M and m does not tend 
to zero as F tends to zero, but it tends to a function of 
the momentum, which, upon operating on a solution of 
the Dirac equation (in the absence of a field), equals a 
numerical function of m (to the present order of calcu- 
lation). The sum of this function and m must therefore 
be the experimental mass of the electron. If, then, by 
the mass of an electron a number is meant that is 
independent of the external field, an operator must be 
subtracted from the radiative mass operator which, 
when operating on a solution of the Dirac equation in 
the presence of a field, equals precisely the same func- 
tion of m (to the present order) as does the radiative 
mass operator in the absence of a field. At the same time 
this “renormalization operator” is added to m, the 
sum of which two is then a number (when operating on 
a solution of the Dirac equation) independent of the 
electromagnetic field. In addition to the physical 
reasonableness of the renormalization, it has the effect 
of leaving a finite radiative mass operator while all the 
divergencies originally occurring in it are now shifted 
to the numerical part where they are relatively harmless. 
The radiative mass operator is given by 


“ (dK)* 
AM= ~ie f asf arf 
0 0 (2r)4 


Xexp(—itK?)M(K), (2.1) 


where 


M = fe'X*y,.{ (m—-yr), 
exp[ — 


is(m*— (yr)*) ]}y,e7***. (2.2) 


ROGER G. 


NEWTON 


In the absence of an electromagnetic field A,=[p,,B ], 
[,,%, |= 0 where B is a scalar function of x. It is then 
easily possible to carry out the photon summations, 
i.e., the K integration and the y,---y, summation. 
The result is a function of yr: 


AM = =f asf af 


X {exp[ — is(m?— (1—) (yr))], 
[- 2m— (1 —_— u)yr |}, 


- expt —i(s+)K ] 


u=s(s+i)~. Then, to the present order: 


where 


ies cathe an (dK) 
AM abo=2ierm f as f af - 
0 0 (2n)! 


X exp —i(s+2)K?] (1+) exp(—isum*)Wo. 


(2.3) 


Hence, the renormalization operator is 


(dK)* 
amo=ie f asf af 
(23) 


Xexp[—i(s+2)K*]{(2m+ (1—u)yr], 
(1—u)(ym)*) }}, 


because it satisfies (3) when Yo is replaced by y. 

The K integration is directly carried out in (4), 
because it was possible to shift the origin of K, by m,, 
all of which commuted and thus could be treated like 
numbers, In (1), which can be written: 


am=—ie f asf af 


X {{m—y(x—K)], exp[— cae 


exp[ — is(m?— (2.4) 


— ~ exp( —itK*)hy, 


K)} lI}; 


no such shift can be made. As a result it has in the past 
been considered impossible to do the K integration at 
this stage.‘ Since it is desirable to be rid of the photon 
integration before doing any calculation of mass oper- 
ator terms, we have at this point departed from that 
view and carried out the XK integration first. 

The integral /§ (dK) exp(iK?+iA-K), where the 
vector A is a set of numbers, is customarily carried out 
by completing the square and then shifting the origin of 
the K integration, after which it becomes the well-known 
Gaussian integral, with the value in® exp(—iA?/4). It 
can, however, be evaluated differently. One may expand 
e‘4-® and then integrate the series term by term. 
Afterwards the series is summed again and the result is, 
as it must be, the same as the one obtained by the first 
method. In case the vector A is not a set of numbers, 
but a set of noncommuting operators, the first method 
is not applicable, but the second one is. From the ex- 
pansion of e‘4°*, in which all terms must be quite 


*R. Karplus and A. Klein, Phys. Rev. 86, 290 (1952). 
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symmetrically distributed, it is clear that the same 
must be the case for the result after the integration. 
The result will therefore be: 


J (ak) expGik+i4-K)= iat exp(—idy| A, 4), (2.5) 


where the bar indicates that in the expansion it is not 
A® that is to be symmetrized with respect to the 
other squares, but each component has to be sym- 
metrized separately with respect to all others, so that 
A,’s will get to stand between two equal factors: 

-A,y:--A,:++A,--+:+. A very convenient way of deal- 
ing with this kind of situation is the use of Feynman’s 
position integrals.’ That method, of course, could have 
been used in the first place to derive (5) very easily. 
Every operator is provided with an attached parameter 
variable running, say, from zero to one, and then im- 
mediately integrated over. The only purpose of the 
parameter is to indicate its position, with the under- 
standing that the ones with the iower value stand to 
the right. The position of such operators with integrals 
attached can then be changed freely; in short, they can 
be treated like numbers. In order for the results to be 
useful, after an expansion, say, it must be possible to 
convert the position integral notation into the more 
usual one. That, of course, is the main problem. In the 
case of the integration problem one could have attached 
such an integral to A: 


fax exp 


and then proceeded as though jf! A,(é)dt were a set of 
numbers, with the result : 


1 1 
in? exp| way f Aydt f Asibat]}. 
0 0 


This is the same as (5) since the integrals attached on 
each component separately also means complete sym- 
metrization in the expansion. 

The application of this procedure to the mass oper- 
ator results in the following: 


ds f' 


a a a 
AM =AM—AM,=—-— f ~ f duM (u,s), 
4r 0 


” M=M=-Mo, 
Mt = h| (m-re+w fr), 


exp| —is m— f (ye)*—u f r, f r.) || 


Mo= —{(2m+ (1—u)yr), 
; exp[ —is(m?— (1—1) (ym)?) ]}. 
5 R. Feynman, Phys. Rev. 84, 108 ff (1951). 


1 
iK+iK- f A coat}, 


(2.6) 


IN QUANTUM 
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Appendix I describes a systematic procedure for con- 
verting such terms as the above into the ordinary 
notation after the exponential is expanded. 

In the following the exponential in the mass operator 
will be expanded in powers of the field and only the first 
and second powers will be kept. Then the potential is 
Fourier analyzed. The first-order terms have one 
Fourier integral, the second-order terms, two, which 
are taken outside. Thus every field variable A(x) is 
replaced by 


A(ie= f (ds’"(2n)* iMa—2") 4 (x!), 


This facilitates commuting functions of the momentum 
with the field variables when the relation, 


0 
) (0) =e /( =: ), (2.7) 
Op(—) 


is used. (This equation is readily proved for powers of 
x and p and then extended by expanding other functions 
in power series.) The left-hand field always carries kj, 
the right, ke. Furthermore, we are at present interested 
only in the application of the mass operator to solutions 
of the zero-order Dirac equation, i.e., matrix elements 
between free electron states. Another way of stating 
this is that the mass operator is flanked on both sides 
by (m—vyp), where p is the momentum of an electron. 
Therefore (m+ yp) will be set equal to zero whenever 
it occurs on the outside of an expression. If one is 
interested in the application to solutions of the com- 
plete Dirac equation, in the presence of a field, further 
contributions to the second order will come from the 
first-order term. These are also calculated. There is no 
further contribution from the second-order terms, since 
those would be of the third order. 

The conversion of the position integrals into normal 
notation introduces the usual integrations over as many 
auxiliary parameters as there are factors to be sym- 
metrized. In the first-order terms the exponentials look 
as follows: 


1 
f dv, exp{ —is(1—1) 
0 


X LH — u(p2(1—01)+ pips) }}- °° 
X exp{ — iso, H— u(p2r,+ (1—21) pips) ]), 


where the subscripts on p indicate their position on the 
left, if 1, or on the right, if 2, of the entire expression. 
In the center stands a field variable, i.e., f(k)e*, and 
H=m’+ p’. The use of (7) reduces this to: 


1 
f dve ia(l—v (1 wWH...¢ ise(i—u)H 
0 


X exp{ — isul_m?+v(1—v)k*]}. 


For the purpose of matrix elements between states that 
satisfy the field free Dirac equation, this further sim- 


7) 
fla)e(o)=6( Pi 
0 


x 
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plifies to 
1 
f dv exp{ —isul_m?+-0(1—v)k? ]} +>. 
0 


For states in the presence of a field, the relations: 


H=m’—(yr)’, p’=—(yr)*—e{yp,vA}, 


e74 = exp(aH) 


_ af dv expla(1—v)H ]{yp,vA} exp(avH), 


0 


are used, where now H on the outside can be set equal 
to zero. There will then always be a factor with an H 
left in the center. The variables will be labeled so that 
the center term is exp{ —isv;(1—v2)(1—)H)} and then 
variables are changed as 0,022. 

Most of the second-order terms are of the form 


1 "1 
f an f dv, exp{ —is(1—0,) [H—u((1—01) pips 
0 0 


+V pipotvepips) }A 
Xexp{ —isV[H—u((1—v1) pipet V popot vepops) }}B 
Xexp{—iseelH—u((1—r1) piprt V papst ropaps) ]}, 


which, with the use of (7) and H=0 when on the out- 
side, reduces to 


1 v1 
f an f dv,Ae~*"'~- ¥4 B exp{ —isu(m’+ ¢)}, 


where 
g=k,*r,(1 — 01) + ke02(1—v2) + 2k: kove(1—2), 
and V=v,—v». For the purpose of carrying out the 


photon summation the following relations are used : 


WAy=2yA, yoFy,=0, 


Yul yp, YA} yu=4{p; A}, 


Y= —4, 
vivAoFy,=—2oF yA, 
Yul vP,vA} ++ {yP,VA} Yn 
=4((ypyyA}+> +p; A}+{p; A}-: -fyp,vA}) 
+4(ypvA} ++ (ypy¥A)—4yF ++ Fy, 
where the dots indicate operators which commute with 
Yu; and 


byl (m—vp), ( )}%n 
=4{(m+~p), Yul vt dul rut rel Pu 
(yp, ( )}—Lphu lrw( mi 
>—2m( )—Lyk,( )], (k= ithe) 


since /=0 on the outside and the parentheses contain 
se sethiz, -, A list of further useful relations 
between occurring combinations of field variables is 
given in Appendix IT. 


.eikez.. 
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The functions of »; and vz occurring are: 


g=01(1—0;)ky?+-02(1— 02) ke”, 
V=2—22, 

¢’ =0,(1—0) ke? +-02(1—22)k,’, 
$= 202(1—0;) ki: ke, 

¥i=exp[ —isuv(1—v)k;"], 

¥2=exp[ —isuv(1—v)k.?], 
¥=exp[ —isuo(1—v) Kk], 

6=¢-¢=exp(—isug), ¢=exp(—isug), 
o=exp(—isug), $'=exp(—isug’), 

o=¢6-¢', Y=hity2), B=enis-wva, 


When there is only one v involved, E=e~'*-™)"4, 
Extensive use was made of the symmetry: 


1 v1 
f dv, i dv2 f (01,02) 
0 0 P 
-{ av, f dvzf(1—v2,1—). (2.9) 
0 0 


Thus an interchange v;—1—v2, v2—1—2, will not be 
explicitly mentioned in the following, but a dash on @ 
indicates such an interchange. The following partial 
integrations were used (wherever a function of both 1 
and 2» occurs, integration fj! dv, fo" dv2- ++ is implied; 
where only one » occurs it is implied to be integrated 
from zero to one. All partial integrations are on 22). 


6 > 1 
 is(i—wH dn és (1-0) 


g= Ot ¢, 





E¢ (¥— Ey) 


E 
7 [ dok2?+2(1—v)hi- ke | 


1—u 

4’ a) 1 _ 

=—— —E— (y— Ey) 
is(1—-u)H dv. is(1i—u)H 


u cE 
+ 6[ —d:k?+ 200k, - ke J, 
l1—uH 


ry 1 E 
EeV — 1—_——_-_ [0,52 (ky?+ ke?) 
is(i—-u)H 21-uH 
+ 2k: ko(i,(1—01)+ bere) J, 
[1+ 4is(1—u)(1—V)H — 2k, - keiswv.(1—,) JE 
0 -, 
=4(¢+¢')—(rE¢) 
Ov2z 
—WwE+ hisulvdek2—d,(1—0,)k: JEo, 
E u 
126 — 1— Pot 
is(1—u)H 
is(1—u)H Ey —> — (Eo— 1) —isuE (Wi k?+yrk.2), 


E 
$02 (2v2ki-ke— dyk,*), 
1—uH 


and many others of similar type. 











MASS OPERATOR 


Extensive rearrangement by means of all these rela- 
tions finally yields the following result for the re- 
normalized mass operator. (In the following every field 
variable stands for a Fourier transform: 


A,=4A,(k)= flannen aye 


Where two field variables occur, the one of the left 
always carries k, and the one on the right, ke.) 


AM =i— f asf du exp(—isum?)M(u,s), (2.10) 
4dr 0 0 


(dk)* 
m=ef ——e'F M1, (u,5,k) 
(2x)? 


(dk,)* 
rep 
(2m)? 


Mt has two distinct forms, depending upon whether 
matrix elements between free electron states, i.e., 
those that satisfy (m+yp)y=0, are to be taken, or 
whether matrix elements between states that satisfy 
(m+ymr)y=0 are to be taken. If we write 


Mo=Me'+IN? +I», 


(dk2)* 


a —gikiz 


(2m)? 


XMM 2(u,5,k1,k2)e. (2.11) 


(2.12) 


then 31;, MNW-!, IW,’ are the same in both cases, namely: 


l 
mix f dup| mu(u—1)oF 


0 


+ (2—u+2u*rd—4ism*u(u?—1)vd)yJ }, (2.13) 


1 
My! = f dup{ 4urd[u+ 2ism?(1— 1?) FyFGFy 


+mu(u—1)[ (yJ/k2)GoF+oFG (yJ/k:*) | 
+[(2—u)+ 2uvd+ 4ism?u(1—u*)vd } 


x (kit he*)yIGyJ}. (2.14) 


For ym states: 


1 
3M? = f dot (u— 2) —2u2vd IYi/ke?-+ o/h: IGyJ 


0 


—u(u—1)moFGyJp;/ke+yIGoF o/h}. (2.15) 


For yp states: 


1 
mm," = f do (u— 2+ 6 (1—2u2)) 
0 


‘[yAGEyIp2t+yIGEyAy, | 
+2u(1+u)im(yACEyI~2t+-yICG EVA) 
+ (u—1)(uv—1) (oF EyAy,+yA EoFy2) 


—u(u—1)m(oFGEyAY,+yAGEoFy2)}, (2.16) 
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1 *1 
m= f an f dveo{ 4ismu? (1+) (v1, — 1)r.F EF 
0 0 


+ 4isu?(1—0,)v2(1+uV)F (m+7p) EF 
+4ismuyF EF y+ 2is(1—u)[2+u(V—1) 
+u?V (V—1) hF(m—ynr)EFy 
+ 2u?(1— V)yFGEF y+ 2isu(1— wu’) 
X (1—V) myFHG EF y — fismu? (3—u)oF EoF 
— hisu(1—u)(2—u)VoF (m+ yr) EoF 
+ 2su?ve[ (1—v2)+ (u—2)V FyFkeEoF 
~ 2su?(1—v;)['01-+ (u—2)V Jo Ek, Fy 
+2su?(1—u)veomyFRoGEoF — 2su?(1— 1) 
X (1— 0) mo FGER Fy — isu*{v, (1— v2) 
+2(1—0:)+ (2—)i,V jy J EoF 
— isu’, (1 v2)+ 02(1—21) — (2— 4) b2.V Jo FP EyJ 
+isu?(1—u)i;myJGEoF 
—isu?(1—u)iypmoFGEyJ 
+ 2su(1—0,)[2—ui,(1+uV) VEFy 
+ 2suve[ 2+ uds(1+uV) WFRES 
+-2su?(1+u)(1—1)i,mIGEFy 
— 2su?(1+1)v.domyFGES 
— 2su?(1+u)(1—0,)d:myI@ ER Fy 
— 2su? (1+ )vodomyFRG EI 
+ 2su(1—v,)[2—u+wVi, y}IGER,Fy 
— 2suve[ 2—u—wV iq WFRGEyJ 
+ 2isuV[2—u+wi,b2 yWIGEyJ 

— isu? (1+ u4)b,5.myIGEyJ}, (2.17) 
where G is the Green’s function, 

G= (yr+m)~(yp+m)". 


In addition, the first-order mass operator is needed 
for the purpose of taking matrix elements between 
states, only one of which is an electron state. The 
calculation is of the same type, except that m+yp=0 
only on one side. The resulting first-order mass operator 
for the purpose of taking matrix elements between 
states, only the right-hand one of which is an electron 
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state, is as follows: 


ae 7” (dk)* 
4M ,=i f asf du exp(— isum) f 
4r 0 0 (2r)? 


K ew iaeli—w) Heike exp[ —isuv(1—vr)k*] 
« ((2—u—w?—u(l—u)d WJ 

~u)ok —2m(1+u)uiGyJ 
—(1—u)(1—uv)(m+yp)oF}. 


—mu(1 


(2.18) 


The one for electron states on the left is the same ex- 
pression, except that exp{ —isv(1—u)H} stands on the 
right of exp(ikx). This result is significant in that it 
proves 


AM’ = —e(M 1GoyA +7AGoM)), (2.19) 


which leads to a cancellation of AM,” in the scattering 
operator HH, (3.4). 

It will be noticed that, for the purpose of taking 
matrix elements between states that satisfy m+yr=0, 
the mass operator is explicitly gauge-invariant. When 
matrix elements between free electron states are taken, 
this is not so, as (16) shows. That is, of course, not 
surprising, since neither is p. The results (13) to (17) 
are in a form significantly simpler than the one previ- 
ously known.’ 


III. DERIVATION OF THE CROSS-SECTION 
FORMULA 


Suppose that the Dirac equation is modified by the 
addition of an integral operator which expresses radia- 
tion effects of the electromagnetic field: 


(yr+M)y= (yp+m+K)y=0, 


where 5 stands symbolically for an integral operator, 
a special case of which, of course, is a potential function 
multiplying y. 

The solution of the Dirac equation in the absence of 
any electromagnetic field will be called Yo: 


(3.1) 


Then one may write 
(yr +M)(Yo-W)=KHfo, P=Po—GRyYo, 


where G is the Green’s function of the modified Dirac 
equation, symbolically written as the inverse of an 
operator, and expressible, symbolically, in terms of the 
known zero-order Green’s function and the additional 
integral operator : 


G= (yp+m+K) |= (m+yp)"(14+KHGo)* 
=Go(1+HG,)™". 


Thus solutions to (1) in terms of those of (2) are 
symbolically 


¥=yYo—Gol 1+3Go) Hypo. (3.3) 
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Not all solutions to (1) wil! be thus expressible. Equa- 
tion (3) is not applicable to bound-state solutions. It 
must be interpreted physically as stating that y either 
was equal to Yo in the remote past when no electro- 
magnetic field was present, or is equal to Yo at large 
distances. Neither of these statements is true for bound- 
state solutions and there is now» from whichy “evolves.” 
However, we are dealing with a scattering problem and 
in that case (3) is applicable in principle. The relevant 
operator shall be abbreviated : 


H=(1+HGo)"'K. (3.4) 
Then (3) says 
(m+~vp)~y = — Ho, 


or, more explicitly 


0 
(m—i7-0 in \wonte 
al 


=— J (dx’)(r,t|H|x’)Wopr(x’), (3.5) 


where p and A identify the state by means of the mo- 
mentum and spin at infinity; i.e., ¥p is the state which 
“evolved”’ from an eigenstate of the momentum with 
eigenvalue p, and of the spin, with A. Equation (5) is 
then multiplied on the left by ¥,,, integrated over r, 
and on the left-hand side once integrated by parts (the 
boundary terms are assumed to vanish). Then, since 


a] 
dol mtin-W6 )-+ i¥o )=0, 
Ot (—) 


(with an obvious symbolism), it follows that 


0 
_ 1- J Gerba" (r,t) 
ot 


= — f (ae!) (de docslt 8) (41 |x? Wop). (3.6) 


S (dr)Woou* (tr, pa(1,0) is the probability amplitude for 
the particle to be in the definite (gu) state, knowing 
that it is in the general (p,d) state, that is to say, for 
the particle to be found on measurement with the 
momentum g and the spin yw, provided that it was pre- 
pared (at “infinity”) with the momentum p and the 
spin \. This will be called /(g,u| p,A). Then (6) states: 


1 
fae) (dr) Poou (r,t) (x| H | x’ Wopr (x’). 


0 
—f (qu | pr) _ 
at 1 


Assuming that the field was adiabatically turned on, 
we know that at /=— the particle was in the state 
(p,A), whence it follows that 


I (QM | P,d) tv = 5rd (P—Q). 
Therefore, 


1 t 
S (qu! P= f (dx’’) f (dr’) f dt’ Poou(x’) 
l we 


i] 


x (a’| |x” Wop x”) +5,8(p—q). (3.7) 
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| f(q,m| p,A) |* is the probability for the particle to be in 
the (q,u) state, if it was originally in the (p,A) state; it 
is a function of the time. The relevant quantity is the 
probability per unit time, since the scattering cross 
section states the number of particles that emerge in 
the (q,4) state per unit time, provided that a steady unit 
flux of particles originally in the (p,A) state enters the 
scattering center. The probability per unit time is 


0 0 
W (q,u| pA)=—| f|?=2 Ref*—f, 
al al 
and, therefore, 


W (q,u| p,rA)=2 Re f (x) (dx’’) (dr’”’) (dr) 


t 
xf dt” Poa (x’”’) (x!”" | voll 'yo | x” opr (x’’) 


—2o 


X Wopa(x’) (x’ | | x)Woqu(x) 


+2 Imd8(9—a) f(a’) 


X Wopa(x) (x|H| x’ Wopa(x’). (3.8) 


Since ¥4'=Yo7Yu7¥o, the combination yof/ 'y> means taking 
the Hermitian conjugate of H as though the ’s appear- 
ing in it were Hermitian. Interest centers on the scatter- 
ing from the momentum p to the momentum 4g, irre- 
spective of the spin, i.e., the average over the two initial 
spin states and the sum over the two final ones (both 
positive energy states). As is well known, the selection 
of the positive energy states is accomplished by the 
insertion of the projection operator (m—~yp)y0/2po and 
then summation over all spin states. The completeness 
of the solutions of (m+~7p)u*=0, with numerical p’s, 
and the fact that the solutions of (2) are u*e~'*:?/(2x)* 
enable the probability of scattering from momentum p 
to q to be written as 


W (q| p) = (4poqo)™ Re f (dx’)(dx") (de) (de) 


t 
xf dt'"e ig(z'’’—2) (Dar) 3¢ ip(2’ 2’) (Qe) 3 


x tr(m—q) (x | yoH 'yo| x”) 
X (m—~vp) (x’ | H|x)+ (2po)~' lms (p—q) 


x f (dx!) (dr)e-”*") (In) 

X tr(m—~yp) (x| H| x’) = (169 pogo) 

xRe f (ar cary dt e~ia2’—2) 

3 tr(m—rq) (2 |-voH¥*y0| p)(m—p) (pL |) 
+ (Amps)! Ima(p—a) f(ar)e- 


Xtr(m—yp)(x|H|p). (3.9) 


QUANTUM 
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More precisely, W (dq)* is the probability that the par- 
ticle will be found in the momentum interval (dq)*. 
But since 


(dq)*=q?d\q | dQ, go= (q+ m?)), 


dgogo=d\q||q|,  (dq)*=|q| godgodd, 


where dQ is the element of solid angle into which 
scattering is measured. Since this angle is the only point 
of interest in most cases, go is integrated over from zero 
to infinity. The normalization of the o's used here is 
such that the probability for the particle to be in the 
Vol. V is V/(2m)’, i.e., one particle per (27)* units of 
volume. Hence the incident flux is 2/ (24)*= | p| /po(2m)*. 
Division by this factor normalizes the cross section 
correctly to unit incident flux: 


do/d= (2r)* f dgoW poqo|q!/|p!, (3.10) 
0 


and hence 


T ” t 
wm Ref dqo(\al/ bf dife-iaot-e’) 
2 —20 


0 


X tr(m—~q) (q,t’ | vol tyo| p) (m—vp)(p| H 4,0) 


+ 2n8(2n)! f dgoqgoh(p—q) Ime‘? 
0 


Xtr(m—yp)(pt|H|p). (3.11) 


In the special case in which H is independent of time, 
the time-energy transformation function can be taken 
out of the H-matrix elements, leaving the latter three 
dimensional. The origin of the ¢’ integration in the first 
term is then shifted by ¢, leaving it extended from — « 
to 0. The trace is real, since it is the sum of numbers 
multiplied by their complex conjugates, and thus all 
that is needed is 


Re f dt’ e100)’ = #5 (qo— po). 


« 


In the second term the time exponentials cancel. 
Furthermore, 


5(q)=46(|q|)|q|~*6(Q), 
and hence 


f dqoqod (p—q) 


: . 5(\p|—|ql) | 
-{ d\q||q|— (2) =6(Q) | p|-". 
0 |q|* 


5(Q) = 6(¢)5(d)/sind, 


Therefore, the differential scattering cross section is 

given by 

da/d= 2x* tr(m—yp)(p| H|q)(m—~q) (q| vol yo] p) 
—4n*|p|~'5(Q) Im tr(p|H|p)(vp—m), (3.12) 
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where in H, the operator pp must be commuted through 
to the outside and replaced by the number po= qo. (The 
fact that H is time-independent does not imply that 
the applied field is so. It just means that, after all po’s 
have been commuted to the outside, all time-dependent 
factors have canceled.) 

It will be noticed that (12) is not an approximation, 
but is an exact formula; this is at the expense, however, 
of containing the symbolically defined operator H. For 
actual calculation H will have to be approximated. If 
it is expanded symbolically in powers of 3, then the 
successive terms in the expansion yield, when inserted 
in (12), the successive Born approximations. 

Equation (12) is interpreted as follows: the first term 
is the actual scattering, while the second, which is 
different from zero only in the forward direction, de- 
scribes the amount taken out of the forward wave and 
scattered. This must then be equal to the total amount 
scattered. Therefore (12) yields for the total scattering 
cross section: 

o=4n'*|p|~' Im tr(yp—m) (p|H|p). 

In case H is not time-independent, but contains the 
total frequency ko, the differential cross section (with- 
out the forward part) will be 
do/dQ=2n*(\q\/\p|) tr(m—rp)(p|H|q) 

x (m—~q)(q| vol 'yo| p), 
where in // the operator po is moved through to the out- 


side and then replaced by the number po or go= po— ho, 
respectively. Of course, 


lq| = (qo°— m?) = ((po— Ko)*—m’)!. 


(3.13) 


(3.14) 


IV. APPLICATION TO SPECIAL CASES 
A. The Uniform Field 


The simplest special case to which the second-order 
mass operator may be applied is that of a uniform field. 
The proper time integration can be carried out immedi- 
ately and the resultant expression contains a term in 
u~*, as well as two in u~. It will be recalled that the 
origin of the u integration was setting u=s(s+)~', and 
t was the variable used in the photon Green’s function: 


D(x) = (4r) f dit exp (ix?/41). 


If the photon had a finite ‘mass ¢, the Green’s function 
would have been 


” x 
D(x) = (49) f dt *exp|i(—-er) . 
0 t 


This would have introduced an additional factor of 
exp{ —iet} = exp{ —isé(u~'—1)} everywhere; since the 
divergence occurs at small u, only the* additional 
factor exp{—ies/u} matters. Since every[u in the 
denominator arises from the s integration, namely, 
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the factor exp{—isum*}, this shows that the intro- 
duction of the small photon mass ¢ replaces every u~ 
by u{u?+ (€/m)?}-'. The introduction of a finite photon 
mass thus prevents all divergencies at « equal to zero. 
These divergencies are, then, clearly of an infrared 
nature, which are customarily cut off by means of a 
finite photon mass. 

If this procedure is followed and only terms which do 
not vanish in the limit as € tends to zero are kept, the 
u integration can be carried out and the resulting 
second-order mass operator becomes 


a p m p 
AM =— E FF —3oFoF + 2yFF— in( — ver - 
m® m € m 


4 p 
“+ (#r-nFr~) log(o/) (4.1) 

3 m 
Since (oF)? can be expressed in terms of ys and the 
adjoint field tensor, F,,*: 


(oF)?=2(FF+75FF*), 
this can also be written as 


a -? 5 7 m p 
AM= “| ayer ~y 5 F* —- P+ 4e( — ) vr 
m 4 6 m 


m® € 


4 p 
+ : (#r- tyr) log ine) (4.1a) 


m 


The logarithmic infrared divergence is not surprising 
and occurs for any static field. The e~' divergence, how- 
ever, which happens to this order to be a peculiarity of 
the uniform field, should be recognized to be spurious 
in the following sense. The occurrence of all infrared 
divergencies is due to the nonallowed expansion of a 
function such as e log(e+eA) in powers of e: 


e log(e+eA) =e loge+e?A/e+->-. 


It is clear, then, that an €~" in the mth order properly 
belongs to the (n—m)th order where it should not have 
been expanded but kept as log(e+eA )—log(eA). 

In the present case, therefore, «~'yF Fr really is a 
first-order term: 


vF (log(e+F))r—yF (logP)x 
(matrix notation). This, however, vanishes precisely as 
does yF loge, which is the reason for the nonoccurrence 
of an infrared divergence in the first order (for the 
uniform field) : 


yPa=—dyPyyet+ trey Fy +aFy 
—+hyPym—jmyFy—yFr, 


whence yFr=0. yF (logF)r=0 in the same way, since 
(log)? =logF + (a multiple of the unit matrix). 

Note added in proof.—A method of eliminating these 
infrared divergencies completely will be published by 
the author in the near future. 
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B. The Pure Radiation Field (Compton Scattering) 


We shall apply the second-order mass operator to a 
rederivation of the total cross section for Compton 
scattering (the integrated Klein-Nishina formula). 
Equation (3.13) expressed the total cross section nor- 
malized to unit electron flux. For the purpose of photon 
scattering by a central electron, the free electron wave 
functions must instead be given the continuum nor- 
malization [dp/(2m)* }ie'*” and the electromagnetic field 
entering H must be a pure radiation field normalized 
to unit photon flux. Equation (3.13) then becomes 


o=}po' Im tr(yp—m) (p| H |p) (dp)*, (4.2) 
where naturally 6(p—p)(dp)* will be interpreted as 
equal to unity. 

The reason why (3.13) is applicable in spite of the 
nonstatic nature of the field is that only diagonal 
3-momentum matrix elements occur in the forward part 
of (3.11). Therefore only those terms in which the radia- 
tion field occurs twice, once in the form e'** and once 
in the form e~‘*?, contribute to these matrix elements 
anyway, and in these terms the time dependence cancels 
also. It will be noticed, incidentally, that the present 
treatment is a calculation of the scattering of photons 
by electrons via the description of the electrons’ be- 
havior in the presence of photons. 

According to (2), then, 


Im tr(m—~+p)(p| | p) 
must be calculated, where 


H=(14KG))"H=K-KGoH+:+-, (4.3) 
and 


KH=—evyA+AM. 


Therefore the contributions to H, second order in the 
field, are 


AMo+ e(yAGpAM,+AM ,GyyA)—eyA GoyA. 
In Sec. II it has been shown that 
e(yA GoAM + AM ,GyyA ) = —AM,’. 


Therefore the second-order contributions arising from 
the first-order mass operator and yA always cancel the 
contribution from AM,”. 

The external field in 3 is 


Ay= €y(2|ko| )"e**+e-), 
(4.4) 
M=0, k-e=0, e=1, 
which represents unit photon flux. (The average energy 
density is ko, and hence the photon flux is 1, since their 
velocity is 1.) The scattering electrons will be assumed 
to be at rest. Then «= | ky| /m represents the ratio of the 
photon energy to the electronic rest mass. 
The second-order mass operator simplifies very much 
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for the pure radiation field: 
o=P=hi=h=9=1, 
H=m'+ p—>m'+ (p—kz)*= —2p-kr= 2mko, 
E-exp{ — 2isV (1—u)mko}, 


when the negative exponential in the radiation field is 
used on the right. Furthermore, 


PF... P=yF-+:Py=oF++-oF =yFk:+-oF 
=aF:--kFy=yA(m—yp)oF =0, 


oF ---(m+yp)oF=4myk, yF---(m—yp)Fy=myk, 
oF. --yA=yA:+:oF =yk/ko, 
tr(yp—m)yk= —4p-k. 
Thus, without IN”, 


tr(yp—m)M—4m (ko/ | ko! ) 


1 
x| f dvE(_ —2(m/ko)u(1+u)(1—v)+ 2(uv—1) 
0 
5 


4 : 
+ u?(1— 20”) ]+ (m/ko)u(1+u)+-—u+ rg « (48) 
3 y 


The expression then needed is 


© 1 
Imi(a in) f asf du exp(— isum?*) tr(m—vyp)M. 
0 0 


Since 


Re f dse~**4=6(A), 


0 


the last term contains (#/m?)é(u) and therefore yields 
— (4/3)a(ko/|ko|). When the positive exponential part 
of the radiation field is used on the right, ko changes 
sign, and therefore the above contribution cancels when 
the two terms are added. The first part, containing E, 
is of the form 


1 1 
fof dul |6(v(1—u)+um/ 2k). 


Introduction of the new variables uv—w, u—-1l—u 
changes this to 


‘du fr” 
f f dwi \6(w— (u—1)m/2ko). 


u 
This expression differs from zero only if 
O<m(2ko)"(u—1) <u, 


which inequality requires that ko<0. Since physically 
an incoming photon wave requires ky>O, the above 
inequality implies that contributions come only from 
the positive exponential on the right. 
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The evaluation of the integrals is direct and yields 


a 
_- (2+ 2u—p*) log(1+-2y) 
2mp* 
u(u+ 1) 
(1+-4y+ 2p?) — Sy? }. 
(1+ 2p)? 


(4.6) 


The only other term needed is Im tr(m—vyp) 
X(p|yAGuyA|p). But since A is real, this equals 
m tr(m—~vyp) (p|yA (m—yp)i(m?+ p*)yA |p), which van- 
ishes because the requirements, 


m+p'=0, =0, m+(p+k)=0, 


are inconsistent with each other. 
The total cross section for Compton scattering is thus 

found to be 
o= are T'/p*, (4.7) 


where 
P= (u?— 2yu—2) log(1+ 2y) 
4u(i+p)? 2u*(1+3,) 
“hae Obey 


This result agrees precisely with the previously known 
one.® The only purpose for rederiving it here was for 
the sake of the technique and as a check on the second- 
order mass operator. 


V. THE INELASTIC CROSS SECTION 


The mass operator technique is applicable to the 
calculation of an inelastic cross section in the following 
manner. In addition to the static field a pure radiation 
field is introduced. Thus, one is in fact calculating a 
cross section for the reverse process of bremsstrahlung, 
since the electron absorbs photons initially present. If 
the initially present radiation field contains exactly one 
photon per allowed state (in a “box normalization,” 
say), detailed balancing shows that the probability for 
the absorption of one of them is equal to the probability 
of one emission if none had been initially present. In 
this case the additional introduction of the radiation 
field as part of the external field simulates the descrip- 
tion of photon emission. 

The relevant cross-section formula is now (3.11), 
where 
H=AM—eyA, 


H_=AM_—eyA, 


H= (1+-5CGo) ‘3C, 
yoHlyo= (1+-5C_Go_)H ’ 


and A= A*+-A’, Consider cross terms between parts of 
H with frequency ko in the second matrix and ko’ in 
the first. The fourth component transformation function 
can be taken out and, after a shift of ¢’ by ¢, the time 


*W. Heitler, The Quantum Theory of Radiation (Oxford, Uni- 
versity Press, Oxford, 1944), p. 157. 
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integral involved is 


0 
(nf dt’ ew po—ko’)t’ >¢ git(ko ko’). 
—o 


The time average of this is zero unless ky= ko’, in which 
case its real part is 46(qo— po— ko). In other words, cross 
terms with different frequencies vanish. The products 
with frequency k» describe transitions in which the 
energy ko has been absorbed. 

Furthermore, other fields beside one pure radiation 
field must be present on one side, since the set of 
equations, 


¢-+m*= p'+m= k= (p+k—)=0, 


is inconsistent. (A free electron cannot radiate or ab- 
sorb energy.) 

The lowest-order term that may contribute is there- 
fore of the form 


ND (eyA "GoeyA r). 5% (eyA "GyeyA r). a. 


This, however, is independent of the static potential 
and propérly belongs to the Compton scattering cross 
section. The lowest-order relevant contribution is of 
the form 


-++ (eyA'GoeyA*+eyA *GyeyA’"):*- 

XK (eyA'GoeyA*+eyA "GeeyA"):*-, 
which is of order Z’a*. The next term will be of order 
Z°a', i.e., another static field will be added: 


+++ (eyA"GoeyA"): ++ (eyA'GoeyA "GoeyA"):**, 


plus terms of different arrangement. 
The first-order contribution is 


do /dQ= 2n*(|\q|/|p|)e* tr(m—-q) 
X (q| yo(vA "GoyA'+7A 'GoyA") tyo| P) 


X (m—vyp)(p| yA'GuyA*+yA'GuyA"|q), (5.1) 


where go= pot+ko. Parts containing the imaginary part 
of Gp vanish, and therefore the yo:--yo and the Her- 
mitian conjugation in the first matrix element cancel 
each other. Insertion of 

A'=e(e'X?+¢-'*2), eK=K?=0, 


e,=0, 


3 


(dk)' 
A,‘=0, a=1, 2, 3, Awte)= f ——e'*4 o(k), 
(2x)* 


yields, for the matrix elements: 


_ m—vyp 
(q|\yA Gore p}( ales malo) 
m?+- p* 
_ m—yp—yk 
=5(p+k+ K~-qye-————— A, 
mi-+ (p+k)® 


(q| yA *GoyA'| p)—5(p+k+ K—q)y- 
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Therefore the terms which describe the absorption of 
energy are 


da/dQ= 2a?(|q| /|p|)i tr(m—~yq) 


( m—yp—yK 


—yqt7K ) 
mR ge —ye+Ye 
m+ (p+K)? 


aT a! 7——e 
m’+ (q— K)* 


m—yq+7K 
eee 
2+. (q— Ky 


m—yp—yK ef aa 
ve 10) |Aoa—K-B)|" (5.2) 
m+ (p+ K)? 


for Ko>0, and the same with K-— K, for Ky<0. 

The cross section for spontaneous emission of radia- 
tion is obtained from this as discussed above. The 
probability of emission into a radiation field in which 
n photons are present in each state is equal to the 
probability of absorption from a field in which #+1 
photons are present per state (except for the inter- 
change of initial and final states). Hence, if ¢ is chosen 
such that A,=e,(e'**+e~'**) represents one photon 
per allowed state, then the cross section for absorption 
from this radiation field is equal to that for radiation 
into the photon vacuum, if initial and final states are 
interchanged. 

There are (dK)/(2z)* allowed states per unit volume 
in the range (dK). The energy density represented by 
A,=e,(e'**+e-'**) is 2K’, i.e., 
photons per unit volume. Thus, to have one photon per 
allowed state requires 2| Ko| = (dK)*/(2m)*; ie., 


é= 4(dK)*(27)-*| K|— 


-{ dK o5(K*) (dK)*(2r)-*, Ko>0; 
y (5.3) 


-f dK 5(K?) (dK)? (2x)-, Ko<0. 


—e 


In the presence of the full radiation field, i.e., with 
all momentum ranges and both signs of the frequency, 
(2) then becomes 


da d= 4a? (on) f (dK )5(K*) 
Ko>0 


x (1q| |p|)! Ao(qa—K—p)|?X} tr(m—yq) 


m—yp—yK m— —r9qtyK 
"Aa Penta Si) 
2p-K "2: K 
m—yp— yK 
X (m—p)\ ye— vo 
2p-K 


m—vq+7K 


—¥o— x), (5.4) 
2q°K 
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where e is the unit polarization vector of the radiation. 
For an unpolarized radiation field (4) has to be averaged 
over two perpendicular polarization directions. For that 
purpose choose e“, e®, and n= K/| K| as an orthogonal 
basis. Then, for any two vectors a and } 


a-b=a-eb-e+a-e%b-e?+a-nb-n. 
Hence in particular 


> WE . “_ye=7i° . yi —- Ke *y- K- . -y K 
pol. 


= yy Mya Ke ty Key K 


—Kg"yo:: :¥:K—Ko 'y:K--+ +70 


The identity 


m—yp—yvK 
(m—y0)| ve yK 
: 2p-K 


m—yqtyK 
—yK vo |(m—q) 
2q-K 


m+yp Kk? 
= (m=19)| vet 9k : 
2p-K 


+0 . temas 
2p-K 


m+7q K? 
oe ne SE Brame 


-|(m—yP)= 
2q:K 2q:K 


shows that the last three terms of (5) do not contribute 
and thus, effectively, 


L, ve: 


pol. 


YO= Vn Yue 
Therefore, 


da/dQ= 2a? (21) f (dK )5(K?) 
Kg>0 


)| Ao(q—K—p) |?X} tr(m—-q) 


m— vgtyK * 
gt 1) 
2q:K 


x (lq|/|p| 


m—vp— vK 
Xx (7 oer “Ts 
2p- K 


m—yp—yK 


— Yo 
2p-K 


x (m— -10)(1 


m—vq+y7K 
i ie he 
2q°K 


As discussed above, the interchange of initial and 
final states (i.e., g and p, except for the factor |q|/|p], 
which arises from the normalization), which is equiva- 
lent to replacement of K by — K, yields the cross section 
for emission in the absence of initial photons. Thus the 
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cross section for emission of unpolarized radiation is 


(dK )6(K?) 


Ko>0 


da/d2= 20? (2r)~* 


X (|q|/|p!)| 4o(a+K—p)|*X} tr(m—-q) 
m—yq—yK ) 
0 


( m—yp+yK 
10- aes | a oe rey 
2p-K 2q°K 


f{ m—rptyK 
x(m=—P)( 1 ‘ 
2p-K 


m—yq—K 
-yw———%,), (5.7) 
2q°K 


where go= po— Ko. If A is the field due to point charge 
Ze, then 
Ze 
Ag (k) ana, 


2 


and therefore, in this case, 


da/dQ=ar +f (ax y9(K) (a ‘|p|) 


Za ’ 


x | <tr: 


| | 
la+K—p|?| 
which is precisely Schwinger’s result.’ 

For essentially elastic scattering, i.e., in the limit as 
K tends to zero, this goes over into® 


da a Za 2 
= — ( —-— csc) (1—? sin*40) 
dQ 2n*\2/plp 


AK 
xf aKyaixy(— - : ). (5.9) 
Ko=0 pK q:K 


We shall, in this work; only be interested in this limit, 
that is to say, that part of the inelastic cross section 
which describes scattering accompanied by the emission 
of one soft photon. 

Since the integrals in (9) are evaluated elsewhere,’ 
the only point that need be mentioned here is the 
method for cutting off the infrared divergence occurring 
in (9). In order to facilitate fitting this result to the 
elastic cross section which will be derived in the next 
section, the low-energy cutoff will not be made by 
means of a lower limit to the frequency, as in Schwinger’s 
work, but via the introduction of a finite photon mass, 


7 J. Schwinger, Phys. Rev. 76, 790 ff (1949), Eq. (2.78). 
§ Reference 7, Eq. (2.80). 
* Reference 7, pp. 811 ff. 
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Equation (2.88) of Schwinger’s paper then becomes 


f (aeyeto-*9 08+ é) 


K 
-f dkod | k| | k|2d2k,-%6 (ko? — k?— &) 
0 


K  dkk* 
=f ——— 
» (+e)! 


2.4 
= 2e( iog—— 1), 
€ 


and therefore, (2.93) goes over into 


kom K 2 
f (anya) : - *) 
ko=0 pk gk 
= ONC) 
= 4r—— sin“f - log{ — 
m?* 2 € 


_ oe) cre F,)+F\+H+ ic], (5.11) 


m 


with the functions involved defined in that paper. 

It will now be proved that fo the extent to which virtual 
radiation processes induced by the radiation field are 
neglected, the low-energy bremsstrahlung cross section is a 
multiple of the elastic scattering cross section. It is to be 
noted that this statement is not an approximation, 
either in the number of emitted photons or in the 
strength of the static field. It includes all virtual 
processes due purely to the static field (i.e., the com- 
plete mass operator as a function of the static field 
alone), but excludes those contributions which de- 
scribe the effects of the radiation field on the virtual 
processes (i.e., the mass operator as a function of the 
radiation field either alone or in conjunction with the 
static field). 

Consider 3 broken up into two parts, K=H,+K,, 
where 4, is the radiation field and 3, involves only the 
static field. The possibility of such a breakup excludes 
automatically the use of the radiation field in the mass 
operator, since the latter is not linear in the field. 3, 
may, however, include the mass operator as a function 
of the static field alone. Then 


H= {1+ (H,+H,)Go} "(KH +H,), (5.12) 


and we set 


H,= (14+5,Gy)“2,, (5.13) 


H,= (1+5,Go)"%,. (5.14) 




















MASS OPERATOR 


H can then be written (with $=(1—H,GoH.Go)™, 
§' = (1—GoH.GoH,)", S=H.GoH GAH,): 
H=((1—H,Go)"+H,Go(1—H,Go)"' J 
x [(1— Go), + (1— H.Go)H,) 
= (1—H,G))5(H,+-H,—2H,GoH,) A—GoH,)“ 
= H,+ (1—H,Go)FH,(1—GoH,) 
=H,+H,+H,GoH Gol, +5H,GoSGoll, 
— H.GoH,—§Go5H,— HGH. 
— FHGoG+ Gs’. 
Consider the component G= H,[.Go3C,Go—GoK,GoK,Go 
+--+ ]H,. %, cannot be flanked on both sides by the 


imaginary parts of Go and yield a nonvanishing result, 
since - - -6(K*)d(m?+ p*)e'**6(m?-+- p”) - - - =0. Moreover, 


ee -6(K,?)- ‘ -6(K,,”)5(m?+ p*)e"*'- ‘ -@'Kn-45 (m+ p?) 


(5.15) 


fails to vanish only on a set of measure zero (the rele- 
vant measure being the volume of the K,X---XK, 
space; the set of measure zero is a hypersurface in it). 
Since all K’s are integrated over, it <herefore effectively 
vanishes. Hence it follows that at most one imaginary 
part of a G, contributes. However, 
+++ TmGoK, ReGo: +: +--+ -ReGoi, ImGo- - - =0, 

since 

m—P 


+ +8(m?+ p*) (m—vp)yee'*:— ps 
m’+ p* 


A oe Jaa. 
=-+++-8(m'>+ p?)— _ ~yee'K*(m—yp)— +++ 
~2K 


pe 
X (m?+ p*)(m—yp)——"«*, 
— pK 


m—yp se ; . 
++ ——_—¢'Kavve(m—yp)3(m?-+- p*) —> ++: 
m?+- p* 


pe 
x — (m—yp)3 (m+ p*), 
pK 


where the arrow indicates the limit as K—0. There- 
fore, the only contribution of G comes from the use of 
real Gy everywhere. That part, however, is of the form 
(m+ p)le'Ke (m+ pyle, 
and thus stays finite as K—+0. Hence, as K is integrated 
from Ky=0 to Ko=AE this will tend to zero, even if the 
second e'** entering the integral comes from an “out- 
side” 3, which leads to K~. Since all divergencies are 
logarithmic, such a factor, tending to zero at least 
linearly, will make every term containing G vanish in 
the limit. 
It follows that effectively 


H=H,—HGH,-H,GH.+H GH Gl, 
= (1 sind H,Go)H,(1 _ GoH,) 


= (14+5¢,Go) 7H, (1+Goi,) +, (5.16) 
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since by the same reasoning as above, H, alone does 
not contribute. Now in the limit as K-0, 


(plex...) Ligh :.-1y, 


=- (5.17) 
m+p |/ Kp 


where the left-hand state is an electron state (m 
+yp=0), and therefore (p| (3C,Go)"|) is a multiple of 
(p|). Thus it follows that for electron states, 


(p| H|q)= f(p,9)(p| H.| 9), 


as was to be proved. 

The present interest centers on the one-photon ap- 
proximation. In that case, (16) and (18) become 
explicitly : 


pe 
H-H,= Xo + Heo He x 
p 


=— |= a.) 
pK 


(p|H-H.,| )=- = - = )oola ) 
m pK qK wee 


(5.18) 


(5.20) 


After the necessary average over both polarization 
directions has been taken, the cross section for scatter- 
ing accompanied by the emission of one low-energy 
photon is therefore expressible as a multiple of the 
elastic cross section : 


SE 


da a ¥ 
( ) -—f (dK )6(K*) 
dQ AE 2n Ky 
p q \’sde 
«(= - )( ) . (5.21) 
pK qk dQ? 1 
The essentially elastic cross section, for scattering 


that is accompanied at most by the emission of one soft 
quantum of energy AZ, can thus be written 


(da/dQ) =[1+-6(AE) ]2x* tr(m—-q) 
X (q| voll 'yo| p)(m—vp)(p| H{q), 


a SE p q 2 
5(AE)=— f axya(x(—-+) 
2n? Ky=0 pK qK 


5 contains an infrared divergence and so does (da),). 
These two cancel in the following sense: 6, being due 
to the emission of one photon, times that part of (da). 
which contains no intermediate photons will cancel the 
divergencies in that part of (do),; due to the inter- 
mediate existence of one photon. For the cancelation 
of infrared divergencies occurring in higher-order virtual 
processes, the cross section for scattering accompanied 
by the emission of more than one photon is needed. 
The following combination which occurs in the essen- 
tially elastic cross section will not contain any di- 
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vergencies : 


5(AE)(q| (1—eyAGo)'evA | p)(p| (1— eyAGo) “ey | q) 
—2 Re(q| (1—eyAG»)“eyA | p) 
x (p! (1— evyAGo) “AM (1 —eGyyA)™ |q). 


It can be shown that this combination is equivalent to 
the use of a mass operator in which the small interval 
from Ky=—AE to Ko=A4E is cut out of the photon 
integration. The physical interpretation of this is 
clearly that the limiting energy of photon emission is 
precisely equal to the size of the “energy hole” through 
which they are allowed to escape in the fluctuation 
processes described in the mass operator. For calcula- 
tional purposes, however, it would be quite inconvenient 
to use such a mutilated mass operator. 


VI. THE ELASTIC CROSS SECTION 


The radiative corrections to the elastic cross section 
are obtained from (3.14) by setting 


H=—eyA—eyA'+AM, (6.1) 


where A is the external potential; A’, the vacuum 
polarization potential induced by A; and AM, the mass 
operator, as given in Sec. II]. The lowest-order radia- 
tive corrections consist of terms which contain one 
matrix element of yA alone and one of either the first- 
order mass operator or the vacuum polarization poten- 
tial alone. The calculation of the first-order mass 
operator contribution, with the Coulomb potential used 
in the result of Sec. III, is straightforward and need 
not detain us: 


Za s 
(da/dQ) a= ( CS 40) (1—6* sin*}d)a 
2|p|p 


dad? 
a= 
T 


-{- hy *F ot Pot Fi (6.2) 


l 1 uv 1 
raf auf in|], 
0 0 es 


lp-q| |b 
” "Ye Stoobe gr 


m’)? 


—1, I=1+r(1-2), 


2m 
and Fy and F; as defined in the previously mentioned 


Schwinger paper.'® The divergent wu integral is treated 
as explained in Sec. IV. Thus, 


eee 
oS) (oS) | 


” Reference 7, p. 809. 
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the integration of which is accomplished by setting 
u=(e/m)(t—1)-4. 


It is then found in a straightforward manner that 


1 1 ¢ 1 
of du f a “poet F,) log(e/m) 
0 =e P l 


1 logl 
1249-9 f ~ (6.3) 
0 


In terms of the function G used in the Schwinger paper, 
(6.4) 
(2) results in 


. log! 
G= ; dv(1+2")- 
0 l 
2ad? 


=—[—}y"r*F ot ths 
. 
—41G+ (FotF;) log(¢«/m)]. (6.5) 


The current induced in the vacuum by the external 
current J is given by" 


j= => ~ f =! ike J,(R) f dv(1—w’) [- 


k? 
xexp| is m+ (12) |} (6.6) 


The potential is obtained from this by means of the 
well-known Green’s function 


1 
fr fw ether") f(r’). 
(2x)? 


The cross section is easily seen to be 


A'(r)= 


Za : 
(do /dQ),= (cs) (1—6" sin*}d)d, 
2|p|6| 


—q)* ReAo'(q—p), 


lpl=|ql- (6.7) 


For a point charge, then, 


Zea : 
Ao'(q— v=, dv(1—v*) 
x f- —e"(p—q), (68) 


~— Ref iow) fe 


uy. Sehalmaer, Phys. Rev. 82, 678 (1951). 


(6.9) 
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An integration by parts with respect to » yields 


3m 


2a bad , 
+— Rei f asf dyv?(1—2?/3)e~**", (6.10) 
T 0 0 


2a ad 
b= —- Re f dss'e—** 
0 


The first term is the charge renormalization term and 
will be disregarded. The remainder has the finite value, 


2ad? 
b=——(F\—}F,). (6.11) 


T 


Equations (2) and (9) lead to the first-order radiative 
corrections to elastic Coulomb scattering: 


a+ b= (2ad?/r){ — yA *Fot- 3 F o— fF 2 
+F,—4G+ (#o+F;) log(e/m)}. (6.12) 


When this is combined with the slightly inelastic cross 
section, (5.11), the terms containing the photon mass 
cancel, and the result agrees perfectly with Schwinger’s.’” 
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APPENDIX I 


Symmetrization 


Expressions of the type 


= ff dv,A1(%)-* ff deaAaten exp| f moat}, 


0 0 


where A;, «--, A», H are noncommuting operators and 
the integrals are Feynman position integrals, are easily 
converted into customary notation. There are m! differ- 
ent possible orders of the variables 1, «++, ,. To each 
such order there corresponds an order of the A’s. The 
t integral is broken up into n+1 ranges, fitting between 
the values of the v’s attached to the A’s, and exponen- 
tials with these parts of the integration over H are 
placed between the A’s. After that is done the position 
integrals have no longer any purpose and the operators 
are again considered independent of them. Thus the ¢ 
integrals are immediately carried out and the result is 


1 "1 en 
> f an f dv2:- f dv,e%-*) 4 J err H Ay. - - 
0 0 0 


XA nse 1 vn)H A nent” 


1 Reference 7, p. 812. 


where the summation extends over all possible permu- 
tations of A,,---,A, (the v’s are always labeled the 
same as here, for convenience). In case all A’s are the 
same, the m! permutations hiave equal values and it 
follows that 


crnmerp( fat f8)=exr( f'4) =. (S*) 


2 1 tnt 
=> dv, °° f do,e%- 0 4 Bele 4. . - Bere, 
) 0 


n=() ( 


which is the customary expression for the expansion of 
such an exponential. 

Suppose that A; commutes with 7, In the summation 
term where A, stands in the Kth place, it is flanked by 


etK-1 KA, + (OK OK +H 


which now contracts to exp[(v«-1—v«41)H ]. Thus vx 
does not occur in the integrand and the vx integral can 
be carried out by one partial integration : 


vK~2 vK-1 K 
f dvx f avn f dvgy4i° “e 
0 0 0 
vK-2 vK-1 
=f dox_1(vx rx) f Sines **. 
0 


0 


Therefore, if A; commutes with H, then in the summa- 
tion term where A, stands in the Kth place, the Kth 
integral is deleted and (v,«_;— x41) is substituted for it. 
This rule holds also for the first and last place, if one 
sets to= 1, Mnyi1=9. 

Thus, 


1 v1 tat 
p-¥ f av f dv: f dyne"—Y 8 A ye 
0 0 0 


XA mys AmcKyA me yeORAEHOH « «(O41 DKE 4), 


where the summation runs through all permutations of 
m), ***,M,; mx=1, and the Kth integral is missing. 
Suppose that, in addition, Az commutes with H. 
Then, if m;=2, the Lth integral is without exponential 
integrand and the same as above is obtained, except in 
the case where L= K—1 or K+1. In case L=K—1, 


vK-3 K-23 
, f ives) dvx -1 
0 0 


vK-1 
xf dvxyi1°++ (vx 1 UK41) 
0 


vK-3 vK-2 
f dns f dvxy1}(0K41—UK-2)** + 
0 0 
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and if L=K-+1, 


0K-2 vK~-1 
f dvx if dvgs1 
0 0 


UK +1 
xf dvqy2(¥K-1—K+41)*** 


0 


°K~2 VK~1 
oy ra oe cms eee 
0 


0 


Thus these two terms will have the form 


fave P fans f done » - @(VK-2-0K DH 


Amx pA m KA mKepe"** K+) H 


mong 
Mm K—1) = 2 


fi fac. favs 2 f dress »g(0K-2-0K-) H 


(vKR+1~-0K +2) H 


X4(vK41—UK-2)?*° | 


1 mK 41)€ 
ee 

MK y=1 

= fae, : fae af anes » + @(eK-2-0K- DH 


X 4{A1,A 2) (pi — UK-2)*eOR OKA... 


A m(K pAm K)¢ 


X$ (0K oe | 


In other words, if A; and Az commute with H, then 
the Ath and the “th integrals are missing if they stand 
in the Ath and Lth place, and (vx_1—vxK41) is substi- 
tuted for the Ath, (v,-1—0z4:) for the Lth integral. 
When they stand next to each other, i.e., when mx=1, 
mx ,=2 and when mx_,;=1, mxe=2, then one must 
take ${A),A9} (tK41—0K-2)’. 

This process can be continued and it can be seen that 
if Ay---A» commute with H, then the integrals be- 


TABLE I, An example of symmetrization. 


Factor 


(1—%)(t1— v2) i 


Ia Terms 
Pulvb,vA) pvAvt+ Prt }duAr 
+ puArpol V+ prAvPul } 
prof \Avpy t+ Prof \AvPy 
HPA )PutPuArt }by 
Arpul \bot+AvPol } Pu 
+E )PrAvbutt \PuAlrhr 
PubvArk }+PrpyAr{ } 
+Pubrf YAr+ Popul }A, 
2AyPubrl }+2( \PubrAr 
2A }PrPut2{ \ArPrdy 


(1— 2 )v2 


(v1; — v2 )02 


NEWTON 


longing to the places they occupy are deleted and for 
every Kth integral deleted, (vx_1—vx41) is substituted. 
If jA’s are situated next to each other, they are 
symmetrized, and if their places are K—j+1, ---, K, 
then (vq_j;—?xK41)’ is substituted. 

This has the disadvantage that not all terms have 
equally labeled integrals. They may readily be re- 
labeled. If s A’s commute with H, then only (n—s) 
integrals are needed. The s A’s commuting with H are 
called B,,---,B,, and the rest A,,-+--,Am, with 
m=n—s. They can be permuted separately, in the 
sense that first all the A’s are permuted; then all 
permutations of the B’s are distributed in all possible 
ways among the A’s. If we fix our attention on a given 
distribution of the B set among the A set, then all 
terms due to varying permutations of the B’s have the 
same integrals. If the B’s are distributed in groups 
of J(1), ---, J(j), after the K(1), ---, K(j)th A’s, then 
the [K(1)4-1]th, ---, [K(1)+J(1) Jth, [K(2)+1 Jth, 
-++[K(2)+J(2) ]th, ---, integrals are deleted and 


(J (1)!) Moxa) — %a4+say4) 7 
+ (J (2)! (vnc) — UK (245041) 7+ + * 


substituted for it. Then all permutations of the A’s 
and B’s among themselves are summed over, and finally 
all distributions of J’s are summed over with the above 
weighting factors. We shall now relabel the integrals so 
that they all read from 2 to 2. Thus the following 
procedure has to be followed: The set of B’s is cut into 
groups of sizes J(1), ---, /(j), with the group 7 stand- 
ing after the L(i)th A. Then its factor is 


(V1) — PLA) 4 7, J (i) . 


The product of all such factors belonging to each group 
of B’s is taken. Then the A’s and B’s are permuted 
among themselves without changing the B groups or 
their positions. Finally, one must sum over all possible 
groupings, each weighted according to the above. 

A slightly more general kind of term that will be 
needed is of the form 


cm fafa Sacer fas fof] 


where H and P commute. It will easily be seen that 
conversion to ordinary notation leads to 


C=)" J dv, ee f din exp{ (1 —v,)[H+ (1 —1)pipr 


+ (r1—02) pipet: +: +0npiPasr Ai 
Xexp{ (v1— v2) LH+ (1-1) pipet +--+ enpepassl} ++, 


where P; means P standing between the (j—1)st and 
the jth A. The above considerations are immediately 
applicable to this case too. 








MASS OPERATOR 


The outlined procedure will be demonstrated by 


the calculation of J{yp,yA) S ppS pS Arexp(- +: SH) 


which occurs in the mass operator. Table I yields: 


fora fr fo. faen( fz) 


1 v1 
-{ av, f dv," “AY ( Jer va) iH ( Jeo, 
0 0 


X()-+-()= (1m) } + (Ap) + (49): * 09 

tool }-+-(Ap)+ (Ap) 1s 
+ (c=) (AP)Pa IAC PA(AP)] 
+ (1—0)*pyuf }++-Aa-ki— (1-1) 
X vf pyAr- a {}—C}-- Ao kip, ] 
— vA y+he-++{ }py—v2(01— 02) A 1° Re 
++ pul JA (1-01) (01 02) J+ Pua hi 
+4{(1=ni)iapyf Joo B 
+ (1—))dip,B-++{ }+0202{ }--- Bp, 
+0BiB-++€ pt (1—vs)BBpa +“) 

+ (1-02) 52 } +++ py B}, 


where B=A-k, }=1—2v. The other terms of similar 
type are calculated in a similar manner. 


APPENDIX II 


Every field variable in the following carries the 
operator e‘** with it; the ones on the left, e*, and the 
ones on the right, e““**. The dots in the center indicate 
an operator which commutes with p and y. We set 
(yp-+m)=0 on the outside of any expression. Every 
Ap stands for {p; A} ; whenever a k occurs multiplying 
a field variable on the left of the dots, it is meant to be 
ke, and vice versa; kk stands for ky: ko. 
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The following relations were used in simplifying the 
second-order mass operator: 
Ak: +-yA=—iA:+:-Fy+A(yp+m)::-A, 
yA-++Ak=iyF++-A—A(ypt+m)---A, 
Ak---Ak=}F---F+kkA---A, 


Fk: ++ Ak=—iyF++-Fk+kkyP> +A 
= —}iyl(m+yp):--Py+kkyF---A, 
oFyk=—2yJ, yAyk=4oF— Ak, 
yF pt pFy=iyJ, yFp— pFy=—hilvpoF ), 
PA Pu=3{ PA} — 3S — dRAR, 


yPk +: Ap=—4yF-++J—iyF++-Fp 
+ }yF---m'®+ pA, 


kkyA\= —ikoF yy+[yp,A ko], 


Fp= — hik{yp,vA}—}ikoF 
+ hiJ —hilp’,A], 


yh p->-ok =hiyS +: oF + fiok (m+yp):--ol, 
y+ -Fk= —kF+--Fy=}F(m+yp):--F, 
yA-+-kFy=iyF:-:Fy—A(m+yp):--Fy, 


yF ++I —2iyF+++Fp 
+ hyFk- + -oF, 


iyF (yp—m):--Fy= 


yF p:--y¥A=hiys::-yA+}iok-+-(m+yp)yvA, 
yF p---Ak=}hiy]---Ak+}ioF (m+yp)--+Ak, 


kkyA-+-yA=yF---Fy+iyF(m+yp)-+-A 
tiA-++(m+-yp)Fy—A(m+yp)*:«-A. 
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Variety of Our Sources of Information on 
Avogadro’s Number and Other Constants* 


Jesse W. M. DuMonp, California Institute of Technology, 
Pasadena, California 
AND 
E. Richarp Conen, North American Aviation, Downey, California 
(Received April 12, 1954) 


N a recent article! Straumanis has stated that the most pre 

cise value of Avogadro’s number, N, is obtained by means of 
crystal lattice parameter and crystal density measurements. In 
support of this statement he cites articles? by Birge in 1942 and 
by Stille, 1943 and 1948. One of the chief purposes of this note is 
to emphasize the fact that this statement is definitely no longer 
true, a circumstance which, undoubtedly, most physicists and 
physical chemists do not yet realize. We here enumerate no less 
than thirteen different ways of obtaining N beside the one cited 
by Straumanis, all of comparable accuracy. The method cited 
by Straumanis employing grating values of x-ray wavelengths 
to measure crystal parameters we shall refer to as the x-ray 
crystal-density method or, for brevity, the X.R.C.D. method. 
Of the thirteen other methods ten are more accurate than the 
X.R.C.D. method, and the most accurate of the fourteen has 
nothing whatever to do with crystals but involves such diverse 
experimental information as the Faraday by electrochemistry, 
the “omegatron’”’ (or inverse cyclotron) determinations of the 
magnetic moment of the proton, the Rydberg constant, and the 
fine structure splitting in deuterium. For this reason we believe 
that Straumanis’ proposal to conventionalize the value of N on 
the basis of the density and lattice parameter of ‘purest calcite” 
would be an extremely arbitrary and objettionable step. 

For the sake of brevity we here adopt the same symbols and 
equation numbers used in a recent paper® by the authors. The 
thirteen independent equations on page 701 of that paper, Eqs. 
(8.1) to (8.13), comprise a statement of the bulk of our present 
precise information bearing on the constants and conversion 
factors of physics, their sources being indicated by the numbers in 
parentheses and in brackets to the left of each equation. We shall 
work, however, with the linearized forms of these Eqs. (8.14) to 
(8.26) on page 702 of reference 3. We adopt a fixed value for the 
velocity of light (x2.=10 or ¢=2.99793X10" cm sec™!), thus 
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eliminating one of the five variables and two of the thirteen equa- 
tions. We further simplify by combining all equations of the same 
kind such as the pair (8.16) and (8.17) or the triplet (8.22), 
(8.23), and (8.24), equating each kind to a weighted average value 
of the numerics. This gives the following seven equations in the 
four unknowns, %1, x3, %4, Xs, corresponding to a, e, N and dg/As. 
The numbers on the left refer to the observational data in refer 
ence 3 on which each equation reposes. 

(6.2) (6.3) (6.4) xa +44 = 84.2+10.9 =a. 
(6.2) (6.5) (6.6) (7.5 J(7.6)(7.8)(7.9] —3xi +2xa+x4 = 145.0+10.5 =az. 
(6.2) (6.7) (7.5J(7.6][7.8)(7.9] 3x1 — xs = —23. +22.9 =as. 
(6.8) x= 0.0430.1 =as. 
(6.2) (6.9) (6.10) (6.11) [7.7 — x»= —65.4+29.5 =a. 
(6.12) xat3x5= 35. +37.8 =as. 
(6.2) (6.13) (7.3 ](7.4][7.5] 2x1 = 80. + 9.0 =a:. 


- 2 + xs 


Even after this simplification the numbers of solutions for a, 
e, N, and A,/A, which can be formed from appropriately chosen 
subsets of these seven equations are no less than 11, 11, 14, and 
11, respectively. We list below’ only the solutions for x, (i.e., 
for N) in the order of increasing accuracy: 

(s.d.) 

V =0.602980 +.0.000118. 
NV =0.602217 +0,000073. 
xa= 2ai—- ads—~3as— ae . N =0.602712 +0.000061. 
ae— $44; (X.R.C.D. solution) N =0.602521 +0.000059. 
a+ az:—3as— as ; N =0.602735 +0.000058. 

N 

N 

\ 

N 


x4 = (6a2 —12a5 —4a6 +37) /2; 
xe= 3aa+ 3as+ a6 —3ar 


m= 
“= 
x4 =(2a2— 444—405+ a7)/2; ) =0.602619 +0.000051. 
(ait = (0.602628 +0.000044. 
x= (241 — =(0).602617 +-0.000039. 
xq = (202+ =(0.602639 +-0.000039. 
xs =(60a1 — 6a5 —2a¢ —3a7)/4; 
xa =(2a2+ 443 —3a7)/2 


a2 ~3a4 —3a5)/2; 
3 —3a4 —3a5)/2; 


“= 


a3 —3a4 —3as)/2; 
V =0.602588 +0.000031. 
NV =0.602487 +0.000030. 
x4=(2a1— 204-206 — a7)/2; N =0.602566 +0.000026. 
x4 (201+ 2a3—3a;)/2 ; NV =0.602465 +0.000017. 
N 


xa =(4a1 — 2a2 —3a7)/2 ‘ J =0,602442 +0.000017. 


These results are also shown in Fig. 1. 

The subscripts to the a’s indicate the subset used in each solu- 
tion. Most emphatically we do not recommend any of the above 
just-determinate solutions because each utilizes only a fragment 
of our total budget of information and arbitrarily ignores the 
remainder. It would also be a serious error in principle to take an 
ordinary weighted average of these solutions, using weights in 
versely as the square of the error measures, because the solutions 
are not independent but are observationally correlated. The four- 
teen solutions cannot, of course, be independent since there are 
only seven independent input data. Nevertheless, any one of these 
solutions has just as good a claim to validity as the X.R.C.D 
solution. 

Undoubtedly at least some of the observational data still con 
tain small systematic errors and we are working on the difficult 
problem of detecting, if possible, where these are by exploration 
of the consistency measures, x’, of all possible overdetermined 
subsets by digital computer. The normalized residues, R;/o; listed 
in Table III, page 702, reference 3, are so small, however, that we 
feel there is at present no sufficient criterion for rejection of any 
of the input data used in our November 1952 least-squares adjust 
ment. We recommend our least-squares adjusted values (NV 
=().602472+0.000036) X 10%" (g mole)~') in preference to any 
just-determinate single track solutions (such as X.R.C.D.) be- 
cause the least-squares adjustment makes the least arbitrary and 
most impartially inclusive use of all our sources of knowledge at 
any given epoch. It is most gratifying to observe the good com- 
patibility of results derived from such diverse sources of informa- 
tion, for it gives a direct proof of the inner consistency of physical 
units beyond the arbitrariness of man-made cgs units. 

* Jointly supported by the U. S. Office of Naval Research and the U.S. 
Atomic Energy Commission. 

M. E. Straumanis, Phys. Rev. 92, 1155 (1953). 

2?R. T. Birge, Phys. Rev. 62, 301 (1942); U. Stille, Z, Physik 121, 142 
(1943) ; 125, 174 (1948). 

3 J.W.M. DuMond and E. R. Cohen, Revs. Modern Phys. 25, 691 (1953). 


4 These values of N are per g-mole on the physical scale of atomic weights 
and should be followed by 10%, 
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LETTERS TO 
Photoconductivity and Photoelectromagnetic 
Effects in InSbt 
S. W. Kurnick, A. J. AND R. N. ZItTTEerR 


Chicago, Midway Laboratories, Chicago, Illinois 
(Received April 30, 1954) 


STRAUSS, 


HOTOCONDUCTIVE and photoelectromagnetic!™ responses 

have been observed at 300°K and 77°K in p-type samples of 
InSb which are intrinsic at room temperature. The data reported 
here were obtained in experiments on rectangular plates measuring 
0.028 X0.26X 1.0 cm? with an effective impurity concentration of 
approximately 7X10'* acceptors/cm* (as determined by Hall 
measurements at 77°K) and with a resistivity of 0.015 ohm-cm 
at 300°K and 1.1 ohm-cm at 77°K. Samples were placed in a 
cryostat with a rocksalt window and mounted between the pole 
pieces of an electromagnet. Illumination of approximately 0.05 
watt/cm*, chopped at 525 cps, was supplied by a Nernst glower 
with a brightness temperature of about 1600°C. The sample 
length, magnetic field, and illumination were mutually per- 
pendicular. A bias voltage could be applied across the sample for 
photoconductivity measurements. At 300°K the sample was 
connected through a transformer with impedance ratio 1: 1600 to 
a Hewlett Packard Model 450A amplifier and then to a Hewlett 
Packard Model 300A harmonic wave analyzer. For measyrements 
at 77°K, the sample was connected directly to the amplifier and 
wave analyzer. The results are more directly interpreted in terms 
of i,, the “short-circuit” current. To obtain i, from the observed 
current io, the formula i,=i,R/R, is employed, where R, is the 
resistance of the illuminated portion of the sample and R is the 
total resistance in the circuit. In cases where magnetoresistance 
effects (large 4B) are important, the resistance must be evaluated 
at the appropriate value of magnetic field. 

On the basis of the simple model given by Moss, the short- 
circuit current generated by the photoelectromagnetic (PEM) 
effect is given by 

nQeBu (Dr)* 

Bre me (1) 

1+ y?B? 


” e 
where 7 is the quantum efficiency, Q the photon flux, e the elec- 
tronic charge, B the magnetic flux density, and L the length of 
the illuminated portion of the sample; yu, D, r are, respectively, 
the mobility, diffusion constant, and effective lifetime of the 
excited electrons produced by the illumination. Since the electron 
mobility in InSb is much higher than the hole mobility, the con- 
tribution of the excited holes to the photocurrent at low magnetic 
fields may be neglected. It should be noted that the factor 
1/(1+-4?B*) does not appear in Moss’ expression for the short- 
circuit current because Moss applied the expression to data for 
PbS where pB<1. 

Figures 1 and 2 show that the observed variation of i, with B 
is in good agreement with Eq. (1). The curves in Fig. 1 were 
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calculated from the equation i,= KB/(1+ ?B*) using the values 
of K and yp best fitting the experimental data. These parameters 
were found by plotting B/i, versus B* as shown in Fig. 2 for the 
results at 77°K. The mobilities found in this manner were 1.0 
and 6.8 m*/vy-sec at 300°K and 77°K, respectively. The former 
value is about one-fifth of the Hall mobility /eported by Tanen- 
baum and Maita‘ for electrons in intrinsic single crystals at 300°K, 
while the latter is only about 10 percent less than the Hall mo- 
bility reported by these authors for electrons in an n-type single 
crystal. The value for 300°K agrees qualitatively with the electron 
mobility of 1.5 m*/v-sec derived from the magnetoresistance data 
of Pearson and Tanenbaum.® 

Effective lifetimes estimated from the PEM data on the basis 
of Eq. (1), utilizing the derived mobilities, are about 10~” and 
10- sec at 300°K and 77°K, respectively. When lifetimes are 
derived from the photoconductive short-circuit current 


i’ =nQepFr/L (2) 


where F is the electric field, the values are 10~* and 10°" sec at 
300°K and 77°K, respectively. The discrepancies between the 
photoconductive and PEM lifetimes may result at least in part 
from errors in the estimation of the photon flux Q. However, it 
seems unlikely that this is sufficient to account for all the in- 
consistencies since the ratio of photoconductive to PEM lifetime 
increases from 10* at 300°K to 10° at 77°K. Alternatively there 
may be real differences between the two effective lifetimes due to 
enhanced surface recombination in the magnetic field (Suhl effect). 


t This research was supported in whole by the United States Air Force 


under a contract. 
1 Moss, Pincherle, and Woodward, Proc. Phys. Soc. (London) B66, 743 


(1953). 
?T. S. Moss, Proc. Phys. Soc. (London) B66, 993 (1953). 
+P. Aigrain and H. Bulliard, Compt. rend. 236, 595 and 672 (1953). 
4M. Tanenbaum and J. P. Maita, Phys. Rev. 91, 1009 (1953). 
5’ G. L. Pearson and M. Tanenbaum, Phys. Rev. 90, 153 (1953) 


Recombination of Holes and Electrons at Lineage 
Boundaries in Germanium 
F. L. Vocer, W. T. Reap, anp L, C. Lovett 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received April 20, 1954) 


MALL-angle-of-misfit grain boundaries are made up of 

arrays of dislocations, which, in certain lineage boundaries 
in germanium, have been revealed by etch pits.' Dislocations in 
or near the edge orientation act like rows of closely spaced ac- 
ceptor centers with energies slightly above the middle of the 
gap.?* An occupied acceptor is a hole trap and an empty acceptor, 
an electron trap. Thus excess holes and electrons should recombine 
at a small-angle grain boundary made up of edge dislocations, and 
the boundary should have a characteristic recombination velocity. 
This letter describes some studies of recombination at grain 
boundaries in germanium. The dislocations, which are parallel 
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Tasie I, Boundary recombination velocities for several specimens. 


Crystal boundary 
recombination 
Body lifetime, r velocity, 9 
usec 


Resistivity, p 
ohm-cm 


16 —n 1100 
90—n 450 
7.1—n 310 
3.0—p 250 


and in the edge orientation, are spaced at intervals of about a 
micron. 

The recombination was studied by the Morton-Haynes* 
method, illustrated in Fig. 1(a). The (movable) light source 
generates excess carriers and their concentration is measured as a 
function of the position x; of the light source. In an n-type speci 
men the excess hole concentration at the (fixed) collector point 
is proportional to the collector current which is measured as the 
voltage, V, across a resistor in series with the collector. The 
straight-line portion of the V vs x; plot gives body lifetime. Figure 
1(b) shows V vs x; for a fixed position, x», of the grain boundary 
As the light approaches the grain boundary, the slope of the 
V vs x curve becomes steeper—indicating that the boundary is a 
sink for holes; that is, a greater fraction of the light-generated 
holes moves to the right, or toward the boundary, rather than to 
the left, or toward the collector 

At the top in Fig. 1(a) are the solutions to the diffusion equation 
giving the excess hole concentration 6p(x) in. the three regions 
shown. The bulk diffusion length is taken as unit length. Ai, Ao, 
B., Bs are functions of x; and x», and are determined by the fol- 
lowing boundary conditions: 6p(x) is continuous at x, and xp; 
the discontinuity in hole current at x, is the rate of hole generation 
and the discontinuity at x» is 05p(«,), where v is the recombination 
velocity. Using the fact that 6p at the collector (x=0) is propor 
tional to V, we find 


Inf —(V/Vo) J+In{ (22/0) +1] = —2(%—x), 


where Vo is the potential that would be observed in the absence of 
the grain boundary and v= (diffusion length)/ (lifetime) in the 
bulk material. When the light is 40 or more mils to the left of the 


8p =68,e"* 
esi 
BOUNDARY 
(Fixeo) 


Bp =Aye* 5p=A,e* +B, e-* 
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Fic. 1(a) Diagram of the positions of the fixed collector point and grain 
boundary and the movable light line on an n-type specimen. At the top of 
the figure are the solutions of the diffusion equation for excess hole con- 
centration 4p vs distance x from the collector in the three regions indicated. 
(b) The collector potential plotted as a function of the position x; of the 
movable light line for specimen B. 
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Fic, 2. Plot of 1 ~(V/Vo) versus (x» —x:), where V is collector potential 
and Vo is the potential that would be observed in the absence of a grain 
boundary. Both V and Vo are found from Fig. 1(b). The theory predicts a 
straight line of slope ~—2. 


collector, the points in Fig. 1(b) fall on a straight line, which 
reflected about x=0 gives, Vo for corresponding positions of the 
light to the right of the collector. Figure 2 shows a semilog plot 
of [1— (V/V) ] vs (x»— x1). The points are well fitted by a straight 
line of slope —2. The intercept at x,—x,=0 gives v. Comparable 
agreement with the theory was obtained for three other specimens. 
Table I gives the resistivity, conductivity type, lifetime, and re- 
combination velocity for the four specimens. 

The existence of a surface recombination velocity at the crystal 
boundary indicates a concentration of recombination centers in 
the boundary. The density of these centers cannot, however, be 
calculated from the data because of uncertainties in (1) the carrier 
concentration in the space-charge region at the boundary, (2) the 
capture cross section, and (3) the number of traps which are 
charged. 

1 Vogel, Pfann, Corey, and Thomas, Phys. Rev. 90, 489-489 (1953). 

2W. Shockley, Phys. Rev. 91, 228 (1953). 


4 Pearson, Read, and Morin, Phys. Rev. 93, 666 (1954). 
4L. B. Valdes, Proc. Inst. Radio Engrs. 40, 1420 (1952). 


Magnetic Anisotropy of NiF, 


L. M. MATARRESE AND J. W. Stout 


Institute for the Study of Metals and Department of Chemistry, 
The University of Chicago, Chicago, Illinois 


(Received April 26, 1954) 


N an investigation of the magnetic anisotropy of a single 

crystal of NiF, we have observed phenomena which are unlike 
those found'* in the isomorphous substances MnF», FeF2, and 
CoF», and which lead us to believe that below the Curie tempera- 
ture a small ferromagnetic moment appears in NiF»2. In a normal 
paramagnetic or antiferromagnetic substance the magnetic sus- 
ceptibility may be represented by a second-order tensor and in 
this case the torque on a single crystal in a uniform magnetic field 
is proportional to the square of the field strength and to the sine 
of twice the angle between the field direction and the direction of 
maximum susceptibility in the plane of rotation. Such a behavior 
was observed for NiF: at temperatures above the maximum in 
heat capacity® occurring at 73.2°K. The single crystal was oriented 
so that the plane of rotation contained the tetragonal [001] axis 
and a [110] direction. Unlike the other isomorphous fluorides, the 
susceptibility of NiF, at room temperature was greater perpen- 
dicular to the tetragonal axis than parallel to it and the difference 
between the perpendicular and paralle! molal susceptibilities rose 
gradually from 1.102 10~* at 301.15°K togl.890 10~ at 90.07°K. 
Below 73.2°K the observed torques were large and anomalous in 
their dependence on field strength and angle. The torque measured 





LETTERS TO 


In 

erg gouss! mole”! 
+ 9770 gauss 

+ 5399 gauss 

+ 2752 gauss 


Rotation in (110) plone 
T= 20.4°K 
| | | | | LJ 
-20° oy 20° 23 40° 60° 80° 
0) 





} i i 
780° 60° -40° 
\00i} [ool] 


Fic. 1. Mola! perpendicular magnetization of nickel fluoride versus angle 
- . peagg 
between field and [110] direction. Rotation in (110) plane. Dashed curves 
indicate typical antiferromagnetic behavior. 


by the torsion balance‘ is proportional to /,, the component of 
the magnetization which is perpendicular both to the field direction 
and to the axis of the suspension. In Fig. 1 are shown values of J, 
at 20.4°K and for three field strengths. The observed torques 
were identical at positions 180° from one another. The dashed 
curves in Fig. 1 illustrate the behavior expected for an anti- 
ferromagnetic substance with no permanent moment and a sus 
ceptibility independent of field strength. In this case /,, is propor 
tional to the field strength and the two dashed curves correspond 
to 2752 and 9770 gauss. The magnitude of the dashed curves is 
calculated from the powder susceptibility data of de Haas, 
Schultz, and Koolhaas® at 20.4°K, assuming that the suscepti- 
bility parallel to the tetragonal axis is essentially zero. The ob- 
served values of /,, vary little with field strength and are suggestive 
of that expected from a permanent moment whose projection in 
the (110) plane lies preferentially in a [110] direction but which 
can be rotated somewhat from this position by a magnetic field. 
Measurements were then made of the torques with the crystal 
mounted so its tetragonal axis was parallel to the axis of the 
suspension. In this orientation no torques are expected for a 
normal paramagnetic or antiferromagnetic crystal and only very 
small ones, amounting to 1.5 percent of the torques in the first 
orientation and attributable to a misorientation of a small portion 
of the crystal, were found above 73.2°K. Below this temperature, 
however, large torques were observed in this second orientation. 
These torques had a periodicity of 90°. Values of 7, at 20.4°K 
are shown in Fig. 2. These curves may be fitted by a model® such 
as is used to interpret ferromagnetic anisotropy. In the (110) 
plane the easy directions of magnetization are (100). The moment 
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Fic. 2. Molal perpendicular magnetization of nickel fluoride versus angle 
between field and [100] direction. Rotation about tetragonal axis. 
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is assumed constant in magnitude and its direction is determined 
by the balance between the torque exerted by the magnetic field 
and that arising from the crystal anisotropy which will have a 
periodicity of 90°. The curves are consistent with a permanent 
moment whose magnitude is about 350 erg gauss™' mole™'. How 
ever, the crystalline anisotropy “constant” turns out to increase 
slightly more than proportionally to the field strength. The reason 
for this is obscure and there is therefore some question as to the 
applicability of the usual model for ferromagnetic anisotropy to 
NiF». 

Erickson’ has observed in neutron diffraction measurements 
on NiF: a small peak which was not found in the other antiferro- 
magnetic fluorides of the iron group and which he interpreted as 
indicating that in the ordered alignment the spins, instead of 
being strictly parallel and antiparallel to the tetragonal axis as 
in MnF2, FeF:, and CoFs, are in NiF, inclined at an angle of 10° 
from this axis. If one assumes that the cocking of one sublattice 
is in the [110] direction and that of the other sublattice at right 
angles in the [110] direction, then there is a net moment in the 
[100] direction. The moment of 350 erg gauss“ mole™!, which is 
3 percent of the saturation moment of the nickel ions, would on 
such a model correspond to a cocking of 2.5°. 

The crystal used for the measurements weighed 17 mg and 
contained impurities of 0.02 percent Co; 0.02 percent Fe; 0.01 
percent Al; 0.005 percent Cu; and 0.001 percent Mn, Mg, and Si. 
In order to see if the observed effects were dependent on the im- 
purity content, some measurements were made on a large crystal 
containing about 1 percent Fe. The magnetizations observed below 
the Curie temperature with this impure crystal agreed within 9.7 
percent with those found with the small purer crystal, so we do 
not believe that impurities are the cause of the observed phe- 
nomena. 

1M. Griffel and J. W. Stout, J. Chem. Phys. 18, 1455 (1950). 

2 J. W. Stout and L. M. Matarrese, Revs. Modern Phys. 25, 338 (1953). 

4 J. W. Stout and E. Catalano, Phys. Rev. 92, 1575 (1953). 

4 J. W. Stout and M. Griffel, J. Chem. Phys. 18, 1449 (1950). 

5 de Haas, Schultz, and Koolhaas, Physica 7, 57 (1940). 

*See F. Bitter, Introduction to Ferromagnetism (McGraw-Hill Book 
Company, Inc., New York, 1937), Chap. Vi. R. M. Bozorth, Ferromag- 


netism (D. Van Nostrand Company, Inc., New York, 1951), Chap. 12. 
7R. A. Erickson, Phys. Rev. 90, 779 (1953). 


Radiogenic Argon Measurements 


H. A. Suicirpeer, R. D. Russert, R. M. Farquuar, ano E. A. W. Jones 


Geophysics Laboratory, Department of Physics, University of Toronto, 
Toronto, Canada 


(Received April 14, 1954) 


oo E of the writers recently published the results of an ex 
periment to determine the branching ratio of potassium by 
the extraction and measurement of radiogenic argon from dated 
potassium minerals.! The value of 0.06 obtained in this way is 
appreciably lower than the value obtained in many recent gamma- 
ray counting experiments. Errors in our experiment could have 
arisen from loss of argon during the purification process, incom- 
plete extraction of the argon from the minerals, or incorrect dating 
of the minerals. 

We have since carried out a number of yield runs in the purifica 
tion apparatus and found that in all cases no measurable loss 
occurred. The argon extractions had been carried out by heating 
the sample to 850°C in vacuum with a sodium metal flux. To test 
the efficiency of this procedure we sent a second sample of Bessner 
microcline to G. J. Wasserburg at the University of Chicago who 


Taste I. Comparison of fluxes. 
AW/Ke 


Sodium hydroxide flux 
Result No. of runs 


Sodium flux 


Locality Result No. of runs 
0.119 2 
0.087 4 
0.0421 


0.140 6 
0.131 2 
0.0522 


Varala, Finland 
Lee Lake, Saskatchewan 
Dill Township, Ontario 
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uses an entirely different procedure for the extraction and measure 
ment of radiogenic argon. He obtained an A®/K® ratio approxi- 
mately 35 percent larger than our value.* We now find that this 
difference was caused by the fact that our sodium flux extracted 
less argon than the sodium hydroxide flux used by Wasserburg. 
Comparison runs have now been carried out at Toronto using 
both sodium metal,and sodium hydroxide fluxes. The following 
results are typical of those obtained. In each case sodium hy 
droxide extracted more of the argon than metallic sodium. 

The Lee Lake microcline was the same sample used for our 
previous measurements.’ Using the same age of 1750 million 
years we obtain with the sodium hydroxide flux a branching 
ratio of 0,090. For our Bessner sample Wasserburg’s measurements 
give a branching ratio of 0.088, assuming an age of 940 million 
years. This age we determined on a uraninite collected with the 
feldspar. These estimates of the branching ratio suggest that the 
radiogenic argon measurements as now carried out at Chicago 
and at Toronto are in reasonable agreement. 

Both the ages quoted above were determined at Toronto by 
the lead ratio method applied to uraninites found in the same 
pegmatites as the potassium feldspars. It has been our experience 
that the lead ratio method generally gives the most reasonable 
ages for old minerals.’ 

As pointed out by Wasserburg and Hayden, Nier* has dated 
a specimen identified as “Bessner Ontario uraninite” by the lead 
ratio method and obtained an age of only 825 million years. 
Through the kindness of J. P. Marble, Chairman, Committee on 
the Measurement of Geologic Time, we obtained some of Nier’s 
original Bessner sample and for it found an age of 860 million 
years in agreement with Nier. Thus there are either uraninites of 
two ages at Bessner or Nier’s sample was collected for him at some 
other locality. For this reason we have used our age for Bessner 
determined on the uraninite which we collected. 

Additional potassium-argon measurements and a more de 
tailed discussion are being published elsewhere. 

This research was assisted by grants from the National Research 
Council and Geological Survey of Canada, the Research Council 
of Ontario, and Imperial Oil Limited. 

' Russell, Shillibeer, Farquhar, and Mousuf, Phys. Rev. 91, 1223 (1953). 

2G. J. Wasserburg and R. J. Hayden, Phys. Rev. 93, 645 (1954) 


§ Collins, Farquhar, and Russell, Bull. Geol. Soc. Am. 65, 1 (1954). 
4A. O. Nier, Phys. Rev. 55, 153 (1939) 


K-Particle Production by Protons of 2.2 
and 3.0 Bev* 


AND M. WipGorr 
Brookhaven National Laboratory, U pton, New York 


R. D. Hitr,t EF. O. SALANt, 


(Received April 27, 1954) 


TACKS of Ilford 400 « G5 stripped emulsions have been ex- 

posed to radiations from a 6 mm thick copper target bom- 
barded by the circulating proton beam of the BNL Cosmotron. 
No magnetic analysis was used 

Four events attributed to stopping A mesons have been found 
in area-scanning of the emulsions. Preliminary values of the 
masses of these mesons have been determined from range, ioniza 
tion, and multiple scattering measurements. Each K particle was 
observed to enter the emulsion in the target-to-emulsion direction. 

At one stack position, (a), the target-to-emulsion path, 28 cm 
long, made an angle of 90° with the proton beam direction; at 
another position, (b), the target-to-emulsion path was 50 cm long 
and made an angle of 45° with the proton beam. At both positions 
the radiations incident on the stacks from the target traversed 
the steel wall (1.1 cm) of the Cosmotron, and at position (b) they 
traversed an additional 7.5 cm of copper. 

With protons of 2.2 Bev, and emulsions at (b), one stopping K~ 
meson (range in the emulsion 31 mm) has been found in a scanned 
area of 36.2 cm, in which 231 stopping 7 and w mesons were ob- 
served. In these emulsions, the flux of fast particles coming from 


THE EDITOR 

the target was about 5X10 cm”. The K~ meson formed a star 
consisting of a 50-Mev + meson (as shown by grain count and 
scattering) and a heavy fragment of 600 » range. The x meson 
makes a two-pronged star in flight after traversing 3.1 mm of 
emulsion. This K~ star resembles closely the one found at the 
Cosmotron with magnetic selection.! The mass of the K~meson 
has been measured as 970+150 m,. If it came from the target, 
as is indicated by its direction, then it is estimated that it left 
the target with 270-Mev kinetic energy. This kinetic energy is 
consistent with the production of the K meson either single or 
paired with a hyperon; it is inconsistent with production of a pair 
of K mesons of mass as low as 920 m, in a single nucleon-nucleon 
collision, assuming a maximum Fermi energy of 25 Mev.2 

With protons of 3.0 Bev, 10.8 cm? of emulsion exposed at posi- 
tion (a) have so far been scanned. The flux of fast particles from 
the target was about 3X10*® cm™. In this area, 386 w and yu 
meson endings have been found and three tracks due to stopping 
heavy mesons (ranges in emulsion 19 mm, 40 mm, 46 mm) have 
been identified. In each of these events the heavy meson gave rise 
to a single minimum ionizing particle, with no visible recoil or 
electron track. The events are, then, typical of positive K meson 
decays. It is not yet known whether the decay particles are r 
mesons or « mesons. The measured masses of these three K 
mesons are in the range 1050+250 m,, and their kinetic energies 
on leaving the copper target lie between 90 and 130 Mev. 

All the K mesons observed lived at least 2X10 sec before 
coming to rest in the emulsion. 

Emulsions exposed at position (b), with 3.0-Bev protons, have 
not yet been scanned. 

We wish to thank Mrs. M. Carter and Mr. J. E. Smith for 
processing these emulsions, and Mrs. M. Hall, B. Cozine, A. Lea, 
and M. Bracker for invaluable aid in the microscopy. 

* Work performed under the auspices of the U. S. Atomic Energy 
Commission. 

t On leave from the University of Illinois, Urbana, Illinois. 

1 J. Hornbostel and E. O. Salant, Phys. Rev. 93, 902 (1954). 


2R. M. Sternheimer, Phys. Rev. 93, 642 (1954); Brookhaven National 
Laboratory Report No. RS-41, March 8, 1954 (unpublished). 


Beta-Decay Interaction* 
Henry Brysk 
Vanderbilt University, Nashville, Tennessee 
(Received March 5, 1954) 


XISTING arguments, presented exhaustively by Mahmoud 
and Konopinski! and since supplemented and firmly estab- 
lished by the electron-neutrino angular correlation experiments 
on helium-6@ and neon-19,' indicate that the beta-decay interaction 
contains tensor and scalar contributions ( in a ratio of the order 
of unity), but no vector or axial vector. Previous conclusions 
concerning the pseudoscalar interaction are largely invalidated by 
a recent re-examination of the theory whose consequences are dis 
cussed below. 

The new treatment gives a pseudoscalar contribution to the 
l-forbidden group (Aj=+1, Al=+2). Direct evidence for the 
ralidity of / assignments comes from deuteron stripping experi- 
ments which yield the shell model / even when lower | values 
could compete,® as in phosphorus-32.° A mixture of single-particle 
states, with a AJ=0 contribution of the order of a percent or 
less, is possible and sometimes expected. If we ascribe the whole 
transition probability to pseudoscalar interaction (despite com- 
petition from the other interactions and Al=0 admixture), we 
shall find an upper limit to gp consistent with the observed ft 
values. The pseudoscalar /-forbidden correction factor is approxi- 
mately (neglecting nuclear force corrections) : 

, \2 
Cip = gp? (4M?) (aZ/2p)*| p +f r(@-r)| , 


as against the allowed tensor Cor=y7*! fo@|? and Rose and Os- 
born’s first-forbidden pseudoscalar correction factor, which is ap- 
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proximately 
2 


Cip= gp? (4M?) '(aZ ‘2p)?(aZ)? p ‘forr e 


Asa fair estimate, we consider | fo@| ~ |p" fo-r| ~ |p? fr(o-r)|, 
where we take for the tensor matrix element the ordinary allowed 
(not superallowed) value of the matrix element—i.e., we consider 
all transitions to be subject to the same “unfavored factor.” Re 
peated occurrence of fortuitously extremely small matrix elements 
is unlikely, as ft values in any group tend to be pretty uniform, 
and major irregularities here would lead us to expect them else 
where as well. The presence of a large nuclear force contribution 
to the pseudoscalar interaction would depress gp in order to fit of 
the observed /-forbidden ft values. From the ratio Cip/Cor de- 
termined from observed ft values for the extensively studied 
carbon-14’ and phosphorus-32 and neighboring allowed nuclides, 
we obtain |gp/gr| ~4 and 20, respectively; the Z~30 group 
yields a ratio near 15. Even a ratio of 20, however, leads to log 
ft=8 for Cip for the highest Z—a trifle small to compete equally 
with the other interactions, and certainly inadequate to account 
for log ft~5.5 among the high-Z Aj=0 (yes) group. Thus it 
appears that the pseudoscalar interaction does not play a detect- 
able role in beta decay, if it is present at all. 

I wish to thank Dr. M. E. Rose for making his results available 
to me ahead of publication and for a number of fruitful discussions. 

* Work supported in part by the U. S. Atomic Energy Commission. 

'H. M. Mahmoud and E. J, Konopinski, Phys. Rev. 88, 1266 (1952). 

2B. M. Rustad and S. L. Ruby, Phys. Rev. 89, 880 (1953). 

4W. P. Alford and D. R. Hamilton, Phys. Rev. 94, 779 (1954). 

4M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1315 (1954). 

+H. A. Bethe and S. T. Butler, Phys. Rev. 85, 1045 (1952), 


6 Parkinson, Beach, and King, Phys. Rev. 87, 387 (1952). 
7A. M. L. Messiah, Phys. Rev. 88, 151 (1952). 


Ground State of Al*® 


J. C. Kiuyver, C. vAN per Leun, anv P. M. Enpt 
Physisch Laboratorium der Rijksuniversileit, Utrecht, Netherlands 
(Received April 19, 1954) 


T has recently been suggested' that the state in Al**, which 

decays by positron emission with a half-life of 6.7 sec, and 
which was generally accepted as the ground state, might be the 
T,=0 component of the lowest triplet with isobaric spin T=1 
and ordinary spin J=0*. The lowest 7=0 state in Al**, which 
might well have an ordinary spin J =5*,' might be situated either 
above or below the 6.7-second state. In Li*®, B”, N"* and Na® the 
ground state is a 7 =0 state, while in Cl the ground state has 
T =1. In any case such a low J =5°* state would have a very long 
half-life. 

There is much conflicting experimental evidence’ about the 
lowest levels in Al?* (see Table I). The differences in the threshold 
measured by neutron detection and by positron detection both for 
Al?” (+,n) AP* and Mg**(p,n)Al** point to a long-lived state in Al**, 
Moreover, it is found that the neutron yield of the Al?’ (y,n)AP* 
reaction is three times larger than the positron yield.'*+ 

In the present investigation the Mg**(p,y)Al** reaction was 
used to obtain more information on the lowest states in Al**. By 
bombarding thin targets of separated Mg™, Mg®, and Mg 
(obtained from Dr. M. L. Smith, Atomic Energy Research 
Establishment, Harwell, England) by protons in the energy 


TasLe I. Experimental data about the position of the two lowest states 
in Al** relative to the Mg* ground state. 


Reaction 


Al?* —~Mg** (Mev) Alt** —Mg** (Mev) Ref, 


4.4+0.5 4,5 
(3.8)* 


Al**(8*) Mg** 
6 
(4,01) 7 
& 


Al?*(s*) Mg** 
Al**(8*) Mg** 
Al?" (y,m)Al** 
Al?" (-y,n)Al%6 
Mg**(d,n) Al*® 
Mg?*(p,n) Al*# 


3.70 +0.20 
5.0+04 9 
4.51 +0.18 

(4.3) 11 


2.51 +0.10 
~2.6 


* The value has been put between parentheses, when the isotopic assign- 
ment is doubtful. 
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region from E,=200 to 700 kev, it was possible to assign six 
resonances to Mg®, vis., at E,=315, 389, 436, 508 (possibly 
unresolved doublet), 586, and 620 kev. The first four resonances 
have been observed previously from natural magnesium targets 
by Tangen" and by Hunt and Jones. Tangen assigned the 436- 
kev resonance to Mg**, as he did not detect positrons at this 
resonance. Hunt and Jones interpreted also the 315- and 387-kev 
resonances as Mg” resonances. 

Gamma-ray energies were measured with a scintillation spec- 
trometer (2X23 cm* Nal crystal). Pulses were fed both to a 
one-channel differential discriminator and to an ordinary dis- 
criminator, used as a monitor. Energy calibrations were performed 
with a Po-Be source (E,=4.44 Mev) and with y rays from the 
F'9(p,ay)O" reaction (£,=6.13 Mev) and from the C(p,y)N™ 
reaction (E,=8.06 Mev). 

At the 436-kev resonance a y ray of E,y=6.77+0.08 Mev is 
observed indicating an Al* state (the ground state) 3.96+-0.08 
Mev above the Mg* ground state. At all resonances a y ray was 
found proceeding to an Al** level 4.42+0.08 Mev above the Mg” 
ground state, corresponding to 0.46+4-0.08 Mev above the Al** 
ground state (see Table II). No higher energy y rays were found 


Taste IT. Observed y rays at six Mg**(p,y) Al®* resoaances. 


Resonance 
proton 
energy 

(kev) 


—Al?* Rel.* 
int. 


Mg* + 
(Mev) 


Ey. 
(Mev) 


Rel.* 
int. 


Mg* +p —Al6 
Mev) 


Ey: 
(Mev) 


5.98 
5.83 
5.86 
5.89 
5.87 
5.90 


6.28 
6.20 
6.28 
6.38 
6.43 
6.50 


315 
389 
436 
508 
586 
620 


A ! 
wiAlA 
NNN UNG ! 


ALA 


* The relative intensity is given in percents of the number of y-ray 
pulses larger than 1 Mev. 


at any of the six resonances investigated. There are certainly 
present several lower energy + rays, but their energy has not yet 
been accurately determined. In a preliminary survey positrons 
from the Al** decay were observed at all of the investigated reso- 
nances. However at the 436-kev resonance the yield is certainly 
low, in agreement with Tangen’s observation." 

All experimental evidence cited in this letter is compatible 
with the assumption that the Al** ground state has isobaric spin 
T =0 and the level at 0.46 Mev 7 =1. If the ground state really 
has a spin J=5*, it probably decays by a second forbidden 8* 
transition to the Mg” level at 1.83 Mev (assumedly with J =2*) 
with a 8* endpoint of 1.11+0.08 Mev. Taking log /t= 13.0 leads 
to an estimated half-life of 4 10* years. 
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Proton-Proton Scattering from 40 to 95 Mev* 
U. E. Kruse,t J. M. Teem,t ann N. F. Ramsey 
Harvard University, Cambridge, Massachusetts 
(Received April 26, 1954) 


ROTON-PROTON scattering has been studied with the ex 
ternal beam of the Harvard cyclotron, using scintillation 
counters to detect the protons scattered from hydrocarbon targets 
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Fic. 1. Experimental equipment. 


and a Faraday cup to measure the incident proton flux. The angu- 
lar distribution from 90° to 40° in the center-of-mass system was 
observed at 95 Mev. The cross section at 90° for lower energies 
was obtained by degrading the beam with lithium hydride 
absorbers 

The experimental arrangement is shown in Fig. 1. To detect 
both of the protons as in the method of Wilson and Creutz! two 
arms whose angles could be accurately adjusted were mounted on 
the circular scattering platform. Fastened to the arms were sup- 
ports for the detectors consisting of stilbene crystals mounted on 
1P21 photomultiplier tubes. The pulses from the photomultipliers 
were fed into diode bridge coincidence circuits.? Coincidences be- 
tween the defining counter 1 and counter 3 directly behind the 
defining counter as well as coincidences between the defining 
counter and the recoil counter 2 were obtained from the diode 
bridge coincidence circuits. These could then be mixed in a slow 
coincidence circuit to obtain threefold coincidences. At the lower 
energies the protons did not have sufficient energy to pass through 
the defining counter, and only twofold coincidences between the 
defining and recoil counters were measured. Throughout the 
experiment suitable checks on efficiency and accidentals were 
performed. Also, to eliminate any effects due to polarization of 
protons in the beam or misalignment of the scattering table, the 
defining counter was placed alternately on the right and left 
side of the beam. 

The targets employed in this phase of the experiment were two 
thicknesses of polyethylene with carbon targets of approximately 
equal stopping power. At 90° in the center-of-mass system the 
cross section was also checked with a polystyrene target. Because 
of the low incident beam intensity it was necessary to use a ge- 
ometry in which genuine coincidences from carbon could not be 
neglected, and this contribution to the coincidence rate in the 
polyethylene was therefore suitably subtracted. With the thick- 
ness of targets necessary to obtain reasonable counting rates it 
was impossible to detect both protons corresponding to angles 
smaller than 40° in the center-of-mass system. It is hoped that 
this region as well as the angles up to 90° will be investigated soon 
with liquid hydrogen targets. 

The number of protons in the beam was measured with a Fara- 
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Fic, 2. Angular distribution at 95 Mev—counting statistics only. 
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Fic. 3. Cross sections at 90° center-of-mass. 1. Berkeley, reference 7; 2. 
Harvard, reference 6; 3. Harvard, present data; 4. Berkeley, reference 3; 
5. Chicago, reference 8; 6. Harwell, reference 5; 7. Rochester, reference 4. 


day cup. The energy of the incident particles was determined by 
finding the fraction of particles penetrating known amounts of 
aluminum. In this way it was found that the full width at half- 
maximum was 2 Mev at the full energy of 95 Mev and increased 
to a width of 4.8 Mev at a mean energy of 41 Mev. The total 
charge collected on the Faraday cup was measured using a Brown 
vibrating reed electrometer modified to operate with a specially 
constructed capacitor mounted in the Faraday cup vacuum sys- 
tem. It was found that the charge collected on the cup was inde- 
pendent of parameters of the cup system such as electrical and 
magnetic suppression of secondaries as well as distance of the 
front foil and other geometrical considerations. 

The angular distribution obtained at 95 Mev is shown in Fig 2; 
counting statistics only are shown. When possible systematic 
errors are included, the reliability of the ratio of the cross sections 
at 90° and 40° is estimated to be 4 percent. In Fig. 3, the cross 
sections at 90° in the center-of-mass system are compared to 
results previously reported.*~* The estimated errors for the abso- 
lute cross section listed by the authors are shown except in the 
Chicago results where only a preliminary estimate is available. 

* Supported by the joint program of the U. S. Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t Society of Fellows. 

t National Science Foundation Predoctoral Fellow. 
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Polarization by p-p Collision at 439 Mev* 


H, G. pe Carvatuo, E. HerperGc, J. MARSHALL, AND L, MARSHALL 
Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 
(Received April 30, 1954) 


REVIOUS measurements of asymmetry of p-p scattering for 
polarized protons of 340! and 310? Mev indicate that at these 
energies triplet states of angular momentum greater than 1 have 
become important in p-p collisions. This is made evident by the 
fact that the asymmetry of scattering varies as sin@ cos@ if only 
8P states act, but at 310 and 340 Mev it is fitted by sin@ cosé 
(a+b cos*@+-c cos‘@+---) where } and ¢ are probably larger than 
a. Terms other than the first can arise only by interference in 
triplet states of angular momentum greater than 1. 
We report here a measurement of asymmetry of p-p scattering 
with 439-Mev polarized protons, from which we hoped to learn 
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more about the additional triplet angular momentum states act- 
ing. We used an external proton beam of fifty percent polarized 
protons of 439+6 Mev, produced when protons of 435-Mev 
average energy (in the 450-Mev equilibrium orbit of the cyclo- 
tron) were scattered at 14° to the right from a beryllium target 
in the cyclotron. An estimate of the degree of polarization of the 
beam was obtained by measuring the asymmetry of second scatter- 
ing from a beryllium target in the experimental area. The scatter- 
ing was measured at 14°, excluding the nucleon-scattered com- 
ponent by filtration of the scattered protons through 5} inches of 
copper. (The mean range of the 439-Mev incident beam was 6} 
inches of copper). We assumed the first and second events to be 
similar in nature, and estimated the polarization of the beam as 
(4 asymmetry)+=fifty percent polarized. 

Next the asymmetry of scattering of the 439-Mev beam from 
liquid hydrogen was measured and found to be as shown in Fig. 1. 
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Fic. 1. Asymmetry of scattering [defined as (R —L)/4(R+L)]) from 
liquid hydrogen for 439-Mev 50-percent-polarized protons, shown plotted 
against laboratory angle. A best curve through the data crosses the axis 
at 43°, as it should, owing to the relativistic nature of the protons. For the 
above data, the polarization Pu is equal to the asymmetry. 


The horizontal dimensions of the data represent geometrical width 
of the counters, and the vertical dimensions are the statistical 
counting errors. For laboratory angles greater than 26°, the two 
scattered protons were measured in coincidence with each other 
(and with the incident proton) in order to exclude meson produc- 
tion events. At smaller angles such a coincidence measurement is 
no longer useful because it can be triggered by an event in which a 
meson enters one counter and a proton enters the counter on the 
other side of the beam. At angles of 8° or less, the situation 
becomes even more ambiguous in that events may be recorded in 
which a meson enters one counter while a deuteron enters the 
other counter. 

In order to eliminate uncertainties introduced by meson pro- 
duction, the following measurements were made. The asymmetry 
of meson production at 58°+6.5° and 48.5°+8.5° was measured 
for the process p+p—x*++d. For these measurements 4 counters 
were connected in quadruple coincidence, counters A and B 
forming a telescope in the incident beam, counter K extending 
from 3.1° to 13.8° laboratory angle, and counter C on the other 
side of the beam placed one time from 41.5° to 64.5° and in the 
next measurement from 40° to 57° laboratory angle. The quad- 
ruple coincidence ABCK then detected events in which a meson 
was produced at 58°+6.5° or at 48.5°+8.5° and accompanied 
by a deuteron. Under these conditions the deuteron goes forward 
approximately at 8°. This quadruple coincidence also detected 
approximately 78 percent of the “unbound” reaction p+p—>* 
+p+n. The observed asymmetries asym=({[/(R)—/(L)]/ 
4(7(R)+1(L)]} were (+7.5+11) percent at 58° and (—21+12) 
percent at 48.5°. These laboratory angles respectively correspond 
to 98° and 85° in the barycentric system of meson and deuteron. 

The asymmetry of meson production which arises from an 
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interference between s and p angular momentum states of the 
pion-nucleon system, varies to a first approximation’ as sin@, and 
hence is maximal in the region where we measured it. Because 
the asymmetry varies as siné, we can average these two values 
which are approximately equally removed from 90°, and obtain 
thereby the statistically more accurate value of (—7+8.5) percent 
asymmetry. 

Although this number is not of high accuracy, still it suffices 
to demonstrate that at small angles one can measure the asym- 
metry of scattering of total charged particles and interpret it as 
asymmetry of scattered protons, with very little error introduced 
from asymmetry in meson production. The argument follows. 
The meson asymmetry measurement included also an absolute 
measurement of meson production cross section calculated from 
the average intensity scattered to right and to left. We found 
0.143+0.010 mb/sterad at 100° barycentric angle and 0.125 
+0.008 mb/sterad at 85° barycentric angle. 

The asymmetric part of the meson production has the value 
therefore of 0.070.134 sind=0.01 sin@ mb/sterad. The asym- 
metric part of the proton cross section from 10—25° is ~4 mb/ 
sterad Xforty percent=1.60 mb/sterad. At 25° it follows that 
0.01 sin25°/1.60 or less than one percent of the asymmetry is due 
to meson production. At smaller angles the mesoa contribution is 
smaller, 

This amount of ambiguity we considered negligible, and we 
proceeded to measure the asymmetries below 25° using a telescope 
of two counters to catch the scattered particles in coincidence with 
a telescope of two counters in the incident beam, with the resulting 
asymmetries shown in Fig. 1. The polarization of hydrogen is 
calculated from the relation Py =4(asym/0.50) where 0.50 repre- 
sents polarization of the incident beam. In this case it follows 
that Pa=asymmetry. 

The results of this experiment seem to be little different from 
those of 340! and 310? Mev. There seems to be little tendency for 
higher angular momentum states to increase their contribution. 
In fact if there is any difference at all, the angular distribution is 
more nearly sin@ cos@ (triplet p interaction) than it was at the 
lower energy. 

Assuming an angular dependence of 0.2+-cos*@ for the bound 
and unbound meson production, and assuming the bound meson 
production cross section (p+ p—d+7*) to be 1.0 mb;* we compute 
a value of 3.75+0.24 mb for the unbound reaction. Let the total 
meson production cross section be written as o(p+p—>r*+nu- 
cleons) = a10("* +d) +-o10(4*++p+n)+o11(°+p+p). Then the 
branching ratio is defined as [o.w(xt+p+n) +o.0(r'+n+)p) 
+o10(x*++d)]. We use 0.22 mb for a; and compute for the 
branching ratio the value of 3.5. 


* Research supported by a joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission, 
Rev. 93, 


1 Chamberlain, Segr@, Tripp, Wiegand, and Ypsilantis, Phys. 
1430 (1954). 
? Marshall, Marshall, and de Carvalho, Phys. Rev. 93, 1430 (1954). 
IR. E. Marshak and A. M. L. Messiah, Phys. Rev. (to be published). 
4A. H. Rosenfeld, Phys. Rev. (to be published). 


Polarization of Elastically Scattered Nucleons 
from Nuclei in the Born Approximation* 


WarRREN HecKkroTTIEe 


Radiation Laboratory, Department of Physics, University of California, 
Berkeley, California 
(Received April 13, 1954) 


ECENT experiments on the polarization of high-energy 
nucleons elastically scattered from nuclei! have led to the 
interpretation of these results in terms of an effective spin-orbit 
nuclear potential? in addition to the usual central nuclear potential 
used to explain* the total and experimental cross sections of the 
high-energy nuclear scattering. A small spin-orbit potential is 
sufficient to account for the large polarization observed. 
At these high energies (~300 Mev) and at least for lighter 
nuclei, it has been pointed out that the Born approximation or 
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equivalent simple arguments? yield a qualitative estimate of the 
amount and character of the polarization phenomena. The fact 
that the first Born approximation yields a polarization is a conse- 
quence of the use of a complex central potential. The polarization 
is a result of the selective absorption of nucleons scattered with 
spins up (j=/+4) and with spins down (j=/—}). 

It is the purpose of this note to point out that the Born approxi- 
mation result for the polarization is independent of the shape of 
the nuclear potential if the spin-orbit potential is taken to be 
proportional to the gradient of the central nuclear potential. 
The central potential is taken to be V-(r) = — (uo+-iwo)p(r) in Mev, 
where p(r) represents the radial dependence of the potential. 
The spin-orbit potential is taken to be V,= —U,(r)o-L/h, where 
U,(r) = — (ua®/r) (dp/dr). Roughly speaking, « can be considered 
as the depth of an equivalent square well of radius a. 

In Born approximation, the scattered amplitude /(@) is given 


by 
(2m/h?) {(0) = A (0) +-i@- n sindB (6), 
where 


A (0) = | io(er)Ve(r)r'dr, 


p22 pp 
B(@) = — | iu(gr)U.@)rdr. 
ge 


n is the unit vector normal to the plane of scattering, k is the 
incident wave number, g is the momentum transfer, and jo and 
jx are spherical Bessel functions. Using the fact that 2*jo(x) 
== (d/dx)[x*j;(x)] and performing a partial integration on A (@), 
one can show that 


oe id r) 
A (6) = — od jen(—oI epr'dr. 


Accordingly, A(@) and B(@) have the same functional form and 
the scattered amplitude can be written as 


i ; . Mate 
ip so) =(1 —io-n sin mA (0). 


The polarization is given then by 
— 2ka? MW (19? + u 10°) 


sind. 
re + (katy? sin) / (ug? 4 we) 


The polarization is thus independent of the shape of the nuclear 
potential, except that uo, wo, and « must be adjusted to yield the 
total and absorption cross sections for a particular choice of the 
radial dependence, p(r). The result is also independent of the 
target nucleus unless such a dependence is introduced into ya? 
(say, for example, a~A!). 

If we take, for example, a square well, the constants obtained 
in fitting the total nuclear cross sections for 300-Mev neutrons 
are uO and wo=18 Mev.’ If we use wa?=5X10°*%* Mev cm? 
which corresponds to 4=4 Mev when a is equal to the radius of 
carbon, the polarization is given by 


Bs 3 
. — sing 
1+ 18.1sin¥ 


The polarization obtained in the Born approximation can be 
expected to hold only for forward scattering angles. For larger 
angles the angular dependence of B(@) relative to A (6) changes 
sufficiently to introduce large corrections to the Born approxima- 
tion result, particularly in the region of the diffraction minima. 
Thus, it is principally in these latter regions that model-dependent 
features of the polarization can be expected to appear. In addition, 
if non-square well shapes are taken, it has been found that 1 
and wo must be increased over their square well values in order 
to fit the observed cross sections. In some cases the increase is 
sufficient to invalidate the Born approximation. The results of 
more accurate calculations for neutrons and protons and for a 
number of well shapes is in the course of preparation. 

I wish to thank Dr. Burton Fried for a discussion during which 
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the observation on the polarization in Born approximation was 


made. 


* This work was performed under the auspices of the l 
Commission. 
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Hyperfine Structure of I'*’. Nuclear Magnetic 
Octupole Moment* 


Jaccarino, J. G. Kine, R. A. Satren,t anp H. H. Stroke 


Research Laboratory of Electronics and Department of Physics, Massachusetts 
Institute of Technology, Cambridge, Massachusetts ; 


(Received April 22, 1954) 
HE hyperfine structure of the atomic *P3;2 ground state of 
the stable isotope cf iodine has been studied by the atomic- 
beam magnetic-resonance method. As will be shown, the measured 
intervals cannot be fitted by dipole and quadrupole-like interac- 
tions alone. 

The hyperfine structure interaction Hamiltonian, which in the 
absence of external fields is diagonal in an F, mr representation, 
gives for the relative positions of the energy levels': 

(=), a 0K , §K (R41) - 1+) +1) 
U 
h 2 21 (21 —1)J (2J —1) 
| °-+4k"+SK(— -31(14+1)J (J +1) 
52. +7 (7+1)4+J(J+1)+3]- 41 (+1) J (J +1) (1) 
Prey art eh 
4 I (1-1) (21—1)J(J—1) (QJ —1) }? 
where a and 6 are the nuclear magnetic dipole and electric quad- 
rupole interaction constants, respectively,?* and ¢ is the nuclear 
magnetic octupole interaction constant. It can be expressed as 
he = (r®P; divM),, 1(r-4Ps divM) ys, s. (2) 
(Here M is defined by the relation curl\M=i/c. The current den- 
sity includes spin as well as orbital currents.) We have defined 
(4(52*—3zr?) divM), , 
as the octupole moment. 

By using second-order perturbation theory, matrix elements 
of the dipole and quadrupole moment operators which, for a given 
F, are nondiagonal with respect to J, may be calculated.‘ The 
effects of these perturbations by the neighboring 2,2 fine-struc- 
ture level, 

CE(P 12) — E(P3/2) )/h=2.28X 108 Mc/sec, 


must be included. The measured zero-field intervals are: 


Uncorrected Corrected 
F=4¢>F =3; 4226.172+0.015 Mc/sec; 4226.161+0.015 Mc/sec, 
=3¢+F =2: 1965.884+0.010 Mc/sec; 1965.895+0.010 Mc/sec, 
F=2¢>F=1: 737.492+0.008 Mc/sec; 737.492+0.008 Mc/sec. 
Experimental values for each of the three intervals were obtained 
by observing transitions for which AF= +1, in the region of zero 


external magnetic field. 
The corrected intervals give the following values for the inter- 


action constants: 
a= 827.265 =+0.003 Mc/sec, 
b=1146.356 +40.010 Mc/sec, 
c=  0.00245+0.00037 Mc/sec (all errors rms). 
From this value of c the nuclear magnetic octupole moment is 
calculated : 
(4 (52° —3z2r*) divM);, ;= +0.3u,10-™ cm’. 
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This result is not inconsistent either in magnitude or sign with the 
octupole moment to be expected for iodine. In fact, it is in good 
agreement with the result predicted from a detailed theory for a 
ds;2 proton in a single-particle orbit.’ The authors would like to 
point out that this result has no relation to that found by Tolansky 
from a study of the optical spectrum of ionized iodine.® 

Consideration of the form of the octupole interaction shows 
why, for a given octupole moment, the interaction energy is 
appreciably larger in iodine than in the elements of group III or 
the remaining halogens. The hyperfine structure of some of these 
elements has been studied by atomic-beam methods with com 
parable precision and no octupole-like departures have been 
found.* Details of this and other considerations (relativistic 
effects, configuration interactions, etc.) will be discussed in a 
forthcoming paper, which will describe the experimental method 
as well. It will be accompanied by a paper by C. Schwartz on the 
theory of the hyperfine structure interaction. 

We are indebted to Charles Schwartz for his valuable co- 
operation. 

* This work was supported in part by the Signal Corps, the Air Materiel 
Command, and the U. S. Office of Naval Research 

t On leave from the University of California at Los 
address, dong oo Department, University of California 
Los Angeles, California. f 

'Here K =F (F +1) —1(1 41) —J(J +1). For J =3/2 only these inter 
actions exist. This does not preclude, for / «5/2, tae existence of an electric 


nuclear 24 moment 
2 For a closed shell minus an electron the interaction constants may be 


Angeles. Present 
at Los Angeles, 


expressed as: 
tiie w 2L(L +1) 
ws Ser) 
21 


hb = ~O 4 


— 2 ? - (2 ? ? 
ema (Sz 3277) siwM 2L(L—1)(21 +2) (2L +4) | 5). 
2 ra (QJ +2) (2J +3) (2J +4) 
The indeterminate form of ¢ for the case of a ps2 electron may be evaluatetl 
following reference 3. 

4H. B. G. Casimir and G. Karreman, 

4 The results of these calculations were 
C. Schwartz. 

6 Paper on the theory of the hyperfine structure interaction to be pub 
lished by C. Schwartz. 

6S. Tolansky, Proc. Roy. Soc. (London) A170, 214 (1939). In a detailed 
paper in which the theory of the hyperfine structure involving the nuclear 
magnetic octupole moment was first presented, Casimir and Karreman 
(reference 3) pointed out that the Tolansky octupole moment was some 300 
times larger than that expected, Other optical investigations (reference 7 
did not support Tolansky’'s results 

7 T. Schmidt, Z. Physik 112, 199 (1939); K. Murakawa, Z. Physik 112, 
234 (1939). 

* The results of recent high-precision measurements of the hyperfine 
structure of In'*, when suitably corrected for the effects of the neighboring 
fine-structure level, show the existence of a nuclear magnetic octupole 
moment in In!!*, though some four times smaller than the value expected 
for a g9/2 proton. Since, in the group III elements, the effects of configura- 
tion interactions for large Z must be considered, this result may not be 
surprising. We wish to express our gr atitude to Professor P. Kusch of 
Columbia Univ oar 4 for making his data available to us before publication 
{P. Kusch and T, G. Eck, following letter, Phys. Rev. 94, 1799 (1954) }. 


Physica 9, 494 (1942). 
also obtained independently by 


Hyperfine Structure of In''®. Evidence of a 
Nuclear Octupole Moment* 
P. Kuscu anp T. G. Eck 
Department of Physics, Columbia University, New York, New York 
(Received April 22, 1954) 


HE hyperfine structure intervals in the *P5/2. state of In" 
have been measured with a high precision in a search for 
effects arising from a nuclear magnetic octupole moment. Previous 
measurements! allowed the description of the observed intervals 
in terms of a magnetic dipole and an electric quadrupole inter 
action only, within experimental error. The present measurements 
were made on an apparatus in which the weak field, ranging from 
0.43 to 1.48 gauss in the several runs, which determined the mag 
netic splitting of the lines is extremely uniform. The lines are thus 
sharp and free of asymmetries and it is possible to determine their 
frequencies to very high precision. The inhomogeneous deflecting 
fields of the apparatus are sufficiently low so that the atoms are 
in the (F,mr) quantization in these fields. Accordingly almost 
all transitions AF = +1, Amr=+1,0 are accompanied by signifi- 
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cant changes in magnetic moment and it is possible to observe 
a large number of the Zeeman components of each line. The quad- 
ratic terms in the energy levels were small in all cases. 

The measured frequencies of the zero field lines are as follows: 
F=6¢>F=5: f6=1752.6851+0.0006 Mc/sec, 
F=5>F= fs=1117.1693+0.0005 Mc/sec, 

=4¢>F=3: f,= 668.9638+0.0005 Mc/sex 


It is remarkable that these three frequencies can be very accurately 
represented by an expression for the energy levels which includes 
only the dipole and quadrupole interaction. In fact, if fs and /, 
are assumed as given, f/; becomes 1117.1692 Mc/sec. However, 
the levels of the *P3,/2 state are perturbed by the */;,2 state. The 
perturbation? serves to shift the F=5 level ~ by 8.2 ke/sec 
and the F=4 level upwards by 1.0 kc/sec. The attempt to de 
scribe the corrected line frequencies by an expression which in 
cludes only dipole and quadrupole interaction terms leaves 
residual discrepancies between observed and calculated line fre 
quencies of the order of 5 kc/sec, far beyond the uncertainties of 
the experimental data. 

If we use the expression for the energy levels given by Jaccarino 
et al. in the preceding letter and which includes magnetic dipole, 
electric quadrupole, and magnetic octupole terms, we find 


a = 242.16485+0.00006 Mc/sec, 
b=449.5524+0.0006 Mc/sec, 
c =0.000497 +0.000033 Mc/sec, 


where, in each case, the quoted uncertainty is the rms sum of the 
uncertainties in each of the terms of the linear equation which 
determines the quantity in terms of the line frequencies. No 
attempt is made to include uncertainties in the small correction 
terms which have been applied to the observed frequencies. The 
quantity ¢ is about fourteen times the uncertainty in that quan 
tity and the reality of an octupole-like interaction term is, there 
fore, not subject to significant doubt. The determination of the 
octupole moment itself from the interaction constant cannot be 
made without further extensive calculation. 

These measurements were made in consequence of the observa 
tion of a much larger octupole interaction energy in I'” by the 
group at the Massachusetts Institute of Technology whose letter 
appears immediately before the present letter.’ 

* This work was supported in ae by the U. S. Office of Naval Research, 

14, K. Mann and P. Kusch, Phys. Rev. 77, 427 (1950). 

2 We are indebted to Dr. V. Jaccarino and Mr. Charles Schwartz for 


access to their calculations of the relevant perturbation energies. 
*V. Jaccarino ef al., preceding letter [Phys. Rev, 94, 1798 (1954), 


Coulomb Effects in Pion-Proton Scattering 
at Relativistic Energies 
FRANK T. SOLMITZ 


Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received April 22, 1954) 


AN HOVE! and Ashkin and Smith? have shown how to 
separate Coulomb and nuclear effects in pion-proton scat 
tering at nonrelativistic energies. One simply considers the Cou- 
lomb force negligible inside the region (of radius of the order of 
the meson Compton wavelength) in which the nuclear forces act, 
and uses the appropriate Coulomb wave functions. outside. It 
then turns out that the scattering amplitude for not too low 
energies can be written, to quite good approximation, as the sum 
of the nuclear amplitude in terms of phase shifts and the Coulomb 
Born approximation amplitude. 
Thus the cross section in the center-of-mass system (including 
nuclear s and p waves only) is of the form 


da /dQt= | (1/2ik) (P+ cos) +f (6) |? 
+] (1/2ik)R sind+f(@)|?; (1) 


hk and @ are the momentum and scattering angle in the c.m. 
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system; for r*+p-—>n* + p, 

P = exp (2ia;)—1, 

Q= exp (2ias;) +2 exp (2ias;) —3, 

R = exp (2iay;) — exp (2ias:), 
tpn” +p, 
P=4[2 exp(2ia:) +exp (2ia,) |—1, 
Q=4(2 exp (2iai:) +exp (2ias;) +4 exp (2iais) +2 exp (2iass) J—3, 
R=4[2 exp (2iass) +exp (2ias;) —2 exp (2iai,) — exp (2ias;) J. 
The Coulomb non-spin-flip and spin-flip amplitudes can be written 
in the following form: 


and for x 


e 


2pV, sin?(@/2)’ 
here p=hk is the momentum in the c.m. system, and V, is the pion 
velocity in the laboratory system, The upper and lower signs refer 
to scattering of positive and negative pions, respectively. 

There has been some question about the correct relativistic 
generalization of the above result. For small angles and high 
energy, a classical relativistic calculation should give the correct 
Coulomb cross section; such a calculation yields (do/dQ)¢ 
= [ (e/2pV,) (2/0)? }?. Comparison of this expression with Eq. 
(2) shows that the amplitude, as written there, is also correct 
relativistically for smal! angles. [Note that the amplitude is given 
in a different form in references 1 and 2 and hence differs from 
Eq. (2) at relativistic energies. 

An alternate approach, valid also for large angles, is to write 
down the scattering amplitudes to first order in é/he for the 
electromagnetic interaction Hamiltonian: 


(4ar) teh 
2Mc 


[A @O=F S10) =0; (2) 


(Mp- bp yw» 
ofe _ 20"), 
dx, *dx,/” 


ra 


(49) 4eb py pA vt 


ACEM wx - 


x( a F 0 , )4 tin | 
Oxy er ty ° h - 


we et o(ArAy—Ae); 
here yp, ¢ are the proton and meson wave functions, respectively, 
and A, is the 4-vector potential of the electromagnetic field. We 
have included a ‘‘Pauli term’’ for the anomalous magnetic mo 
ment of the proton (u, is the magnetic moment in nuclear mag 
netons). Using standard methods, we obtain 


fora Fe 
2p(v"-+2,) sin*(6/2) 


- 2 
x|1 +4 “"?(1+cos#) ~ 1 uy —1)"(1—coss)], 
c c 


fm st a 
2p(ve +p) sin® (6/2) 

Vg, Up are the pion and proton velocities in the c.m. system. We 
have neglected terms of order (v,/c)*. It can be seen that the 
Coulomb cross section based on Eq. (3) reduces correctly to the 
classical relativistic expression for small angles. 

The author is indebted to Professor E. Fermi and Dr. J. Orear 
for valuable discussion of this problem. 


1L. van Hove, Phys. Rev. 88, 1358 (1952). 

2 J. Ashkin and L. Smith, Coulomb Interference Effects in the Scattering 
of Mesons by Protons, Technical Report No. 1, Carnegie Institute of 
Technology, February 2, 1953 (unpublished). 


Ugtp 1s” ° 
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Scintillation Response of Anthracene to 
Soft X-Rays 
J. B. Birxs anp F, D. Brooxs 
Physics Department, Rhodes University, Grahamstown, South Africa 
(Received April 20, 1954) 


IRKS'* has predicted a difference between the scintillation 
response of organic phosphors to external electrons and to 
internal photoelectrons of the same energy. The scintillation re- 
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sponse of anthracene to secondary characteristic x-rays of energies 
between 6 kev and 25 kev has therefore been studied. The scin- 
tillations were observed with an E.M.I. type 5060 photomultiplier, 
and the output pulse amplitude distribution was obtained using 
a “gray-wedge” pulse-height analyzer, based on the instrument 
originally developed by Bernstein et al. Secondary characteristic 
x-rays of known energies were obtained by placing a series of 
scattering foils of different elements in the path of a beam of 
“white” x-radiation, and were detected at right angles to the 
primary beam direction by a 2 mm thick crystal of anthracene. 

The pulse amplitude distribution photographs, obtained from 
the analyzer, showed that it was possible to resolve the photo- 
electron peaks produced by incident x-rays of energy >11 kev, 
when the photomultiplier was operating at room temperature 
(20°C). By cooling the photomultiplier to dry ice temperatures, 
to reduce the dark noise background, adequate resolution was 
obtained at lower energies from 6 kev to 11 kev. 

The mean scintillation pulse height S is plotted as a function 
of the x-ray energy £ in Fig. 1. The experimental data of Taylor 
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Fic. 1. Scintillation response of anthracene. (a) X-rays. Experimental +; 
theoretical ———. (b) Electrons. Experimental @; theoretical 


et al.4 on the scintillation response of anthracene to electrons of 
energy E, incident externally on the crystal, have been normalized 
to the same scale of S, and these are also plotted in Fig. 1 for 
comparison. 

The theoretical response curve for photoelectrons, produced 
internally by x-rays, has been calculated from the formula? 


2) __ A(dE/dr) 
dr}: 14+kB(dE/dr)’ 


by using experimentally determined values of the constants A 
and kB, and the range-energy data for electrons, given by Curie.* 
The theoretical response curve for external electrons has been 
calculated from the formula! for particles of range r, 


(dS/dr).=(dS/dr)z, 


where ¢=1—$[exp(—r/ao) — (r/ao) Ei(r/ao) ], Ei(r/ao) being the 
exponential integral. A value of a9=3 mm air equivalent has been 
taken, corresponding to a mean free path for the primary photons? 
of about 3 microns. 

The two theoretical response curves, which are plotted in Fig. 1, 
are in excellent agreement with the experimental data. These 
results provide further evidence in favor of the photon cascade 
theory of the scintillation process, proposed by Birks.?:? Further 
measurements are in progress on the scintillation response of 
anthracene and other organic phosphors to x-rays and electrons. 
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Hill Book Company, Inc., New York, 1953). 
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Errata 








Paramagnetic Scattering of Neutrons by Rare Earth Oxides, 
W. C. KoeHLer AnD E. O. WoLtan [Phys. Rev. 92, 1380 (1953) ]. 
The diffraction patterns of Fig. 4, page 1383, and Fig. 6, page 
1384, should be interchanged with the figure numbers and cap- 
tions held in their present location. 


Small-Angle X-Ray Scattering from Liquid Helium I and 
Liquid Helium II, ArrHua G. Tweet [Phys. Rev. 93, 15 
(1954) ]. In the “note added in proof” on page 20, the last line 
should read “.. . at 4.16°K shown in Fig. 3 to 0.61.” The number 
0.61 appears incorrectly as 0.16. 


The Half-Life of Lanthanum-140, H. W. KirBy AND 
MurreE t L. Satutsky [Phys. Rev. 93, 1051 (1954) ]. In the first 
sentence of the fifth paragraph, instead of “. . . having a resolution 
time of 0.1 microsecond” read “. . . having a resolution time of 0.1 
microminute.” In the second sentence of the same paragraph, 
instead of “... a mixture of 90 percent methane and 10 percent 
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argon” read “... a mixture of 90 percent argon and 10 percent 
methane.” These errors do not affect either the data or the results. 


The Scattering of Neutrons by Systems of Heavy Nuclei, 
G. Praczex [Phys. Rev. 86, 377 (1952) ]. Dr. von Dardel! and 
Professor Wick? have kindly directed the author’s attention to the 
fact that Eqs. (7.20) and (5.17) contain elementary errors which 
are readily eliminated by correctly carrying out the substitutions 
indicated in the text above these equations. 

The second and third lines of Eq. (7.20) for the contribution of 
the interference terms to the total cross section should be re 
placed by 


+19 2 (cos2koles’ ZRovea’ Sin2RoZee’)Vast's’s Ay 


1 si 2k oe’ 
+ {= ~ 4 costar’) 
Bafa’ Rof sa’ Ay 
The corresponding expressions (7.22) and (7.23) for the dif- 
ferential cross section, however, are given correctly. 
The expression (5.17) for the average energy transfer should 
read as follows: 
Bw 
8Eo 
44 Knt— 1K?) +i Br Pv, a3}3 
9 pk Tad 
The conclusions reached in the discussion of Eqs. (7.20) and 
(5.17) are in no way affected. 


2u z ma ( cd 
) Eo 3K 1 r + 


(E)\_=——— 
t/ Ay (u+1)? 


1G. von Dardel (private communication); see also G. F. von Dardel, 
The Interaction of Neutrons with Matter Studied with a Pulsed Neutron 
Source (Elanders Boktryckeri Aktiebolag, Goteborg, 1953). 

2G. C. Wick (private communication). 


Density Fluctuations at Low Temperatures, P. J. Price 
[Phys. Rev. 94, 257 (1954) ]. In Eq. (8) and the equation di 
rectly above it, S* should be N. 
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Hfs and nuclear moments of stable Br isotopes, John 
Gordon King and Vincent Jaccarino—1610 

Hfs of I. Nuclear magnetic octupole moment, V. Jac- 
carino, J. G. King, R. A. Satten, and H. H. Stroke— 
1798(L) 

Hfs of In™. Evidence of nuclear octupole moment, P. 
Kusch and T. G. Eck—1799(L) 

Molecular beam investigation of scattering of molecules 
from surfaces, F. C. Hurlbut—754(A) 

Stern-Gerlach experiment on polarized neutrons, J. E. 
Sherwood, T. E. Stephenson, C. P. Stanford, and Sey- 
mour Bernstein—791 (A) 

Variations of hydrogen rotational magnetic moments with 
rotational quantum number and with isotopic mass, R. 
G. Barnes, P. J. Bray, and N. F. Ramsey—893 

Atomic Mass and Abundance 

Atomic masses in intermediate region, T. L. Collins, 
Walter H. Johnson, Jr., and Alfred O. Nier—398 

Nuclear masses as integral or rational multiples of elec- 
tron mass, Enos E. Witmer—764(A) 

T concentration in natural waters by diffusion cloud 
chamber, E. L. Fireman and D. Schwarzer—385 

Atomic Structure and Spectra 

Application of Rayleigh-Schrédinger perturbation theory 

to hydrogen atom, Eugene P. Wigner—77 
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Atomic Structure and Spectra (Continued) 

Atomic self-consistent fields. II. Interpolation problems, 
Per-Olov Léwdin—1600 

Complete Bacher and Goudsmit method, Sydney Meshkov 
and C. W. Ufford—75; C. W. Ufford and S. Meshkov 
—/761(A) 

Determination of h/e by new method, F. G. Dunnington, 
C. L. Hemenway, and J. D. Rough—592 

Distortion of nucleus in w-mesic atoms, W. Lakin and 
W. Kohn—787(A) 

Fine structure of positronium, Roy Weinstein, 
Deutsch, and Sanborn Brown—758(A) 

Gyromagnetic ratio in hfs of doublet states, W. W. Clen- 
denin—1590 

Hfs and nuclear moments of stable Br isotopes, John 
Gordon King and Vincent Jaccarino—1610 

Hfs of I. Nuclear magnetic octupole moment, J. Jac- 
carino, J. G. King, R. A. Satten, and H. H. Stroke— 
1798 (1) 

Hfs of In’. Evidence of nuclear octupole moment, P. 
Kusch and T. G. Eck—1799(L) 

Hfs of 3Ps2 state of Na”, Paul L. Sagalyn—885 

Interaction current contribution to hfs of tritium, A. M. 
Sessler and H. M. Foley—761(A) 

Lamb shift in mesic atoms, H. C. Corben—787(A) 

Low even configurations of Hf 11, Matatiahu Gehatia—618 

Magnetic quenching of positronium decay, Otto Halpern 
—904 

w-mesonic x-rays and shape of nuclear charge distribution, 
David L. Hill and Kenneth W. Ford—1617 

New method of approximate calculation of atomic radii, 
N. Efremov—753(A) 

Nuclear spin of Am™ and isotope shift in Am spectrum, 
John G, Conway and Ralph D. McLaughlin—498(L) 
Pressure shift in He 5875, John R. Holmes and Leon 

Pape—902 

Relativistic contributions to magnetic shielding of nuclei 
in atoms, Vernon W. Hughes and Werner B. Teutsch 
—761(A) 

Spectroscopy of w- and w-meson x-rays, S. de Benedetti, 
M. B. Stearns, M. Stearns, and H. J. Richings—766(A) 

Spin-other-orbit interaction in theory of complex spectra, 
Frederick R. Innes—761(A) 

V d@ and d* configurations, Sydney Meshkov—761 (A) 

Variation wave function for Na, D. M. Smith and E. L. 
Secrest—806(A) 

Yields of w- and w-meson x-rays in low-Z materials, M. 
Stearns, M. B. Stearns, S. De Benedetti, and L. Lei- 
puner—766(A) 

Aurora (sec Astrophysics; Geophysics) 


Martin 


Barkhausen Effect (see Magnetic Properties) 
Biophysics 
Nal y-ray spectrometry techniques applied to outlining of 
brain tumors, J. R. Risser and H. C. Allen, Jr.—810(A) 
Range measurement of low-voltage electrons, Marguerite 
Davis—243 
Boson Theory (see Field Theory) 
Bremsstrahlung (see Radiation) 
Broadening of Spectral Lines (see Atomic Structure and 
Spectra; Molecular Structure and Spectra; Spectra, 
General) 


Capture Cross Sections (see Electrons and Positrons; 
Nuclear Reactions; Radiation) 
Cerenkov Effect (see Radiation) 
Chemical Effects and Properties 
Adsorption of CO: on Ni single crystal faces using radio- 
tracer technique, J. A. Dillon, Jr., and H. E. Farnsworth 
—753(A) 
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Effect of structure and molecular weight on viscosity of 
higher hydrocarbons at high pressures, W. Webb, J. W. 
Spencer, and R. W. Schiessler—753(A) 

Electrolysis of sintered ThO, D. L. Goldwater and W. E. 
Danforth—754(A) 

Ion-yield of tritium-oxygen reaction, Leon M. Dorfman 
and B. A. Hemmer—754(A) ' 

Mechanism of adsorption. I. Theory, B. C. Bradshaw and 
R. A. Shuttleworth—753(A); II. Application, R. A. 
Shuttleworth and B. C. Bradshaw—753(A) 

Nuclear magnetic resonance as criterion of chemical bond- 
ing, Richard A. Ogg, Jr.—767(A) 

Preparation and properties of III-V compounds, G. Wolff, 
P. H. Keck, and J. D. Broder—753(A) 

Theory of directed valence, Ta-You Wu—1424(A) 

Chemical Reactions (see Chemical Effects and Proper- 
ties) 

Chemiluminescence (see Luminescence) 

Cold Emission (see Electrical Properties) 

Colloids (see Chemical Effects and Properties; Molecular 
Aggregates) 

Compton Effect (see Radiation) 

Conductivity, Electrical (see Electrical Conductivity and 
Resistance) 

Conductivity, Thermal (see Therrnal Properties) 

Constants, Standards, Units 

Comparison of nuclear and y-ray energy scales, K. W. 
Jones, R. A. Douglas, M. T. McEllistrem, and H. T. 
Richards—947 

Determination of h/e by new method, F. G. Dunnington, 
C. L. Hemenway, and J. D. Rough—592 

Precision determination of velocity of light derived from 
band spectrum method. II, D. H. Rank, J. N. Shearer, 
and T. A. Wiggins—575 

Variety of our sources of information on Avogadro’s num- 
ber and other constants, Jesse W. M. DuMond, and 
E. Richard Cohen—1790(L) 

Cosmic Radiation 

Cloud-chamber observations of unusual neutral V particles 
having light secondaries, V. A. J. van Lint, C. D. Ander- 
son, E. W. Cowan, R. B. Leighton, and C. M. York, Jr. 
—1732 

Cosmic radiation at very high altitudes near geomagnetic 
equator, W. A. Pomerantz—796(A) 

Cosmic radiation intensity-time variations and their origin. 
III. Origin of 27-day variations, J. A. Simpson—426; 
IV. Increases associated with solar flares, John Firor— 
1017; V. Daily variation of intensity, J. W. Firor, W. H. 
Fonger, and J. A. Simpson—i031 

Cosmic-ray protons at 3.4 km, Charles E. Miller, Joseph 
E. Henderson, Gerald R. Garrison, David S. Potter, 
Wayne M. Sandstrom, and Jay Todd, Jr.—167 

Decay of heavy nuclear fragment, P. S. Freier, G. W. 
Anderson, and J. E. Naugle—677 

Development of air showers in atmosphere, Kurt Sitte, 
Don L. Stierwalt, and Irving L. Kofsky—988 

Distribution of specific ionization of primary cosmic rays 
at \=10°N, G. W. McClure—796(A) 

Energy distribution of neutral mesons produced in cosmic- 
ray stars, Y. B. Kim—797(A) 

Flux of primary cosmic-ray a particles, John Lindsley— 
796(A) 

Influence of earth-magnetic field on extensive air showers, 
Giuseppe Cocconi—796(A) 

Kinematics of A° production, George T. Reynolds and 
S. B. Treiman—207(L); 797(A) 

K-meson and hyperon decays, Paul H. Barrett—1328 

Magnetic storm effect on cosmic radiation, Hannes Alfven 
—1082(L) 
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Mean lives of positive and negative « mesons, N. N. 
Biswas and M. S. Sinha—1400(L) 

Negative w-meson capture in carbon, T. N. K. Godfrey— 
756(A) 

Nuclear interaction of fast « mesons, Martin Annis, Homer 
C. Wilkins, and John D. Miller—1038 

Origin of cosmic rays, Philip Morrison, Stanislaw Olbert, 
and Bruno Rossi—440 

Sea-level zenith-angle dependence of high-energy » mesons, 
N. M. Duller, W. D. Walker, J. W. Graham, and J. R. 
Risser—810(A) 

Search for K particles using Cerenkov counters, J. W. 
Keuffel and L. Mezzetti—797(A) 

Shower structure in higher shower maxima, W. Bothe and 
H. Kraemer—1402(L) 

Solar magnetic moment and cosmic-ray effects associated 
with solar flares, S. B. Treiman—1029 

Structure and composition of air shower cores, Harold L. 
Kasnitz and Kurt Sitte—977 

Time and directional study of primary heavy nuclei, G. W. 
Anderson, P. S. Freier, and J. E. Naugle—1317 

Time structure of extensive air showers, R. Sugarman and 
S. De Benedetti—796(A) 

V-decay event with heavy negative secondary, and identi- 
fication of secondary l’-decay event in cascade, E. W. 
Cowan—161 

Cosmology (see Astrophysics; Relativity and Gravita- 
tion) 

Critical Potentials (see Atomic Structure and Spectra; 
Molecular Structure and Spectra) 

Cross Section (see Electrons and Positrons; Nuclear Re- 
actions; Radiation; Scattering) 

Crystal Counters (see Methods and Instruments) 

Crystalline State (see also Electrical Properties; Imper- 
fections in Solids; Magnetic Properties; Semicon- 
ductors; etc.) 

Absorption spectrum of Be in neighborhood of K edge, 
R. W. Johnston and D. H. Tomboulian—1585 

Anisotropic Debye-Waller factors in cubic crystals, R. J. 
Weiss, J. J. DeMarco, G. Weremchuk, J. Hastings, and 
L. Corliss—1420(A) 

Annealing kinetics of lattice imperfections using evaporated 
metal films, R. W. Hoffman and N. S. Rasor—1406(A) 

Application of bimolecular kinetics to relaxation of order 
below Curie point, Jerome Rothstein—1429(A) 

8— a transformation in Sn, Jerome Fleeman—1422(A) 

Bombardment damage of Ge. crystals by fast electrons, 
W. Kohn—1409(A) 

Bound states in dislocations, Rolf Landauer—1386(L) 

Change of elastic constants of Cu on annealing after plastic 
deformation at 78°K, E. C. Crittenden, Jr., and H. 
Dieckamp—1421(A) 

Change of resistivity of Cu with elastic strain, D. B. 
Bowen and H. Hori—1422(A) 

Crystal geometry of cubic—tetragonal phase changes, 
theory, M. S. Wechsler, D. S. Lieberman, and T. A. 
Read—759(A) 

Crystal structure as factor in radiation damage, D. Wruck 
and C. Wert—1417(A) 

Cubic to orthorhombic diffusionless phase change—experi- 
mental and theoretical studies of AuCd, D. S. Lieber- 
man, M. S. Wechsler, and T. A. Read—760(A) 

Diffraction effects of crystals with deformation faults, 
R. Hosemann and S. N. Bagchi—71 

Diffraction of x-rays by lattice imperfections, Yin-Yuan Li 
and R. Smoluchowski—751(A) 

Diffraction studies of possible ordering in a brass, D. T. 
Keating—1429(A) 

Diffusion in Ag single crystals, C. T. Tomizuka and L. 
Slifkin—1406(A) 
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Diffusion of Co” in some Ni-Al alloys containing excess 
vacancies, A. E. Berkowitz, F. E. Jaumot, Jr., and F. C. 
Nix—1407(A) 

Diffusion of lattice defects in temperature gradient, Robert 
W. Keyes—1389(L) 

Diffusionless cubic—tetragonal phase changes, T. A. Read, 
M. S. Wechsler, and D. S. Lieberman—759(A) 

Dimensional changes of @ brass on dezincification and lat- 
tice strain in Cu introduced by vacancies, David D. Van 
Horn and William C. Cooley—1418(A) 

Disordering of solids by heavy corpuscular radiation, W. 
S. Snyder and Jacob Neufeld—760(A) 

Effect of plastic flow upon color centers in alkali halide 
crystals, Masayasu Ueta and Werner Kanzig—1390(L) 

Effect of short-time moderate-flux neutron irradiation on 
mechanical properties of sorne metals, F. W. Kunz and 
A. N. Holden—1417(A) 

Effective mass of conduction electrons in Ag, Au, and Cu, 
L. G. Schulz—1422(A) 

Elastic constants of Cu alloys, John R. Neighbours and 
Charles S. Smith—1421(A) 

Elastic constants of Si before and after neutron bombard- 
ment from x-ray diffuse scattering, W. P. Binnie and 
A. M. Liebschutz—1410(A) 

Elastic spectrum of Cu from temperature scattering of 
x-rays, E. H. Jacobsen—1420{A) 

Elastic spectrum of Zn from temperature scattering of 
x-rays, R. E. Joynson—851 

Electric breakdown of crystals in high-temperature region, 
Kurt Lehovec—770(A) 

Electrical breakdown paths in nonpolar crystals, J. W. 
Davisson—1437 (A) 

Electrical characteristics of polycrystalline boron, L. J. 
Badar and V. P. Jacobsmeyer—808(A) 

Electrical properties of single crystals and thin films of 
PbSe and PbTe, S. J. Silverman and H. Levinstein—871 

Electrical resistivity of cold-worked Al single crystals, 
A. Sosin and J. S. Koehler—1422(A) 

Electrolysis of sintered ThO, D. L. Goldwater and W. E. 
Danforth—754(A) 

Electron interactions in metals, Robert L. Chuoke—808(A) 

Electron resonance in F centers, J. Korringa—1388(L) 

Electronic energy bands in crystals, Edmond Brown— 
1434(A) 

Electrostatic energy calculations for sodium tungsten 
bronze (NasWO:), J. F. Smith—1407(A) 

Energy for fracture propagation in plates, J. A. Kies and 
H. L. Smith—760(A) 

Equations for magnetostriction and anisotropic energy for 
hexagonal crystal of class Des(6/m, 2/m, 2/m), W. P. 
Mason and J. A. Lewis—1439(A) 

Equivalence of x-ray lattice parameter and density changes 
in neutron-irradiated LiF, D. Binder and W. J. Sturm 
—760(A) 

Formation energy of vacancies in Au, C. J. Meechan and 
R. R. Eggleston—1406(A) 

Germanium-oxygen system, Michael Hoch and Herrick 
L. Johnston—749(A) 

Growth and surface properties of Ta crystals, M. H. 
Nichols—309 

Hall effect of Pd-Ag alloy system, A. I. Schindler— 
1422(A) 

Imperfections in Cu in terms of electrical resistivity and 
thermoelectric power, G. W. Rodeback—1406(A) 

Influence of charge distribution on repulsive forces and 
internuclear distances between ions, Gilbert Beguin and 
Kasimir Fajans—1434(A) 

Interferometric study of surface of x-ray and proton- 
irradiated KCI crystals, W. J. Smith, W. J. Leivo, and 
R. Smoluchowski—1435(A) 
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Crystalline State (Continued) 

Internal friction associated with precipitation in Al-Ag 
alloy, A. C. Damask and A. S. Nowick—1421(A) 

Internal friction in single metal crystals at audiofrequen- 
cies, T. R. Cuykendall, T. Beresovski, and H. S. Sack 
—1421(A) 

Interstitial content of radiation-damaged metals from pre- 
cision x-ray lattice parameter measurements, C. W. 
Tucker, Jr., and J. B. Sarnpson—1418(A) 

Ionic conductivity of impure polar crystals, A. B. Lidiard 

Kinetics of or‘ering and disordering process in CusAu, 
F, P. Burns—i429(A) 

Lattice defects in metals, Frederick Seitz—1406(A) 

Localized orbitals, Harvey Winston—328 

Localized perturbations, Melvin Lax—1391(L) 

Long-range order in Cu-Au alloys of nonstoichiometric 
compositions, C. H. Sutcliffe and F. E, Jaumot, Jr.— 
1429(A) 

Magnetic neutron diffraction in FesO., T. Riste and A. W. 
McReynolds—1433(A) 

Magnetic susceptibility of carbons and polycrystalline 
graphites, H. T. Pinnick—319 

Melted regions in metal crystals resulting from particle 
bombardment, J. M. Denney—1417(A) 

Moduli and internal friction of magnetite as affected by 
low temperature transformation, M. E. Fine and Nancy 
T. Kenney—-1573 

Multiphonon transitions in F center, Jordan J. Markham 
—1395(L) 

Neutron diffraction investigations on superconducting ele- 
ments, M. K. Wilkinson, C. G. Shull, L. D. Roberts, 
and S. Bernstein—772(A) 

Neutron diffraction observations on Fe at high tempera- 
tures, M. K. Wilkinson and C. G. Shull—1439(A) 

Neutron diffraction studies of rochelle-salt single crystals, 
B, C. Frazer, Marilyn McKeown, and Ray Pepinsky— 
1435(A) 

Nucleation of fracture origins, E. A. McLean and Waller 
George—761(A) 

Order-disorder and cold-work phenomena in Cu-Pd alloys, 
F, E. Jaumot, Jr., and A. Sawatzky—1429(A) 

Order-disorder transformation in Cu-Au alloys of non- 
stoichiometric compositions, C. H. Sutcliffe and F. E. 
Jaumot, Jr.—1429(A) 

Orientation of nuclei by saturation of paramagnetic reso- 
nance, J. Korringa—1388(L) 

Origin of recrystallization nuclei, John P. Nielsen— 
1428(A) 

Pauli principle scattering and resistivity minimum, J. S. 
Koehler—1071(L) 

Peculiarity of electron density near impurity in metal and 
its effect on x-ray spectra, J. S. Plaskett—-1420(A) 

Polaron self-energy and Bloch-Nordsieck method, K. S. 
Singwi and B. M. Udgaonkar—38 

Preparation and properties of III-V compounds, G. Wolff, 
P. H. Keck, and J. D. Broder—753(A) 

Pu metal properties, Cyril Stanley Smith—1068(L) 

R’, colloidal, and Z bands in KCl, D. R. Westervelt— 
1438(A) 

Radiation ordering by cyclotron particles, C. E. Dixon and 
D. B. Bowen—1418(A) 

Radiation-induced changes in electrical resistivity of a 
brass, D. B. Rosenblatt, R. Smoluchowski, and G. J. 
Dienes—1417(A) 

Rate of production of color centers in KCl and KBr by 
x-rays at 78°K, William H. Duerig—65 

Recovery phenomena in cold-worked metals, A. S. Nowick 
—760(A) 
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Resistivity changes in Cu, Ag, and Au produced by deu- 
teron irradiation near 10°K, H. G. Cooper, J. S. Koehler, 
and J. W. Marx—496(L) 

Restoration of F and V; ceniers following low temperature 
bleaching, R. V. Hesketh and E. E. Schneider—494(L) 

Role of Rydberg constant in calculation of ionic radii, 
N. Efremov—813(A) 

Scattering by lattices of deformable atoms, R. J. Glauber 
—751(A) 

Self-diffusion and ionic conductivity in NaBr, H. W. 
Schamp, Jr., and E. Katz—828 

Self-diffusion in KCl, J. F. Aschner—771(A) 

Simon melting equation and effective intermolecular poten- 
tial, L. Salter—1434(A) 

Simplified LCAO method for periodic potential problem, 
J. C. Slater and G. F. Koster—1498 

Size effects in nucleation of fracture origins, E. A. Mc- 
Lean and Waller George—1428(A) 

Small-angle scattering of x-rays by irradiated diamond, 
W. H. Robinson, Yin-Yuan Li, and R. Smoluchowski 
—1435(A) 

Soft x-ray emission bands in metals, H. Jones—1072(L) 

Solute diffusion in metals, D. Lazarus—1407(A) 

Solution of Schrédinger equation in periodic lattices with 
application to metallic Li, W. Kohn and N. Rostoker 
—1111 

Statistical approach to ‘ohne determination in x-ray analy- 
sis, V. Vand and R. Pepinsky—1435(A) 

Stored energy measurements in irradiated Cu, Albert W. 
Overhauser—1551 

Structure of Gd, Dy, and Er at low temperatures, J. R. 
Banister, S. Legvold, and F. H. Spedding—1140 

Surface migration of C on W, Ralph Klein—1407(A) 

Theory of x-ray small-angle scattering, Yin-Yuan Li and 
R. Smoluchowski—866 

Thermal ionization of trapped electrons, Hermann Gummel 
and Melvin Lax—1419(A) 

Thermionic and surface properties of W crystals, George 
F. Smith—295 

Thermionic emission and semiconduction in single crystals 
of BaO, Evan O. Kane—1439(A) 

Thermodynamics of ordering alloys. I]. Ordered and dis- 
ordered solid solutions of Au and Cu system, R. A. 
Oriani—760(A) 

Thermoelectric power and resistivity of dilute Cu-Si, 
Ni-Si, and Fe-Si alloys, C. A. Domenicali and F. A. 
Otter—1421(A) 

Time rate of change for transformation of monoclinic Se 
into hexagonal, Alvin E. Cowan and Arthur E. Locken- 
vitz—809 (A) 

Time reversal vs Boltzmann equation, J. S. Lomont— 
792(A) 

Tunneling of electrons in alkali halides, D. L. Dexter— 
771(A) 

2-phase graphitization, E. E. Loebner—1435(A) 

Variation method applied to wave functions in crystals, 
W. V. Houston—808 (A) 

Wave functions for impurity levels, G. F. 
J. C. Slater—1392(L) 

X-ray measurements of cold-worked « brass, E. P. Ware- 
kois—1421(A) 


Koster and 


Diamagnetism (see Magnetic Properties) 

Dielectrics and Dielectric Properties 

Dielectric changes in crystal-phosphor condensers irradi- 
ated with x-rays, Rudolf Frerichs—1408(A) 

Dielectric constants of powders at uhf, Robert S. Smith 
—1438(A) 
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Dielectric high-frequency method for molecular weight 
determinations, P. Debye, P. P. Debye, and B. H. 
Eckstein—1412(A) 

Dielectric properties of colored KCI crystals, T. Suita— 
1497 

Domain clamping effect in BaTiOs single crystals, M. E. 
Drougard and D. R. Young—1408(A) ; 1561 

Effects of stepped surfaces on motional parameters of 
piezoelectric filter plates, Charles R. Mingins, Robert 
W. Perry, and Albert D, Frost—770(A) 

Electric polarization of charged particles in square poten- 
tial wells, Julian H. Gibbs—292 

Electrical conduction and dielectric properties of ice, E. J. 
Workman and W. Drost-Hansen—770(A) 

Ferroelectric transition in single crystals of CdeNb.O;, 
F. Jona, G. Shirane, and R. Pepinsky—1408(A) 

Heat of transition of BaTiOs at Curie point, A. DeBrette- 
ville and E. D. Harris—1408(A) 

Neutron diffraction studies of rochelle-salt single crystals, 
B. C. Frazer, Marilyn McKeown, and Ray Pepinsky— 
1435(A) 

Piezoresistance effect in Ge and Si, Charles S. Smith—42 

Static electrification of filaments: dependence of charge 
transferred on normal force and velocity, S. P. Hersh 
and D. J. Montgomery—1413(A) 

Theory of thermodielectric effect, B. Gross—1545 

Theory of volume rectification in ice, W. Drost-Hansen 
and E. J. Workman—770(A) 

Threshold field and free energy for antiferroelectric- 
ferroelectric phase transition in PbZrOs, A. P. deBrette- 
ville, Jr.—1125 

Diffraction (see algo Scattering) 

Anisotropic Debye-Waller factors in cubic crystals, R. J. 
Weiss, J. J. DeMarco, G. Weremchuk, J. Hastings, and 
L. Corliss—1420(A) 

Diffraction effects of crystals with deformation faults, 
R. Hosemann and S. N. Bagchi—71 

Diffraction measurements at 1.25 cm, C. W. Horton and 
W. W. Grannemann—812(A) 

Diffraction of electromagnetic waves by metallic wedge 
of acute dihedral angle, W. W. Grannemann, C. W. 
Horton, and R. B. Watson—812(A) 

Diffraction of step shocks through double slits, George A. 
Coulter and James Allen—782(A) 

Diffraction of x-rays by lattice imperfections, Yin-Yuan 
Li and R. Smoluchowski—751(A) 

Diffraction studies of possible ordering in a brass, D. T. 
Keating—1429(A) 

Field-induced diffraction method for molecular weight de- 
terminations, W. A. Barber, P. Debye, and B. H. Eck- 
stein—1412(A) 

Magnetic neutron diffraction in FesO., T. Riste and A. W. 
McReynolds—1433(A) 

Multiple diffraction patterns in glass produced by ultra- 
sonic waves of high intensity, J. M. Barnes—1434(A) 
Neutron diffraction investigations on superconducting ele- 
ments, M. G. Wilkinson, C. G. Shull, L. D. Roberts, 

and S. Bernstein—772(A) 

Neutron diffraction observations on Fe at high tempera- 
tures, M. K. Wilkinson and C. G. Shull—1439(A) 

Neutron diffraction studies of rochelle-salt single crystals, 
B. C. Frazer, Marilyn McKeown, and Ray Pepinsky 
—1407(A) 

Scattering by lattices of deformable atoms, R. J. Glauber 
—751(A) 


Diffusion 


Age-diffusion theory for f-ray problems, William C. 
Roesch—779( A) 


Comparison of diffusion techniques employing radioiso- 
topes, R. L. Smith, F. E. Jaumot, Jr., and L. A. Arné, 
Jr.—1407 (A) 

Design of diffusers to avoid turbulent. boundary layer 
separation, Francis H. Clauser—783(A) 

Diffusion in Ag single crystals, C. T. Tomizuka and L. 
Slifkin—1406(A) 

Diffusion of Co” in some Ni-Al alloys containing excess 
vacancies, A. E. Berkowitz, F. E. Jaumot, Jr., and 
F. C. Nix—1407(A) 

Diffusion of impurities in Ge, W. C. Dunlap, Jr.—1531 

Diffusion of lattice defects in temperature gradient, Robert 
W. Keyes—1389(L) : 

Effect on diffusion measurements of some f-ray absorption 
phenomena, A. E. Berkowitz—1407(A) 

Electrostatic energy calculations for sodium tungsten 
bronze (NasWOs), J. F. Smith—1407(A) 

Extension of Onsager’s theory of reciprocal relations. I, 
S. R. de Groot and P. Mazur—218; II, P. Mazur and 
S. R. de Groot—224 

Interdiffusion in PbS crystals, R. F. Brebrick and W. W. 
Scanlon—1430(A) 

Lifetimes and diffusion constants in Ge, D. T. Stevenson 
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MacLeod, and A. C. Webber—770(A) 
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H. L. Smith—760(A) 
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alloy, A. C. Damask and A. S. Nowick—1421(A) 

Internal friction in single metal crystals at audiofrequen- 
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X-ray study of prismatic punching in TICI, Edward I. 
Salkovitz and Paul L. Smith—770(A) 

Electrical Breakdown (see Dielectrics and Dielectric 
Properties; Electrical Discharges) 
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1409(A) 
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High-frequency resistance of thin films, R. Broudy and H. 
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Influence of nuclear radiation on electrical conductivity of 
alkali halides, R. Smoluchowski—1409(A) 
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Electrical Properties (see also Dielectrics and Dielectric 


Properties; Electrical Conductivity and Resistance; 
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and M. A. Pomerantz—757(A) 

Growth and surface properties of Ta crystals, M. H. 
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Seebeck effect in Ge, T. H. Geballe and G. W. Hull—1134 
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trodynamics) 
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Annihilation of positrons in flight, J. B. Gerhart, B. C. 
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Configuration space methods for construction of potentials, 
Abraham Klein—195 
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Low-energy limits of meson processes, S. Deser and W. 
E. Thirring—746(A) 
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Fried—1736; II, Burton D. Fried and R. J. Riddell, 
Jr.—746(A) 





ANALYTIC SUBJECT 
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ment of one fluid by another, Charles C. Templeton— 
812(A) 

Fine Structure (see Atomic Structure and Spectra) 
Fission of Nucleus (sce Nuclear Fission) 
Fluctuation Phenomena (see Noise) 
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Yields of fission products from U™ irradiated with fission 
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Hfs of 3Ps2 state of Na”, Paul L. Sagalyn—885 

Magnetic moment of K® in intermediate coupling, G. E. 
Tauber and Ta-You-Wu—262(A) ; 1307 

NO hfs theory, Masataka Mizushima—569; 789(A) 

Nuclear spin of Am™ and isotope shift in Am spectrum, 
John G. Conway and Ralph D. McLaughlin—498(L) 
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J. P. Lloyd and G. E. Pake—579 

Spins of lowest states of K”, P™, and Al nuclei, Harald 
A. Enge—730(L) 

Nuclear Photoeffects 

Angular anisotropy of specific Th photofission fragments, 

A. W. Fairhill, I. Halpern, and E. J. Winhold—733(L) 


Connection between pion photoproduction and scattering 
phase shifts, Marc Ross—454 

Deuteron photodisintegration at intermediate energies, J. 
M. Berger—1698 

Elastic photoproduction of neutral mesons from deuterium, 
B. Wolfe, J. W. DeWire, and A. Silverman—755(A) 

Elastic photoproduction of #° in He, G. De-Saussure and 
L. S. Osborne—756(A) 

Elastic production of #° photomesons from deuterium, H 
L. Davis and D. R. Corson—756(A) 

Electrodisintegration of Cu”, M. B. Scott, A. O. Hanson, 
and D. W. Kerst—763(A) 

High-energy photoproton production by 325-Mev brems- 
strahlung radiation, B. T. Feld, R. D. Godbole, A. 
Odian, F. Scherb, P. C. Stein, and A. Wattenberg-—1000 

Stern-Gerlach experiment on polarized neutrons, J. E. 
Sherwood, T. E. Stephenson, C. P. Stanford, and Sey- 
mour Bernstein—791 (A) 

Me™ (+7,3p3n)F™ reaction induced by 70-Mev bremsstrah- 
lung, Fritz D. Schupp and Don S. Martin, Jr.—80 

Photodisintegration of deuterium by 60-280 Mev x-rays, 
Barbara Dwight Schreiber, E. A. Whalin, and A. O. 
Hanson—763 (A) 

Photodisintegration of He above meson threshold, V. O. 
Nicolai and E. L. Goldwasser——755(A) 

Photofission cross sections, James Gindler and Robert B. 
Duffield—759(A) 

Photomeson production from hydrogen, T. L. Jenkins, D.- 
Luckey, and R. R. Wilson—755(A) 

Photoproduction of * mesons from H near threshold, G. 
Bernardini and E. L. Goldwasser—729(L) 

Photoproduction of #* mesons near threshold, E. L. Gold- 
wasser and G. Bernardini—755(A) 

Photoprotons from 300-Mev bremsstrahlung, P. C. 
Murray, R. I. Scace, R. O. Haxby, and T. R. Palfrey, 
Jr.—764(A) 

Systematics of photoproton reactions, E. B. Weinstock and 
J. Halpern—1651 


Nuclear Reactions, General (see also Elementary Particle 


Interactions; Scattering) 

Coulomb excitation by means of bombardment with vari- 
ous particles, Jérgen H. Bjerregaard and Torben Huus 
—204(L) 

Decay of heavy nuclear fragment, P. S. Freier, G. W. 
Anderson, and J. E. Naugle—677 

Electrodisintegration of Cu*, M. B. Scott, A. O. Hanson, 
and D. W. Kerst—763(A) 

Emission of 5- and x-rays from targets bombarded by 
accelerated ions, Crtomir Zupantié and Torben Huus— 
205(L) 

Energy spectra of nucleons evaporated from compound 
nucleus, R. M. Eisberg—739(L) 

Excitation functions for nitrogen-induced nuclear reac- 
tions in C, A. Zucker and H. L. Reynolds—748(A) 

High-energy events, Joseph V. Lepore, Maurice Neuman, | 
and Richard N. Stuart—788(A) 

Inelastic scattering of charged particles in electric excita- 
tion processes, Hans Mark—1436(A) 

Inelastic scattering of 190-Mev electrons in Be, J. A. 
McIntyre, B. Hahn, and R. Hofstadter—1084(L) 

Level densities in heavy nuclei of 10- to 20-Mev excitation, 
D. B. Beard—738(L) 

Nuclear events at high energies, Joseph V. Lepore and 
Richard N. Stuart—1724 

Nuclear potential well depth, Robert K. Adair—737(L) 

Polarization from isolated resonances, A. Simon and T. 
A. Welton—943 

Statistical factors in radiation widths of nuclear energy 
levels, D. J. Hughes—740(L) 
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Nuclear Reactions Induced by a@ Particles and He’ (see 
also Scattering of a Particles) 

(a-n) reactions in Be’, B“, and C*, R. E, Trumble, Jr.— 
748(A) f 

B”(a,p)C™ energy levels, W. J. Fader and A. Sperduto— 
748(A) 

Coulomb excitation of heavy and medium nuclei by a 
particles, G. M. Temmer and N. P. Heydenburg— 
747(A) 

y-ray spectrum of Po-B source, Temple Love and Fred 
Maienschein—795 (A) 

+ rays from inelastic scattering of a particles by lithium 
and fluorine, N. P. Heydenburg, and G. M. Temmer— 
748(A) 

7 rays from Li’, F”, Ne”, and Na™ produced by a-particle 
bombardment of lithium and fluorine, N. P. Heydenburg 
and G. M. Temmer—1252 

+ rays from Ne™, B. P. Foster, G. S. Stanford, and L. L. 
Lee—804(A) 

He* + He’® reactions, W. M. Good, W. E. Kunz, and C. 
D. Moak—87 

Low excited states of F”. III. Coulomb excitation by a 
particles, R. Sherr, C. W. Li, and R. F. Christy- 
1076(L) 

Rotational nuclear energy levels from Coulomb excitation, 
G. M, Temmer and N. P,. Heydenburg—1399(L) 

Nuclear Reactions Induced by Deuterons and Tritons 
(see also Scattering of Deuterons) 

Angular correlations in Be’(d,py) Be” and Be®(d,ay) Li’, 
L. Cohen, S. S. Hanna, and C. M. Class—419 

Be” energies of excited states, C. K. Bockelman and J. J. 
Jung—748(A) 

C"(d,t)C™ differential cross sections, H. D. Holmgren, 
J. M. Blair, B. E. Simmons, and R. V. Stuart—748(A) 

Correction to deuteron stripping cross sections, Larry 
Schecter and Warren Heckrotte—1086(L) 

(d,p) reactions in Ni and statistical theory of nuclear re- 
actions, William W. Pratt—1086(L) 

Deuteron stripping theory, W. Tobocman—762(A) 

Deuteron-induced reaction studies, N. S. Wall—763(A) 

Energy levels in Ca“ from Ca“(d,p)Ca* reaction, C, M. 
Braams—763(A) 

Excitation function and Q value for C*(d,p)C", James A. 
Rickard and Emmett L. Hudspeth—806(A) 

Neutron thresholds in Li'(d,n) Be* and Be*(d,n) B’, T. W. 
Bonner and C, F. Cook—807(A) 

Neutron yields from d-d reaction in various target ma- 
terials, R. C. Campbell, J. D. Korsmeyer, and D. C. 
Ralph—-791 (A) 

Scattering of 190-Mev deuterons on protons, Arnold L. 
Bloom and Owen Chamberlain—659 

Spins of lowest states of K“”, P®, and Al nuclei, Harald 
A. Enge—730(L) 

Nuclear Reactions Induced by Mesons (see also Ele- 
mentary Particle Interactions; Mesons; Scattering of 
Mesons) 

Analysis of 405-Mev proton and 222-Mev negative pion 
stars, A. D. Sprague, D. M. Haskin, R. G, Glasser, and 
Marcel Schein—994 : 

Angular distribution of r--proton chargé exchange scatter- 
ing at 40 Mev. I. Apparatus, A. Roberts and J. Tinlot— 
766(A); II. Analysis of results, J. Tinlot and A. 
Roberts—766 (A) 

Charge exchange scattering of negative pions at 42, 30, 
and 20 Mev in hydrogen, W. Spry—766(A) 

Interaction of high-energy pions with nuclei, 
Courant—1081(L) 

Interactions of negative pions in C and Pb, John O. 
Kessler and Leon M. Lederman—689 ae 
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Negative u-meson capture in carbon, T. N. K. Godfrey— 
756 

Nuclear interaction of fast ms mesons, Martin 
Homer C. Wilkins, and John D. Miller—1038 

m-p interactions at 1.5 Bev, J. Crussard, W. D. Walker, 
and M. Keshiba—736(L) 

Possible angular correlations involving V particles, L. 
Wolfenstein—786 (A) 

Unstable heavy particles from Cosmotron, R. D. Hill, E. 
O. Salant, M. Widgoff, L. S. Osborne, A. Pevsner, D. 
M. Ritson, J. Crussard, and W. D. Walker—797(A) 

Nuclear Reactions Induced by Neutrons (see also Ele- 
mentary Particle Interactions; Scattering of Neu- 
trons) 

Activation measurements in Eu with monoenergetic neu- 
trons, R. E. Wood—794(A) 

Angular distribution of D(d,n) neutrons scattered from C, 
Al, S, Fe, Cd, Cu, W, and Pb, R. N. Little, Jr., C. P. 
Cadenhead, B. P. Leonard, Jr., J. T. Prud’homme, L. D. 
Vincent, and J. E. Wills—807(A) 

Angular distribution of fragments from neutron-induced 
fission, J. E. Brolley, Jr., and W. C. Dickinson—640 
Average neutron total cross sections in 3- to 12-Mev 

region, Norris Nereron and Sperry Darden—1678 

Cm isotopes 246 and 247 from pile-irradiated plutonium, 
C. M. Stevens, M. H. Studier, P. R. Fields, J. F. Mech, 
P. A. Sellers, A. M. Friedman, H. Diamond, and J. R. 
Huizenga—974 

Doppler effect in slow neutron resonance in Rh, H. H. 
Landon—1215 

Effect of finite resolution on neutron transmission near 
resonance, E. Melkonian and W. W. Havens, Jr.— 
790(A) 

Energy levels of Cu from inelastic neutron scattering, I. 
A. Rayburn, D. L. Lafferty, and T. M. Hahn—1641 
Energy spectra of nucleons evaporated from compound 

nucleus, R. M. Eisberg—739(L) 

Evidence for Si*, long-lived 8 emitter, Anthony Turke- 
vich and Arthur Samuels—364 

Experiments with neutrons from the Cosmotron. I, D. A. 
Hill, T. Coor, W. F. Hornyak, L. W. Smith and G. A. 
Snow—791(A); II, G. A. Snow, T. Coor, D. A. Hill, 
W. F. Hornyak, and L. W. Smith—791 (A) 

rays excited by inelastic scattering of fast neutrons in 
Bi, Ni, and Cu, M. S. Rothman, H. S. Hans, and C, E. 
Mandeville—791 (A) 

y rays from inelastic scattering of 14-Mev neutrons in C” 
and O”, L. C. Thompson and J. R. Risser—941 

‘-y coincidences from interaction of 3.1-Mev neutrons with 
various materials, V. E. Scherrer, B. A. Allison, and W. 
R. Faust—791(A) 

Improved apparatus for high-resolution neutron cross- 
section measurements, J. H. Gibbons—773(A) 

Inelastic scattering of neutrons, E. A. Eliot, D. Hicks, 
L. E. Beghian, and H. Halban—144 

Interaction of polarized neutrons with polarized Mn™ 
nuclei, S. Bernstein, L. D. Roberts, C. P. Stanford, J. 
W.. T. Dabbs, and T. E. Stephenson—1243 

Interaction with A and Pb of neutrons with energies up to 
2.3 Bev, E. C. Fowler, H. L. Kraybill, R. M. Walker, 
and R. S. Preston—791(A) 

Interpretation of measurements of total cross sections for 
nuclear scattering of high-energy neutrons, T. B. 
Taylor—785(A) 

Level densities in heavy nuclei of 10- to 20-Mev excitation, 
D. B. Beard—738(L) 

N“(n,2n)N™ cross-section measurement 
neutrons, J. D. Dudley and C. M. Class 
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Neutron absorption cross section of U™ at 2200 m/sec, 
H. Palevsky, R. S. Carter, R. M. Eisberg, and D. J. 
Hughes—1088(L) 

Neutron capture in separated isotopes of Pt, J. M. Cork, 
M. K. Brice, L. C. Schmid, G. D. Hickman, and H. 
Nine—1218 

Nonelastic scattering of fast neutrons, H. L. Taylor, O. 
Lonsj6, and T. W. Bonner—807 (A) 

n-p cross section at 1.0 and 2.5 Mev, R. E. Fields, R. L. 
Becker, and R. K. Adams—389 

Nuclear potential well depth, Robert K. Adair—737(L) 

Pickup reactions B"(n,d) Be® for 14-Mev neutrons, F. L. 
Ribe and J. D. Seagrave—934 

Search for Li'(n,t) reaction, H. E. 
Macklin—807 (A ) 

Shell effects in highly excited nuclei, Henry W. Newson 
and Robert H. Rohrer—654 

Te resonance scattering, H. L. Foote, Jr.—790(A) 

Total cross sections for 410-Mev neutrons, V. Alexander 
Nedzel—174 

Total neutron cross section for U from 20 kev to 20 Mev, 
R. L. Henkel, L. Cranberg, G. A. Jarvis, R. Nobles, 
and J. E. Perry—141 

Total neutron cross sections in kev region: As, Zr, Nb, 
La, Ce, Pr, and Au, R. C. Block, J. H. Gibbons, E. G. 
Bilpuch, and D, F, Herring—774(A) ; 

Total neutron cross sections in kev region: Cu, Cu™, Cu”, 
and Ga, H. Marshak—774(A) 

Total neutron cross sections in kev region: Li, F, Cl, Sc, 
Rb, Mo, Ag, and Ta, J. R. Patterson, H. W. Newson, 
R. C. Mobley, and T. E. Gilmer—774(A) 

Total neutron cross sections in kev region: Se, Br, Y, I, 
and Cs, H. W. Newson, R. M. Williamson, A. L. 
Toller, and P. F. Nichols—774(A) 

Nuclear Reactions Induced by Protons (see also Ele- 
mentary Particle Interactions; Scattering of Pro- 
tons) 

Al™ ground state, J. C. Kluyver, C. van der Leun and 
P. M. Endt—1795(L) 

Al™ energy levels, S. F. Zimmerman, Jr., and C. P. 
Browne—749(A) 

Analysis of 405-Mev proton and 222-Mev negative pion 
stars, A. D. Sprague, D. M. Haskin, R. G. Glasser, and 
Marcel Schein—994 

Angular correlation apparatus for Li'(p,y,a)He*, Pat M. 
Windham and G. C. Phillips—803(A) 

Angular distribution of a particles from (p,@) reactions, 
E. Newman and W. L. Alford—748(A) 

Angular distribution of deuterons from N“*(~,d)N™, K. G. 
Standing—731(L) 

Angular distribution of y rays from Al”(p,y)Si®, H. E. 
Gove, E. B. Paul, G. A. Bartholomew, and A. E. Lither- 
land—749(A) 

Angular distributions of fission fragments from 22-Mev 
proton-induced Th fission, B. L. Cohen, W. H. Jones, 
G. H. McCormick, and 8. L. Ferrell—625; 758(A) 

Attenuation of 870-Mev protons by various elements, F. 
F. Chen, C. P. Leavitt, and A. M. Shapiro—784(A) 

Comparison of nuclear and y-ray energy scales, K. W. 
Jones, R. A. Douglas, M. T. McEllistrem, and H. T. 
Richards—947 

Coulomb excitation of heavy nuclei, C. M. Class, C. F. 
Cook, and J. T. Eisinger—747(A) ; 809(A) 

Disintegration of heavy elements by 2.2-Bev protons, 
Robert B. Duffield and Nathan Sugarman—776(A) 

Effect of Coulomb barrier on meson production by nucleon- 
nucleus collisions, Toichiro Kinoshita—1331 

Electric excitation of Pt, C. L. McClelland and Clark 
Goodman—1437 (A) 


Banta and R. L. 


Electric excitation of Ta, J. T. Eisinger, C. F. Cook, and 
C. M. Class—735(L) 

Energy dependence of Coulomb excitation of Ta and Au, 
W. I. Goldburg and R. M. Williamson—747 (A) 

Energy spectra of nucleons evaporated from compound 
nucleus, R. M. Eisberg—739(L) 

Estimation of beam intensity and cross sections at Cosmo- 
tron from gross radioactivity in Cu, Anthony Turkevich 
—775(A) 

Experiments with neutrons from the Cosmotron. I, D. A. 
Hill, T. Coor, W. F. Hornyak, L! W. Smith, and G. A. 
Snow—791 (A) 

Ga, Ge, and As nuclides produced in bombardment of Cu 
with 2.2-Bev protons, Anthony Turkevich and Nathan 
Sugarman—728(L) 

y-ray energies from Al™ and S™, J. A. Smith, J. N. 
Cooper, and J. C. Harris—749(A) 

y-ray spectrum of C” and y rays from proton bombard- 
ment of C*, K. R. Spearman, E. L. Hudspeth, and I, L. 
Morgan—806(A) 

rays and internal pairs from Be*® +H’, R. J. Mackin, 
Jr.—648 

y rays from N“(p,ay)C* and N”(p,vy)O™, Alfred A. 
Kraus, Jr.—975 

K-particle production by protons of 2.2 and 3.0 Bev, R. D. 
Hill, E. O. Salant, and M. Widgoff—1794(L) 

Low excited states of F”. I. Proton inelastic scattering, 
R. W. Peterson, C. A. Barnes, W. A. Fowler, and C, C. 
Lauritsen—1075(L); II. Lifetime measurements, J. 
Thirion, C. A. Barnes, and C. C. Lauritsen—1076(L) ; 
IV. Angular distributions, R. F. Christy—1077(L) 

Momentum transfer in high-energy nuclear interactions in 
Al, R. Wolfgang and G. Friedlander—775(A) 

Neutron thresholds from Cu*(p,n) Zn®, Cu" (pn) Zn™, and 
Li’ (pn) Be’, C. F. Cook and T. W. Bonner—807(A ) 
Neutrons from proton bombardment of Be® and H’*, J. B. 

Marion, C. F. Cook, and T. W. Bonner—807(A) 

Neutrons from proton bombardment of N“, Fay Ajzen- 
berg and Wolfgang Franzen—409 

Nuclear energy levels by absolute magnetic analysis of 
inelastically scattered protons, C. R. Gossett, G. C. 
Phillips, and J. T. Eisinger—807(A) 

Nuclear reactions of Cu with 2.2-Bev protons, G. Fried- 
lander, J. M. Miller, R. Wolfgang, J. Hudis, and E. 
Baker—727 (L) 

p+d—>r*+t reaction, Sidney A. Bludman—1722 

p+d—t+-* angular distribution and yield, Wilson J. 
Frank, Kenneth C. Bandtel, Richard Madey, and Burton 
J. Moyer—1716 

(~,y) coincidence measurements utilizing proton time-of- 
flight, W. T. Joyner—774(A) 

(p,pn) and (p,an) excitation functions, B. L. Cohen, E. 
Newman, R. A. Charpie, and T. H. Handley—620 

Partial widths for reactions Al” (p,y) Si® and Al” (p,p’) Al”, 
E. B. Paul, H. E. Gove, G. A. Bartholomew, and A. E. 
Litherland—749(A) 

* production cross sections from deuterium, Walter F. 
Dudziak—756(A) 

n*/m” ratios at low energies from complex nuclei, Ryo- 
kichi Sagane and Walter F. Dudziak—755(A) 

Pion production ratios, D. C. Peaslee—1085(L) 

Production of antiprotons in p-p collisions, David Fox— 
499(L) 

Production of Ga, Ge, and As nuclides by 2.2-Bev protons 
on Cu, Nathan Sugarman and Anthony Turkevich— 
775(A) 

Radioactive products from interaction of 2.2-Bev protons 
with Cu, G. Friedlander, E. Baker, J. Hudis, J. M. 
Miller, and R. Wolfgang—775(A) 
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Nuclear Reactions Induced by Protons (Continued) 
~ Reactions of Al with 2.2-Bev protons, J. Hudis, R. Wolf- 
gang, N. Sugarman, and G. Friedlander—775(A) 

Reactions of Cs with 240-Mev protons, Richard W. Fink 
and Edwin O. Wiig—1357 

Scattering of 96-Mev protons from light nuclei. I. Energy 
distribution, F. Titus and K. Strauch—785(A); II. 
Angular distribution, K. Strauch and F. Titus—785(A) 

Scintillation counter study of y rays from proton capture 
in Na, R. R. Carlson, E. H. Geer, and E. B. Nelson 

1311 
Spallation studies of Bi, W. E. Bennett—997 
Nuclear Scattering (sce Scattering) 
Nuclear Spectra (see also Nuclear Reactions; Radioac- 
tivity) 

AcK radiation, Earl K. Hyde—1221 

Additional properties of isotopes of elements 99 and 100, 
P. R. Fields, M. H. Studier, J. F. Mech, H. Diamond, 
A. M. Friedman, L. B. Magnusson, and J. R. Huizenga 
—209(L) 

Al™ ground state, J. U. 
P. M. Endt—1795(L) 

Ag neutron-deficient isotope, B. C. Haldar and Edwin O. 
Wiig—1713 

Ag™ f-ray spectrum, Toshio Azuma—638 

Al” energy levels, S. F. Zimmerman, Jr., and C. P. 
Browne—749(A) 

Angular correlation of 3 nuclear radiations, G. R. Satchler 
—1304 

Angular distribution of y rays from Al”(p,y)Si™, H. E. 
Gove, E. B. Paul, G. A. Bartholomew, and A. E. 
Litherland—749 (A) 

Angular distribution of photoelectrons from y radiation 
of 0.4 and 1.3 Mev, Arne Hedgran and Sdlve Hultberg 
—498(L) 

f-decay energy systematics, Katharine Way and Marion 
Wood—119 

B-decay interaction, Henry Brysk—1794(L) 

Ce“ and Pr nuclear spectra, W. S. Emmerich, W. J. 
Auth, and J. D. Kurbatov—110; W. J. Auth, W. S. 
Emmerich, and J. D. Kurbatov—794(A) 

Co” and I™ disintegration, Robert S. Caird and Allan 
C. G. Mitchell—412 

Co disintegration, M. Sakai, J. Dick, and J. D. Kurbatov 
—779(A) 

Coulomb excitation by means of bombardment with various 
particles, Jérgen H. Bjerregaard and Torben Huus— 
204(L) 

Cs™ inner bremsstrahlung, Babulal Saraf—642; 793(A) 

Decay scheme of 5.5-hr. isomer of Hf”, J. W. Mihelich, 
Gertrude Scharff-Goldhaber, and Michael McKeown— 
794(A) 

Double vacancies in K shell associated with K-electron 
capture in A", J. A. Miskel and M. L. Perlman—1683 
Effect of atomic electron screening on shape of forbidden 

B spectra, R. H. Good, Jr.—931 

Electric excitation of Pt, C. L. 
Goodman—1437 (A) 

Energy levels of Cu from inelastic neutron scattering, 
L. A. Rayburn, D. L. Lafferty, and T. M. Hahn—1641 

First forbidden matrix element in B decay, R. W. King 
and D. C, Peaslee—1284 

-7 coincidences from interaction of 3.1-Mev neutrons with 
various materials—791(A) 

y-ray energies from Al” and S™, J. A. Smith, J. N. 
Cooper, and J. C. Harris—749(A) 

y-ray spectrum of C” and y rays from proton bombard- 
ment of C“, K. R. Spearman, E. L. Hudspeth, and I. L. 
Morgan—806(A ) 


Kluyver, C. van der Leun, and 


McClelland and Clark 


y-ray spectrum of Po-B source, Temple Love and Fred 
Maienschein—795(A) 
rays and internal pairs from Be’ + H’, R. J. Mackin, Jr. 


rays excited by inelastic scattering of fast neutrons in 
Bi, Ni, and Cu, M. A. Rothman, H. S. Hans, and C. E. 
Mandeville—791 (A) 

7 rays from inelastic scattering of a particles by Li and F, 
N. P. Heydenburg and G. M. Temmer—748(A) 

rays from Li’, F”, Ne*, and Na™ produced by a-particle 
bombardment of Li and F, N. P. Heydenburg and G. M. 
Temmer—1252 

y rays from N“(p,ay)C”® and N“(p,y)O", Alfred A. 
Kraus, Jr.—975 

Half-life and 6 decay of long-lived Nb“, Mario A. Rollier 
and Einar Saeland—1079(L) 

Ho neutron-deficient activities, Thomas H. Handley—945 

I disintegration, R. S. Caird and Allan C. G. Mitchell 
—780(A) 

Identification of Cf isotopes 249, 259, 251, and 252 from 
pile-irradiated Pu, H. Diamond, L. B. Magnusson, J. F. 
Mech, C. M. Stevens, A. M. Friedman, M. H. Studier, 
P. R. Fields, and J. R. Huizenga—1083(L) 

In™ disintegration, C. L. McGinnis—780 

Intermediate coupling in BY, W. T. Sharp, H. Gellman, 
and G. E. Tauber—762(A) 

Internal bremsstrahlung from P”, Max Goodrich and 
Wilbur B. Payne—405 

Internal conversion in L and M sub-shells, E. L. Church 
and J. E. Monahan—762(A) 

Isobaric triplet Mg”-Al*-Si*, Raymond K. Sheline, Noah 
R. Johnson, P. R. Bell, R. C. Davis, and F. K. Mc- 
Gowan—1642 

K“, Bernard L. Cohen—117 

La™ disintegration, C. L. Peacock, A. W. Oser, and J. F. 
Quin—804(A) 

La™ radiation, C. L. Peacock, J. F. Quin, and A. W. 
Oser, Jr.—372 

Long-lived isomer of RaE (Bi*”), Harris B. Levy and 
I. Perlman—152 

Low excited states of F”, I. Proton inelastic scattering, 
R. W. Peterson, C. A. Barnes, W. A. Fowler and C. C. 
Lauritsen—1075(L); II. Lifetime measurements, J. 
Thirion, C. A. Barnes, and C. C. Lauritsen—1076(L) ; 
III. Coulomb excitation by @ particles, R. Sherr, C. W. 
Li, and R. F. Christy—1076(L); IV. Angular distri- 
butions, R. F. Christy—1077(L) 

Low-lying states of Be*®, E. W. Titterton—206(L) 

Magnetic internal Compton coefficients in Born approxi- 
mation, Larry Spruch and G. Goertzel—1671 

Mn™, B. L. Cohen, R. A. Charpie, T. H. Handley, and 
E. L. Olson—953 

Mo” disintegration, Jagdish Varma and C. E. Mandeville 
—91; C. E. Mandeville and Jagdish Varma—780(A) 

Modified shell model of odd-even nuclei, A. B. Volkov— 
1664 

Ne”, J. D. Gow and Luis W. Alvarez—365 

Ne” ¥ rays, B. P. Foster, G. S. Stanford, and L. L. Lee 
—804(A) 

Neutron capture in separated isotopes of Pt, J. M. Cork, 
M. K. Brice, L. C. Schmid, G. D. Hickman, and H. 
Nine—1218 

New isotopes of Am, Bk, and Cf, A. Ghiorso, S. G. 
Thompson, G. R. Choppin, and B. G. Harvey—1081(L) 

New method for measuring short y-ray lifetimes, J. W. 
Knowles—795(A) 

Nuclear properties of some isotopes of Cf, elements 99 
and 100, G. R. Choppin, S. G. Thompson, A. Ghiorso, 
and B. G. Harvey—1080(L) 
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Nuclear shell model ft values for intermediate coupling, 
R. Schulten and R. A. Ferrell—739(L) 

O”“ 8B spectra, J. R. Penning and F. H. Schmidt—779(A) 

P* radioisotope, R. T. Nichols and E. N. Jensen—369 

Pa™ 3.7 x 10°*-sec metastable state, D. Engelkemeir and 
L. B. Magnusson—1395(L) 

Partial widths for reactions Al” (p,7) Si* and Al™(p,p’) Al”, 
E. B. Paul, H. E. Gove, G. A. Bartholomew, and A. E. 
Litherland—749(A) 

Pb™ energy levels, L. G. Elliott, R. L. Graham, J. Walker, 
and J. L. Wolfson—795(A) 

Po™ a-emitting isomer, Fred Noel Spiess—1292 

Precise momentum measurement of F line of ThB, D. L. 
Meyer and F. H. Schmidt—927 

Pt 10.5-day isotope, R. A. Naumann—794(A) 

Pt™ decay, E. P. Tomlinson, R. A. Naumann, and J. W. 
Mihelich—794(A) 

Pu™ a- and y-ray spectra, Frank Asaro and I. Perlman 
—381 

Radiations of 18-min Br”, L. Lidofsky, R. Gold, and C. S. 
Wu—780(A) 

Radiations of 53-min I™ and 86-sec I’, Michael Mc- 
Keown and Seymour Katcoff—965 

Radiative electron capture in Fe*, L. Madansky and F. 
Rasetti—407 

Radiative ,electron capture of Fe", A”, and Ni®, W. S. 
Emmerich, S. E. Singer, and J. D. Kurbatov—113; 
S. E. Singer, W. S. Emmerich, and J. D. Kurbatov— 
779(A) 

RaE spin, R. W. King and D. C. Peaslee—795(A) 

Rates of decay of observed anisotropies in Am™ a-y and 
Cd™ y-y angular correlations, J. S. Fraser and J. C. D. 
Milton—795(A) 

Rb” third forbidden § spectrum, M. H. MacGregor and 
M. L. Wiedenback—138 

Recoil spectrum in 6 decay of Ne”, W. Parker Alford 
and Donald R. Hamilton—779(A) 

Resonance fluorescence with nuclei: Hg™, F. R. Metzger 
and W. B. Todd—794(A) 

Rotational nuclear energy levels from Coulomb excitation, 
G. M. Temmer and N. P. Heydenburg—1399(L) 

Sargent diagram and ft values for electron capture transi- 
tions, J. K. Major and L. C. Biedenharn—779(A) 

Scintillation counter study of y rays from proton capture 
in Na, R. R. Carlson, E. H. Geer, and E. B. Nelson 
—1311 

Search for anomalous positively-charged particles from 
P*, G. W. McClure—1637 

Short-lived isomeric states of Ag™ and In’, F. I. Boley 
—1078(L) 

Sm™ disintegration, R. L. 
794(A) 

Summation of y-ray energies with single-crystal spectrom- 
eter, Daniel C. Lu and M. L. Wiedenbeck—501 (L) 

Symmetry relations of 12-7 symbol, R. J. Ord-Smith—1227 

Tbh” (71-day) decay, S. B. Burson, W. C. Jordan, and 
J. M. LeBlanc—103 

TI™ nuclear energy levels, Jagdish Varma—795(A) ; 
1688 

Transmission of 0-40 kev electrons by thin films with 
application to 8-ray spectroscopy, R. O. Lane and D, J. 
Zaffarano—959 

Upper limits for lifetimes of Ni®, Z. Bay, V. P. Henri, 
and F. McLernon—780(A) 

V®™ nuclide, Raymond K. Sheline and Joseph R. Wilkinson 
—729(L) 

W™ energy levels, C. M. Fowler, H. W. Kruse, V. 
Keshishian, R. J. Klotz, and G. P. Mellor—1082(L) 

Xe™ decay scheme, Sigvard Thulin—734(L) 


Graham and J. Walker— 


Y™ disintegration, M. E. Bunker, J. P. Mize, and J. W. 
Starner—1694 

Yb™, Thomas H. Handley and Elmer L. Olson—968 

Zn" activities, J. M. LeBlanc, J. M. Cork, and S. B. 
Burson—1436(A) 

Zr™ decay scheme, Phillip S. Mittelman—99 


Nuclear Structure Theory (see also Nuclear Reactions; 


Nuclear Spectra) 

Distortion of nucleus in w-mesic atoms, W. Lakin and 
W. Kohn—787(A) 

Ground states of odd-odd nuclei, C. Schwartz—95 

Interaction of high-energy pions with nuclei, E. D. Courant 
—1081(L) 

Level densities in heavy nuclei of 10- to 20-Mev excitation, 
D. B. Beard—738(L) 

Magnetic moment of K“ in intermediate coupling, G. E. 
Tauber and Ta-You Wu—762(A); 1307 

Many-particle configurations in central field, C. Schwartz 
and A. de-Shalit—1257 

Modified shell model of odd-even nuclei, A. B. Volkov— 
1664 

u-mesonic x-rays and shape of nuclear charge distribution, 
David L. Hill and Kenneth W. Ford—1617 

Non-uniform nuclear charge distributions and measure- 
ments of nuclear electrical radius, Kenneth W. Ford and 
David L. Hill—1630 

Nuclear charge distribution, David L. Hill and Kenneth 
‘W. Ford—787(A) 

Nuclear potential well depth, Robert K. Adair—737(L) 

Nuclear shell model ft values for intermediate coupling— 
739(L) 

Phenomenological interaction, M. H. Kalos and J. M. 
Blatt—762(A) 

Possible relation between pseudoscalar 8 coupling and 
nuclear spin-orbit coupling, E. J. Konopinski—550 

Spins of lowest states of K*, P™, and Al™ nuclei, Harald 
A. Enge—730(L) 

Statistical factors in radiation widths of nuclear energy 
levels, D. J. Hughes—740(L) 


Optical Instruments (see Methods and Instruments) 
Optical Properties (see also Luminescence) 


Anomalous optical absorption limit in InSb, Elias Burstein 
—1431(A) 

Color centers in KCI crystals produced by high-energy 
protons, W. Leivo and R. Smoluchowski—771 (A) 

Dielectric properties of colored KCI crystals—T. Suita 
—1497 

Effect of plastic flow upon color centers in alkali halide 
crystals, Masayasu Ueta and Werner Kanzig—1390(L) 

Effective mass of conduction electrons in Ag, Au, and Cu, 
L. G. Schulz—1422(A) 

Faraday effect in gases, L. R. Ingersoll and D. H. Lieben- 
berg—754(A) 

Infrared absorption of Te, R. S. Caldwell and H. Y. Fan 
—1427(A) 

Infrared properties of InSb, W. Kaiser and H. Y. Fan 
—1431(A) 

Infrared properties of p-type Ge, E. Burstein, B. W. 
Henvis, and N. Sclar—750(A) 

Irradiation-induced optical absorption in Al.O,, Paul W. 
Levy and G. J. Dienes—1409(A) 

Multiphonon transitions in F center, Jordan J. Markham 
—1395(L) 

Optical absorption of AlSb, R. F. Blunt, H. P. R. Frede- 
rikse, and J. H. Becker—1431(A) 

Optical absorption of single-crystal SrTiOs, James A. 
Noland—724(L) 

Optical and electrical measurements on InAs, Robert M. 
Talley and Dorothy Enright—1431(A) 
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Optical Properties (Continued) 

Optical properties of Ge in far infrared, E. J. Johnson and 
W. G. Spitzer—1415(A) 

Optical properties of MgO in vacuum uv, Peter D. John- 
son—845 

Photomagnetoelectric effect in Ge and Si, Hubert H. 
Bulliard—1564 

Photoresponse of aromatic films, J. F. Andrew and S. 
Mrozowski—1438(A) 

Quantum-mechanical definition of refractive index, S. M. 
Neamtan—327 

R’, coiloidal, and Z bands in KCl, D. R. Westervelt— 
1438(A) 

Rate of production of color centers in KCI and KBr by 
x-rays at 79°K, William H. Duerig—65 

Relation between refractive index and density in glass, 
H. N. Ritland—1434(A) 

Restoration of F and V; centers following low tempera- 
ture bleaching, R. V. Hesketh and E. E. Schneider— 
494(L) 

Search for F-center luminescence, Clifford C. Klick— 
1438(A) ; 1541 

Tunneling of electrons in alkali halides, D. L. Dexter— 
771(A) 


Pair Production (see Electrons and Positrons) 

Phosphors and Phosphorescence (sce Luminescence) 

Photoconductivity (see Electrical Conductivity and Re- 
sistance; Semiconductors) 

Photodisintegration (see Nuclear Photoeffects) 

Photoelasticity (see Elasticity and Plasticity) 

Photoelectric Effect (sce Electrical Properties) 

Photography and Photographic Emulsions (see Methods 
and Instruments) 

Photometry (see Methods and Instruments) 

Photons (sec Radiation) 

Photovoltaic Effect (see Electrical Properties) 

Piezoelectric Effect (see Dielectrics and Dielectric Prop- 
erties ) 

Plasticity (see Elasticity and Plasticity) 

Polarization, Electrical (see Dielectrics and Dielectric 
Properties) 

Polymers (see Molecular Aggregates) 

Positrons (see Electrons and Positrons) 

Probability (see Mathematical Methods) 

Proceedings of the American Physical Society 

Annual Meeting at Columbia University, New York City, 
New York, January 28-30, 1954—742 
Austin Meeting at Austin, Texas, February 26-27, 1954 

—802 


Michigan Meeting at Detroit and Ann Arbor, Michigan, 
March 18-20, 1954—1404 
Protons (see Elementary Particle Interactions) 


Quantum Electrodynamics (see also Field Theory) 
Applications of mass operator in quantum electrodynamics, 
Roger G. Newton—1773 


Avoiding perturbation methods in quantum electrody- 
namics, meson theory, etc., F. J. Belinfante—745(A) 
Collision matrix for Dirac particles, Bruno Zumino— 
747(A) 

Green’s functions in quantum electrodynamics, James L. 
Anderson—703 

Interaction current contribution to hfs of tritium, A. M. 
Sessler and H. M. Foley—761(A) 

Lamb shift in mesic atoms, H. C. Corben—787(A) 

Photon splitting in nuclear electrostatic field, Mark Bol- 


sterli—367 
p-n mass difference, R. P. Feynman and G. Speisman— 


500(L) 
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Production of antiprotons in p-p collisions, David Fox— 
499(L) 

Production of proton pairs, R. N. Thorn—501(L) 

Rearrangement collisions, B. H. Bransden—726(L) 

Relativistic configuration space formulation of multi-elec- 
tron problem. II, Marian Giinther—1347 

Relativistic wave equations, Herman Feshbach—786(A) 

Renormalization, P. T. Matthews and Abdus Salam—178 

Solutions of Heitler’s integral equation by iteration method, 
S. N. Biswas—1767 

Two extensions of Foldy-Wouthuysen transformation, K. 
M. Case—786(A) 

Unitarity of U operator, H. Ekstein—1063 

Quantum Mechanics 

Application of Rayleigh-Schrédinger perturbation theory 
to hydrogen atom, Eugene P. Wigner—77 

Atomic self-consistent fields. II. Interpolation problems, 
Per-Olov Lédwin—1600 

Classical and quantum theory of many interacting parti- 
cles. I, George J. Yevick and Jerome K. Percus— 
787(A); II, Jerome K. Percus and George J. Yevick 
—787(A) 

Collective description of many-particle systems (general- 
ized theory of Hartree fields), Toichiro Kinoshita and 
Yoichiro Nembu—598 

Complete Bacher and Goudsmit method, Sydney Meshkov 
and C. W. Ufford—75; C. W. Ufford and S. Meshkov 
—761(A) 

Determination of perturbation from scattering operator, 
H. E. Moses—1442(A) 

Effect of negative energy components in two-nucleon sys- 
tem, R. Arnowitt and S. Gasiorowicz—746(A) ; 1057 

Localized orbitals, Harvey Winston—328 

Molecular wave functions in e-notation, J. M. Miller and 
F. A. Matsen—804(A) 

New approach to classical and quantum theory of many 
interacting particles. I, George J. Yevick and Jerome K. 
Percus—787(A); II, Jerome K. Percus and George J. 
Yevick—787 (A) 

Nonrelativistic limit of half-integral-spin wave equations, 
K. M. Case—1442(A) 

Normalization of WKB-type approximation, S. C. Miller, 
Jr.—1345 

Perturbation theory with Sommerfeld-Maue wave func- 
tion, G. K. Horton and E. Phibbs—1402(L) 

Quantized space-time, E. J. Hellund—192 

Quantum mechanical definition of refractive index, S. M. 
Neamtan—327 

Quantum mechanics of scattering by a r* attractive poten- 
tial, Erich Vogt and Gregory H. Wannier—793(A) 

Quantum theory of radiation resistance, J. Weber—793(A) 

Radiative corrections to electron scattering, Roger G. 
Newton—788 (A) 

Restrictions on invariant transformation groups in Lagran- 
gian and Hamiltonian formalisms, Peter G. Bergmann 
—788(A) 

Simplified LCAO method for periodic potential problem, 
J. C. Slater and G. F. Koster—1498 

Solutions of Helmholtz and Schrédinger equations in 
sphero-conal coordinates, Olen Kraus—1442(A) 

Spin-other-orbit interaction in theory of complex spectra, 
Frederick R. Innes—761(A) 

Theory of elementary particles in general relativity, M. M. 
Hatalkar—1472 

Two extensions of Foldy-Wouthuysen transformation, K. 
M. Case—786(A) 

United atom-separated atom treatment of H:*, J. R. Street- 
man and F. A. Matsen—805(A) 
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Variation method applied to wave functions in crystals, 


W. V. Houston—808(A) 
Quenching of Radiation (see Radiation) 


Radar (see Methods and Instruments; Radiation) 
Radiation 

Absorption coefficients of air and nitrogen for extreme uv, 
J. P. Curtis—908 

Cerenkov radiation from extended electron beams, M. 
Danos—758(A) 

Cooling of gas by radiation, Ernest Bauer and Ta-You Wu 
—1424(A) 

Cs™ inner bremsstrahlung, Babulal Saraf—642; 793(A) 

Elastic scattering of photons, E. G. Fuller and Evans 
Hayward—732(L) 

Emission of 3- and x-rays from targets bombarded by 
accelerated ions, Crtomir Zupandi¢é and Torben Huus 
—205(L) 

High-exergy photoproton production by 325-Mev brems- 
strahlung radiation, B. T. Feld, R. D. Godbole, A. 
Odian, F. Scherb, P. C. Stein, and A. Wattenberg—1000 

Interference of Rayleigh and nuclear Thomson scattering, 
A. M. Cormack—1398(L) 

Internal bremsstrahlung from P™, Max Goodrich and 
Wilbur B. Payne—405 

Magnetic internal Compton coefficients in Born approxi- 
mation, Larry Spruch and G. Goertzel—1671 

Photon splitting in nuclear electrostatic field, Mark Bol- 
sterli—367 

Radiation flux in planetary atmosphere, Daniel I. Fivel 
and Gilbert N. Plass—752(A) 

Radiative electron capture in Fe*, L. Madansky and F. 
Rasetti—407 

Resonance fluorescence with nuclei: Hg™, F. R. Metzger 
and W. B. Todd—794(A) 

Scattering of electromagnetic waves by turbulent atmos- 
pheric fluctuations, F. Villars and V. F. Weisskopf— 
232 

Search for K particles using Cerenkov counters, J. W. 
Keuffel and L. Mezzetti—797(A) 


La™ half-life, H. W. Kirby and Murrell L. Salutsky— 
1801 (E) 

Long-lived isomer of RaE (Bi™°), Harris B. Levy and 
I. Perlman—152 

Mn"™, B. L. Cohen, R. A. Charpie, T. H. Handley, and 
E. L. Olson—953 

Ne*, J. D. Gow and Luis W. Alvarez—365 

Neutron capture in separated isotopes of Pt, J. M. Cork, 
M. K. Brice, L. C. Schmid, G. D. Hickman, and H. 
Nine—1218 

New isotopes of Am, Bk, and Cf, A. Ghiorso, S. G. 
Thompson, G. R. Choppin, and B. G. Harvey—1081(L) 

New method for measuring short y-ray lifetimes, J. W. 
Knowles—795 (A) 

Nuclear properties of some isotopes of Cf, elements 99 
and 100, G. R. Choppin, S. G. Thompson, A. Ghiorso, 
and B. G. Harvey—1080(L) 

P* radioisotope, R. T. Nichols and E, N. Jensen—369 

Pd isotope, 1.5-minute Pd, Harry G. Hicks and Richard 
S. Gilbert—371 

Po™ a-emitting isomer, Fred Noel Spiess—1292 

Precise momentum measurement of F line of ThB, D. I. 
Meyer and F. H. Schmidt—927 

Pt 10.5-day isotope, R. A. Naumann—794(A) 

Pu™ a- and y-ray spectra, Frank Asaro and I. Perlman 
—381 

Pu™ and Pu™ half-lives, G. W. Farwell, J. E. Roberts, 
and A. C. Wahl—363 

Radiogenic A measurements, H. A. Shillibeer, R. D. Rus- 
sell, R. M. Farquhar, and E. A. W. Jones—1793(L) 

RaE spin, R. W. King and D. C. Peaslee—795(A) 

Rates of decay of observed anisotropies in Am™ a-7 
and Cd™ y-y angular correlations, J. S. Fraser and 
J. C. D. Milton—795(A) 

T concentration in natural waters by diffusion cloud cham- 
ber, E. L. Fireman and D. Schwarzer—385 

U™ half-life, P. A. Sellers, C. M. Stevens, and M. H. 
Studier—952 

V™, Raymond K. Sheline and Joseph R. Wilkinson— 
729(L) 


Raman Spectra (see Molecular Structure and Spectra) 
Range and Energy Loss of Particles (see also Scattering) 
a-particle ionization yields in gridded chamber, Lloyd O. 
Herwig and Glenn H. Miller—1183 
Attenuation of 14.1-Mev neutrons in water, R. S. Caswell, 


Theory of x-ray small-angle scattering, Yin-Yuan Li and 
R. Smoluchowski—866 
Radio Waves (sce Radiation) 
Radioactivity (see also Nuclear Spectra) 


AcK radiations, Earl K. Hyde—1221 

Additional properties of isotopes of elements 99 and 100, 
P. R. Fields, M. H. Studier, J. F. Mech, H. Diamond, 
A. M. Friedman, I. B. Magnusson, and J. R. Huizenga 
—209(L) 

Ag neutron-deficient isotope, B. C. Haldar and Edwin O. 
Wiig—1713 

Age-diffusion theory for f-ray problems, William C. 
Roesch—779(A) 

f-decay energy systematics, Katharine Way and Marion 
Wood—119 

Cm isotopes 246 and 247 from pile-irradiated plutonium, 
C. M. Stevens, M. H. Studier, P. R. Fields, J. F. Mech, 
P. A. Sellers, A. M. Friedman, H. Diamond, and J. R. 
Huizenga—974 

Evidence for Si™, long-lived 8 emitter, Anthony Turke- 
vich and Arthur Samuels—364 

Half-life and 8 decay of long-lived Nb“, Mario A. Rollier 
and Einar Saeland—1079(L) 

Ho neutron-deficient activities, Thomas H. Handley—945 

Identification of Cf isotopes 249, 250, 251, and 252 from 
pile-irradiated Pu, H. Diamond, L. B. Magnusson, J. F. 
Mech, C. M. Stevens, A. M. Friedman, M. H. Studier, 
P. R. Fields, and J. R. Huizenga—1083(L) 

K“, Bernard L. Cohen—117 


R. F. Gabbard, W. P. Doering, and D. W. Padgett— 
786(A) 

Bohr’s theory of energy losses of moving charged parti- 
cles, Jacob Neufeld—792(A) 

Density effect for ionization energy losses in gases, E. D. 
Palmatier, J. T. Meers, and C. M. Askey—766(A) 

Effect of knock-on electrons on ionization loss, J. W. 
Gardner—764(A) 

Energy loss of electrons in passage through thin films, 
L. Marton and Lewis B. Leder—203(L); Lewis B. 
Leder and L. Marton—777(A) 

Interaction of neutrons with moderating materials, G. F. 
von Dardel—1272 

Mean excitation potentials, David O. Caldwell and J. 
Reginal Richardson—79 

Penetration of medium fast electrons into photographic 
emulsions, L. Marton and Lewis B. Leder—778(A) 

Range and charge of energetic nitrogen ions in Ni, D. W. 
Scott, H. L. Reynolds, and A. Zucker—810(A) 

Range and specific ionization for high-energy protons in 
nuclear emulsions, Otto Heinz—1728 

Range measurement of low voltage electrons, Marguerite 
Davis—243 

Range of protons in Be, Al, Cu, Ag, and Au, H. Bichsel 
and R. F. Mozley—764(A) 
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Range and Energy Loss of Particles (Continued) 
Stopping power of several elements for protons, D. W. 
Green, J. N. Cooper, and J. C. Harris—764(A) 
Transmission of 0-40 kev electrons by thin films with 
application to B-ray spectroscopy—959 
Recombination (see Molecular Structure and Spectra) 
Rectifiers (see Electrical Conductivity and Resistance; 
Semiconductors) 
Relativity and Gravitation 
Accurate determination of tidal variations of gravity, 
Henry Neal Clarkson and Arthur E. Lockenvitz— 
811(A) 
Corrected theory of relativity and its classical interpreta- 
tion, R. V. L. Hartley—792(A) 
General relativistic variational principle for perfect fluids, 
A. H. Taub—1468 
Theory of elementary particles in general relativity, M. M. 
Hatalkar—1472 
Resistance, Electrical (see Electrical Conductivity and 
Resistance) 
Resonance Radiation (see Radiation) 


Scattering, General (see also Diffraction; Elementary 
Particle Interaction; Nuclear Reactions; Range and 
Energy Loss of Particles) 

Application of variational methods to intermediate and 
high-energy scattering, E. Gerjuoy and David S. Saxon 
—478 


Determination of perturbation from scattering operator, 
H. E. Moses—1442(A) 
Inelastic scattering of charged particles in electric excita- 
tion processes, Hans Mark—1436(A) 
Interference of Rayleigh and nuclear Thomson scattering, 
A. M. Cormack—1398(L) 
Molecular beam investigation of scattering of molecules 
from surfaces, F. C. Hurlbut—754(A) 
Point source kernel for diffusion with small-angle scatter- 
ing, W. E. Drummond and C, S. Gardner—1491 
Polarization of elastically scattered nucleons from nuclei, 
Warren Heckrotte and Joseph V. Lepore—500(L) 
Polarization of elastically scattered nucleons from nuclei 
in Born approximation, Warren Heckrotte—1797 (L) 
Polarization of nucleons elastically scattered from nuclei, 
G. A. Snow, R. M. Sternheimer, and C. N. Yang— 
1073(L) 
Problem of multiple scattering, E. P. Wigner—17 
Quantum mechanics of scattering by r* attractive poten- 
tial, Erich Vogt and Gregory H. Wannier—793(A) 
Rearrangement collisions, B. H. Bransden—726(L) 
3-dimensional calculation of vibrational relaxation times 
in gases, Robert N. Schwartz—793(A) 
Variational principles for acoustic field, E. Gerjuoy and 
David S. Saxon—1445 
Scattering of a Particles (see also Nuclear Reactions 
Induced by a@ Particles and He’) 
Elastic scattering of a particles by carbon, W. Haberle, 
J. W. Bittner, and R. D. Moffat—769(A) 
rays from inelastic scattering of a particles by Li and F, 
N. P. Heydenburg and G. M. Temmer—748(A) 
Scattering of Atoms and Molecules (see Atomic and 
Molecular Beams) 
Scattering of Deuterons (see also Nuclear Reactions 
Induced by Deuterons and Tritons) 
Elastic scattering of 190-Mev deuterons by protons, Owen 
Chamberlain and Martin O. Stern—666 
Scattering of 190-Mev deuterons on protons, Arnold L. 
Bloom and Owen Chamberlain—659 
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Scattering of Electrons and Positrons (see also Electrons 
and Positrons) 

Double scattering of electrons with magnetic perturbation, 
H. Mendlowitz and K. M. Case—1436(A) 

Elastic scattering of electrons from nuclei, Robert T. 
Bayard and J. L. Yntema—757(A) 

Elastic scattering of high-energy electrons by nuclei, Al- 
fred E. Glassgold—757(A) 

Electron-electron and positron-electron scattering measure- 
ments, Arthur Ashkin, Lorne A. Page, and W. M. 
Woodward—357 

Experimental measurement of gyromagnetic ratio of free 
electron, W. H. Louisell, R. W. Pidd, and H. R. Crane 

Inelastic scattering of 190-Mev electrons in Be, J. A. Mc- 
Intyre, B. Hahn, and R. Hofstadter—1084(L) 

Radiative corrections to electron scattering, Roger G. 
Newton—788 (A) 

Scattering of 2.7-Mev positrons by Au and Al foils, L. 
Grodzins—758(A) 

Scattering of Mesons (see also Mesons; Nuclear Reac- 
tions Induced by Mesons) 

Angular distribution of -proton charge exchange scat- 
tering at 40 Mev. I. Apparatus, A. Roberts and J. Tinlot 
—766(A); II. Analysis of results, J. Tinlot and A. 
Roberts—766(A) 

Classical scattering of mesons, S. P. Pandya—1037 

Connection between pion photoproduction and scattering 
phase shifts, Marc Ross—454 

Coulomb effects in pion-proton scattering at relativistic 
energies, Frank T. Solmitz—1799(L) 

Covariant treatment of meson-nucleon scattering, Maurice 
M. Lévy—460 

Elastic scattering of 80-Mev * mesons on Al, Aihud 
Pevsner, James Rainwater, Ross Williams, and Seymour 
J. Lindenbaum—765 (A) 

Elastic scattering of 160-Mev pions in emulsions, R. A. 
Grandey and A. F. Clark—766(A) 

Elastic scattering of positive and negative pions in Li, 
Ross Williams, Aihud Pevsner, James Rainwater, and 
Seymour J. Lindenbaum—765(A) 

Interaction of high-energy pions with nuclei, E. D. Courant 
—1081(L) 

Interactions of negative pions in C and Pb, John O. 
Kesler and Leon M. Lederman—689 

Intermediate coupling method for meson-nucleon scatter- 
ing, T. D. Lee and R. Christian—-1760 

Low-energy limits of meson processes, S. Deser and W. E. 
Thirring—746(A) 

Meson-nucleon problem when interaction is fixed and ex- 
tended, Geoffrey F. Chew—1755 

Meson-nucleon scattering. I, R. J. Riddell, Jr., and Burton 
D. Fried—745(A) ; 1736; II. Burton D. Fried and R. J. 
Riddell, Jr.—746(A) 

Phase shift analysis of scattering of negative pions by H, 
R. L. Martin—765(A) 

Phenomenology of pion-nucleon S waves, H. P. Noyes 
and A. E, Woodruff—1401(L) 

Scattering of 217-Mev negative pions by hydrogen, Maurice 
Glicksman—1335 

Solutions of Heitler’s integral equation by iteration method, 
S. N. Biswas—1767 

Scattering of Neutrons (see also Nuclear Reactions In- 
duced by Neutrons) 

Angular distribution of D(d,n) neutrons scattered from 
C, Al, S, Fe, Cd, Cu, W, and Pb, R. N. Little, Jr., 
C. P. Cadenhead, B. P. Leonard, Jr., J. T. Prud’homme, 
L. D. Vincent, and J. E. Wills—807 (A) 
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Angular distribution of neutrons scattered from Cd, Sn, 
one ur S. C. Snowdon and W. D. Whitehead—786(A) ; 
126 

Angular distributions of 0.2-1.5 Mev neutrons elastically 
scattered by light nuclei, H. B. Willard, J. K. Bair, and 
J. D. Kington—786(A) 

Elastic scattering of 14-Mev neutrons, J. H. Coon and 
R. W. Davis—785(A) 

Energy levels of Cu from inelastic neutron scattering, 
L. A. Rayburn, D. L. Lafferty, and T. M. Hahn—1641 

rays excited by inelastic scattering of fast neutrons in 
Bi, Ni, and Cu, M. A. Rothman, H. S. Hans, and C. E. 
Mandeville—791 (A) 

Inelastic scattering of neutrons, E. A. Eliot, D. Hicks, 
L. E. Beghian, and H. Halban—144 

Interaction of neutrons with moderating materials, G. F. 
von Dardel—1272 

Interpretation of measurements of total cross sections for 
nuclear scattering of high-energy neutrons, T. B. Taylor 
—785(A) 

Neutron polarization, C. P. Stanford, T. E. Stephenson, 
L. W. Cochran, and S. Bernstein—374 

Neutron scattering by rotators, A. C. Zemach and R. J. 
Glauber—790(A) 

Nonelastic scattering of fast neutrons, H. L. Taylor, O. 
Lénsj6, and T. W. Bonner—807(A) 

Polarization of elastically scattered nucleons from nuclei, 
Warren Heckrotte and Joseph V. Lepore—500(L) 

Polarization of elastically scattered nucleons from nuclei 
in Born approximation, Warren Heckrotte—1797(L) 

Polarization of nucleons elastically scattered from nuclei, 
G. A. Snow, R. M. Sternheimer, and C. N. Yang— 
1073(L) 

Scattering of fast neutrons in light nuclei, C. F. Cook 
and T. W. Bonner—651 

Scattering of neutrons by systems containing light nuclei, 
G. C. Wick—1228 

Scattering of neutrons by systems of heavy nuclei, G. 
Placzek—1801(E) 

Small-angle neutron scattering by Fe at high tempera- 
tures, C. G. Shull and M. K. Wilkinson—1i439(A) 

Small-angle n-p scattering at 90 Mev, Owen Chamberlain 
and James W. Easley—208(L) 

Te resonance scattering, H. L. Foote, Jr.—790(A) 

Scattering of Protons (see also Nuclear Reactions In- 
duced by Protons) 

Elastic scattering of 18.5-Mev protons by nuclei, I. E. 
Dayton and P. C. Gugelot—785(A) 

Elastic scattering of protons by nuclei, D. M. Chase and 
F. Rohrlich—81 

Elastic scattering of 340-Mev protons by deuterons, David 
D. Clark and Owen Chamberlain—785(A) 

Intermediate state coupling and interpretation of high- 
energy nucleon-nucleon scattering, R. M. Thaler, J. 
Bengston, and G. Breit—683 

Low excited states of F”. I. Proton inelastic scattering, 
R. W. Peterson, C. A. Barnes, W. A. Fowler, and 
C. C. Lauritsen—1075(L); II. Lifetime measurements, 
J. Thirion, C. A. Barnes, and C. C. Lauritsen— 
1076(L); IV. Angular distributions, R. F. Christy— 
1077(L) 

Nuclear energy levels by absolute magnetic analysis of 
inelastically scattered protons, C. R. Gossett, G. C. 
Phillips, and J. T. Eisinger—807(A) 

p-a scattering at 17.5 Mev, Karl W. Brockman, Jr.— 
785(A) 

Phase shift analysis of high-energy nucleon-nucleon scat- 
tering experiments, R. M. Thaler and J. Bengston—679 


Polarization by p-p collision at 439 Mev, H. G, de Car- 
valho, E. Heiberg, J. Marshall, and L. Marshall— 
1796(L) 

Polarization of elastically scattered nucleons from nuclei, 
Warren Heckrotte and Joseph V. Lepore—500(L) 

Polarization of elastically scattered nucleons from nuclei 
in Born approximation, Warren Heckrotte—1797(L) 

Polarization of fast protons scattered by nuclei, G. Takeda 
and K. M. Watson—1087(L) 

Polarization of high-energy protons scattered by complex 
nuclei, S. Tamor—1087(L) 

Polarization of nucleons elastically scattered from nuclei, 
G. A. Snow, R. M. Sternheimer, and C. N. Yang— 
1073(L) 

p-p scattering at 9.7 Mev, Bruce Cork and Walter Hart- 
sough—1300 

p-p scattering from 40 to 95 Mev, U. E. Kruse, J. M. 
Teem, and N. F. Ramsey—1795(L) 

p-p scattering near interference minimum, Daniel I. 
Cooper, David H. Frisch, and Robert L. Zimmerman 
—1209 

(p,pn) and (p,an) excitation functions, B. L. Cohen, 
E. Newman, R. A. Charpie, and T. H. Handley—620 

Scattering of 96-Mev protons from light nuclei. I. Energy 
distribution, F. Titus and K. Strauch—785(A); II. 
Angular distribution, K. Strauch and F. Titus—785(A) 

Scattering of Radiation (see Radiation; X-Rays) 
Scintillation Counters (see Methods and Instruments) 
Secondary Emission (see Electrical Properties) 
Semiconductors 

Anomalous optical absorption limit in InSb, Elias Bur- 
stein—1431(A) 

Avalanche breakdown in Si, K, G. McKay—877 

Bombardment damage of Ge crystals by fast electrons, 
W. Kohn—1409(A) 

Bound states in dislocations, Rolf Landauer—1386(L) 

“Channels” in n-p-n junction transistors: new results and 
proposed model, R. H. Kingston—1416(A) 

Conductivity and Hall effect in intrinsic range of Ge, 
F, J. Morin and J. P. Haita—1525 

Conductivity, Hall effect, and rectification of GaSb, D. P. 
Detwiler—1431(A) 

Contact potential, work function, and surface states, Selby 
M. Skinner—1428(A) 

Current oscillations in photoconductive films of PbTe, 
Dean L. Mitchell, Werner J. Fieven, and Donald E. 
Bode—1430(A) 

Decay in photoconductivity associated with deep electron 
traps in p-type Si, J. A. Hornbeck and J. R. Haynes 
—1437(A) 

Decay in photoconductivity associated with hole traps in 
n-type Si, J. R. Haynes and J. A. Hornbeck—1438(A) 

Diffusion of impurities in Ge, W. C. Dunlap, Jr.—1531 

Diffusion of lattice defects in temperature gradient, Rob- 
ert W. Keyes—1389(L) 

Effect of impurities on conductivity of gray tin, A. W. 
Ewald—1428(A) 

Effect of oxygen on PbTe films, Donald E. Bode and 
Henry Levinstein—1430(A) 

Effective carrier mobility in surface well, J. Robert 
Schrieffer—1420(A) 

Effective mass and degeneracy of carriers in Ge from 
diamagnetic behavior, J. H. Crawford, Jr., and D. K. 
Stevens—1415(A) 

Electrical conductance of pressed powders, in particular 
of ZnO, J. C. M. Brentano and Colman Goldberg—56 
Electrical properties of dislocations in plastically de- 
formed Ge, G. L. Pearson, W. T. Read, Jr., and F. J. 

Morin—750(A) 
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Semiconductors (Continued) Optical absorption of AlSb, R. F. Blunt,.H. P. R. Frede- 


Electrical properties of interface between Ge single crystal 
and electrolyte, W. H. Brattain and C. G. B. Garrett 
-~~750(A) 

Electrical properties of molybdenite, C. W. Heaps—809(A ) 

Electrical properties of p-type Ge, Esther M. Conwell— 
1416(A) 

Electrical properties of pure Te and Te-Se alloys, Allen 
Nussbaum—337 

Electrical properties of single crystals and thin films of 
PbSe and PbTe, S. J. Silverman and H. Levinstein— 
871 

Electrical properties of single crystals and thin films of 
PbTe, Searl J. Silverman and Henry Levinstein— 
1430(A) 

Electron traps on Ge surfaces produced by heating in 
oxygen, Edward N, Clarke—1420(A) 

Energy of high-lying acceptor level in Cu-doped Ge, 
J. F. Battey and R. M. Baum—1393(L) 

Evaporated multiple layers with semiconductor properties, 
J. C. M. Brentano and J. D. Richards—1427(A) 

Germanium-oxygen system, Michael Hoch and Herrick L. 
Johnston—749 (A) 

Graphical representation of semiconductor Hall effect, 
L. P. Hunter—1426(A); 1157 

Growth of long-lifetime Ge ¢rystals, Milton Becker— 
1420(A) 

Hall and resistivity measurements during electron bom- 
bardment of Ge and InSb, R. Pepper, E. Klontz, K. 
Lark-Horovitz, and J. MacKay—1410(A) 

Hall coefficient in Ge, T. C. Harman, R. K. Willardson, 
and A. C, Beer—1065(L) 

Hall effect and resistivity of Ge at low temperatures, 
H. Fritzsche—1415(A) 

Hall effect and thermoelectric power of pure Te at melting 
point and in liquid state, A. Epstein and H. Fritzsche 
—1426(A) 

Hall mobility of electrons and holes in Si, P. P. Debye 
and T. Kohane—724(L) 

High-field effects in Ge, Esther M. Conwell—1068(L) 

Infrared absorption of Te, R. S. Caldwell and H. Y. Fan 
—1427(A) 

Infrared properties of InSb, W. Kaiser and H. Y. Fan 
—1431(A) 

Infrared properties of p-type Ge, E. Burstein, B. W. 
Henvis, and N. Sclar—750(A) 

Interaction of impurities and mobile carriers in semicon- 
ductors, Guy W. Lehman and Hubert M. James— 
1428(A) 

Interdiffusion in PbS crystals, R. F. Brebrick and W. W. 
Scanlon—1430(A) 

Interstitial Ge in heat-treated Ge, Sumner Maybutg— 
750(A) 

Lifetimes and diffusion constants in Ge, D. T. Stevenson 
and R. J. Keyes—1416(A) 

Microwave transmission in p-type Ge, F. A. D’Altroy and 
H. Y. Fan—1415(A) : 

Minority carrier lifetime in semiconductors as sensitive 
indicator of radiation damage, P. Rappaport—1409(A) 


rikse, and J. H. Becker—1431(A) 

Optical and electrical measurements on InAs, Robert M. 
Talley and Dorothy Enright—1431(A) 

Optical properties of Ge in far infrared, E. J. Johnson 
and W. G. Spitzer—1415(A) 

Photoconduction in Fe-, Co-, and Ni-doped Ge, R. New- 
man and W. W. Tyler—1419(A) 

Photoconduction of ZnO semiconductor: oxygen adsorp- 
tion process, Donald A. Melnick—1438(A) 

Photoconductivity and photoelectromagnetic effects in 
InSb, S. W. Kurnick, A. J. Strauss, and R. N. Zitter 
—1791(L) 

Photoconductivity in Au-doped Si, R. Newman—1530 

Photoconductivity in Au-Ge alloys, Roger Newman—278 

Photomagnetoelectric effect in Ge and Si, Hubert H. Bul- 
liard—1564 

Photo-radiative recombination of electrons and holes in 
Ge, W. van Roosbroeck and W. Shockley—1558 

Piezoresistance effect in Ge and Si, Charles S. Smith—42 

Preparation and properties of III-V compounds, G. Wolff, 
P. H. Keck, and J. D. Broder—753(A) 

Preparation of Pbs crystals of controlled electrical prop- 
erties, W. W. Scanlon and R. F Brebrick—1430(A) 
Pressure dependence of Ha!l effect in Ge, W. Paul, G. B. 

Benedek, and H. Brooks—1415(A) 

Pressure dependence of resistivity of Ge, William Paul 
and Harvey Brooks—1128 

Properties of Ge doped with Fe or Co, W. W. Tyler, 
H. H. Woodbury, and R. Newman—1419(A) 

Properties of p-type GaSb between 15°K and 925°K, 
H. N. Leifer and W. C. Dunlap—1431(A) 

Properties of Zn-, Cu-, and Pt-doped Ge, W. C. Dunlap, 
Jr.—1419(A) 

Radiation effects in InSb, J. W. Cleland and J. H. Craw- 
ford, Jr.—1410(A) 

Recombination of holes and electrons at lineage boundaries 
in Ge, F. L. Vogel, W. T. Read, and L. C. Lovell— 
1791(L) 

Resistivity, thermoelectric power, and Hall effect in semi- 
conductor with hexagonal structure, V. A. Johnson— 
1427(A) 

Seebeck effect in Ge, T. H. Geballe and G. W. Hull—1134 

Spin resonance of donors in Si, R. C. Fletcher, W. A. 
Yager, G. L. Pearson, A. N. Holden, W. T. Read, and 
F. R. Merritt—1392(L) 

Theory of junction transistor, Edmund S. Rittner—1161 

Thermal conductivity and thermoelectric power of Ge at 
low temperatures, E. Fagen, J. Goff, and N. Perlman 
—1415(A) 

Thermal ionization of trapped electrons, Hermann Gummel 
and Melvin Lax—1419(A) 

Thermionic emission and semiconduction in single crystals 
of BaO, Evan O. Kane—1439(A) 

Transient response of p-n junction rectifiers, B. R. Gossick 
—1427(A) 

Variation of recombination velocity of Ge surfaces with 
ambient gases, R. J. Keyes and T. C. Maple—1416(A) 

Volume and surface recombination rates in Ge, J. P. Mc- 
Kelvey and R. L. Longini—750(A) 


Mobility and mean free path of electrons and holes in 
PbS crystals, R. L. Petritz, W. W. Scanlon, and F. L. 
Lummis—1430 

Mobility of impurity ions in Ge and Si, J. C. Severiens 
and C. S. Fuller—750(A) 

New galvanomagnetic effect, Colman Goldberg and R. E. 
Davis—1121 

Nuclear magnetic relaxation in semiconductors, N. Bloem- 
bergen—1411(A) 


Shock Waves (see Fluid Dynamics) 

Solid State (see Crystalline State) 

Solutions (see Liquids) 

Sound (see Acoustics) 

Spallation (see Nuclear Reactions) 

Spark Discharge (see Electrical Discharges) 
Specific Heat (see Thermal Properties) 

Spectra, Atomic (see Atomic Structure and Spectra) 
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Spectra, General 

Errors in power spectra due to finite sample, L. M 
Spetner—778 (A) 

y-ray spectrum of Bulk Shielding Reactor, Fred Maien- 
schein and Temple Love—778(A) 

Precision determination of velocity of light derived from 
band spectrum method. II, D. H. Rank, J. N. Shearer, 
and T. A. Wiggins—-575 

Shape of collision-broadened spectral lines, E. P. Gross 
—1424(A) 

Spectra, Molecular (see Molecular Structure and Spectra) 
Spectra, Nuclear (see Nuclear Spectra) 

Spectroscopy Technique (see Methods and Instruments) 
Spinor Fields (see Field Theory) 

Standards (see Constants, Standards, Units) 

Stark Effect (see Atomic Structure and Spectra) 
Statistical Mechanics and Thermodynamics 

Application of group theory to statistical mechanics, 
Jerome Rothstein—792(A) 

3asic principles of quantum statistical mechanics, P. T. 
Landsberg—1442(A) 

Boltzmann equation from statistical mechanical point of 
view, Melville Green—792(A) 

Continuous spectrum approximation in quantum statistics, 
Peter T. Landsberg—469 

Density fluctuations at low temperatures, P. J. Price— 
257; 1801(E) 

High-speed machine computation of ideal gas thermal 
properties. Isotopic water molecules, Abraham _ S. 
Friedman and Lester Haar—1423(A) 

l-dimensional walk with correlation by saturation for 
description of diffusion phenomena, C. M. Tchen 
1442(A) 

Simon melting equation and effective intermolecular poten- 
tial, L. Salter—1434(A) 

Time reversal vs Boltzmann equation, J. S. Lomont— 
792(A) 

Statistical Methods (see Mathematical Methods) 
Superconductivity 

Decay of positrons in superconducting Pb, Walter E. Mil- 
lett—809(A) 

Effect of hydrostatic pressure on superconducting transi- 
tion of Sn, M. Garber and D. E. Mapother—1065(L) 
Effect of hydrostatic pressure on superconducting transi- 

tion of Sn and Tl, Milan D. Fiske—495(L) 

Latent heat of transition of superconducting Pb, R. L. 
Dolecek—540 

Lifetime of positrons in superconductors, Harry Talley and 
Robert Stump—809(A ) 

Neutron diffraction investigations on superconducting ele 
ments, M. K. Wilkinson, C. G. Shull, L. D. Roberts, 
and S. Bernstein—772(A) 

Superconducting alloys, B. T. Matthias and E. Corenzwit 
—1069(L) 

Superconductivity of pure metallic Re, John K. Hulm 
1390(L) 

Theory of boundary effects of superconductors, J. Bardeen 


Heat capacity and entropy of liquid He* from 0.42°K to 
1.06°K, Darrell W. Osborne, Bernard M. Abraham, and 
Bernard Weinstock—202(L) 

High-speed machine computation of ideal gas thermal 
properties. Isotopic water molecules, Abraham S. Fried- 
man and Lester Haar—1423(A) 

Theory of temperature waves, Paul M. Marcus—771(A) 

Thermal conductivity and thermoelectric power of Ge at 
low temperatures, E. Fagen, J. Goff, and N. Perlman 
—1415(A) 

Thermal Radiation (see Radiation) 

Thermionic Emission (see Electrical Properties) 

Thermodynamics (see Statistical Mechanics and Ther- 
modynamics) 

Thermoelectric Effect (see Electrical Properties) 

Thermoluminescence (see Luminescence) 

Thermomagnetic Effect (see Magnetic Properties) 

Total Cross Sections (see Electrons and Positrons; Nu- 
clear Reactions) 

Transmutation (see Nuclear Reactions) 


Uncertainty Principle (see Quantum Mechanics) 
Units (see Constants, Standards, Units) 


Vacuum Tubes (see Methods and Instruments) 

Van der Waals Forces (see Molecular Structure and 
Spectra) 

Viscosity (see Liquids) 


Wave Mechanics (see Quantum Mechanics) 
Work Function (see Electrical Properties) 


X-Rays 

Absorption spectrum of Be in neighborhood of K edge, 
R. W. Johnston and D. H. Tomboulian—1585 

Anomalous dispersion and scattering of x-rays, L. G. 
Parratt and C. F. Hempstead—1593 

Diffraction effects of crystals with deformation faults, 
R. Hosemann and S. N. Bagchi—71 

Diffraction of x-rays by lattice imperfections, Yin-Yuan 
Li and- R. Smoluchowski—751(A) 

Elastic constants of Si before and after neutron bombard- 
ment from x-ray diffuse scattering, W. P. Binnie and 
A. M. Liebschutz—1410(A) 

Elastic spectrum of Cu from temperature scattering of 
x-rays, E. H. Jacobsen—1420(A) 

Elastic spectrum of Zn from temperature scattering of 
x-rays, R. E. Joynson—851 

Emission of 8- and x-rays from targets bombarded by 
accelerated ions, Crtomir Zupanti¢é and Torben Huus 
—205(L) 

Equivalence of x-ray lattice parameter and density changes 
in neutron-irradiated LiF, D. Binder and W. J. Sturm 
—760(A) 

Fourier analysis of x-ray small-angle scattering, Yin- Yuan 
Li and R. Smoluchowski—1435(A) 

Interstitial content of radiation-damaged metals from pre- 
cision x-ray lattice parameter measurements, C. W. 
Tucker, Jr., and J. B. Sampson—1418(A) 


—554 e ; + ag ae , 
A " . L-emission spectrum of Zr (40), N. Spielberg, C. H. 
Supersonics (see Fluid Dynamics) Shaw, and J. A. Soules—752(A) 
Thermal Conductivity (see Thermal Properties) meee x-ray target, E. A. Whalin and R. A. Reitz 
Thermal Diffusion (see Diffusion ) : u-mesonic x-rays and shape of nuclear charge distribution, 
Thermal Expansion (see Thermal Properties) David L. Hill and Kenneth W. Ford—1617 
Thermal Properties Peculiarity of electron density near impurity in metal and 
Effect of radiation damage on thermal conductivity of its effect on x-ray spectra, J. S. Plaskett—1420(A) 
graphite, Alan W. Smith—1417(A) Photodisintegration of deuterium by 60-280 Mev x-rays, 
Effects of anisotropy on thermodynamic properties of anti- Barbara Dwight Schriever, E. A. Whalin, and A. O. 
ferromagnets, J. A. Eisele and F. Keffer—1440(A) Hanson—763(A) 
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X-Rays (Continued) 

Production of L-shell x-rays by protons, Eugene Bernstein 
—774(A) 

Rate of production of color centers in KCl and KBr by 
x-rays at 78°K, William H. Duerig—65 

Scattering by lattices of deformable atoms, R. J. Glauber 
—751(A) 

Scintillation response of anthracene to soft x-rays, J. B. 
Birks and F. D. Brooks—1800(L) 

Small-angle scattering of x-rays by irradiated diamond, 
W. H. Robinson, Yin-Yuan Li, and R. Smoluchowski 
—1435(A) 

Small-angle x-ray scattering from liquid He I and liquid 
He II, Arthur G, Tweet—1801(E) 

Soft x-ray absorption of Te, Robert W. Woodruff and 
M. Parker Givens—752(A) 

Soft x-ray emission bands in metals, H. Jones—1072(L) 
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Spectral energy distribution of 2-Mev x-rays, Joseph 
Dresner—751 (A) 

Spectroscopy of w- and w-meson x-rays, S. DeBenedetti, 
M. B. Stearns, M. Stearns, and J. J. Richings—766(A) 

Statistical approach to phase determination in x-ray analy- 
sis, V. Vand and R. Pepinsky—1435(A) 

Structure of liquid He by x-ray scattering, W. L. Gordon, 
C. H. Shaw and J. G. Daunt—771(A) 

Theory of x-ray small-angle scattering, Yin-Yuan Li and 
R. Smoluchowski—866 

X-ray measurements of cold-wurked a brass, E. P. Ware- 
kois—1421(A) 

X-ray study of prismatic punching in TIC], Edward I. 
Salkovitz and Paul L. Smith—770(A) 

Yields of w- and u-meson x-rays in low-Z materials, M. 
Stearns, M. B. Stearns, S. DeBenedetti, and L. Lei- 
puner—766(A) 
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